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A bstract 382960

This dissertation investigates boundary layer flows of viscous, incompressible 

and electrically conducting fluid in the presence of strong magnetic field along 

a heated vertical flat plate as well as wavy surface.

In C hapter 2 a free convection flow along a vertical permeable plate is con­

sidered with the  assumption th a t  the surface tem pera tu re  and the transverse 

magnetic fie ld  varies as x™ (x measures from the  leading edge of the plate) and 

^(i-m)/4 respectively. Chapter 3, is concerned with mixed convection flow along 

a permeable surface with uniform surface tem pera tu re  but the transverse m ag­

netic field varies as The ensuing boundary layer flows considered here

are governed by a  nonsimilar set of parabolic equations. Four novel methods, 

namely, (i) the  series expansion m ethod together with Pade s ap])roximation, 

(ii) a large-x asym ptotic expansion, (iii) local non-similarity m ethod and (iv) 

an implicit finite difference approximation together with Keller box method 

are employed to investigate solutions of the  non-similar boundary layer equa­

tions representing the  flow and tem peratu re  fields. The analysis centres on 

small values of the  P rand tl  number, ( P r  =  0.10, 0.02, 0.01 and 0.005) which 

are appropria te  for liquid metals and for different values of m agnetic field pa­

ram eter, M . Asymptotic values of the local skin-friction as well as the rate 

of heat transfer are obtained. The four methods of analysis compare very 

favourably in their respective domain of validity.

Finally, a  problem on free convection boundary layer flow of a viscous 

incompressible and electrically conducting fluid along a wavy isoth(M'mal v <m - 

tical surface in the presence of a transverse magnetic field has been discussed
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in Cliapter 4. A sinusoidal surface has been used to elucidate the effects of the 

magnetic field and the am plitude of the wavy surface on the velocity and the 

tem peratu re  fields as well as on the local ra te  of heat transfer. The govern­

ing equations for the flow and energy distribution have been integrated using 

the Keller-box m ethod as mentioned above. The results thus obtained have a 

graphical illustration for different values of the magnetic field jiarameter, M , 

amplitude of the wavy surface, «, and the P randtl number, F^r. Finally, effects 

of the above param eters  on the velocity vector fields, streamline of flow and 

isolines of tem pera tu re  have also been presented graphically.
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C hapter 1 

Introduction

Magnetofluid dynamics is the study of flow of electrically conducting fluids 

in electric and magnetic fields. It unifies in a framework the electromagnetic 

and fluid dynamic theories to yield a description of the concurrent effects ot 

magnetic field on the flow and the flow on the magnetic field. There  are many 

natural phenom ena and engineering problems susceptible to Magnetofluid dy­

namic analysis. It is useful in astrophysics because much of the universe is 

filled with widely spaced, charged particles and perm eated by magnetic fields, 

and so the continuum assumption becomes applicable. Again, geo]>hysicist 

encounter magnetofluid dynamics phenom ena in the interactions of conduct­

ing fluids and magnetic fields tha t are present in and around heavenly bodies. 

Engineers employ magnetofluid dynamics principles in designing heat exchang­

ers, pumps and flow meters, in solving space vehicle propulsion, control, and 

re-entry j)roblems; in designing communications and radar systt'in; in crc'at,- 

ing novel power generating system; and in developing confinement schemes 

for controlled fusion. The current world energy shortage has served to s tim u­

late interest in developing new methods to generate power. Magnetohyrody- 

namic power generation, for instance, has been underway since 1974 in Russia 

(Sheindlin and .Jackson, 1974). Interest in magnetohydrodynam ic flow began 

in 1918, when H artm ann invented the electromagnetic pum p (Rossow, 1957). 

Since then a large bodies of literature on electrically conducting fluids has Ix'en
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1. In trodu ction  2

(levf'l()])ed.

The natural convection boundary layer flow of an electrically conducting 

fluid up a hot vertical wall in the presence of strong magnetic field has been 

studied by Sing and Cowling(1963), Sparrow and Cess(1961), Riley(1964) aTid 

Kuiken(1970) because of its application in the nuclear engineering in connec­

tion with the cooling of reactors. Sometimes it becomes necessary to controll 

the convective boundary-layer flows by injecting or withdrawing fluid through 

a porous heated boundary wall. Since, this can lead to enhance heating (or 

cooling) of the system and can help to delay the transition from the lami­

nar flow. Most of the work on the effect of transpiration on free convection 

boundary layer, had been confined to cases where there is a prescribed wall 

tem perature. The power law variations of the p late tem peratu re  and the t ra n ­

spiration velocity considered by Eichhorn (1960) are those for which similarity 

solutions are possible. Soundalgekar et. el. (1960) considered a variable sur­

face tem pera ture  in their study of combined free and forced convection flow 

past a semi-infinite vertical plate, trea ting Gr^lRe], {Gtx is the local (Jrashf 

number and Rcj, is the local Reynolds number) as the perturbation  |)arameter.

Sparrow and Cess(1961) first considered the case of uniform trans])iration 

velocity through an isothermal vertical wall. They looked at the problem of a 

uniform plate tem peratu re  and transpiration velocity. They expanded the ve­

locity and the tem pera tu re  functions in powers of {x measures the axial

distance from the leading edge). The problem was considered in more detail 

by Merkin (1972) who obtained asymptotic solution, valid at large distances 

from the leading edge, for both suction and blowing on general botly shapes 

which adm it a similarity solution had been given by Merkin (1975). A trans­

formation of the equations for general blowing and wall tem perature  variations 

was studied by Vedhanayagam et. el. (1980). (Jlarke and Riley (1975, 1976), 

Lin and Yu(1988) studied the case of a heated isothermal horizontal surface 

with transpiration in detail and recently by ( 'haudhary  and Merkin (199;J).
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1. In trodu ction

Since the m ethod proposed by Sparrow and ('ess (1961) had a serious 

drawback in the results it provides are of low acciiracy a t m oderate  values of 

X , Sparrow and Yu(1971) introduced a method known as local non-similarity 

method for the therm al boundary layer. This technique is locally autonomous. 

Since solutions of the non-similarity equations at any specified steainwis(' s ta ­

tion can be obtained without first obtaining upstream  .solutions. This local 

non-similarity method has been used efficiently by Chen and Sparrow{ 197(i), 

Minkowycz and Sparrow(1978), Chen(1988) and very recently by Hossain r/, 

el. (1994). Minkowycz and Sparrow( 1978) applied this local non-similarity 

method in the investigation of the problem involving transpira tion on the free 

convection boundary layer flow in which the surface tem pera tu re  assumed to be 

of the form x~'^. A step-by-step numerical scheme of Terril (I960) was adopted 

by Merkin (1969) to obtain the solution of the local non-similarity equations 

governing the steady free convection flow along a porous surface cotisidering 

constant plate tem pera tu re  and transpiration velocity. He also established a 

technique to obtain asym ptotic solution of the problem for large suction. His 

results were restricted to unit value of the P randtl number. Recently, Hossain 

(1992a) has studied the locally non-similar equations, which govern the mag- 

netohydrodynamic free convection flow of a viscous incompressible fluid along 

a vertical plate maintained at a tem perature  proportional to x  in the presence 

of a variable magnetic field considering the effects of viscous and .Joule dissi­

pative heating. In this investigation he applied the implicit finite differc'nce 

scheme together with Keller box m ethod introduced by Keller (1978) and the 

sohitions are obtained for smaller values of P rand tl number.

The problem considered in Chapter 2, is to determ ine the  effect of trans|)i- 

ration on the free convection boundary layer flow of a viscous, incompressible 

and electrically conducting fluid along a semi-infinite vertical porous plate in 

presence of a variable transverse magnetic field. We consider the case of a 

uniform suction velocity when the plate tem perature  T,„(.r) varies as .r™ and
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1. In trod u ction  4

it is assumed th a t  plate tem perature  T^{x)  (where x  measures the d istanre 

along the plate) is greater than  the tem peratu re  Tq of the ambient fluid. Four 

methods, namely,(i) the series solution m ethod together with F’ade approxi­

mate discussed by Gerald (1980), (ii)alarge-x asymptotic expansion, (iii) Local 

non-similarity m ethod and (iv) the implicit finite difference approximations to­

gether with Keller box m ethod are employed to  investigate the  solution of the 

locally non-similar equations governing the flow for smaller values of Prandtl 

number {Pr=  0.1, 0.02, 0.01 and 0.005) particularly appropria te  for liquid 

metals (Wilks, 1976), and for the different magnetic field param eter, M , and 

the tem pera tu re  variation constant ?n. T he variation of the  flow and tem per­

ature  fields are found as a function of ^ (=  V {4a;///^^/3(T,„ — To)}''^^,in the 

range 0 <  ^ <  100. The results thus obtained are presented in tenns  of local 

skin-friction and local ra te  of heat transfer. T he results obtained by the series 

solution are in good agreement with th a t  of other m ethods up to ^ equals 1.0. 

and the asym ptotic  solution in good agreement for ^ > 2 5 .

Extensive studies on mixed convection flow along vertical surfaces had 

been conducted by Sparrow, et. al. (1959), Sparrow and CJregg (1959), 

Merkin(1969), Lloyd and Sparrow (1970) and Wilks (1973). It has been gen­

erally recognized th a t  ^ {=Grj, /R.el)  is the governing param eter  for a mixed 

cconvection flow along a vertical plate. Forced convection exists as a limit 

when (, approaches zero which occurs at the leading edge, and the free convec­

tion limit can be reached if ^ leads to some large value. Perturbation solutions 

have been developed for both limits, since both forced convection and free 

convection have similarity solutions. Empirical patching of two perturbation 

solutions has also been carried out to provide a  solution by Rajn, et. al. (1984) 

which covers the whole range of They obtained finite difference solutions 

applying an algebraic transformation Z  =  /(I +  Numerous solutions de­

veloped by considering the free convection effect as a perturbation  quantity. 

Again, forced convection exists as a limit for small ^ and the tree convection
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1. In trod u ction  •'i

can be reached as (, approaches infinitely. Tingwei et. al. (1982), had studied 

the effect of forced and free convection along a vertical flat p late with uniform 

heat flux considering th a t  the transpiration param eter 4 to be small. Effects 

of transverse magnetic field on free convection flow of an electrically conduct­

ing fluid past a semi-infinite plate were studied by many researches, such as, 

G up ta  (1962), Cobble (1979), Hunt and Wilks (1981) because of its appli­

cation in nuclear engineering in connection with the cooling of the reactor. 

Recently, Hossain and Ahmed (1986) have studied the on a magnetohydro- 

dynamic mixed convection boundary layer flow along a vertical surface with 

uniform forced flow and uniform surface heat flux. In their studies sohition 

were obtained near the leading edge where forced flow is dom inating for values 

of the P randtl number ranging in 0.7 to 0.005.

In Chapter 3, the problem of combined forced and free convection bound­

ary layer flow of electrically conducting and viscous incompressible fluid along 

vertical porous plate with uniform surface tem pera tu re  in presence of trans­

verse magnetic field proportional to has been considered and proposed

to investigate the problem employing three m ethods namely, (i) Series solu­

tion, (ii) the large ^ asymptotic expansion and (iii) finite difFernce method for 

a wide range of ^ values and a smaller values of prandtl number Pr  a])])ro- 

priate for liquids metals. Resulting solutions of the present problem obtained 

by these three novel methods are compared and presented in terms of local 

shearing stress and local rate  of heat transfer in both tabular and graphical 

forms. Representative non dimensional velocity and tem pera tu re  profiles are 

also presented graphically showing the effects of different physical parameters.

T he effects of complex geometry on magnetohydrodynam ic free convection 

flow have, to the au tho r’s knowledge, not been studied extensively. Yao (1983) 

and Moulic and Yao (1989) were probably the first to sttidy the pure free con­

vection (non-magnetic field) along a vertical wavy surface with uniform surface 

tem perature  and uniform surface heat flux. They used P ra n d t l’s trans]>osition
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1. In trod u ction
theorem to transform a surface of complex geometry into a simple shape. The 

gist of the theorem is th a t  the flow is displaced by the am ount of the vertical 

displacement of an irregular surface, and the vertical component of the velocity 

is adjusted according to the shape of the  surface. T he form of the boundary 

layer equations is invariant under the transformation, and the surface condi­

tion can therefore be applied on a transformed flat p late surface. Though the 

transformation itself is very simple, it can handle very complex geometry.

C hapter 4 deeals with the study of magnetohydrodynam ic free convection 

in the boundary  layer flow of an electrically conducting fluid along heated ver­

tical irregular surfaces, such as wavy surfaces in presence of a cross magnetic 

field. It is worth mentioning th a t  the prediction of heat transfer from irreg­

ular surfaces is a topic of fundamental importance. Surfaces are sometimes 

intentionally roughened to enhance heat transfer. Surfaces with intentionally 

placed roughness elements are encountered in several heat transfer devices. 

Some examples are flat plate solar collectors and flat p late condensers in re­

frigerators. The presence of roughness elements on flat surfaces disturbs the 

flow and alters the heat transfer rate. Using a simple transformation on the 

governing equation for the flow considered here, non-similar boinidary layer 

equations for a wavy surface are derived which are proposed to be integrated 

by Keller box method. Of interest are the effects of the magnetic field pa­

rameter, M , and the am plitude of the wavy surface, a, on the velocity field, 

the tem peratu re  field and the local Nusselt number. The results for M = 0  and 

a fluid having P randtl number P r  equals unity were compared with those of 

Yao (1983) and a  very good agreement was found.

Finally, overall concluding remarks are presented in Chapter 5.

-s
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C hapter 2

M H D  free convection flow  
along a vertical porous plate  
w ith  variable surface 
tem perature

Studies on the natura l convection boundary layer flow of a. viscous, incom­

pressible and electrically conducting fluid along a  vertical porous flat plate in 

the presence of a transverse magnetic field has been conducted by Sing and 

C’owling (1963), Sparrow and Cess (1961), Riley (1964) and Kuiken (1970) 

because of its application in the nuclear engineering in connection with the 

cooling of reactors. The power law variations of the plate tem pera tu re  and 

the transpiration velocity considered by Eichhorn (1960) are those for which 

similarity solutions are possible. Recently Hossain (1992a) considered variable 

surface tem perature  in his study of viscous and joules heating on MHI) free 

convection flow.

This chapter contains a study of the natura l convection boundary layer flow 

of a  viscous, incompressible and electrically conducting fluid along a vertical 

porous flat plate when the surface varies as ;c"‘, where x  is measured from

V the leafling edge of the plate. The ensuing boundary layer flow is governed

a nonsimilar set of parabolic equations. Four novel methods, namely, (i) the

>■
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2. M H D  free convection  flow along a flat porous p late 8

series expansion method together with Pade’s approximation, (ii) a  larg(’-x 

asymptotic expansion, (iii) Local non-similarity method of Sparrow and Yu 

^  (1971) and (iv) an implicit finite difference approximation together with KelU-r

box of Keller (1978) method are used to obtain solutions of the non-similar 

boundary layer equations representing the flow and tem peratu re  fields. I 'he  

analysis centres on small values of the Prandtl number, ( P r  -• 0.10, 0.02, 0.01 

and 0.005) which are appropriate for liquid metals and for dilferent values 

of magnetic field param eter, M .  Asymptotic values of the local skin-friction 

^  as well as the rate of heat transfer are found. The four methods of analysis

compare very favourably in their respective domain of validity.

2 .1  Mathematical formulation

C!onsider two-dimensional steady motion in which the material velocity V 

and the magnetic field B  are everywhere parallel to x y  plane, and the electric 

field E  and current-density ./ are normal to this plane. The axis ox is taken 

to be vertically upward. The leading edge of the hot plate is taken as y =  0, 

the bottom  edge of the plate being at the level x  =  0; since tlie magnetic field 

Bo in the absence of convection is normal to the plate, it is in the y-direction. 

The liquid is assumed to be non-magnetic, so tha t the permealiility is unity. 

Electromagnetic units are used through out. The equation of steady motion 

is

p { V . \ / ) V  = - \ / p  + pg + j A B  + pu V,  (2.1)

where p is the density, p the pressure, ;/ the kinematic viscosity, and g the 

(vector) acceleration of gravity. In this equation, p varies slightly from point 

to point because of the variation in the tem perature  T\  we write

p = p ^ { \ - f t [ T - T o ) l  (2.2)

where p ^  is the density at some reference tem perature  Tq. With in tli(> franu' 

work of bousinesq approximation, the variation of p is taken only in the term  p<i
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2. M H D  free convection  flow along a flat porous p late

Figure 2.1: Physical model and r.oordinate sysl.nn

into arcoMut for the buoyancy force, and the inertia effects of density vju ial ion 

are ignored. The equations of c.ontiniiity and energy are then given l>y

V - ^  =  0,

[ y . V ^ T  = (2. 1)

where T  is the tem perature  of the ambient fluid and o- the thermal <li(rnsivity. 

In eqn(2.4), the viscous and .Joule heating which are small in probh'nis of free- 

convection are neglecting as shwon by (!rammer and Pa,i(19()4). O h m ’s law is 

given by

.7 =  X B),  (2.5)

where is the electric conductivity (assumed to b<' constant) ;in<! IIk'

('h'ctric field.
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If it is assumed th a t  B  = By{x ,y) ,0]  and V  =  ?y), ?y), 0],

then .1 ^  {= sy X B  : i-i is the magnetic permeability) and V x  B  liave only 

components in the 2  direction, from which and equation (2.5), it is found tha t 

E  is wholly in the 2 —direction. And further in the steady s tate , w«' have- E 

const ant from \ /  x  E  = 0. In the absence of convection outside the boundary 

layer, where B  = Bq and SJ x  B  = f iJ ,  equation (2.5) leads to E  = Q. Thus 

E^ = 0 everywhere. Thus the Lorentz force term  becomes (To{V x  Ei) x  B.  In 

what flows, the  induced magnetic field will be neglected. This is justified, if 

the magnetic Reynolds number is small.

In many applications in aerodynamics, where rather low velocities (as in 

free convection) and low conductivities are involved, the magnetic Reynohls 

number is very small. Hence, to a good degree of approxim ation, the Lorentz 

force can be replaced by

ao{V X  B)  X  B  = —aoBo^u. (2.6)

Using equation (2.6), the m om entum  equation (2.1) in x  and y direction can 

be written as

f  du  d u \  dp  2 ri2 / . .TX
P u —— h = —7 —̂ I"//P + V  w +  cto/jqU, (2.7)

y o x  uy J  ux

dv  d v \  dp -2

2. M H D  free convection  flow along a flat porous p late  10

C!onsidering the usual boundary layer approximations,

u ~ 0 ( l ) ,  v ~ 0 {S),  | ^ ~ 0 ( 1),
(y X

| ^ ~ ( 9 ( l )  and 
oy dy^

where ^ is a  measure of the thickness of the boundary layer, the mom entum 

equations reduces to

/  du  d u \  dv  d^u  ^
= — I- + P9 + (^oB̂ y U, (2.9)

\  d x  dy  /  d x  dy
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for large Reynolds number. Outside the boundary layer, equation (2.9) may 

be reduced to
dp

which is also valid (Ref. Schilecting, 1965) even in the bovuidary layer. (Com­

bining (2.9) and (2.11), and using

2. M H D  free convection  flow along a flat porous p late  I 1

P ^ P o o [ \ -  f t {T  -  To)

equations takes the form

du du  ^   ̂ d^U CTniJn

while the equation of continuity and energy equation become after using 

boundary layer approximations

du dll 

OT d T  d'^T

where, u and v are the velocity components associated with the direction of 

increasing coordinates x  and y, respectively, and k the coefficient of thermal 

diffusivity . The boundary conditions for the pre.sent problem are;

a;,2/ <  0 : u =  0, T  =  To I
y =  0, a : > 0 :  u =  0, v = V, T  = Tu,(x) > . (2.15)

y —>oo, x > 0 : u  = 0, T = To j
Near the leading edge, the streamwise flow is caused the prsenre of a i)uoy-

ancy force which arises from the difference in tem perature  between the plate 

and the ambient fluid. Therefore the following group of transformations are 

introduced in (2.12) and (2.14):

i’ = W V t i i ( T .  -  T„)C> |/(,,0 ± if  I ,
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2. M H D  free convection  flow along a flat porous p late 12

T - T o  = { T ^ - T o ) e { v , 0 ,

Tw — To = A x " \  B q =  B x  * ,

where V’ is the s tream  function given by u =  and v =  ^ 3., thereby satisfying 

the equation of continuity (2.13), and A  and B  are constants, and

V = \V \y / '<  and ^ = V { 4 x / , / g f ^ { T ^ - T o ) y ' \  (2.17)

In equation (2.16) the upper sign corresponds to suction and the lower to

blowing or injection. In this chapter we shall restrict attention to the uniform 

suction case. Equations (2.12)-(2.14) now become:

r  +  (3 +  m ) f f "  -  2(1 +  m ) . r  +  ^ -  M f  +  Cf"

- r | } ,  (2 ..»)

P r -^ e "  + (3 +  m ) f e '  -  Arnf 'e  +  (0'  =  ^(1 -  rn)

The corresponding boundary conditions transform into

/  =  0 , =  0 , 0  =  1 at 7, =  0

dv

where

1^ =  0, 0 =  O a s r / ^ o o
(2 .2n)

P r  — i/ / k , M  =  2(TqB^ I \ /  p'^gftA. (2.21)

Equations (2.18)-(2.19) are the local non-similarity equations governing the 

flow under consideration. When the tem peratu re  of the heated surface in­

creases linearly, th a t  is when m  =  1, equations (2.18) and (2.19) are reduced

to the pair of ordinary differential equations,

/ ' "  +  (3 +  m ) f f "  -  2(1 +  rn)/ '2  +  0 -  M f  + i f "  = 0, (2.22)

P r ~ H "  +  (3 +  m ) f 9 '  -  4rn f ' e  + (,6' = 0, (2.23)

Here, ^ appears as a param eter and the flow and tem peratu re  profiles evolve 

as i  increases in a locally self-similar manner. The solutions of thes(' e<|ua- 

tions and the results obtained for different values F'r and M  and desplayed in
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2. M H D  free convection  flow along a flat porous p late

table 2.1 and 2.2 for comparison with the results obtained by other methods 

discussed below.

On substitu tion  of M =  0,7n =  0 and <̂ =  0 into equations (2 .18)-(2.19), 

the system reduces further to th a t  studied by Ostrach (19r)3) for the free 

convection flow of viscous incompressible fluid along a non-permeable vertical 

surface in absence of magnetic field. T he present problem with ,M  = 0 and 

lit = 0 ha,d ix'on investigated by Merkin (1972), for th(' How along a |)(‘nii('abl(' 

surface showing the effects of both suction and blowing for values of with 

Pr  =  1.

The physical quantities, the local skin-friction r„, and the local ra te  of heat

transfer Q,  which are importance to the engineer, are expressed as,
V  /  d u \

^  b r  = ^ / " { o , o ,  (2.24)gp[ lw  -  Jo) \ o y  /

and

Q= ( ^ )  =-r'*'(o,f),V {T^  -  To) \ d y  J 

respectively.

2 .2  Method of solutions

In many of practical situations of im portance similarity solutions do not exist 

and resulting m om entum  and thermal boundary layers are not self-similar. In 

the present analysis, it is proposed to investigate the problem governed by 

equations (2.18) to (2.20) by employing the extended series solution method 

together with P ade’s approximation [Gerald, (1980)] and the implicit finite 

difference approximation together with Keller box method of Keller (1978), 

and a large-^ asym ptotic analysis.

2.2.1 Series solution (SS)

The series solution is valid for sufficiently small values of tha t is, for suf­

ficiently small distances from the leading edge, or, in view of the definition

(2.25)
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2. M H D  free convection  flow along a flat porous p late 14

Q
S S & A S Y  EXACT SS fc ASY EXACT

0.05
0.10
0.50
1.00
5.00

50.00
75.00
100.00

0.05
0.10
0.50
1.00
5.00

50.00
75.00
100.00

0.05
0.10
0.50
1.00
5.00

50.00
75.00
100.00

0.03013t
0.060981
0.333721
0.739301

9.96000t
9.98222J
9.99000J

0.03401t 
0.06900t 
0.38533t 
0.87834f 
8.33752j 

96.00000t 
98.22222t 
99.00000J

0.03466f 
0.07032t 
0.39364f 
0.90015f 
8.93744f 

184.00000t 
192.88889t 
196.00000J

P r  = 0.1 
0.03013 
0.06098 
0.33371 
0.73936 
5.32684 
9.95868 
9.98160 
9.98939 

P r  =  0.01 
0.03401 
0.06899 
0.38531 
0.87828 
9.12609 

95.05142 
98.01513 
98.93190 

P r  =  0.005 
0.03465 
0.07032 
0.39360 
0.90005 
9.70097 

177.79140 
191.35418 
195.48023

6.521891 
3.28623t 
0.69793t 
0.374731 
0.126651 
O.IOOOOJ 
O.lOOOOt 
O.IOOOOJ

2.338331 
1.171791 
0.23848f 
0.12173t 
0.0284 I t  
0.01003t 
O.OlOOlt
o.oiooot
1.684401 
0.84352f 
0.17077f 
0.08663f 
0.01930f 
0.00506J 
0.0050u  
0.00500J

6.52163
3.28610
0.69791
0.37471
0.12261
0.10001
0.10000
0.10000

2.33831 
1.17178 
0.23848 
0.12172 
0.02797 
0.01006 
0.01001 

0.01000

1.68619
0.84441
0.17095
0.08671
0.01909
0.00511
0.00502
0.00501

f-for small ^ and ^-for large ^

Table 2.1: Numerical values of the local skin-friction and the rate  of heat 
transfer obtained by three different methods for P r  =  0.1,0.01 and 0.005 while 
M  =  1.0 and m  =  1.0.
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2. M H D  free convection  flow along a flat porous p late 15

Q
SS k  A SY EX A (JT SS & A SY E X A C T

M  =  0.0
0.05 0 .03554f 0.03554 7.255211 7.25184
0.10 0.07199f 0.07199 3.652961 3.65123
0.20 0.147631 0.14763 1.851781 1.85088
0.50 0.39657f 0.39658 0.77094f 0.77052
1.00 0.883261 0.88337 0.410501 0.41022
5.00 4 .91341t 6.22603 0.133291 0.12610

50.00 lO.OOOOOt 9.99585 o . io o o o t 0.10001
75.00 lO.OOOOOt 9.99539 o . io o o o t 0.10000
100.00 lO.OOOOOt 9.99407  

M  =  1.0
O.IOOOOJ 0.10000

0.05 0.030131 0.03013 6.52189t 6.52163
0.10 0.060981 0.06098 3.28623t 3.28610
0.20 0.124821 0.12481 1.668451 1.66837
0.50 0.333721 0.33371 0 .69793f 0.69791
1.00 0 .73930t 0.73936 0 .37473t 0.37471
5.00 4.19191f 5.32684 0.126631 0.12261

50.00 9.96000t 9.95868 o . io o o o t 0.10001
75.00 9.98222J 9.98160 O.lOOOOJ 0.10000
100.00 9.99000J 9.98939  

M  =  2.0
o.ioooot 0.10000

0.05 0 .02631t 0.02631 5.926171 5.92590
0.10 0 .05320t 0.05320 2.98830t 2.98817
0.20 0 .10869t 0.10868 1.51949t 1.51940
0.50 0 .28913t 0.28913 0.63862t 0.63859
1.00 0.6.36521 0.63655 0.345721 0.34569
5.00 3.81758t 4.64419 0.121821 0.11983

50.00 9.92000J 9.91942 o.ioooot 0.10001
75.00 9 .96444t 9.96424 o . io o o o t 0.10000
100.00 9.98000J 9.97983 o . io o o o t 0.10000

f-for small ^ and ^-for large ^

Table 2.2: Numerical values of the local skin-friction and the ra te  of heat 
transfer obtained by three different methods for M  =  0.0,1.0 and 2.0 while 
rn =  1.0 and Pr  =  0.1.
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2. M H D  free convection  flow along a flat porous p late  16

of ^ in (2.17), for sufficiently small suction velocities, V.  Given the form of

equaions (2.18) and (2.19) there is no reason to suppose the solution for small 

^  ^ proceeds in fractional powers, and accordingly, the functions /(<^,r/) and

0{(,Tj) are expanded in a straightforward power series in We take

oo OO
=  XI = ' ^ C 0 n { v ) -  (‘̂ -‘̂ 6)

n = 0  n= 0

Substitu ting the above expansion into equations (2.18)-(2.19) and equating 

the coefficients of various powers of we get the  following equations;

fo +  (3 +  m)/oi^ ' -  2(1 +  m)y^2 +  +  M f '  = 0, (2.27)

0" +  P r  [3(1 +  m )/o^ ' -  4m /'0o] =  0, (2.28)

r: +  E  [(3 +  m +  r(l  -  -  (2(1 +  m)+

,'(1 -  + «» -  *»/; + f ”-, = 0.
r= 0

C  + F r  X  [{3 +  m +  r(l  -  -  {4m +  r( l  -

+  P r C i  = 0 ,  ( n >  l).  (2.30)

The corresponding boundary conditions are

M 0) =  f'(0 ) =  m  =  M 0 ) - i = 0 ]  , .
/ '(oo) =  0,(oo) =  0 /  ’  ̂ ^

for I =  0, • • • ,n .  The equations (2.29) and (2.30) are linear, bu t coupled, and 

may be solved independently pairwise one after another. The implicit Runge- 

K utta-B utcher (Butcher, 1964) initial value solver together with Nachsheim- 

Swigert iteration scheme of Nachsheim and Swigert (1965) is employed to

V  solve the first pair (2.27) and (2.28), then the other pairs up to 0 ( ^ '° )  are

solved by exploiting the method of superposition (Na, 1979). Here the Pade’s 

approxim ate is used to obtain a more accurate approximation for the local
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2. M H D  free convection  flow along a flat porous p la te  17

skin-friction, t „ „  and the rate of heat transfer, Q ,  instead of using ttie direct 

sum.

The P ade’s approxim ant of a series is considered as the ratio of two poly­

nomials. For example, the P ade’s approxim ant [A '̂, M'] is the fraction P ' /Q '  

where P'  is a polynomial of degree M '  and Q'  is a polynomial of degi ■ee N ' . 

The coefficients of these polynomials are obtained by imposing the coiidition 

th a t  the expansion of the Pade’s approxim ant and the original series must 

agree to the  order M '  -|- N \  and Q'(0) =  1. As remarked by Van Dyke (1975), 

the diagonal approxim ants where M '  = N '  are most useful in improving Mk- 

convergence. In the present problem, M '  and N '  are chosen as M ' = N '  = f), 

for which the coefficient of the series has to be taken upto

2.2.2 Large-^ asymptotic expansion (ASY)

In this subsection a ttention shall be given to the behavior of the solution 

to equations (2.18) and (2 .19 ) 'when (  is large. Given th a t  we considering 

only the suction case, an order-of-magnitude analysis of the various terms in 

these equations shows tha t the largest are U "  in (2.18) and ^9' in (2.19). In 

their respective equations, both terms have to be balanced since one forms 

the highest derivative and the other becomes increasingly large as ^ increases. 

The only way to balance the terms is to assume th a t  ?/ is small, and hence 

7/-derivatives are large.

Given tha t 0 =  0 (1 )  as ^ oo, it is necessary to find the appropria te

scalings for /  and //. On balancing the / " , 0 ,  and t f "  term s in (2.18), it is

found th a t  7/ =  0 { t ^ )  and /  =  0 ( r ' ' )  as ^ ^  oo. Therefore, the following 
substitutions are made,

/  =  r " * ^ (^ ,C ) ,^  =  0 ( ^ , 0  and 7 /=  C/<f, (2.32)

Equations (2.18) and (2.19) become

i ^ F  4m f  ^d '^F d F  d F \  M  d F
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{ \ - m ) f d F d ^ F  d ^ F d F \

1 d̂ e I de Am^de (i-m) roFde dFde 
.............. “

P r  d C  dC d (
The boundary conditions are, simply,

d F

and

0.

(2.33)

(2.34)

(2.35)

(2.36)

. 18

Equations (2.33) and (2.34) may be solved in terms of an inverse power of 

series in When P r  ^  1 the solutions are

M
P r 2 ( P r - 1 ) C +

( P r  -  l ) - P r e - ^  +  e - ^ ’-<
P H ( P r - l )  ^ - ^ P r ^ i P r - \ y ^

{Pr^ -  Pr^ -  P r ) ]  e~^ +  -  ( P r  +  l ) ( P r  -  1)' ]̂ +  0 { C ^ ) ,  (2.37)

V

0  =  +
2m

- 2 P r ( P r ^  -  1 ) (+^'»Pr2(Pr2 -  1)

(2Pr^ -  P r  -  1)] -  2Pr^e-(^’'+̂ )<

+ ( P r  +  l)e-'^^’-<] + 0 ( r " ) ,

and when P r  =  1,

^  =  1 -  (1 +  Oe"*^ +  r "  [y ( C  +  2 ) ' e - ‘̂ -  2MJ +  O ( r ' ) ,

9 = e-^ + r ' ‘m  [(5 -  4 ( ) e - ‘̂ -  (5 +  2 C )e - 'q  +  0 ( r " ) ,

(2.38)

(2.39)

(2.40)

From these solutions the local skin friction, r^ ,  and rate  of heat transfer, Q, 
are found to be

1 M  
Pr

and

Q = P r  +
P r { P r  + l)^^ 

where these expresions are valid for all values of Pr.

(2.41)

(2.42)
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In this section, the different steps of local nonsimilarity method of Sparrow 

and Yu (1971) and others are discussed briefly.

First level o f  truncation:

At the first level of truncation, the terms with ^ d { ) / d (  on the right-hand side 

of equations (2.18) and (2.19) are assumed to be sufficiently small th a t  they 

can be set to zero. This is particularly true  when <̂ < <  1. Thus the term s with 

^d{)/d(,  on right-hand sides of (2.18) and (2.19) are negleted to get following 

system of equations:

r  -f (3 +  m ) / r  -  2(1 +  m ) f ' ^  + 9 - M f  + U "  =  0, (2.43)

and

1 - e "  + (3 +  m ) f 9 '  +  ^6' =  0. (2.44)

The boundary conditions (2.20) remain unchanged. It can be seen th a t  equa­

tions (2.43) and (2.44) can be regarded as a system of ordinary differential 

equations for the functions /  and 9 with as a param eter at any streamwise 

location.

Second level o f truncation:

A more accurate representation of the variation of /  and 9 can be found by 

considering a higher level of truncation. A higher level truncation is obtained 

by first eliminating the explicit presence of the ^ derivatives of /  an 9 by 
defining

<^(^,//) =

At this second level, the governing equations (2.18) and (2.19), for the 

functions /  and 9 respectively, are retained without approximation. Subsidiary 

equations for g and (j) and their boundary conditions are derived by taking

2. M H D  free convection  flow along a flat porous p late  19

2.2.3 Local nonsimilarity solution (LNS)

'v
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2. M H D  free convection  flow along a flat porous p late  20

the derivatives of equations (2.18) - (2.20) with respect to The system of 

equations thus obtained for the second level of truncation, by neglecting the 

terms involving ^ d g /d ^  and (,d(p/d^ only, are given below:

r  +  (3 +  m ) / r  -  2( 1 +  m ) r  + 0 - M f '  + U "  =  4 ( 1 -  m ) ( / y  -  A ) ,  (2.45) 

1
Pr

9" + (3 +  m ) f e '  + iO' =  C{1 -  -  0'r/), (2.46)

g'" +  (3 +  m ) f g "  +  Af"g  -  (5 +  Z m ) f g '  + <j> -  M g '

+ r  +  i { g "  -  (1 -  rn){g'^ -  gg"))  =  0, (2.47)

P r - V "  +  (3 +  m)/<^' +  4 0 ' ^ - / V  +  0' +  4{<^ ' - ( l -m )(5rV-5<^ ')}  = 0 ,  (2.48) 

/ (4 ,0 )  =  / U O )  =  0 (4 ,0 ) - 1  =  / ' (4 ,oo)  =  0(4,00) =  0 
5(4,0) =  ^'(4,0) =  <A(4,o) =  <7'(4,oo) =  m<^) =  0 •

At this level of truncation, the terms ( ,d{f 'g  — f " g ) / d ^  and id{f'(j) — 0'g)fd(,  

on the respective right-hand-sides of the preceding equations were neglected 

by Sparrow and Yu (1971); whereas, the present more accurate form was, first 

obtained by Chen (1988).

T hird level o f truncation:

For the th ird  level of truncation, the conservation equations (2.18) and (2.19) 

for the /  and 0 functions as well as their subsidiary equations (2.47) and (2.48) 

for the g and <t> functions are retained w ithout approximation. Additional sub­

sidiary equations for h and x  and their boundary conditions are generated by 

taking the first derivative of equations (2.47)-(2.49) with respect to The sys­

tem of equations, thus obtained for the th ird  level of truncation, by neglecting 

the term s involving ^ d h f d ^  and i d x j d ^  only, are given below:

r  +  (3 +  m ) / r  -  2(1 +  m ) r  + e - M f '  + U "  =  4(1 -  m ) ( / V  -  A ) ,  (2.50) 

1
Pr

0" + (3 +  m ) f e '  +  ^0' =  ^(1 -  m ) ( / V  -  e'g), (2.51)
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2. M H D  free con vection  flow along a flat porous p late  21

+  (3 +  m ) j g "  +  X f g  -  (5 +  :3m)/'t/' +  ^  -  M(/' +  / "

-  (1 -  -  gg")] = ^{\ -  r n ) ( r h '  -  f ' h ) ,  (2.52)

P r - V "  +  (3 +  m)/<A' +  ^e'g -  f  4> + O' + ^{4>' -  -  m){g'<j> -  g4>')}

= a ^ - m ) { f ' x - e ' h ) , { 2 . b 3 )

h'" +  (3 +  m ) f h "  + 8gg" +  (5 -  rn ) /" / i  -  (6 +  2 m ){ f ' h '  + g''^) + x

- M h '  +  2g" +  ( { h "  -  (1 -  m){Zg'h'  -  2g"h -  gh")]  = 0, (2.54)

P r~ ^x"  +  (3 +  m ) f x '  +  8g(t>' +  (5 -  yn)e'h -  2( 1 -  m ) f ' x

-2 (1  -  m)g'<l> +  2<̂ ' +  -  (1 -  m){2g 'x  ~  2<j>'h + h'4> -  gx ' ) ]  =  0, (2.55)

/(e ,0 )  =  / U O )  = ^ ( e , 0 ) - l  =  / ' ({,oo) =  0(^,oo) = 0 
5(^,0) =  ^ U O )  =  <^(60) =  5 ^ 0 0 )  =  4>{i,oo) =  0 . (2.56)
M ^,0) =  /»'(^,0) =  x (^ ,0 )  =  h \ i , o o )  =  x (^ ,oo )  =  0

As a t the lower levels, the six functions / ,  /i, 6, (f) and x involved in the

system of equations (2.50)-(2.56) are m utually coupled. The total order of this 

system is now 15. For a given M ,  rn. and P r ,  these equations can again be 

considered as ordinary differential equations which contain ^ as param eter. It 

may be noted tha t,  although the solution for the velocity distribution provides 

information for both the / ,  g and h functions, it is only /  and its derivatives 

th a t  are physically relevant. In like m anner, from the thermal boundary solu­

tions for 9, (/) and x , only is of particular interest.

The set of local nonsimilarity equations related to third  level of truncations 

are integrated exploiting the imphcit Runge-K utta-Butcher (1964) initial value 

solver together with the iteration scheme of Nachtsheim and Swigert (1965). 

Once the solutions for all the functions involving the respective equations to 

these levels are obtained at =  0, it becomes easy to find the solutions of the 

same equations for all ,̂  >  0. At the time of application of the Narhtsheim- 

Swigert iteration scheme, the details of how one can overcome the difficulties
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2. M H D  f re e  c o n v e c t io n  flow a lo n g  a  f la t  p o r o u s  p l a t e  22

in feeding the associated guess values for all the missing values for larger 

is discussed in Hossain et al. (1994). T he results are obtained for the local 

skin-friction as well as the local rate of heat transfer, s tarting from the  leading 

edge (4 =  0), where the velocity and the tem pera tu re  profiles are those of free 

convection flow, and proceding up the p late until the asym ptotic solutions are 

atta ined  to  the  required accuracy. The results are then compared wi th those 

obtained by o ther three methods in the  following section.

2.2 .4  Finite difference method (FDM)

In the present analysis, a most flexible, practical, an efficient and accurate 

solution technique, known as implicit finite difference method together with 

Keller-box m ethod, which is well-documented and widely used by Keller (1978) 

and very recently, by Hossain (1992).

To apply the aforementioned m ethod (i.e. Keller-box m ethod), equations

(2.18) and (2.19) are written in terms of system of first order equations as

follows:

I  =  'A (2.57)

^  =  1/, (2.58)

dv
dr]

+  (3 +  m ) f V  -  2(1 m ) [ p  + 0 - M U  + ^ V

=  (2.59)

ae

+  +  =  P ' S ! )

The corresponding boundary conditions (2.20) become

f  = V  = 0, 0 = 1  at T) = 0
V  = 0 = 0 rj = rje (2.62)

Dhaka University Institutional Repository



2. M H D  free convection  flow along a flat porous p late  23

here U is related to the usual x-component of velocity, but v is not the y- 

component of velocity.

Now a  net is placed on the (^, 7/)-plane which defined by

^0 =  0 =  6 i - l  +  Kn, n =  1,2,3 . . . ,

t;o =  0 T)j =  rjj.i +  hj,  i  =  1,2,3.;.

here n and j  are jus t sequence numbers, not tensor indices or exponents, 

and hj are variable mesh widths.

The quantities { f , U , V , 9 , W )  are approxim ated at points (<^",r/j) of net by 

( / " ,  V^", which are known as net functions. If the notation g'j

are used for points and quantities midway between net points and for any net 

function:

r - ' ' ^  =  i / 2 ( r  +  r - ' )  =  i / 2 f e +  ci.e:))

s r ’'" =  l / %“ =  1 /2 (9 " + « ’■_,). (2.64)

Therefore the variable and derivatives of equations (2.18), (2.19) and (2.57)- 

(2.62) a t («^„_i/2 ,f? j-i/2 ) are replaced by

9j-i /2 = 7 {dj +  9j--i +  + g j l l ) ,

1

4Kn

1

(2.65)

(2 .66) 

(2.67)

Now the  difference equations have to be written th a t  are to approxim ate equa­

tions (2.57)-(2.62) by considering one mesh rectangle as in following figure 

We s tarted  by writing the finite difference approximations of equations 

(2.59) and (2.61) for the mid point ( C , « j - i / 2 ) of the segment P1P2, using 

centered difference derivatives, we get
fn _  fn
■I] Jj--i

(2 .6 8 )

r ? 8 2 9 6 e
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2. M H D  free convection  flow along a flat porous p late 24

Figure 2.2: Net rectangle for finite dilFerencce approximation

h,

(2.69)

(2.70)

Similarly, equations (2.59) and (2.61) are approxim ated by centering about 

the mid point (^" ,r ;j_ i/2 ) the rectangle P1P2P3P4. Thi.s can be done in 

two steps. In the 1st step, equations (2.59) and (2.61) are centered about the 

point Tj) without specifying rj. If the left hand sides of equations (2.59)

and (2.61) aredenoted by L\ and L-i respectively, then the finite difference 

approximation of eqations (2.57) and (2.61) are as follows

y n - \ ! 2

l /2 (L "  +  / r ' )  =  ( l - m ) r - ’/ '

I j n

r - / " - ’ I
Kn

I J n

(2.71)

Kr.

•V
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/ n - y n - n
K,

25

(2.72)

Rearranging these equations and using equation (2.64), we can write

{ v 'T  +  « i( /K )'‘ -  a 2{V^Y  +  r  -  M i r  +  (^1/)"

(2.7.3)

W here the following abbreviations are used
r»—1

® =  K„ ’ ~  3 +  m +  Q, a .3 =  a  +  4m,

/ ? r '  =  + « [ ( / v ) ”- ' - a / ' " ) " - ' ] ,

=  - ^ r ’ +  « [ ( / i y ) " - i - ( f / 0 ) " - i ] ,

=  [V̂ ' +  (3 +  m ) / K - 2 ( l  +  m)(/2 +  0 - M ^ /  +  ^K]
r n - l  _ +  (3 +  m ) f W  -  i m i r e  +

Now equations (2.73) and (2.74) are centered about the point (if”~’/' ,̂ 7/ j_]/ 2 ), 
tha t is, we choose i] = ?7j _ i /2  and get,

h - '  { v ;  -  !/"_,) +  a , ( / ! / ) ”_ , -  0,2(1/ % , , ,  +

( l y ;  -  IV,'L.) +  a , ( / « / ) “_ , / ,  -  a 3 ( ( /« ) ^ , / .

- n : ; '; ,« u n  -  ' c . 'A '^ ? - . / ^ )  =  (2.76>

where,

p n - \  —  _ j n -n - 1 +  a imr-lf, -
^"i-i/2 =  -  Vj-i) +  (3 +  m )(/K )j_ i/2  -  2(1 +
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+ " > ) ( / « " ) , -r/^

Equations (2.75) and (2.76) are imposed for j  =  1 , 2 , . . .  at given n, and

the transformed boundary layer thickness, t)j , is to be sufficiently large so tha t 

U —> 1 and 9 —* 0 asymptotically. The la tte r  is usually satisfied when V{r]oo) 

is less than  approximately l"'^. T he boundary conditions (eq(2.62)) yield at

(, =  r ,
f o = U ^  = 0 ' ^ - l = 0 .  at 7; =  0 \  ,

I, 0" =  O at =  J '

If / "  \  \  , and W j ~ ^ , are assumed to be known for

0 <  i  <  J ,  then equations (2.68)-(2.70),(2.75) and (2.76) are a system of 

5 J  +  5 equations for the  solution of 5 J  +  5 unknowns at ("■ interms of their 

values a t . These non-linear system of equations are then linearizied by 

means of N ew ton’s quasi-linearization technique. For simplicity of notation, 

the unknowns are written at (f =  (f" as

( / ; .  w ] ‘ )  ^  ( / „  u „  v „ 9 , ,  w , ) ,

Then the  systems of equations (2.68)-(2.70),(2.75) and (2.76) can he written

2. M H D  free convection  flow along a flat porous p late 26

as

f j  -  / j - i  -  Y  (2-78)

Uj -  U j . i  -  ^  (V; +  Vj+i) =  0, (2.79)

1
^ - l )  +  — Oi2{U^)i-\l2 +  ^j-1/2 — M^^j-l /2

+ k ' " ) . - . / 2 + n  =  f t j - j , ; , , ,  (2 .8 0 )

-  D,-< -  ^  {W , + W ,^ , ) = 0, (2.81)
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+ o  -  v ' H i . o . - m  -  m ' . - . / . / ’- v , )

=  (2-82)

It is noted th a t  involves only known quantities, if the solution is

assumed to be known at ^ =  ^’‘7  ̂ To solve equations(2.78), -(2.82) with

equation (2.78), by Newtons m ethod, the itera te  j f \  U f \  Wj'^ , z =

0 ,1 , 2 , . . . ,  are introduced with initial values say.

2. M H D  free convection  flow along a flat porous p late 27

— {Wj -  VKj_i) + -  a^{U9)j_xi2 + [iw)]-\i2

(2.83)
/jO) ^  yjn-l)^ ^(0) ^  ^ 0  ^  ^n-l^ y^(0) ^

f(0) ^  ^  ^jO) ^  yn -1  ^(0) ^  Q ^ (0 )  ^  ^ ( n - , )

The superscripts in parenthesis have of course no relation to the superscript 

n. For the higher order iterates we get

/'■*" = /]'> + s ; f \  (/!'+’> = u f ,  = i/‘ + s v p  I „ ^
«•'+■> = e f  + sef,  wf*''' = wj'’> + swf‘> /' ' *

Then the right-hand of these expressions are inserted in place p ,  Uj, V \  9^ and 

in equations(2.78)-(2.82) and the quadratic  terms in { S f j ' \ S U p , S V l ' \  

SO f \SW j '^ )  are neglected. This procedure yields the follwing linear system in 

which the superscript i in S quantities is neglected for simplicity:

^f, -  % - i |  -  '^(6U, -  =  (r, )j, (2.85)

SUj -  -  SV̂ J_,̂  =  (r ,)j_ ,, (2.86)

Se, -  =  (,■,),_„ (2.87)

S V j  +  +  M i S U i  +  ( . ! « ) / / / , _ ,

+{s7)j89j + {ss)jS9j.-i -I- (.S9)j<̂ V̂ j -h (.sio)j<5W,_, =  {r2)j, (2.88)

Dhaka University Institutional Repository



+{b7)jSVj + {bfi)jSVj î +  {bg)j89j +  =  (r^)j, (2.89)

2. M H D  free convection  flow along a flat porous p la te  28

{bi)jSWj + {b2)]SWj-i + + {b5)j8Uj + {b6)jSUj_i

where

(n), = / ‘i’, - / f  + 

( r s ) , - ,  =  « J 2 ,  -

i ’-^h = -

i^3)j =
pn-1
^2j - \ l2 Ai)

(2.90)

(2.91)

(2.92)

{ k ' "  -  K - \ )  +  " . ( / v ) ” . , .  +

+ "  (^ _ i /2 /{ 0 j - l /3  ~  /7-1/3'^/-I/2) ’ {2.93)

- i r

(S2)j = -

(•55)i =  - « 2 K /

(•■*7) =  

(•‘*8) =

, (2.94)

- - P  2 •'i - i /2  1" 2 ’ (2.95)

-  1 (2.96)

(2.97)

2 ^ - 1 /2 ’ (2.98)

0 A/ 
2 ’ (2.99)

) M  
1 -  2 ’ (2.100)

(2.101)

(2.102)
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(.Sio) =  0, (2.104)

M + y / f  -  + J. (2.105)

+  f / j i ’, -  (2.106)

( i j ) ,  =  f w ' f  +  ftyjL-.'/j.  (2.107)

=  y W , ? .  +  (2.108)

((>>), = +  (2 .109)

(î), = + I (2.110)
( M  =  0, (2.111)

( M  =  0, (2.112)

( W  =  - y f / j ’’ -  ( 2 .H 3 )

(M  = -  ff/r '/r  (2.114)
To complete the  system [Eqns:(2.85)-(2.89)] we recall the boundary condi­

tion [Eq:(2.26)] which can be satisfied exactly with no iteration. In Eq.(2.83) 

we have altered the initial values /o, (/q, V j  and 6j  accordingly i.e. we have set

/o =  0, Uq =  0, ^0  =  0

2. M H D  free convection  flow along a flat porous p late  29

(.sg) =  0, (2.103)

Uj  =  1 and 9j — \ (2.11o)

Now the system of linear equations (2.85)-(2.89) and (2.115) could be w rit­

ten in a block-matrix form with coefficient matrix,^ which can be solved in a 

very efficient m anner by using the modified ’Keller box’ m ethod especially in­

troduced by Keller (1978) and which was subsequently used most efficiently 

by Cebeci and Bradshaw (1984) and very recently, by Hossain (1992a, 1992b) 

taking the initial interaction to be given by the converged solution at ^ =  ^i_,.

'This form is useful for discussing the conditions under which solution exists.
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2. M H D  free convection  flow along a flat porous p late 30

(a)

V
V (b)

(c)

Figure 2.3: Isolines of tem peratu re  for Pr  =  0.1 and m  =  0.5: (a) M  =  0.0,
(b) M  =  2.5, (c) M  =  5.0.
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2. M H D  free con vection  flow along a flat porous p late 31

(a)

V

(b)

(c)

Figure 2.4: Isolines of tem peratu re  for M  = 2.5 and m  =  0.5: (a) P r  =  0 71
(b) P r  =  0.1, (c) =  0.01.
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(a)

W

(b)

(c)

Figure 2.5: Isolines of tem peratu re  for Pr =  0.1 and M  = 2.5; (a) m  =  0.25,
(b) m =  0.50, (c) m =  0.75.
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2. M H D  free convection  flow along a flat porous p late  .53

Now, to in itia te the process with ^ =  0, we first provide guess profiles for the 

functions f,U,V,9 and W, and use the Keller box m ethod to solve the gov­

erning ordinary differential equations. These profiles are then employed in the 

Keller box scheme, which has second order accuracy, to march step by step 

along the  boundary layer. For a  given the iterative procedure is stopped 

when the difference in computing the velocity and the tem pera tu re  in the next 

iteration is less than  10“ ®, i.e., | S f  |<  10~®, where the superscript i denotes an 

iteration number. Throughout the com putations, instead of using equal grid in 

the r/- direction, a non-uniform grid was used and defined by rjj = s i n h ^ /a ) ,  

with = 151 and a = 50. The r]j were chosen so th a t  the outer boundary 

T/e 10.1 and were sufficiently dense in the vicinity of the boundary layer to 

ensure accuracy, when the velocity distribution m aximum comes close to the 

boundary for 0 <  ^ <  1. When ^ > 1 the program was run in such a way tha t 

T/e increases automatically  until convergent solutions are obtained. Solutions 

were obtained for variety of P rand tl number, P r ,  the magnetic field param eter  

M and the tem peratu re  exponent param eter  m , when the fluid is withdrawn 

through the heated surface. In the present numerical investigation the m ax­

imum values of ^ was chosen to be sufficiently large tha t solutions compare 

well with the asym ptotic values for the local skin-friction and the local ra te  of 

heat transfer. The numerical results thus obtained are shown graphically and 

in tabu lar form.

2 .3  Results and discussion

In the last section four different methods were presented for the solution of 

the  nonsimilar equation governing the boundary layer flow of an electrically 

conducting fluid along a  vertical porous flat plate in the  presence of a variable 

transverse magnetic field and with a power-law surface tem perature  variation. 

There are three dimensionaless param eters, 77?., M  and F̂ r, and our results, 

which are confined to low Prandtl numbers corresponding to liquid metals.
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2. M H D  free convection  flow along a flat porous p late 34

Figure 2.6: Local skin friction for different P r  against ^ while M  =  1.0 and 
m  = 0.5

are obtained in terms of local skin-friction, Tyj, and local ra te  of heat transfer,

Q .

The numerical results for and Q,  obtained by the  series solution(SS) and 

the asym ptotic solution(ASY) for m =  1.0 and for different values of Pr  and 

M  are compared with those obtained by the shooting methods in Table 2.1 

and 2.2 respectively in the range of ^ € (0,100). From Table 2.1 and 2.2, it is 

observed th a t  the results obtained by the series solution are in good agreement 

with the  exact solution upto  ^ equals 1.0 and the asym ptotic  solution in good 

agreement for ^ >  25. From Table 2.1 it can be seen th a t  changes in the 

P randtl num ber has a  strong effect on the local skin friction as well as on the 

rate of heat transfer. From Table 2.2, it is further observed th a t  the effect of 

variation in the magnetic field on the local skin friction as well as on the rate
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2. M H D  free convection  flow along a flat porous p late 35

Q

0

Figure 2.7: Local rate  of heat transfer for different P r  against ^ while M  = 1.0 
and m =  0.5

heat transfer are very small.

In Figure 2.3 we show tha t the effect of varying M  on the isotherms of 

the boundary layer plotted in the {^,rj)-spa.ce. In this figure m  =  0.5 and 

Pr =  0.1. Here we see th a tthe  general trend th a t  the boundary layer thins as 

^ increases; this effect is due to the presence of surface suction. Further, the 

boundary layer thickens locally as M  increases. Figure 2.4 shows the effect 

on the boundary  layer of variations in P r with M  =  2.5 and m  =  0.5. Here 

we see th a t  the boundary layer thickens substantially as the Prandtl number 

is reduced. We note th a t  the largest value of r]aiax used in the com putation of 

Figure 2.4c was suffecient to resolve the whole w idth of the  boundary layer, 

even though only part  of it is shown there. In Figure 2.5 we show the effect 

of varying m  on boundary layer with M  =  2.5 and P r =  0.1. Here boundary
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2. M H D  free convection  flow along a flat porous p late 36

Figure 2.8: Local skin friction for different m  against ^ while P r  =  0.1 and 
M  =  1.0

layer thins as m  increases.

For M  = \.0  and m =  0.5 and a  selection of values of P r ,  the downstream 

evaluation of the local skin friction and local ra te  of heat transfer are shown 

in Figures 2.6 and 2.7, respectively. From Figure 2.6 it is observed th a t  the 

local skin-friction seems to be largely independent of P r  when ^ is sufficiently 

small and the approach to the asymptotic solution shows very good agreement 

with the analysis. T he corresponding heat transfer results shown in Figure 2.7 

show th a t  the series solution is very accurate for ^ <  5, bu t th a t  the results 

are strongly dependent on P r. Again the approach to the asym ptotic  solution 

is seen to be very rapid. From these figures, it can be observed th a t  the results 

in terms of local skin-friction and local ra te  of heat transfer obtained by local 

non-similarity m ethod and finite difference method are identical in the entire
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Q

Figure 2.9: Local ra te  of heat transfer for different m  against ^ while P r = 0.1 
and M  =  1.0

regim of

P igures 2.8 and 2.9 correspond to the case where m varies Ix'twecn U.OO and 

0.99 for represent for M  =  1.0 and P r  =  0.1. The prim ary effect of increasing 

m  is to decrease the local skin-friction and to increase the local rate of heat 

transfer. For each value of m the skin-friction increases with hut  the rate of 

heat transfer decreases and reach to their respective asym ptotic values which 

are 1 / P r  and Pr (which can be seen from equations (2.41) and (2.42)). Since, 

the invidual curves are very close to each other, in these figures the curves due 

to asym ptotic and series solutions have not been included.

The effects of varying magnetic field param eter M  on both the skin-friction 

and the local ra te  of heat transfer are shown in Figures 2.10 and 2.11, respec­

tively. It can be seen tha t the primary effect of an increasing value of M  is to
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Figure 2.10: Local skin friction for different M  against ^  while P r  =  0.1 and 
m =  0.5

decrease both the local shear stress as well as the  local ra te  of heat transfer. 

However, these changes are not substantial, and therefore, given how close the 

individual curves are to each other, we have not included the asym ptotic  and 

series solutions in these figures.

Finally, it is necessary to point out tha t,  although the boundary layer 

thickness decreases as (  increases, it does so only in terms of //. In term s of 

y, the  boundary layer grows initially in the same way th a t  a s tandard  free 

convection boundary layer does, but it eventually a tta ins  a  constant thickness. 

Similarly, as > oo, we have found from (2.37) th a t  /  becomes In

terms of the original streamfunction given in (2.16) this means tha t
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2. M H D  free convection  flow along a flat porous p late 39

Figure 2.11: Local rate  of heat transfer for different M  against ^ while P r — 0.1 
and m  =  0.5

where (  may be seen to be a  scaled j/-variable on comparing (2.17) and (2.32), 

and Fq is the leading order term in either (2.37) or (2.39).

2 .4  Conclusion

Free convection boundary layer flow of viscous incompressible and electrically 

conducting fluid past a vertical porous flat p late in the presence of a transverse 

magnetic field when the plate tem perature  varies as has been studied the­

oretically. Four distinct methodologies, namely, the  series solution method, 

asym ptotic expansion, local non-similarity and the Keller box method have 

been employed to integrate the governing nonsimilar boundary  layer equa­

tions. Calculations have been carried out for wide range of the param eters
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2. M H D  free con vection  flow along a flat porous p la te  40

to examine this results from four solutions. Both the  series solutions and the 

results from the  asym ptotic  analysis have been found to be in good agreement 

with the numerical simulations. It has been shown th a t  the asym ptotic val­

ues of the local ra te  of heat transfer, Q, approaches to P r  and tha t the local 

skin-friction, approaches to 1 / P r  as ^ oo and these are independent of 

the magnetic field param eter M  a t leading order.
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C hapter 3

M H D  forced and free 
convection flow along a vertical 
porous plate w ith  uniform  
surface tem perature

Problems on mixed convection flow along vertical surfaces have extensively 

been studied by Sparrow, et. al. (1959), Sparrow and Gregg (1959), Merkin(1969), 

Lloyd and Sparrow (1970) and Wilks (1973). It has generally been recognized 

th a t  ^ { = G i \ l R e l )  is the governing param eter for a mixed convection flow 

along a vertical plate. Forced convection exists as a limit when ^ approaches 

zero which occurs a t the leading edge, and the free convection limit can be 

reached if ^ leads to some large value. The forced convection exists as a 

limit for small ^ and the  free convection can be reached as approaches in­

finitely. Tingwei et. al. (1982), had studied the effect of forced and free 

convection along a vertical flat plate with uniform heat flux considering tha t 

the transpiration param eter ^ to be small. Effects of transverse magnetic field 

on free convection flow of an electrically conducting fluid past a semi-infinite 

plate were studied by many researches, such as, G up ta  (1961), Takhar (1971), 

Cobble (1979), Hunt and Wilks (1981) because of its application in nuclear 

engineering in connection with the cooling of the reactor. Recently, Hossain

41
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and A hm ed (1986) have studied the  m agnetohydrodynam ir mixed con­

vection boundary layer flow along a vertical surface with uniform forced flow 

and uniform  surface heat flux. In their studies solution were obtained near the 

leading edge where forced flow is dom inating for values of the  P rand tl num ber 

ranging in 0.7 to  0.005.

T he present chapter is dealt with a problem  on com bined forcoiand free 

convection boundary  layer flow of a viscous, incompressible and electrically 

conducting fluid along a  vertical porous p la te  in the  presence of transverse 

m agnetic field. As in earlier chapter, Numerical solutions of the local non­

sim ilar boundary layer equations governing the flow and energy are obtained  in 

the forced convection regim , in the  free convection regim as well as a m atching 

solution for the  en tire forced-free convection regim em ploying im plicit finite 

difference approxim ation together w ith Keller box m ethod. The result are 

com pared w ith them  of pertu rba tion  solution for small and large vectored mass 

transfer param eter ^ in term s of local ra te  of heat transfer as well as local 

shearing stress for different physical param eter. T he dimensionless velocity 

and tem pera tu re  functions in the  flow are presented graphically for wide range 

of Pr ,  M  and

3 .1  Mathematical formulation

The basic equations (3.1)-(3.3) represent the steady two-dim ensional, lam inar 

force and free convection boundary-layer flow of viscous incompressible and

conducting fluid through a variable transverse m agnetic field of strength  Bo

along a semi-infinite vertical porous plate.
du dv  ^ .

du  du  d^u  ̂ cTo^n /

/  ffr dT\ S‘T
Cp u —  +  V —  =  K — — , (3.3)

 ̂ \  d x  dy  J  dy^
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3. M H D  m ixed  convection  flow along a flat porous p late  43

where, u and v are the  velocity com ponents associated with the d irertion  

of increasing coordinates x  and y, respectively, u the  kinetic coefficient of 

viscosity, p the  density of am bient fluid, g the acceleration due to  gravity,

0  th e  coefficient of volume expansion, (Tq the  electrical conductivity, k the 

coefficient of therm al difFusivity, Cp the  specific heat a t constant pressure and 

T  is the  tem pera tu re  of the  fluid. T he boundary conditions for th e  present 

problem  are:

x ,t/ < 0 : u =  0, r  =  To 1
j/ =  0, X >  0 : u =  0, v = Vo, T  =  (3.4)

y oo, X > 0 : u = U, T  = To )

Near the  leading edge, the flow is caused m ainly by the  effect of the  buoy­

ancy force which arises from the  difference in tem pera tu re  between the  p late 

and the  am bient fluid. Therefore the  following group of transform ations are 

introduced in (3.2) and (3.3):

vp =  T - T o  = {T^ -  To)0{r,,O,  (3.5)

where is the  stream  function satisfying the  equation of continuity (3.1), and

/ 2x
V =  V o y / K  and ^ =  V o ^  — . (3.6)

In equation (3.5) the  upper sign is taken throughout for suction and the  lower 

sign for blowing or injection. Equations (3.1)-(3.3) now become:

/"' +  / / "  +  a e »  +  2 M ( 1 -  / ' )  =  { | / ”^  -  / ' ^  :f / ' j  , (:i.7)

P r - ' e ” +  fO' = (  T  » '}  , (3.8)

The corresponding boundary conditions transform  into

/  =  0, / '  =  0, 0 =  1 a t 7/ =  0 
/ '  =  1, 0 =  O a s r / —>oo (3.9)
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3. M H D  m ixed  convection  flow along a flat porous p late 44

where

P r  =  u L ,  a  =  2 4 ^ ,  (H  =  R e ,  =

Sl = M =  and B =

The physical quantities of in terest are the  local shear stress r,^ and the 

local ra te  of heat transfer Q. These are defined by

fiVoU f  du

3 .2  Method of solutions

Forced convection exists as a lim it when ^ goes to  zero which occurs a t the 

leading edge, and the  free convection lim it can be reached if ^ becomes large. 

In this section solutions have been developed for both  lim its which are known 

as pertu rba tion  solutions. As in earlier section solution in the  entire forced and 

free convection regimes are also obtained em ploying the  Keller-box m ethod.

3.2.1 Series solution (SS)

The series solution is valid for sufficiently small values of Accordingly, the 

functions and 9{^,r}) are expanded in a  power series in th a t is, we

take
00 00

n =0  n =0

Substitu ting  the  above expansion into equations (3.7)-(3.8) and equating  the 

coefficients of various powers of we get the  following equations:

/ r  +  /o i^ ' +  2M ( l - / ' )  =  0 , (3 . 14)

0o +  Prfo0o =  0, (3.15)
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fn  +  X /  ~  ’̂/ r / n - r ]  +
r= 0

-  2 M / :  +  C ,  =  0, (3.18)

n

c + ^ ^ y ] [ { ^ + i } A C r - r / : _ , 0 j = 0 ,  (7. >2) .  (3.19)

3. M H D  m ixed  convection  flow along a flat porous p late 45

/ r  +  / o / r  -  f X  +  V o h  + f o -  2 M /;  =  0, (3.16)

e'i +  P r(/o 0 ; -  / '0 ,  +  2 / ,0 ;  +  9 ^ =  0, (3.17)

r = 0

T he corresponding boundary  conditions are

/.(O) =  /'(o) =  0.(0) =  0o(O) - 1 = 0  
li(co) =  «i(oo) =  0 (3.20)

for z =  0, • • • ,n . The equations (3.14)-(3.17) are linear, bu t coupled, and may 

be solved independently  pair wise one after another. T he im plicit Runge- 

K u tta -B u tcher (B utcher, 1964) initial value solver together with Nachsheim- 

Swegert iteration  scheme of N achsheim  and Swegert (1965) is employed to 

solve the  first pair (3.12) and (3.13), and o ther pairs up to  are solved

by exploiting the  m ethod of super position (Na, 1979). Here the P ade’s ap- 

proxim ant is used to  obtain  a more accurate approxim ation for the local shear 

stress, r^ , and the  ra te  of heat transfer, Q,  instead of using the  direct sum.

3.2.2 Large-^ asymptotic expansion (ASY)

In this subsection a tten tion  shall be given to  the  behaviour of the solution to 

equations (3.7) and (3.8) when ^ is large. Given th a t we considering only the 

suction case, for which we take the positively signed term s in (3.7) and (3.8), 

an order-of-m agnitude analysis of the  various term s in these equations shows 

th a t the  largest are and in (3.7) and ^0'  in (3.8). In their respective 

equations, bo th  term s have to be balanced and the  only way to  do th is is to 

assum e th a t rj is sm all, and hence 7/-derivatives are large.
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3. M H D  m ixed  convection  flow along a flat porous p late 46

Tu, Q
SS k  ASY FDM SS k  ASY FDM

M  =  0.0
0.01 47.5897t 47.5782 19.98581 20.0030
0.05 10.0678t 10.0623 4.0684dag 4.0721
0.10 5.43311 5.4279 2.0815t 2.0840
0.15 3.2065t 3.9246 1.0919f 1.4232
0.20 2.5485t 3.2037 .765I t 1.0941
0.50 3.5820f 2.1428 .54721 .5071
10.00 6.6916 .1202

100.00 ll.OOOOJ 10.9819 .lOOOt .1000
600.00 1L0000+ 10.9900 

M  = 2.5
.1000+ .0999

0.01 227.94331 227.9441 23.10351 23.1150
0.05 46.0139t 46.0139 4.6645t 4.6670
0.10 23.29261 23.2924 2.3605t 2.3618
0.15 11.96591 15.7335 1.2097f 1.5941
0.20 8.2213t 11.9653 .82731 1.2108
.50 3.7249f 5.2821 .35531 .5250

10.00 5.7129 .1191
100.00 7.46421 10.9310 .lOOOt .1000
600.00 10.1750t 10.9886 

M  =  5.0
.lOOOt .0999

0.01 319.40469f 319.40601 23.63198t 23.64276
0.05 64.29872f 64.29893 4.76842f 4.77065
0.10 32.42523t 32.42527 2.41102t 2.41225
0.15 16.513561 21.81178 1.233211 1.62657
0.20 11.23249t 16.51346 .841411 1.23408
0.50 4.76716f 7.04986 .356011 .53049
10.00 5.06984 .11812
100.00 3.92857t 10.88087 .lOOOOt .10002
600.00 9.350001 10.98730 .lOOOOJ .09999

f-fo r small ^ and J-for large ^

Table 3.1: Numerical values of the local shear stress aiicl the ra te  of heat 
transfer ob tained  by three different m ethods for M  =  0.0, 2.5 and 5.0 while 
Pr  =  0.1 and a  =  1.0.
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Given th a t 0 =  0 (1 )  as ^ > oo, it is necessary to  find th e  appropria te

scalings for /  and 7]. On balancing the f " , 9 ,  and ^ / "  term s in (3.7), it is 

found th a t r] =  0((^~^) and /  =  0((^“ ' )  as ^ > oo. Therefore, the  following

substitu tions are m ade,

= » { ( , < )  and < =  >?« and X  = (.  (3.21)

Equations (3.7) and (3.8) become

F'" + F "  + a B  = ^  [F' -  1] +  [F'F'x -  F " F x  
A A

^ e "  + I f ' ^ x  -  F x B

T he boundary conditions are simply

F  = 0, F'  — 0, and 0  =  1 a t (  =  0,

(3.22)

(3.23)

(3.24)

and

F ' —>1, 0  —> 0, as ( oo.  (3.25)

Equations (3.20) and (3.21) can be solved in straightforw ard pertu rba tion  

expansion X .L e t

F  =  F„(C) + X - ^ F , { ( )  +  X - ' F M  +

0  =  e„(C) + x - ‘ e ,{0  + x-'0 ,ic) +

By equating the  various power of we obtain

0 "  +  P r 0 ' = 0 ,

F " '  +  F ' '  =  - a 0 o ,

+  Pr&., = 0,

^ r + ^ 2 '  =  -«€>2 +  2 M ( F ' - l ) ,

Pf'&; + Q\ = -2F'02 + 2F20;,

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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T he corresponding boundary conditions are

Fo =  F ' =  F2 =  F ' =  F4 =  F ' = 0
0 0  — 1 =  0 2  =  © 4  =  0 a t 7/ =  0 ■ (3.34)

Fq — 1 =  F j =  F4 =  0 , 0 0  =  0 2  =  0 4  =  0  as 77 —> 0 0

Solutions of the  equations for P r  ^  1 are obtained as follows;

00 =  e x p ( -F rC )  (3.35)

3. M H D  m ixed  convection  flow along a flat porous p la te  48

F '"  + F ;  =  -CV04 +  2 M F ' +  2(F"F2 -  F 'F ') .  (3.33)

Fo =
a

/ V 2 ( F r -  1)-exp(-PrC)  + 1 -

a
V P r { P r - \ ) J

+C +

exp(-C)

a
T v

-  1

02  =  0

(3.36)

(3.37)

F 2 =  2 M
a

P r^{Pr  -  1)2

- I I -

e x p (-P rC )  -  1 -
a \

a
+

P r { P r - l ) J  
a

(exp( -C )

P r ( F r - l )  P v ' \ P r - \ f )  
a

exp(-C)

+  1 - +
Of

(3.38)F r ( F r - l )  P r ^ { P r - \ ) J  

Higher order term  are not shown here because the  expressions too large. Hence, 

the expressions for F "  and 0 '  at C =  0 m ay be obtained from eqtiations (3.33) 

to  (3.36) together w ith the  expressions given bellow:

V

0 ;  =  - P r ,

a  +  P r  
P r

0 ;  =  0,

F " - ^ 0  —

04 =  2M

Pr^,
2Pr^  — 2a P r  — a

P r ( P r  +  1)2

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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3. M H D  m ixed  convection  flow along a flat porous p late 49

Figure 3.1: Local shear stress against ^ for different a  while M  =  1.0 and 
Pi' =  0.1

V

In a sim ilar m anner, for Pi- =  1, the  corresponding expressions for F'-' and 

0 - for j =  1,4 take the form

= (3.44)

F '' =  a + 1 , (3.45)

0 '  =  0, (3.46)

F "  =  2M (1 -  a ) , (3.47)

04 =  M(1 - 3 / 2 a ) . (3.48)

3.2.3 Finite difference method (FDM)

In the present analysis, an efficient and accurate im plicit finite difference 

m ethod are employed to  solve the  system  of equations (3.7)-(3.8). To he-

Dhaka University Institutional Repository
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Q

Figure 3.2: R ate  of heat transfer against ^ for different fv while M =  1.0 and 
P r  =  0.1

gin w ith, equations (3.7) and (3.8) are w ritten  in term s of system  of first order 

equations as follows:

m
drj

P r  dr]

(3.49)

(3.50)

+  / K  +  a e e  +  2M {\  - U )  + i V  = (̂  “  ' " I f  }  ’

(3.52)

(3.53)
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3. M H D  m ixed  convection  flow along a flat porous p late 51

Figure 3.3: Local shear stress against (, for different P r while M  =  1.0 and 
cv =  1.0

V

T he corresponding boundary  conditions (3.9) become

f  = V  = 0, 9 = 1  a t r /  =  O l 
V  = 0 = 0 ht T] = Tje J (3.54)

Now a net is placed on the  (^ ,7?)-plane which defined by

0̂ =  0 (n = 6 i-i +  K„, n =  1 , 2 , 3 . . . ,  (3 .55)

jyo =  0 rjj =  +  h, , j  = l , 2 ,3 . . .N .

If <7" denotes the  value of any variable a t (6 n»7j) , th sn  the  variable and 

derivatives of equations (3.7), (3.8) and (3.47)-(3.52) at (6 . - 1/2, r / , - , /2) are 
replaced by

Ti—1/2 _ ^ / n I n I I
3j-i/2 -  4 [9] +  9j-i + 9j +  9j-i ),
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3. M H D  m ixed  con vection  flow along a flat porous p late 52

Q

Figure 3.4: R ate  of heat transfer against ^ for different P r  while o  =  1.0 and 
M  = 1.0

/ ^ \ n - V 2 1

(9 7 + 9 ? -^  9 - 1 ) -

Equations (3.47)-(3.52) are then expressed in finite difference form by ap­

proxim ating the  functions and the ir derivatives in term s of the  central dif­

ference. D enoting the  mesh points in the  (^ ,7/)-p lane by and 7/^, where

I =  0 , 1 , 2 , . . . ,  M '  and j  =  1 , 2 ,3 , . . . ,  Â , central difference approxim ations are 

m ade such th a t those equations involving (  explicitly are centered a t (6 - 1/ 2 , 

and the  rem ainders a t ( ^ , 7/ j_ i/2 ), where etc. These

results a set of nonlinear difference equations for the  unknowns a t in term s 

of their values a t ^ _ i .  T he resulting equations are then linearized by N ew ton’s
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3. M H D  m ixed  convection  flow along a flat porous p late r)3

V

Figure 3.5: Velocity profile against t] for different M  while P r= 0 .1  cv =  1.0 
and =  10.0

quasi-linearization technique which are then solved by modified ’’Keller box” 

m ethod especially introduced by Keller (1978), and which was subsequently 

used m ost efficiently by Cebeci and Bradshaw (1984) and very recently, by 

Hossain ( 1992a, 1992b) taking the initial interaction to be given by the  con­

verged solution a t ^ Now, to in itia te  the process with =  0, we first

provide guess profiles for the functions / ,  (/, V, 0 and W ,  and use the  Keller box 

m ethod to  solve the  governing ordinary differential equations. These profiles 

are then employed in the  Keller box scheme, which has second order accuracy, 

to m arch step  by step  along the  boundary layer. For a given the  iterative 

procedure is stopped when the  difference in com puting the  velocity and the 

tem peratu re  in the  next iteration  is less than 10"'^, i.e., | |<  10~'\ where

the superscrip t i denotes an iteration  num ber. T hroughout the  com putations.
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3. M H D  m ixed  convection  flow along a flat porous p late 54

Figure 3.6: Velocity profile against rj for different P r  while cv =  1.0, M  =  1.0 
and (  =  10.0

instead of using equal grid in the  rj- direction, a non-uniform  grid was used and 

defined by t]j =  s in h ^ /a ) ,  w ith N  =  151 and a =  50. T he r/, were chosen so 

th a t the outer boundary rje ~  10.1 and were sufficiently dense in the  vicinity 

of the boundary layer to ensure accuracy, when the  velocity d istribu tion  m ax­

imum comes close to  the boundary for 0 <  ^ <  1. W hen > I the  program  

was run in such a way th a t rjg increases au tom atically  until convergent solu­

tions are obtained for each of the given values of P r  , M and a.  only for the 

case when fluid is being sucked through the surface. In the present numerical 

investigation the  m axim um  values of ^ was chosen to  be sufficiently large th a t 

solutions com pare well with the  asym ptotic values for the local skin-friction 

and the local ra te  of heat transfer are obtained. T he num erical results thus 

obtained are shown graphically and in tabu lar form.
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n n )

Figure 3.7: Velocity profile against r/ for diflPerent ^ while o' =  1.0, M  =  1.0 
and P r  =  1.0

3 .3  Results and discussion

In the  present investigation, num erical solutions of the local nonsim ilarity 

boundary layer equations governing the  com bined forceiand free convection 

boundary layer flow of a viscous incompressible and electrically conducting 

fluid along a vertical porous p la te  has been studied  in the presence of transverse 

m agnetic field have m ade employing two d istinct m ethods, namely, th e  im plicit 

finite difference approxim ation together w ith Keller box m ethod (FD M ), the 

pertu rba tion  m ethod for small and large values of the  transp ira tion  param eter

Numerical values of local shear stress and the ra te  of heat tiaiisfer for 

selected of m agnetic field param eter, M , with P rand tl num ber, Pr,  equals 0.1
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3. M H D  m ixed  convection  flow along a flat porous p late T)6

Figure 3.8: T em peratu re profile against 7/ for different M  while a  
P r  =  0.1 and ^ =  10.0

=  1.0 ,

and the buoyancy param eter, a ,  equals 1.0 against the  transp ira tion  param eter 

^ in the range 0.01 to  600.0 obtained by the  above m ethods are com pared in 

Table 3.1 Form this table we see th a t, for sm aller the solutions obtained 

by series solution are quite agreeable w ith the  o ther solution upto  (  equals

0.1. On the  o ther hand, for large ^ solution obtained by finite difference 

m ethod approach towards the solutions obtained by asym ptotic m ethod. From 

the same table, it is also observed th a t the  ra te  of heat transfer obtained by 

FDM heads tow ards the  asym ptotic solutions faster than  the local shear stress. 

We further observe th a t, near the leading edge, the  effect of m agnetic field 

param eter, M , is very much influencing on the  local shear stress as well as the 

ra te  of heat transfer, bu t in the dow nstream  its effect is negligible.

For M  equals 1.0 and P r  equals 0.1 and different values of the buoyancy
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3. M H D  m ixed  convection  flow along a flat porous p late 57

Figure 3.9: T em perature profile against i] for different P r  while o- =  1.0, 
M  =  1.0 and ^ =  10.0

param eter ,cv, the  values of the  shear stress and the  ra te  of heat transfer are 

shown graphically in Figures 3.1 and 3.2, respectively. From Figure 3.1 it can 

be seen th a t the  effect of a  on the  shear stress near the leading edge is le.s.s 

significant than  in the  dow nstream  region. From the  sam e figure we fu rther 

observe th a t the  shear stress increases with the  increase of rv. On the o ther 

hand, from Figure 3.2 it can be seen th a t the  effect of buoyancy param eter in 

the  region very close to the leading and the  dow nstream  regions is not th a t 

much significant than  in the in term ediate  region, th a t is, for ^ G (0.5,50.0). 

An increase in the  buoyancy param eter leads to  increase in the  heat transfer 

is also observed.

Figures 3.3 and 3.4 represent the  shear stress and the ra te  of heat transfer 

for a  equals 1.0 and M equals 1.0 and for P r  equals 0.72, 0.1, 0.05 and 0.01
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3. M H D  m ixed  convection  flow along a flat porous p late 58

Figure 3.10: T em perature profile against rj for different ^ while a  =  1.0, M  
1.0 and P r =  1.0

against (  6  (0,2000). From Figures 3.3 it is observed th a t the values of the  local 

shear stress differs a little  for different values of P rand tl num ber considered 

here in the  region (  e  (0.0,0.8), bu t the  difference increases with the  increase 

of ^ values. It may also seen th a t the  shear stress increases as F’r decreases. 

Here, it should be noted th a t the solutions obtained by FDM delays with ^ to 

reach to  the  asym ptotic values owing to decrease in th e  value of Pr.  On the 

o ther hand, from Figure 3.4,one can see th a t the  heat transfer ra te  decreases 

w ith the  decreases in the  value of Pr.

T he Figures 3.5, 3.6 and 3.7 represent the  velocity d istribu tion  showing the 

effects of the  param eters M ^ P r  and respectively. From Figure 3.5 it can be 

concluded th a t the  velocity d istribu tion  differs as the  values of M  differs in 

the region t] G (0.1, 1.0). Form the  sam e figure we may be concluded th a t an
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3. M H D  m ixed  convection  flow along a flat porous p late  59

increase in the  m agnetic field leads to decrease in the  velocity field. We can 

observe, from Figure 3.6, th a t the  velocity profile near the  wall decreases owing 

to  increase in th e  values of Pr.  Form the  sam e figure it may, also, be seen 

th a t the  velocity d istribu tion  for the higher P rand tl num ber reaches earlier 

to its ou ter edge value than  th a t of sm aller P rand tl num ber. Finally, form 

Figure 3.7 it may observed th a t, owing to rise in the  transp ira tion  param eter 

the  velocity d istribu tion  increases.

Effects of the  physical param eters M , P r  and on th e  tem p era tu re  d istri­

bution are shown in Figures 3.8, 3.9 and 3.10, respectively. Form Figure 3.8, 

we may observe th a t th e  effect of m agnetic field p aram eter on tem pera tu re  

d istribu tion  is negligible. B ut, from Figures 3.9 and 3.10, we can see th a t the 

effect of the  P ran d tl num ber and transp ira tion  p aram eter on tem p era tu re  field 

is very strong near th e  surface. From these figures, it may, also, be seen tha t 

the increase in P ran d tl and the  decrease in transp ira tion  p aram eter leads to 

decrease in the  tem p era tu re  field.

3 .4  Conclusions

In the  present chapter, the MHD forced and free convection flow along a ver­

tical porous p la te  are analysed by two d istinct m ethodologies, namely, (i) the 

pertu rba tion  m ethod for small and large and (ii) the  im plicit finite difference 

m ethod with K eller’s box sceme.

It has been found th a t, near the leading edge, the  effect of m agnetic field 

param eter is very much influencing on the  local shear strees as well as the  heat 

transfer, bu t in the  dow n-stream  its effect is absent. From the  asym ptotic 

analysis, it is observed th a t the  shear strees approches to  and the  rate  

of heat transfer to  Pr.
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C hapter 4

M H D  free convection flow  
along a vertical wavy surface 
w ith  uniform  surface 
tem perature

Studies on the  pure free convection (non-m agnetic field) along a vertical wavy 

surface with uniform  surface tem peratu re  and uniform surface heat flux were 

first perform ed by Yao (1983) and Moulic and Yao (1989). They used P ra n d tl’s 

transposition  theorem  to  transform  a surface of complex geom etry into a simple 

shape. T he gist of th e  theorem  is th a t the flow is displaced by the  am ount of 

the  vertical displacem ent of an irregular surface, and the  vertical com ponent 

of the velocity is adjusted  according to the shape of the  surface. The form of 

the boundary layer equations is invariant under the transform ation , and the 

surface condition can therefore be applied on a transform ed flat ])late surface.

In the  present chap ter a problem  on free convection boundary layer flow of 

a viscous incompressible and electrically conducting fluid along a wavy isother­

mal vertical surface in the  presence of a transverse m agnetic field is j)roposed 

to be discussed. A sinusoidal surface is used to  elucidate the  effects of the 

m agnetic field and the  am plitude of the wavy surface on the  velocity and the 

tem peratu re  fields as well as on the local ra te  of heat transfer. 7'he governing

60
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4. M H D  convective  flow along a wavy_ surface 61

Figure 4.1: Physical model and coordinate system

equations for the flow and energy d istribu tion  have been in tegrated  using the 

Keller-box m ethod. The results thus obtained are shown graphically for differ­

ent values of the  m agnetic field param eter, M , am plitu te  of the  wavy surface,

a, and the  P ran d tl num ber, Pr.  Finally, effects of the above param eters on 

the velocity vector fields, stream line of flow and isolines of tem p era tu re  are 

also shown graphically.

4.1 Mathematical formulation

The problem  considered here is steady free convection flow of an electrically
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conducting fluid adjacent to  a heated vertical wavy surface in presence of 

a constan t m agnetic field, Bq, which acts in the horizontal direction. The 

surface is m ain tained  a t a uniform tem peratu re , which is higher than  the 

am bient fluid tem peratu re , Too- The geom etry and the  coordinate system  are 

illustrated  in Figure 1, in which x  and y  coordinates are m easured in the  axial 

and transversal directions, respectively. T he wavy surfaces are described by

y  = a - { x )  = as\n{2irafl)  (4.1)

where a is the  am ph tude  of the wavy surface and I is the  characteristic  length 

scale associated w ith th e  waves. It is assum ed th a t the  viscous and electrically 

dissipation together w ith the  short circuit are neglected. A nother assum ption 

is th a t the  flow is steady, lam inar and th a t th e  Boussinesq approxim ation holds. 

Under these circum stances, the equations governing the  convective MHD flow 

along a  vertical wavy surface can be w ritten  in non-dim ensional form as

d u  dv

d u  d u  d p  1

d v  d v  d p  1
d x  d y  d y

d9 de  I I
+  =  ---- 7 = ^ 0 -  (4.5)

d x  d y  P r   ̂>
The boundary conditions to be satisfied by the above equations are

y  = a { x )  : u = v  = 0, 9 = 1,

y  ~ ^ o o  : u  e, p - y  Poo (4.6)

T he non-dim ensional variables in the above equations are defined as

X  =  x / l ,  y  =  y / l ,  u  =  u / u c ,  v  =  v j u ^ ,

P = p ! quI, 6 = {T - T oo) I ^ T ,  (t {x ) = a{x ) ! l ,  a = (i/l, (4.7)
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where

V=^ + ^, Gr = gl3ATPlu\ u, = {g(^ATiy^\

A T  =  -  T ^ ,  M  = a oB ‘̂ l g { g f 3 A T l i y / \  (4.8)

In the  above quations {ii,v) are the  velocity com ponents along ( x , y )  axes, T  

is the  fluid tem pera tu re , p is the pressure, g is th e  acceleration due to  gravity, 

Q is th e  density, is the  kinem atic viscosity, ctq is the  elctric conductivity, fi

is th e  coefficient of therm al expansion, Uc is th e  characteristic  velocity, Gr  is

the  G rashof num ber, and M  is the  m agnetic field param eter.

N ext, we in troduce th e  stream  function such th a t

and define a transform ation of th e  independent variables given by Rees and 

Pop (1994, 1995):

x  = x,  y = y - a { x ) .  (4.10)

E quations (4.3)-(4.5) then become

d y  d x d y  dx  dy^ d x  ^  dy  ^  y/Gr  |

TTTT — CT;
dy dx^  \ 9 x  J  d x  d x d y  ^ \ d x  dy^ dy  d x d y

^  dp  1 f  d ^ ^  d'^^ 
dy  \ / ^ \ d x ^  ^ " " d x d y ^ ^  ^"'d'^xdy ' d x d y

d ^   ̂ ^2$
dy

d ^ d e
dy  d x

a d^O dO\
^ ^ d y d y  ""^^dy^-
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Now, in troducing the  boundary layer variables

$  =  V  = Gr^l^y

64

(4.14)

into the  above equations and elim inating th e  te rm  Gr^^^a^'dpIdY from the 

resulting equations, one gets

5^6  (9l> <Tx(rxx
W d x d Y  ~  ^  \ + a l

M
+

9
l + a i d V  I + ctV

(4.15)

(4.16)d V d x  d x d V
Here, the  lowest order pressure gradient along the  x-axis is determ ined from the 

inviscid solution and hence, for the present problem , it becomes th a t d p / d x  =

0. The corresponding boundary conditions take the  following form

r  =  0 :  4> =
d v

=  0, e = i

V  ^ o o :
d v

=  0, 0 =  0 (4.17)

To reduce these equations to a form su itable for num erical solution, let us 

introduce the  variables

^  =  x^^^f{x,rj), e =  e(x,rj), rj =  Y / x ^ / \ (4.18)

Equations (4.15) and (4.16) then reduce to

( 1 + + h r  - f -
2 1 + ^ ^ /

=  x

Mx^!^  e
1 +<7l

d x  ■ d x

P r

(4.19)

(4.20)
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The corresponding boundary conditions (4.17) then tu rn  into

 ̂= 0: f  = r  = o, e = i,

r/ —> oo / '  =  0 =  0, (4.21)

where prim es denote differentiation with respect to  t].

T he physical q uan tity  of interest is the  local Nusselt num ber defined as

where (fu, is the  heat flux a t the  wall which is given by

(fw = -k tI .V T , (4.23)

and

n =  I -----  ̂ I  , (4.24)
I  x / n ^  x A T ^ j

is the un it vector norm al to  the wavy surface and k being the  therm al con­

ductivity. Hence we get the local Nusselt num ber in th e  form

Nil
—  =  - ( 1 + < t2)’/ V ( x ,0 ), (4.25)

where, Gr^  (=  gl3ATx^/ i /^ ) ,  is the local G rashof num ber.

4.2 Numerical solution

A com plete num erical solution is effected by using a Keller box scheme to

in tegrate the  set of equations (4.19) to (4.21) from x = 0 to  ;r =  4. In doing

this, we recast the  above set of equations as a set of sim ultaneous equations

by introducing the  variables U, V,  and P,  they become

/ '  =  lA (4.26)

u' = \/, (4.27)
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Figure 4.2: Transverse velocity profiles against r/ for different values of M  and 
a while P r  =  1.0 a t x =  1.5

V'  + P , { x ) f U - P 2 { x ) l P - P : i { x ) U ^ P , { x ) 0  = xP , {x )  ( , (4.28)
U X  O X  J

where,

9' =  P,

P r - ' P '  + P , ( x ) f P  =  x P ,(x )  ( u ^ - P ^ , ,
\ OX ax J

4(1 2 ( 1 { \ + < T i r ‘

1 +  (t 'I

(4.29)

(4.30)

(4.31)
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Figure 4.3: Transverse velocity profiles against r] for different values of M  and 
a while P r  =  1.0 a t x =  1.75

The corresponding boundary conditions turn  into

7, = 0: f  = u = o, e = i,
r/ —> oo : (7 =  0, 6 = 0.

We now place a net on the (a;, r/)-plane defined by

^0 — 0; ~  —1 “1“ ^  ~  11 2, 3, • • • ,

T]o =  0, 7]J =  +  h j ,  i  =  1,2,3,  • • •, j ,

(4.33)

(4.34)

where, hj and kj are th e  step  sizes in the  x  and t] directions, respectively. If </’* 

denotes the  value of any variable a t then the  variables and derivatives
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Figure 4.4: Transverse tem pera tu re  profiles against t] for different values of M  
and a while P r  =  1.0 a t x -- 1.5

of equations (4.26)-(4.32) a t ^ j - 1/ 2 ) are replaced by

n - 1 / 2
dg

dg
n - \ j 2

/ t 1 n n —1 \(</j +<7j - 5 j - i  -  </j-i )•

(4.35)

D enoting the  mesh points in the  x^rj -plane by =  0 ,1 , • ■ • , / )  and 

‘' li ii  — , J )  the  central difference approxim ations are m ade, such th a t

the  equations involving x  explicitly are centered a t (x ,_ i/2 , Vj- i / i )  and the
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Figure 4.5: Transverse tem peratu re  profiles against r/ for different values of M  
and a while P r  =  1.0 a t x =  1.75

rem ainders a t (x,-, 7/j-i/2), where =  l ( r ] j + \ +  t ] j ) ,  etc. Thus there result

a set of nonlinear difference equations for the unknowns a t ;c, in term s of there 

values a t X;-]. T he resulting equations are then linearized by N ew ton’s (juasi- 

linearization technique which are then solved by using Keller box m ethod in­

troduced by Keller (1978). This m ethod was subsequently used most efficiently 

by Cebeci and Bradshaw (1984) and very recently by Hossain (1992) and IIos- 

sain et al. (1995) taking the initial interaction with a given set of converged 

solution a t x  =  Xj_i. To in itia te the  process with x = 0, we first prescribe a set 

of guess profiles for the  functions and P,  which are uncon<litionally

convergent. These profiles are then employed in the Keller box scheme with
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X

Figure 4.6: Local Nusselt num ber for different values of M  w ith a =  0.0 and 
Pr  =  1.0

the  second order accuracy to  m arch step by step  along the  boundary layer. For 

a given x,  the  iterative procedure is stopped to  give the  final velocity and the 

tem pera tu re  d istributions when the  difference in com puting these functions 

in the  next procedure becomes less than  10“ ^, i.e., \ S f '  |<  10“ ^, where the 

super-scrip t i denotes the num ber of iteration . T hroughout the com putations, 

unlike others, non-uniform  grids in the r/-direction have been incor|)orated 

considering rjj =  s in h ( j /a )  to get quick convergence and thus saved enough 

com putational tim e and space.

4 .3  Results and discussion

The nonlinear coupled partial differential equations (4.19) and (4.20) under 

the boundary conditions (4.21) which govern th e  free convection flow of an 

electrically conducting fluid along a vertical sinusoidal surface, i.e., (t { x ) =  

asin(27Tx), in presence of a transverse m agnetic field have been investigated 

num erically em ploying an im plicit finite difference m ethod discussed in the 

previous section. T he effects of the param eters M  and Pr  on the velocity
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O r

X

Figure 4.7: Local Nusselt num ber for different values of M  with a =  0.1 and 
Pr  =  1.0

and tem pera tu re  profiles as well as on the  local Nusselt num ber have been 

discussed. T hroughout, in absence of the  m agnetic field (M  =  0), the  results 

of Yao (1983) can be obtained simply by m ultiplying the present results by a 

factor \/2 . T he present results have been com pared w ith those of Yao (1983) 

and found th a t they are in a very good agreem ent.

Typical velocity and tem peratu re  profiles a t x =  1.5 (node) and x  =  1.75 

(trough) positions are shown in Figures 4.2-4.5 for a =  0 (flat p late, 0.1 and

0.2, and M  =  0 (non-m agnetic field), 1.0 and 3.0 keeping the  P randtl num ­

ber equals 1.0. These figures am ply dem onstrate, as one would expect, the 

retarding effect of M  on the  velocity profiles and the thickening effect of M  

on the  tem pera tu re  profiles. However, Figure 4.5 shows th a t the tem pera­

tu re  profiles are sm aller a t the trough than  a t the  node for the sam e values 

of a and M .  These figures also reveal th a t as the  am plitude of the sinusoidal 

surface increases the  velocity profiles decreases near the  surface with the m axi­

mum slightly shifted towards the quinscent free stream , while the tem pera tu re  

|)roliles increase.
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X

Figure 4.8: Local Nusselt num ber for different values of M  w ith a =  0.2 and 
Pr  = 1.0

■

Figure 4.6-4.8 show th e  variation of the  local Nusselt num ber with x  for 

some values of a and M  w ith P r  equals 1. F irst, we notice from Figure 6 

th a t for a =  0 (fiat p late) and M  = 0 (non-m agnetic field), the  value of 

the local Nusselt num ber is constant and equals to  0.401 which is sam e as 

reported  by Bejan (1995, p .176). Furtherm ore, from these figures it can be 

seen th a t the increase of the m agnetic field p aram eter M  leads to decrease 

of the local Nusselt num ber, irrespective of the  wall is a  flat surface (a =  0) 

or a wavy surface (a ^  0), as was expected from physical grounds. It is also 

evident th a t, when th e  am plitude a of the  sinusoidal surface increases th e  local 

Nusselt num ber decreases, which is in agreem ent w ith the  results obtained by 

Chiu and Chou (1993). This ia a consequence of the  fact th a t the  com])onent 

of the  buoyancy force parallel to the  wavy surface is less than  or eciual to  th a t 

of a flat p late, as can be seen by the  factor ^ ( . r )  in Eq. (4.28). Also, the 

am plitude of the local Nusselt num ber gradually decreases dow nstream  where 

the boundary layer grows thick.

We have also considered the effect of the P rand tl num ber on the local
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Or'

0.0 1.0 2.0

X

3.0 4.0

Figure 4.9: Local Nusselt num ber for different values of P r  with a =  0.2 and 
M  =  1.0

Nusselt num ber, bu t for the sake of bavity, the results showing the  effect of Pr  

equals 10.0,1.0,0.1 and 0.01 fro a =  0.2 and M  = 1 have only be presented in 

Figure 4.9. It is obvious from this figure th a t the local Nusselt num ber decreases 

with the  increase of the  P rand tl num ber, Pr. It is hoped th a t experim ental 

results will become available in the  near fu tu re to verify the  results of the 

present study.

Figure 4.10 and Figure 4.11 represent the velocity vectors, stream line and 

isolines of tem pera tu re  for different am plitude keeping P r  and M  fixed at 0.72 

and 1.0 respectively. From these two figures, it may observed th a t the flow 

is alm ost parallel when the  value of am plitude is very small and oscillations 

begins when the  values of am plitude increases.

Figure 4.10 and Figure 4.12 show the effects of m agnetic fields param eter 

M on velocity vector fields, stream lines and isolines of tem peratu re . p>om 

these two figures, it can be seen th a t the  effects of m agnetic field on velocity
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vector field as well as on stream lines are less significant than  tiia t of on isolines 

of tem peratu re . From these same figures, it is fu rther obsevecl th a t a small 

oscillation arise when M  increses. It may. also, seen from these sam e figures 

th a t a decrease in M  leads to  increase therm al boundary  layer.

4.4 Conclusion

In the  present chapter, MHD free convection flow along a vertical wavy surface 

has been studied. From the  . discusion of the  previous section, it may be 

concluded th a t w ith the  increase of the  am plitude of the  sinusoidal surface, the 

velocity profiles decreases near the surface with the  m axim um  slightly shifted 

towards the  quinscent free stream  while, the  tem pera tu re  profiles increases. It 

may fu rther concluded th a t the local Nusselt num ber increases as the m agnetic 

field param eter, M  decreases, irrespective of the wall is a wavy surface (a ^  0) 

or a  flat surface (a =  0.0).
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Figure 4.10: Configurations of (a) Velocity vector field, (b) Strfam linos ?
(c) Isolines of tem peratu re  field while P?- =  0.72 , a = 0.02 and M = 1.0

and
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Figurr '1.11: Configurations of (a) Velocity vector field, (b) Stream lines and
(<•) Isolines of tem peratu re  field while Pr  = 0 .72 ,a =  0.05 and M = 1.0
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Figure 4.12: Configurations of (a) Velocity vector field, (b) S tream linrs and
(c) Isolines of tem pera tu re  field while Pr = 0.72, o =  0.02 and M  =  2.0
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C hapter 5 

C onclusion

In the  present dessertation, firstly, a free convection boundary layer flow of 

viscous incom pressible and electrically conducting fluid past a vertical porous 

fiat p la te  in the  presence of a transverse m agnetic field when the  p la te  tem ­

peratu re  varies as ar™ has been studied theoretically. Four d istinct m ethod­

ologies, namely, th e  series solution m ethod, asym pto tic  expansion, local non­

sim ilarity and th e  Keller box m ethod are employed for in tegration of the  local 

non-sim ilarity equations governing flow. Calculations have been carried out 

for wide range of th e  param eters to exam ine this results from four solutions. 

Following conclusions may be drawn from this study

1. Near the  leading edge, the effects of m agnetic field, M  is very much 

influencying on the local ra te  of heat transfer as well as on the  skin 

friction, bu t dow nsteam  region its effect is negligible.

2. An increase in tem peratu re  exponent param eter, m  leads to  decrease in

local skin-friction or to  increase in loccal ra te  of heat transfer.

3. The local skin-friction as well as local ra te  of heat transfer decreases as

m agnetic field param eter, M  increases.

4. T he asym ptotic values of local skin-friction and the ra te  of heat transfer are

strongly dependent on the P rand tl num ber, Pr.  T he local skin-friction
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approcches to  and the ra te  of heat transfer approcches to  P r  when 

^ ^  oo

Secondly, in C hap ter 3, th e  m agnetohydrodynam ic forced and free convec­

tion flow along a  vertical porous p la te  have been analysed by three d istinct 

methodologies, namely, (i) the pertu rba tion  m ethod for small (ii) the  asym p­

totic solution m ethod for large (  and (iii) the  im plicit finite difference m ethod 

with K eller’s box scheme for all values of From this study  following points 

may be concluded:

1. Near the  leading edge, the effect of m agnetic field, A/, is very much 

influencying on the  local ra te  of heat transfer as well as on the  local 

shear stress, bu t in th e  dow nstream  region, its effect is absent.

2. The prim ary effect of varying buoyancy param eter, cv is to  increase the

local shear stress and the ra te  of heat transfer.

3. An increase in P ran d tl num ber P r  owing to  decreases in local shear stress

or to  increase in local ra te  of heat transfer.

4. An increase in m agnetic field, M  leads to  decrease in the  velocity fields,

bu t in the  tem pera tu re  field, the  effect of M  is negligible.

5. T he shear stress and rate  of heat transfer reach to its asym pto tic  value

and Pi' respectively when ^ reaches its large value.

Finally, the  nonlinear coupled partia l differential equations under the  which 

govern the  free convection flow of an electrically conducting fluid along a ver­

tical sinusoidal surface, i.e., cr(x) = asin(27r.T), in presence of a transverse 

m agnetic field have been investigated numerically em ploying an im plicit finite 

difference m ethod in C hapter 4. The effects of the  different am plitude,ri, in 

presence of the  m agnetics field strength  for fluid having different values of the 

Pr  have been investigated on the  velocity and tem pera tu re  profiles as well as
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on the  local Nusselt num ber. From the  present solutions one may conclude

th a t

1. T he tem pera tu re  profiles are sm aller a t the  trough than  a t the node for

the  sam e values of a and M .  It is also observed th a t as the am plitude of 

the  sinusoidal surface increases the  velocity profiles decreases near the

surface with the  m axim um  slightly shifted towards the  quinscent free

stream , while the tem peratu re  profiles increase.

2. Increase of the  m agnetic field leads to  decrease of the  local Nusselt num ber,

irrespective of the  wall is a flat surface (a =  0) or a wavy surface {a ^  Q). 

It is also evident th a t, when the am phtude of the  sinusoidal surface 

increases the local Nusselt num ber decreases.

3. A m plitude of the  local Nusselt num ber gradually decreases dow nstream

where the  boundary layer grows thicker.

4. T he local Nusselt num ber decreases w ith the  increase of the  P rand tl num ­

ber.

5. The velcity field is alm ost parallel when the  value of a is very small and

oscillations begins as the values of a increases.

6. Effects of m agnetic field on velocity vector field as well as on stream lines

are less significant than  th a t of on isotherm s.

7. Oscillation in the  isotherm s begines with the  presence of the  m agnetic

field and also increase in the value of the  m agnetic field strength  leads 

to  decrease in the therm al boundary layer thickness.

Dhaka University Institutional Repository



N  om enclat ur e

a am plitude of the wavy surface

5o(3:)transverse m agnetic field com ponent 

Cp the  specific heat a t constant pressur 

/  dim ensionless stream  function

F  scaled dimensionless stream  function 

g acceleration of gravity

Gr  average G rashof num ber

Gr^. local G rashhof num ber

k  the  coefficient of therm al diffusivity

I wavelength, or length scale

M  m agnetic field param eter defined in equations (2.21), (3.10) and (4.8)

m  tem pera tu re  exponent param eter

n unit vector norm al to the surface

N u  local Nusselt num ber

p pressure

P r  P ran d tl num ber

q heat flux

Q nondim ensional heat transfer

T  tem pera tu re  of fluid

To tem pera tu re  of am bient fluid

Tw p la te  tem peratu re

u velocity com ponent in the x-direction 

Uc reference velocity
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U free stream  velocity velocity

V velocity com ponent in the y-direction.

V  uniform  transp ira tion  velocity defined in equaion (2.17)

Vo uniform  transp ira tion  velocity defined in equaion (3.6)

X  coordinate m easuring distance along p la te

y coordinate m easuring distance norm al to  p la te

Greek letters

a  buoyancy param eter

0  the  coefficient of volume expansion

9 dim ensionless tem peratu re  function

t/j s tream  function defined in equation(2.16)

'I' s tream  function defined in equation(3.5)

$  stream  function defined in equation(4.9)

t/ the  k inem atic coefficient of viscosity

p the  density of am bient fluid

(To the  electrical conductivity

K the  coefficient of therm al diffusivity

Tyj nondim ensional skin friction

^ scaled stream w ise coordinate defined in equations (2.17) and (3.6)

T] sim ilarity variable defined in equations (2.17), (3.6) and (4.18)
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