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Abstract

Metliematical foundations o f  convective heat transfer phenom ena in porous 
media are j^resented in chapter 2, starting from the well-known Darcy law, 
and a series o f  its modifications. Mathematical derivations o f  m acroscop ic  
conservation ecjuations based on a volume averaging process are ])rovided. 
These are followed by a comprehensive coverage o f  the topics associated with 
boundary layer flow and convective heat transfer in porous media.

Chapter -3 deals with the non-Darcian forced convection boundary  layer 
flow over a wedge with variable free stream considering the effects o f  the con ­
vective inertia, solid boundary, and porous inertia as well as the Darcy flow 
resistance. Three novel m ethods, namely, the extended series m eth od  together 
with Shanks transformation, the local nonsimilarity m ethod  and the finite dif­
ference approximations together with the Keller box  m ethod are em ployed to 
integrate the local nonsimilarity m om entum  and energy equations governing 
the flow. The results obtained are comj^ared on the local skin-friction and the 
local Nusselt number at the surface. Effects of different physical parameters 
on the local rate o f  heat transfer coefficient against the Darcy drag parameter, 

are examined for fluids o f  Prandtl number, Pi\ ranging from 0.7 to 100.0.
Finally, Chapter 4 deals with two dimensional unsteady flow and heat 

transfer in the boundary layer region along a flat plate with a fluctuating 
potential velocity and temperature distribution with small am plitude. The 
method o f  integration o f  the steady as w'ell as the o.scillating, m om entum  and 
thermal boundary layer equations employed here are, (i) A sy m ptot ic  and series 
solutions both for large and small (  (which measures the streamwi.se distribu­
tion of D arcy ’s drag) and (ii) the implicit finite difference with Keller box 
elimination technique for entire region. The results are expressed in terms 
of fluctuating skin-friction and Nus.selt number, resj^ectively, for the shearing 
stress and the rate o f  heat transfer at the surface o f  the ])late. ( 'om parisons of 
the results show good  agreement between the asym totic solutions and the fully 
numerical solutions, 'i'he effect o f  using the parameters, the scaled .Slrouhal 
number ,S', on the am plitude and phase o f  the skin-friction as well as the .Xus- 
selt number are shown graphically, for various values o f  F^randtl number. Pr.

m
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Chapter 1 

Introduction

Recent growth o f  technical interest in convective heat transfer in ]jorous media 

is explosive, due to a wide range o f  applications o f  the subject in con tem p o­

rary technologies, such areas as thermal insulation o f  building, nuclear energy 

systems, geothermal engineering, energy storage and recovery systems, stor­

age o f  grain, fruits and vegetable, j^etroleum reservoirs, and catalytic  reactors. 

There is no doubt that this new branch o f  convective heat trasfer kee])s at­

tracting engineers and scientists from diversified disciplines such as mechanical 

engineering, cheinical engineering, civil engineering, nuclear engineering, bio­

engineering, food  scince and geothermal physics.

Other interesting aspects associated with porous media, such as geothermal 

heat transfer, radiative heat transfer and heat transfer with change o f  phase 

in porous media, m ay be found in recent publications(Cheng. [1]; Bejan, [2]; 

Tien and Vafai, [3]; Kaviany, [4];and Nield and Bejan, [5]).

In Chapter 2, mathematical foundations o f  convective heat transfer phe­

nomena in porous media are jjresented. starting from the well-known Darcy 

law, and a series o f  its modifications. M athematical derivations o f  m acro­

scopic conservation equations based on a volume averciging j^rocess are ]:>ro- 

vided. These are followed by a comprehensive coverage o f  the topics associated 

with boundary flows and convective heat transfer in j^orous m edia dej^ending 

on Nakayama [1995].

'riu' studies o f  W ooding  [6], (Jheng [7], ( 'heng and M inkow ycz [8] and
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the refereners (.herein iiivesl,iga,(.e on t.h(' Darcy model (wliirh jissiimes |)ro|)or- 

Uoiialil.y Iiel,\veei) l.lie velocii.y and pressure gradient,) lending l.o a nuinlier o f  

inl,eresl,ing fluid flow and heat, t,ransfer j)rol)leins, whicli arc a.ssoriat,ed \vit,ii 

heal,ed bodies em bedded  in fluid-sal,urat,nd porous media.. T h e  models, how- 

('ver, are valid for slow flows through porous media, wit.h low permeabilit.y. 

Muska.t,[9] added a velocity sc|uar(> t('rm (known as the Forchheimer term ) to 

account for the porous inertia effect on the pn^ssure droji, while Brinkman [10] 

introduced a viscous diffusion t,erm to consider the boundary frictional drag 

on im|:)ern]ea.ble walls. Vafai and '.rien [11], tro'ating a fiuid-satura.t,ed porous 

nuMlium as a coutinum , integrated the m om entum  ec|uation for a. fluid over a 

local control volume, and (l(*i ived a voluine-a,verag(’! m om entum  ('((nation, '['his 

genera.liz(xl m om entum  e(|ua.tion for non-l.)arcy flows revt^als the im portance of 

the convective inertia term for highly |)orous materials. Ljater, ( 'hen  ai cl. [12 

evoked the boundary layer a.])proximations and solved the generalized ecjua- 

tion to investigate the free convection from vertical flat plate in highly porous 

medium, while corr(?spouding forced conv(’ c.tion problem wa,s tr('a.t('d by Ka- 

viany [13], em ploying the implicit finit(' difference procedun ' as w('ll a,s the 

Karman-Pohlhausen int('gral relation and also obt.ained a useful asym ptotic  

expressions for local Nuss('lt number. He however dropped the Forchheim('r 

l,erm in liis finite difference a,s well as tlu  ̂series solutions, fiecently, C(jnsidei i/ig 

the aforementioned geu('raliz('d m om entum  and the en('rgy e(|uation in a. full 

boundary la.y('r form, Naka.ya.ma el al. [14] have investigated the non-Darcy  

forced convection flow over a flat. |dat(' using the novel transformed variabU' 

deduced from a scale analysis o f  Reja.n [15]. Furtlu'rmore, they also obtained 

asym ptotic  expressions for the local Nusselt number, which are furnish(’ d in 

conRide.ra.tion o f  physical limiting conditions.

('haj)ter ■'! treats with the non-Darcy for('('d conv('ction bounadry layer flow 

over a w('dge with variable lre(' str('am and discuss(^s tlu' efb'cts of t,h(' non- 

Darcy terms, namely, tlu' conv('ct.ive iu('rtia term, I'orchheinK'r t,erm (or tli(’ 

|)orous inertia term) and the Brinkman t.c'rm (i.e., boundary friction t.erm)

2
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on the surface shearing stress and the rate o f  heat transfer. Three novel 

methods are involved* for the investigations o f  the present problem , namely, 

the extended series method together with Shanks [16] transformation, the lo­

cal non-similarity niethod o f  Sparrow and Yu [17], Chen and Sparrow [18], 

Minkowycz and Sparrow [19] and Chen [20] and the finite dilference ap])rox- 

imations together with the Keller box m ethod o f  Keller [21]. A com parison 

between the results from the aforementioned methods are shown on the sur­

face skin-friction and the rate o f  heat transfer. Finally, effects o f  the different 

physical parameters on the Nusselt number are shown for different I'randtl 

number, ranging between 0.1 and 100.0.

Investigations made in earlier chapter and in the references therein, were 

confined to steady state flow. Less attention had been given to the unsteady 

flow through a porous medium and tlie associated heat transfer till now. T h ere ­

fore, in Chapter 4, we consider an unsteady two-dimensional forced convection 

(low along a Hat plate in a saturatetl porous medium with a small amj)litude 

oscillation in both the free stream velocity and the surface temperature. T h eo ­

retical studies o f  the fluctuating heat transfer of a time jK'riodic boundary layer 

with an on -com ing  stream have been made by many authors, e.g. Lighthill [22], 

Ostrach [23], Illingworth [24]. The time-mean heat transfer in a wetlge-type 

How with small amj^litude oscillation, recently, was studied by Ishigaki [2r),2(i]. 

In the i^resent investigation, the eciuations governing the uiisteatly boundary 

layer flow and heat transfer are .solved by using three' methods, namely,tin' 

|)erturbation method for small and large value's o f  tlu' tlimensionh'ss strc'am- 

wise variable  ̂ and the implicit finite difference' iiu'thod in com bination to 

the Keller-box method. T he  solutions are obtained and expre.s.sed in terms 

o f  amplitutle anti pluise o f  tlie local skin-friction {If.Cj. being the

local H,eynolds number) and the local Nusselt numlx'r Niia-. 'I’he rc'sults ar(> 

pres('ut(;tl in tabular form for selected values o f  the Strouhal number S  and 

graphically for selected values o f  the i ’ randtl number I ’ r. 'I'lu' asym ptotic  

solutions are fountl to be a good agrt'ement with tlu' fully nume'iical solution
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Chapter 2 

Basic equation for flow through 
porous media

Recent growth o f  technical interest in convective heat transfer in porous media 

is explosive, due to a wide range o f  applications of the subject in con tem p o­

rary technologies, such areas as thermal insulation o f  building, nuclear energy 

systems, geothermal engineering, energy storage and recovery systems, stor­

age o f  grain, fruits and vegetable, petroleum reservoirs, and catalytic  reactors. 

There is no doubt that this new branch o f  convective heat trasfer keej)s at­

tracting engineers and scientists from diversified disiplines such as mechanical 

engineering, chemical engineering, civil engineering, nuclear engineering, b io ­

engineering, food scince and geothermal physics.

In this chapter, methematical foundations o f  convective heat transfer phe­

nomena in porous media are presented, starting from the well-known Darcy 

law, and a series o f  its modifications. M athematical derivations o f  m acro­

scopic conservation equations based on a volume averaging process are pro­

vided. These are followed by a comprehensive coverage o f  the topics associated 

with boundary layer flows and convective heat transfer in porous media.

Other interesting as])ects associated with porous media, such as geothermal 

lieali transfer, radiative heat transfer and heat transfer with change o f  phase 

in ])orous media, may be found in recent ])ublications ((Tieng. [l]; Bejan. [2]: 

Tien and Vafai, Kaviany, ['l];and Nield and Bejan, [5]).
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Figure 2.1: Flow Ihrougli a packed column

2.1 Darcy’s law

The com plexity  associated with the geometric structure o f  a. porous m edium  

does not allow us to treat the detailed velocity held inside each individual 

]jorous struture. Thus, it has been a com m on ijrcictic<’ to sm ooth  out the local 

com plexity  o f  the cictual phenomena, and concentrate the overall aspects o f  

mass and m om entum  conservation princijiles.

(Consider the incompressible (luid continuosly flowing downstream through 

a column o f  porous material as shown in hgure 2.1. Altliough each (luid particle 

inside the porous structure experiences com plex three-dimensional m otion , the

How through the ])orous column is unidirectional in a. macrosco|)ic view. Thus,

the average velocity may be written in terms off' tlu' vohmu' How rate Q  and 

the cross-sectional area o f  the c.olunni, as

< « > =  ^  (2.1)

where <  u >  is called the ajjparent velocity, sujjerlicial velocity  or Darcian 

velocity named after Darcy (1856) who was one o f  the pioneers in the study 

o f  the flow through a porous medium. T he  mass conservation principle can be 

written as

<  u >  =  consi.. (2.2)

for this one-dimensional system.

(i
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Figure 2.2: Mir.rosr.opir view o f  a i)orous structure

111 order to exteiul this averaging i)ractice into a. more general tiirc'e di- 

inensioiitil s]:)are, we shall consider a control volume V in a Iluid-saturated 

l)orous inediuni, as shown in Figure 2.2. T h e  characteristic length o f  the con ­

trol volum e shoukl be much smaller tluvn the m acroscopic characteristic 

length such as a channel height, liiit, at the same time, much greater than the 

microsco])ic (porous structure) characteristic length, for the si)atia.l averaging 

(sm oothing) i)iocess to be metuiingful.Under this condition, the local Darcian 

velocity vector u is defined as

<  ! / . > =  — I u (IV (2.-?)

VV^here Vj is the volume space which the flui(.l occupies. Anothc'r averaging,

called the intrinsic averaging, may be used as

<  u >^ =  —  f u. (IV (^■'1)
'7  JVf

<  u is sometimes called pore velocity vector which is jjioportioiial to 

the Darcian velocity vector, na.mely,

<  u >^ =  <  u >  /('  ̂ (2.5)

7
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Whicli is called I,lie Dupuii-l'brchheiuier relation, e'*' is the fraction o f  the 

total volum e occupied  by the fluid, called porosity, and defined as

=  V , ! V  (2.6)

T he  mass conservation principle for incompressible three-dimensional flows 

can be written as

<  u >  .r / / i  =  0 (2.7)
Lf Ar

where Ac is the control surface o f  an arbitrary m acroscop ic  control volum e Ke­

lt is understood that K- is suflicieutly larger than the elementary control vol­

ume V  used to defuie <  ii > .  T he  differential ex])rssion for mass conservation 

o f  incompressible flow can be obtained by applying the divergence theorem  as

I V . < u >  dV  =  U (2.8)
Jv,

Since the control volum e is chosen arbitrarily, the integrand must vanish:

V .  <  w, >  =  0 (2.9)

which is the ecjuation o f  continuity ap|>roprite for incompressible Hows in fluid- 

saturated porous media. T he  above expression can also be derived directly 

from a conventional elementary control volum e consideration o f  m acroscopic  

nirVis balance. A more regorous mathematical dervation o f  the m acroscop ic  

( 'quations including (2.9) from the m acroscopic equations by the space aver­

aging theorem will be presented later.

Based on exhaustive measurements, Darcy discovered that the area-averaged 

velocity, namely, Darcian velocity, through a column o f  porous material, is 

directly proportional to the jiressure gradient established along the colum e, 

and inversely jiroportional to the fluid viscosity /i, such that, for the one­

dimensional forced flow sketched in I'igure 2.1, we may write

K  f  (I <  ] ) > ^ \
< u > = ---

II- \ /
(2.10)

8
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Figure 2.3: Flow tliruiigh a biiudlr o f  (■.a])illary lul)es

It slioiilcl be noted tliat tlie intrinsic average pressure <  p is tlie pressure 

read olF a pressure gauge, as tlic' guag(> actually measures the average pn\ssur(' 

inside the fhiid. K  is an empirical constsnt called permeability, which d('p<'nds 

on the micro-structure o f  the solid medium, and independent o f  the properties 

o f  the saturated fluid. T he  values o f  A', which has the dimension o f  are 

usually very small. Typical value's of A'arc^: brick 10“ ' ' ’ to 1()~'’H?)' ,̂ sand l ( )~ "  

to 10“ ' “ , and cigarette '10“ ‘* (in the petroleum industry , darcy is oftc'u

u.sed as the unit o f permeability A', one darcy has the value o f  0.0<S7* I0“ '^?(/^.) 

An obvious similarity Ix'I.wecMi IIk- above' ('iiipirical r('la1.ion and tlu' pn'ssure 

and llovv rate' n'lation in ilagc'n-I’oisc'uilh' How suggc'sts that (2.10) is a direct 

conseciuence o f  a balanc(‘ b('tw('('n viscous forcc' and prc'ssurc' gradient, henc(‘ , 

valid for slow s('('ping Nows through porous mc'dia.

L('t us considc'r a bundle of capilbiry tubes as illustrat('d in Figure' 'Z.'.i. in 

which llag( 'n -l ’ois('uill(' llovv develop. Obvioiisely, for ('a.ch tube, tlu' follovvin;; 

rc'la.liion should hold:

( I  <  V  <  II II

Sinc(' th(' bidk vc'locity in a. tube corr<'sponds (,o 1,1k' in tr in s ic  av('r;i.ge 

velocity, the* ('Hectivc' pernu'a.bility of th is  tube' bundle' mod('l is  givc'u by 

A’ =  (Not(> that, for l.he most closc'ly bundle', wv have r'*' =

h('uc(' A' =  ( v ^ ; r / 1 !)2)</'* for th is  simple' tube bimdh' modc'l.) Most. practica.I 

porous nu'dia, how('V('r, do not <omply w ith l. l i is  modc'l. In th(' ( 'a rm an-KoZ('uy
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tlieory (Kozciiy, 1972), we note I,he pn)])()rl,ioiial relationship given by (2.1 1), 

and replace the tube diameter d by ( - ; ^ ) ,  considering a collection o f  solid 

spheres, as

/
K

2

TTfP / ~  ( T T T T i T ' ' '

wiiere Aint is the total intprface between the fluid and solid, within the el­

ementary control volum e V, and d here denotes a diameter o f  sphere. The 

semiheuristir C 'arman-Kozeny equation, which predicts Kreasonable well for 

the case o f  packed o f  spheres, is given by 

^

For a three-dimensional flow in a gravitational field, ] )a r c y ’s law (2.10) may 

be generalized to

- V  <  p >-  ̂ +Pf(l =  ^  ( ‘■̂■•■4)

wlu're pj  is the fluid density, wliicli is assumed to be constant.

2.2 Volume-averaged Navier-Stokes equation

Since the fust atteni])t by Mubbert [27] to derive D arcy ’s law from the m i­

croscopic  principles o f  fluid meclianics, considerable efforts have been directed 

towards deriving m acroscopic governing equations by formal mathematical in­

tegrations o f  macroscopic equations. We shall follow the volum e averageing 

procedure established by Slattery [28], W hitaker [29], Cheng [1], Vafai and 

M’ ien [II], to obtain a com plete  set o f  macrosco])ic governing equations for 

mass, moment um, and energy conservations.

W e shall assume that the ]>orous body  is isotropic, meaning that transport 

properties do not depend on directiion, and the microstucture has no c o m ­

pressibility, ex])andability, nor flexibility. Applying a procedure analogous to 

the Reynolds averaging procedure in turbulent flows, it can easily be  shown

10
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Uiat the int.riusic average o f  any product ab results in

<  ab >^ =  <  a > U b > ^  +  <  a'b' (2.15)

where the prime denotes the deviation from the intrinsic average, such that

a =  a — <  a (2.16)

Equation (2.15) can be rewritten using the ])roportionai relationship (2.5) as

<  ab > =  —  < a X / j >  +  <  a'b' >  (2-J17)

iMirthermore, the following rules analogous to the familiar Leibnitz rule are

available.

<  Vrt > =  V  <  o  >  [  a (lA (2.18)
-'An,,

and

. (I) - ̂
where Ai,u is the total interface between the fluid and solid, while dA  is its

vector element pointin outward from the fluid to solid side. T h e  forgoing

relations will be exploited to derive the m acroscopic govering equations from 

the m acroscop ic  governing equations.

T h e  m icroscopic  equation for mass conservation o f  the incompressible fluid 

is given by

=  0 ( 2 .20 )

T h e  m acroscop ic  ex])ressioii can be obtained by integrating the foregoing 

m acroscop ic equation over an elementary control volume, and applying equa­

tion (2.18) as

V .  < u > + - J - /  ii.dA =  0 (2.21)

T he  scxond term vanishes since the (low cannot penetrate through the solid 

wall. Thus, we have

I I
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. V .  <  u >  =  0 (2.22)

which is identical to the m acroscop ic equation o f  continuity (2.9) ah’eady 

derived tlirough a. control volume ajjproach.

T he  m acroscop ic  equation for the fluid m om entum  conservation is given

+  V .p ju u  =  - V p  +  p jg  +  V . r  {2 .23)

or, in the Cartesian-tensor form,

dpjUi , dpftiiUj , . _ .

where the stress tensor Tij for Newtonian fluid. Integrating the above m acro­

scop ic  equation over an elementary control volume, and applying the afore­

mentioned volum e averaging relations, we obtain

d <  Ui >  c) (9e+ <  p > ^  ,
> = — to— + '

d , , d  f  d < U i >  d <  Uj > \
- P j ^ —  <  UiU: >  -----------h — ^-------

d x j  ()xj \ d x j  dxi

+  1 7 /  {-TijdAj-■ pdAi)  (2.25)

where, as before, im perm eable wall condition is applied.

Por the ca,se o f  constant viscosity and homogeneous fluid-saturated porous 

m edium , the above equation reduces to the following form:

< u >  .y  < u  >=  - V  < p + p f ( j  - f  < u >  + S

' (2.26)

where

-  pdAt) -  >  (2.27)

The first term in S  is obviously the intrinsic volum e average o f  the total 

surface force acting onto  the fluid inside the microstructure, while the second

12
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t,crin describes an inertial dispersion analogous (,o the Reynolds stresses in tur­

bulent flows. Vafai and Tien [11] correspond this aj^parent b od y  force vector, 

which is in effect a measure o f  the flow resistance offered by the solidinatrix, 

with Forchheiiiier-extened D arcy ’s law, as

u. F
5  =  - ^ < u > - ^ / ? / | < u > | < u >  (2.28)

where F  is known as Forchheinier constant.

Thus, we obtain the general m acroscopic m om entum  equation for the fluid 

-saturated porous media:

Of d <  u >  p f  ^  _  f
----- ; r - ^  -I- - ^  <  >  .V  <  > =  - V  <  ;; >■'

e+ dt f+^
t t P'

+ P f ! l  +  <  u >  <  u >  - j ^ P f  |< u >1 < u > (2.29)

T he  m acroscopic  inertia terms on the left hand side are often referred to as 

convective inertia, while the la^t three terms on the right hand side are called 

Brinkman term (or boundary friction term ), Darcy term (or porous viscous 

term) and Forchheinier term (or porous inertia term ), respectively. As the per­

meability K  increases and approaches unity, the last two terms on the right 

hand side vanish, and restores the com plete  Navierstokes equation, from which 

we started. On the other hand, neglecting convective inertia terms gives way 

to the Brinkman-Forchlieimer-extended Darcy m odel, where /,/./? corree^jponds 

to /i/e'*'.

2.3 Volume-averaged energy equation

We start from the m icroscopic energy ('.quation for clear fluids, as given by

+  =  V . ( k , V T )  (2.30)

where c ,,/ and k f  are the spec if ic  that at con stan t  pressure, cuid therm al c o n ­

d u c t iv ity  o f  the fluid. VVe have a«SRumed that there is no internal that gen-

13
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(MaUoii , and thermal rarliatioii is negligihle. "I'he viscous dissijjation is also 

neglected since its effect on that transfer in a porous medium  is usually minor 

a-s shown by Nakayama and Pop [30]. A pplying the aforem entioned volum e 

average relations, we integrate the abovc^ m icroscopic efjuatioii over an elemen­

tary control volume, again assumeing that the flow is incompressible:

tnr
\

=  V .  < T > ^  + 1 -  [  k fT d A  -  p j c „ f  <  T V  >
V JAi,,. y

(2.31)

Similarly, tlu' m icroscopic (energy equation for the solid may be integriited to 

give

PfCsd{ 1 -  e + ) <  T  >^df. +  i  /  k fV T c lA
^ JA,„t

1 -  r+) < T >•’ ^  k J 'd A ^  (2.32)=  V .

where the subscript s denotes the solid matrix, while <  T  > ’ is an intrinsic 

average o f  th(  ̂solid temperature. T h e  continuity o f  heat flux at the interface is 

implcunented in the above equation, we shall assume that thermal ecpiilibrium 

exists between fluid and solid matrix, namely,

<  7 ’ >^ =  <  T  (2.33)

which is generally valid for most situations exce|)t for a highly conducting  solid 

mal.rix. 'This local thermal equilibrium condition ])rompts is to add up (2.31) 

and (2.32). Thus, for homogeneous media, we have

d <  '}'
-t- (1 -  (~^)pjCs)------ --------- +  pjc^ j < u >  .V  < T  >^ =

V . ( [f+A:; +  (1 -  c+ )k ,]  V  <  T  f {k j  -  k ,)T d A

<  T 'v ' > )  (2.34)

\4
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'riie first, I,wo l,(;nns on the riglit hand side, which ar.c.ount for molecular diffu­

sion, can be modeled as

-  U + k j  +  (1 -  e+)A,-,) V  <  r  /  {k j  -  h ) T d A  =  - h v  < T > ^

(2.35)

'The second term on the left hand side is called tortuosity term which accounts 

for the change in thermal difTusion due to the micro-structure o f  the solid 

matrix. Since the tortuosity term is usually small (note, it vanishes if {kj  — ks)T 

is constant over the interface.), the following approxim ation is often used:

. A;, «  f+ ^ 7 - t - ( l  (2.3())

'I'h(! term pjCpj <  T'xi! >  analogous to turbulent heat flux in turbulent co n ­

vection accounts for contributions from mechanical dispersion, and can be

modeled similarly by a gradient-type diffusion hypothesis jis

pjCpf <  T 'v '  > =  <  T  (2.37)

Thus, the m acroscop ic  energy equation can be written as

+  (* -  <^ )̂PS('s) - —  +  P!<-pJ < u >  < T

=  V.(A:eV < T > ^ )  +  V . i k i i s .^  <  T  > ^ )  (2.38)

Rubin [31] pointed out that the second-order dispersion tensor is axisym - 

metric for isotro])ic porous media. W hen tlie x-coordinate is set along the 

(low direction, only three diagonal com ponents remain as non-zero c o m p o ­

nent. From a scaJe argument, we may ass>ime

[kdis)xx ~  i^dis)yy ~  {kdis)zz ~  PfCj,f\/lUl (2.39)

the lateral com])onents are larger than the longitudinal one. For the case of

forced convection , experimental data, suggest that approximately.

(kdis)yy — {k,lis)zz ~  '^{kdis)xx (2.40)

15
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'i 'lieimal dispersion efTects may be neglected when the flow velocity and poros­

ity are in m oderate ranges. For such flows in homogeneous fluid-saturated 

porous media, we may simplify (2.38) as

V  <  u >  .V  <  r  > ^ =  V . (rv ,V  <  T  > ^ ) (2.41)
ot

where
c = + (I -  <")»/<-■. (2 42,

is the heat capacity  ratio o f  the saturated-porous m edium  to that o f  fluid, 

and the effective thermal diffusivity o f  the fluid-saturated porous m adium  is 

defined by

0!e =
PjCpJ P f^v f

'The empirical marrosco])ic energy equation has the sam e form as (2.41) with­

out the unsteady term. T h e  effective thermal diffusivity cup is often deter- 

minded empirically rather than from (2.43).

2.4 Boundary-layer equations for porous me­
dia

The  boundary layer conce])t, presented by Nakayama[1995] for clear f]uid flow 

and heat transfer, can readily be exploited for the ca,se o f  convective flow

in porous media, for steady forced convection along an isothermal flat ])late

em bedded  in a fluid-saturated porous medium, we derive the following .set o f  

boundary layer equations from (2.20), (2.29) and (2.41) which is respectively 

conservative, m om entum  and thermal equations:

du dv , ,,
-f —  =  0 (2.44)

dx  dy

...............  , = -
( + 2 V d x  dy J dx  e+ c)y'  ̂ K

If)
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d T  OT i P r

dx  dy dy^

with the boundary conditions:

y =  0 ;  u =  v =  0, T  =  T,„ (2.47)

y =  oo  : u =  Ue, T  =  Tg (2-48)

T he  subsr.ript /  for the fluid ])hasc, and the vohiine average notation <  >  for 

tiie Darcian velocity  com ponents and <  for the intrinsic average pressure

and teni])erature are removed for convenience o f  ])resentation. Let us write

(2.45) at the outer-edge o f  the boundary layer, as

Unlike in clear fluid flows overs a flat plate, the pressure decreases linearly due 

to the Darcy and Forchheimer resistances caused by the solid matrix. In the 

vicinity o f  the leading edge, the convective inertia terms on the left hand side 

o f  (2.45) may becom e coni])arable to the Darcy and Forchhemier terms, since 

the velocity  gradient is steep there.

If we substitute equation (2.49) into equation (2.45) then we get the fol­

lowing

du du  ■> d'^u

dx ay pfh pj ay^

Equations (2.50) together with (2.44),(2 .46) and the boundary  conditions

(2 .47)-(2 .48) governs the two-dimensional flow o f  a viscous incompressible is a 

fluid-saturated porous media.

17
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Chapter 3

Non-Darcy forced convection 
boundary layer flow and heat 
transfer ,

Because o f  its applications in chemical reactors, thermal insulation, petroleum 

reservoirs, nuclear waste, etc., free convection in porous m edium  has drawn 

the attention o f  a number o f  researchers. On the other hand, forced con ­

vection boundary layer flow has received less attention so far. although it is 

important in many practical thermal systems, such as geotherm al reser\’oirs. 

where pressure gradient exists due to withdrawal or injection o f  fluids. In 

the present analysis, we shall focus on one o f  the most fundamental forced 

convection problem , involving, the problem governing the forced convection 

boundary layer flow over a wedge in a fluid-saturated porous m edium  due to 

axially varying free stream velocity.

The studies o f  W ood in g  [()], Cheng [7], Cheng and M inkow ycz  [8] and 

the references therein investigate on the Darcy model (which assumes prop or ­

tionality between the velocity  and pressure gradient) leading to a numlier of 

interesting fluid flow and heat transfer problems, which are associated with 

heated bodies em bedded  in fluid-saturated porous media. T h e  models, how­

ever, arc valid for slow (lows through porous media with low permeability. 

jVluskat [9] added a velocity square term (known as the Forchheimer term ) to 

account for the porous inertia effect on the pressure drojj. while Brinkman [10

18

Dhaka University Institutional Repository



introduced a viscous difFusioii term to consider the boundarj ' frictional drag 

on impermeable walls.

Vafai and Tien [11], treating a fluid-saturated porous m edium  as a con- 

tinum, integrated the m om entum  equation for a fluid over a local control 

volume, and derived a volume-average m om entum  equation. This general­

ized m om entum  equation for non-Darcy flows reveals the im portance o f  the 

convective inertia term for highl}^ ])orous materials. Later, Chen at el. [12] 

evoked the boundary layer a])proximations and solved the generalized equa­

tion to investigate the free convection from vertical flat plate in highly porous 

medium, while corresponding forced convection problem was treated by Ka- 

viany [13], em ploying the implicit finite difference procedure as well as the 

Karman-Pohlhausen integral relation and also obtained a useful asym ptotic  

expressions for local Nusselt number. He however dropped the Forchheimer 

term in his finite difference as well as the series solutions. Recently, considering 

the aforementioned generalized m om entum  and the energy equation in a full 

boundary layer form, Nakayama cl al. [14] have investigated the non-D arcy  

forced convection flow over a flat plate using the novel transformed variable 

deduced from -a scale analysis o f  Bejan [15]. Furthermore, they also obtained 

asj 'm ptotic  expressions for the local Nusselt number, which are furnished in 

consideration o f  physical limiting conditions.

The present chapter also treats with the non-Darcy forced convection  bounadry 

la\-er flow over a wedge with variable free stream and discusses the effects of 

the non-Darc\- terms, namelj^, the convective inertia term, Forchheimer term 

(or the porous inertia term) and the Brinkman term (i.e., boundary  friction 

term) on the surface shearing stress and the rate o f  heat transfer. Three novel 

methods are involved for the investigations o f  the present problem , namely, 

the extended series m ethod together with Shanks [16] transform ation, the lo­

cal non-similarit}^ m ethod o f  Si)arrow and Yu [17], Chen and .Sparrow [18 . 

M inkowycz and Sparrow [19] euid Chen [20] and the finite difference apjjrox- 

imations together with the Keller box method o f  Keller [21]. A  comjjarison

19
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between the results from the aforementioned m ethods are shown on the sur­

face skin-friction and the rate o f  heat transfer. Finally, effects o f  the different 

physical parameters on the Nusselt number are shown for different Prandtl 

number, P r ,  ranging between 0.1 and 100.0.

3.1 Equations governing the flow

A two dimensional steady flow o f  viscous incompressible fluid through an 

isotropic and saturated porous media with a free streaiii velocity, U^(.v). 

which is ])arallel to the ;c-axis is considered with first and second order re­

sistance parameter due to isotropic solid matrix. Undei' the usual boundary 

layer assumptions the full set o f  governing equations, namely, the continuit}' 

equation, the m om entum  equation and the energy equation may be written as 

follows:

(3,11
d x  dy

dll dv  1 d;; , d'^u ,
u —— h u t j - = ---------------------------------------------------------------------------------------j--------  ̂(•̂ •2)

o x  a y  / ) / dx A A oy^

8 T  d T  d'^T , ,

where, u and v are, respectively, the j* and y  comj^onents o f  the pore velocity 

vector field along the surface o f  the wedge which is placed in the direction 

o f  the free stream and in the direction normal to it, p is the pressure. T  the 

'tem perature in the boundary layer. T he  properties p j  and u are the solution 

density and viscosity, K  is the permeability, the porosity o f  the m edium . F  

is the empirical constant in the second order resistance and a is the coefficient 

of thermal diffusivity. In the left-hand side o f  the m om entum  equation (•'-<.2). 

the convective terms are present, while the pressure gradient term. Brinkman 

term, Darcy term, and Forcliheimer term (i.e., porous inertia term ) appear in 

the right-hand side. As K  becom es infinite, equation {> .̂2] reduces to the usual 

boundary layer equation For the Newtonian fluids. In the energy equation 

contribution due to the- viscous dissipation is neglected.

20
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The free stream axial pressure gradient required for maintaining the ve loc­

ity Uoo must follow

1 d/  ̂ 2 df/oo
p j d x ~  K  7^1/2 ^̂ 0° dx

Equation (3.2) with (3.4) leads to

du dv dUoo 2\ +
“& = ''“ "3T + ■ “> + 7p 7T<'-“  -  “ ) +» (•!•■■>)

The appropriate boundary conditions are,

u =  V  — {), T  =  Tiy at y =  0 
u =  Uoo{x), r  =  Too as 1/ ->  oo

(3.6)

Introducing the non-dimensional quantities,

T - T „
Ip =  ^ / € + x i ^ f { x , T } ) ,  0 =  ~  (3.7;

w oo

where

X x f L ,  ri y^/Uoole+i^x, U Uoo/Uo (3.8)

into the equations (3.3) and (3.5), one gets

r  + + Pirn -  n  = -  r %
- 7 ( l - / ' ) - r ( l  -  . r ) ]  (3.9)

Pr  2 •' dx dx^

where

= CUD
d In x

In Equations (3.9) and (3.10), the primes denote differentiation o f  the func­

tions with respect to ?/.

W e should define the Darcy number, D a i ,  and the Reynolds numi)er. R( i .  

as defined by Bejan [10], Beckerinan and Viskanta [17] and many others:

1 r  f  J I

Da,. =  :̂ .m\ R c-l =  - ^  (3.12)
c+̂ L̂  I'
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where, L  is the characteristic length and Uo is the reference velocit}-. Then.

7 =  n  ^ =  ~ T n -DaiRei

are, respectively, the Darcy and the Forchheimer drag factors.

In the present case, we propose to investigate the problem  for the following 

forms o f  the free stream:

U{ x )  =  x^ (.3.14)

where, A is a wedge angle parameter. W ith  equation (.3.13). equation (3.11) 

becomes

P { x )  =  X (3 .1o)

Finally, equations (3.9) and (3.10), together with (3.14) and introduction  o f

the new' variable =  7 X ( which gives streamwise variation o f  the Darcy  drag

coefficient) becom e

/ " '  +  ^ / / "  +  M l  -  n  =  {  { / ' ^  -  / " ^  -  - / ' " )  +  / ' -  1 }

(3.16)

w'here, Re-K ( =  r / 7 ) is the ratio o f  the Forchheimer drag to  the Darcy 

drag.

Corresponding boundary conditions turn into

f  =  f  =  0 J  =  I at 7] =  0
/ ' = l , ^ ?  =  0 a s 7 / —> c x 3 j

In the following section we propose to obtain the solutions o f  the equations

(3.16) to (3.17) with the boundary condition (3.18) by three different m ethods.

3.2 Solution procedures

Since, in many o f  practical situations similarity solutions are not permitted 

for the classical m om entum  and thermal boundary layer problems, one has
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t,o resort to a m ore general treatment such as local non-similarity solution 

methodology. Therefore, in the present analysis, it is proposed to investigate 

the problem  posed by the non-similarity equations (3.16) to (3.18) em ploying 

the extended series solution m ethod together with Shanks [16] transformation, 

the local non-similarity m ethod o f  developed by Sparrow and Yu [17] as well as 

the implicit finite difference approximation together with Keller box  m ethod 

o f  Keller [21 .

3.2.1 Extended Series expansion method

Here, we first expand, the functions /  and 6, appearing in equations (3.16) to 

(3.18), in powers o f  which is small near the leading edge, as given below:

CO oo

71 = 0 71 = 0

Substituting the above expansions in equations (3.16) - (3.18) and equating 

various powers o f   ̂ we obtain the equations for the successive approximations. 

The equations are as given below"

' c + - 4 ^ / o y ; '  =  o (3.20)

-  f X  +  K U ) +  (A +  i?eA-)(l -  -  / ;  +  1 =  0. (:i.21)

,C  +  E  {  ^  ;  f ’K - r -  ^ f 'X - r ] -  E ( n  -  ’■ )fU n
r=0 J r=0

n-1
= 0. (.. > 2) (:!,22)

r=0

and

=  0 ('i-23)

+ !r<L-r +  E  '■ W’- ’ O’ -  <" ^  1 ) (•'■24 )
 ̂ “  r=0 r=l

r

^^82961
23
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Corresponding boundary conditions are

/ , ( 0 )  =  / / ( 0 )  =  0,(0) =  M 0 ) - 1 = 0 1  
/ ' ( c ^ )  =  / ' ( c x ) ) - l  = 6 / , ( c » )  =  0 / ’

for i =  0,•••, n.

Equation (3.20) is the well known Blasius equation. O nce the solution 

o f  the equation (3.20) is known, the subsequent equations becom e linear two- 

point boundary values problems, which are easily solvable exploiting  the method 

o f  superposition discussed by Na [39].

Once the velocity fu n c t io n , / , ( 7; ) ,  and the temperature function. for

(i =  0 , 1 , - - - )  are known, one can easily find the most important physical 

quantities, like the wall shear stress and the heat transfer rates. T he  wall 

shear stress m ay be expressed in terms o f  the local skin-friction coefficient as 

given by
1
- R 4 ' ’ C^ =  =  V f / i " ( 0 ) .  (:3.->6)

«=0
In terms o f  the local Nusselt number, the heat transfer m ay be expressed as

OC
_ = -6 / ' (^ .0 )  =  ^ ^ '6 / ; ( 0 ) .  (3.27)

1=0

One can calculate only upto a few terms o f  a perturbation expansion, usu­

ally no more than two or three, and almost never more than seven. For ex ­

ample, Kaviany [13] obtained the solution by taking the terms upto  0 ( ( ^ )  

only, for the case o f  a flat plate, neglecting the effect o f  Forchheimer drag in 

the flow' field. U ndoubtedly  his results are valid for the values o f  Darcy drag 

parameter, less than unity. The resulting series, with higher order terms, 

is often slowly convergent, or even divergent. Yet those few terms contain a 

remerkable am ount o f  information, which the investigator did his best to  ex ­

tract. In a pioneering work. Shank [16] introduced a family o f  transformations 

to accelerate the convergence o f  slowly convergent and divergent series. Out 

o f  all the transformations, we select the simplest two designated by .Shanks a.'<

2^
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C] and e™. So, we first consider the ei transformation. If three partial sums

S n -i ,S n  and 5„+ i o f  a series are known, thenft

+  ‘̂ n-1 — >̂,1

T he  success o f  e-i in improving the convergence lies in the fact that, if applied 

to a geom etric  series, it jnelds the exact sum. For our problem , it worked 

best on the series (3.26) and (3.27), coefficients o f  which appeared nearly as 

geometric. T h e  second transformation e” ‘ is the 7?ith iteration o f  Ci. In the 

present analysis, we have taken e® for the local skin-friction and f ,  for local 

Nusselt number. T he  present m ethod has already been djscuused by \’an Dyke 

32] in details. T he  results thus obtained are com pared w'ith other m ethods in 

the following section.

3.2.2 Local nonsimilarity method

This section is concerned with the local nonsimilarity m ethod  initiated by 

.Sparrow and Yu [17] and has since been applied by m any investigators to soh  e 

various non-similarity boundary value problems, such as. Chen and Sparrow 

18], M inkow ycz and Sparrow' [19] and (.'hen [20]. Formulation o f  the systems o f  

equations for the local similarity and local nonsimilarity models, with reference 

to the jjresent problem,will be demonestrated bellow:

First level o f  truncation:

At the first level o f  truncation, the terms accom panied with on the

respective right-hand side o f  equations (3.16) and (3.17) are deleted under 

the approximation that the terms involving ^d{)/d(, are small [12]. This is 

particularly true w'hen  ̂ «  1. Thus the terms with on right-hand

sides o f  (3.16) and (3.17) are deleted to get following system o f  equations:

f "  +  +  (A +  -  r )  +  ^( 1 -  / ' )  =  0 (3.29)

 ̂ 0" =  [) (3.30)
P r  2

2ri
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l i L O )  =  / U O )  =  0, 0 (^ ,0 )  =  1 , / U ^ )  =  1, =  0 (3.31)

It can be seen from equations (3 .29 )-(3 .31 ) can be regarded as a system of 

ordinary differential equations for the functions /  and 9 with if as a parameter 

for a given Prandtl number, Pi', and ratio o f  the Forchheimer drag to the 

Darcy drag, R t ^ .

Second level o f  trunca.tion:

To find the higher level o f  truncation, we introduce the following new functions;

At the second level, the governing equations (3.16) and (3.17), for the functions 

/  and 9 respectively, are retained in tact. Subsidiary equations for g  and o  and 

their boundary conditions are derived by taking the derivatives o f  equations

(3.16) - (3.18) with respect to (f.This leads to

g "  +  4 ^ / /  -  {2(A +  R eK O  +  1} ./-y  +

+  R e K { l  -  f ^ )  - i g ' - f ' + \ =  -  g g "  +  f 'h '  -  J "  h) (3.33)

/ ’r -V "  +

<7(^,0) =  <7'(^,0) =  g \ i , ^ )  =  0 (^ ,0 )  =  <J.(^,cx)) =  0 (3.3.5)

To com plete  the formulation o f  the governing equations for the second level o f  

trancation, terms involving 0 g / d (  and ^d6/d^ in equations (3.33) and (3.34) 

are deleted. Thus we have the following system o f  equations for the second 

level o f  trunction:

/ " ' +  +  (^ +  0 (  I - / ' " )  +  « ! - / ' )  =  f  ( / y  -  f's) (3-30)

+  ( - 4 ^ )  f C  =  U S 'v  -  e'g)

s'" + + «'A-f) + 1} + ̂ /'V
+  -  / ' ’ ) -  4 /  -  / '  +  I =  -  gg")
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P r - ^ r  +  -  f'cj, +  O'g =  ^ 9  0  ~  <l<f>') (-3.39)

/ ( ^ , 0 )  =  / ' ( ^ , 0 )  =  5 (^ ,0 )  =  i / U O )  =  O . m , o o ) - 1  =  =  0
0 ( ^ , 0 ) - 1  =  <^(e,0) =  0 (^ ,c » )  =  =  0

(3.40)

111 this level o f  truncation, the terms ^ d { f 'g  — f"fi)/d^  and ^ d { f '6  — &'g)/0^ 

on the respective right-hand-sides o f  the preceeding equations were deleted by 

S])arrow and Yu [18]; whereas, the ]jresent form was. first, considered hy Chen 

20], to get the results more accurate.

Third level o f  truncation:

For the third level o f  truncation, the conservation equations (3.16) and (3.17) 

for the /  and g functions as well as their subsidiary equations (3.33) and (3.34) 

for the g and 4> functions are retained without approxim ation. .Additional 

subsidiary equations for h and x  and their boundary conditions are generated 

by taking the first derivative o f  equations (3.33) and (3.34) with respect to 

The system o f  equations, thus obtained for the third level o f  truncation, by 

neglecting the terms involving 0 h / d ( ,  and (,d\/d(. onl\-. are given below:

. r  +  +  (A +  0 ( 1  -  . n  +  -  ./■') =  a / ' f i  -  .rv/> ( 3 .4 1 )

P r-^O " +  / ^ '  =  (3.42)

g'”  +  -  {2 (A  +  R c k O  +  i ] f ' g '  +  ^ . r V y  +  «eA -( i  -  f )

“  - i g '  -  , f  +  1 =  -  g g "  +  f g '  -  f " g  +  f 'h '  -  J " h )

(3.43)

A - - V "  +  -  g<!>' +  f g  -  O'h) (3.44)

+  1 ^ / / , "  -  2(A +  R c K i  +  1 ) [ f 'h '  +  g^) +  ^ ( / " / ,  +  g g " )  

—A R cj^ fg '  — ^li' — 2g =  ^{'<ig'h' — ‘2g"h — gf>")

(3.45)
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P r -\ ” + ^ / X '  + -  2(/'® + fl'o)

=  W ^g'x  — fix' +  / 'V  -  2 6 'h) (3.40)

m , 0 )  =  / ' ( 6 0 )  =  r/(^,0) =  f / (^ ,0 )  =  kU .O ) =  h 'iC O )  = 0 1  
/ ' ( ^ , o o ) - l  =  (-/(^,oo) =  //(^ ,o c )  =  0 

0 ( ^ , 0 ) - 1  =  ^ U ,0 )  =  0{^.O) =  0 
0 {( , ,o o )  =  (l>{^,oo) =  x U ^ ° o )  =  0

(3.47)

As at the lower levels, the system of equations (3.41 )-(3 .47) contains six 

functions / ,  g, h, 0, (j) and x  mutually coupled. T he  total order of

this system is now 15. For a given Re-K and Pi\ these equations can again 

be treated as ordinary differential equations that contain  ̂ as parameter, it 

may be noted that although the solution for the velocity distribution provides 

information for both  the / ,  g and h functions, it is only /  and its derivati\es 

that are physically relevant. In like manner, from the thermal boundary  solu­

tions for 6, (j) and x ,  only the former one is o f  interest. T he  features for which 

the non-similarity method is more attractive are discussed in details in [17-20].

The set o f  local nonsimilarity equations related to the second and third 

level o f  trunctions are integrated exploiting the R unge-K utta-G ill  initial value 

solver together with Nachtsheim-Swigert iteration scheme o f  Xachtsheim  and 

Swigert [33]. Once the solutions for all the functions involving the respective 

equations to these levels are obtained at =  0. it becom es easy to find the 

solutions o f  the same equations for all >  0. At the time o f  application o f  

the Nachtsheim-Swigert iteration scheme, one can overcom e the difficulties in 

feeding the associated guess values for all the missing values for larger just by 

using the exact values obtained at the present station as the guess values for the 

next station o f  C  From  the present com putations it is experienced that choice 

o f  smaller increament, is appreciable, in finding rapid convergent solutions 

with required accuracy at the next station o f  i .̂In the present analysis, we 

have taken in the increament Aif ecpials 0.05 throughout. On the other hand, 

instead o f  using equal grid in ?/ direction a variable grid has been incorporated
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as used in the finite difference m ethod. T h e  numerical values for local skin- 

friction and local rate o f  heat transfer thus obtained at these two levels, for 

ranging in 0 <   ̂ < 5 ,  are com pared with those obtained by other two m ethods 

in the following section.

3.2.3 Finite difference method

A com plete  numerical solution is effected by using a Keller box  scheme to 

integrate the set o f  equations {3 .Hi) to (3.17) from  ̂ =  0 to =  10. In doing 

this, we recast the above set o f  equations as a set o f  simultaneous equations 

by introducing the variables and />(^,7/),.they becom e

d f
drj

du

du / 1  -f A 
dr)

=  u (3.4S)

=  u (3.49)

+ \ 2 y f v  +  X{] -  u )̂ +  -  u +  ReK{\ -  u^)}

f du d f ]  ,

de

\ dp / I  +  A\ ( de d f
+

Pi- dri \ 2 J ' [  d̂ , d^

The corresponding boundary conditions turn into

f i L v )  =  uU .ri)  =  0, =  1
■«(^,^) =  l ,^ (^ ,r /)  =  0

f p  =  ^ u — - p ^ }  (3.52)

(3.o3)

We now place a net on the (^,r/)-plane defined by

^0 =  0, Cn =  C «-l +  ''-n, 7/. =  1 , 2 . 3 ,  (3.5-1)

7/0 =  0, 7/j =  7;j_, +  //.J, j  =  1,2,3, • • •, .} 7/j =  1)̂ , (3.55)
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Here n and j are just sequence numbers, not tensor indices or exponents. K „  

and hj are variable mesh widths. W e approximate the quantities ( f ,u ,v ) and 

(0,p) at points {C \ V j)  o f  the net by and which we shall

call net functoins .W e also em ploy the notation </" for points and quantities 

midway between net points and for any net function as:

+  C ' - ' ), +  ’i j  -  1)

sr'" = 5(«" + s'-'). = 5(9; + i”-.) (3-57)
Therefore the variable and derivatives o f  eqations (3 .16)-(3 .1S) and (3.48)- 

(3.52) at { (n - i/ 2 ,V j- i/ 2 ) are replaced by

+«r‘ + s]:t (3.3S)

W e now write the difference equations that are to approxim ate  equations

(3.48)-(3 .52) by considering one mesh rectangle.

W e start by writing the finite difference approximations o f  thee equations

(3.48)-(3 .49) and (3.51) for the midpoint o f  the segment Q lQ 2 .

using centered-difference derivatives, we get

=  (3.61)

=  v U / ,  (3.62)

p} — p} Jj JJ-\
h.

hj

O'f
J

, ,  = /V./2"j
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lU.
■ n - l

t̂ TT

c n - 1 / 2

Ol

b.

m

Fig. 3.1: Net rectangle for difference approximations

Similarly,equation (3 .48)-(3 .49) and (3.51) is approxim ated by centering 

about the m id-piont o f  the rectangle Q 1Q 2Q 3Q 4. This can be

done in two steps. In the first step we center equations (3 .48)-(3 .49) and (3.51) 

about the point /̂) without specifying rj. If we denote the left-hand side

o f  equations (3.50) and (3.52) by L and M, then the difference approximation 

to the equation ’s are

rn _  fn-\

tCyi K yi

-  R.e^([ -  -  1] ( 3 . W)

J  ̂ \ k )1̂1 J  \ /  ,
Rearranging this equations and using equation (3.57), we can wrrite equa­

tion (3.04) and (3.65) as:

(t.)'] +  cvitx” - h « 2 ( . A 0 " - ^ 3 ( «  +  . r - / " “ ’ t’" )  =  (3.66)

j - , S v r ^ c . . , U v T - c ^ { S ' ( r - o ' n  = (3.(i7)
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where, we have used the abbreviations

cv = ,
_  cn-\l2

Qf2 =  ( - 4 ^ ------- <̂ 3 =  (A" +  Q +  a i ) (3.69)

^  _ ^ n - l  ^  « [ ( / „ ) » - !  _  +  Qi [ ( « " ) ” - ’ +  w " - ' ]

- A ” -  2 Q , ( / ? e t - l )  (3.70)

i " - '  =  ( (« ')  +  +  M l  -  « " ) ) " ■ '

y ” - ’  =

1 / /, , 1 +  A ,
~P r

(3.71)

(3.72)

(3.73)

and where the identitj' sing introduces a useful shorthand:[ means that 

the quantity in square brakets is evaluated at (̂  =

W e next center equation (3.66) and (3.67) about the point 

that is, we choose t] =  and get

+  M u ) U / 2 +  ^ 2 { f v ) U „  -  a , {u ^ )U / 2  

' + - i - i :h 2 f ? ~ r / 2  -  f j : > U / 2 )  =  R T -Ii 2

1

(3.74)

: ( p "  -  -  ^ u ' o u n  -  ^ 'f!- ./2) =  y ;:i[)2  i^--^)P r h j  

where

- A  -  2 a i(R tt , -  1)

(3.76)

(3.77)
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-  •'.-1) + + •'( 1 -  ' ' (3-7S)

' ^ r . %  =  -  » - ■ )  +  (3-79)

Equations (3.61 )-(3.C3) and (3 .74)-(3 .75) and (3.61). (3.73) are im posed for 

j  =  1 ,2 ,3 ,  • • • , J  — 1 at given n, and the transformed boundary  -layer thickness. 

rjj, is to be sufficiently large so that f /  —» 1 and T  —> 1 asymtotically.

T he  boundary conditions (3 .54)-(3 .55) yield, at  ̂ . as:

=  0, =  1 at 7? =  0 '

u ]  =  u  = 0  a ti]  =  T)̂  (3.81)

Now, if we assume / " “ \  known for 0 <

j  <  J ,  then equations (3 .61)-(3 .63), (3 .74)-(3 .75) and (3 .80 )- (3 .81 ) represent 

a set o f  non-linear differential equations for the unknowns at in terms of

their values at ̂ j_i. These non-linear system o f  equations are then linearized

by means o f  N ew ton ’s quasi-linearization technique. For simplicity o f  notation 

we shall write the unknowns at .̂  =  as

(./]‘ ,u ; ,^ ; ’‘ ) =  C.i.S-I}

(3.83)

Then the system o f  equations (3.61 )-(3.63) and (3 .74)-(3 .75) can be written

as

f j  ~  / j - i  “  T r( ' 'o  +  ^ j - 1 ) -  0

Uj  -  U j - i  -  ^ (U j  + f j - i ) = 0

h j ^ { v j  —  V j - i )  -I -  o i ] U j - i / 2  +  a - 2 { f v ) j - i / 2  —
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5.0

F ig .  3 .2 a :  L o c a l  s k i n - f r i c t i o n  a g a in s t  f o r  d i f f e r e n t  A w h i le  
R ck  =  1.0.

h.,
(3.S7

■ {Pi -  V j - l )  +  ^ 2 { / P j - 1 / 2 ) -  (^ if 'S j- 1/2  -  S ' f j - 1 /z) -  ^7 - 1/2

W e note that R'-Z\/ > only known quantities if we assume

that the solutions are known on  ̂ ■ To solve equations (3.84) and

(3.88), with equations (3.80) and(3.81), by N ewton 's m ethod , we introduce 

the iterates [ / j ’ \ iî j \  ij]*^],and i =  0 .1 .2 .  with initial values,

say,

/ r = « r = o , c = i . » r = » ; - ' ■  ? r = r f -

/ f  =  / r ’ . « S "  =

< 1  =  0,

(3.30)
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A'U.:

0.0 1.0 2.0 ^  3.0 4.0 o.O

F ig .  3 .2 b :  L o c a l  N u s s e l t  n u m b e r  a g a in s t   ̂ f o r  d i f f e r e n t  A w h i le  
/?e/c =  1.0 a n d  cr =  1.0

Tlie su])erscripts in parentheses liave o f  course no relation to the superscript 

n. For tlie liigher-orcler iterates we set

/ j'+ »  =  / j "  +  i / j ' i ,  1 =  +  «„;■). =  ..]■) +  s ,.';'

«<'■+" =  e f  +

Then we insert the right-hand o f  these expressions in place o f / y .  Uj. and t'j 

and Oj and pj in equation (3.84)-(3 .86), and (3 .87)-(3 .88) and drop the terms 

tliat are quadratic in \ and This procedure yields

the following linear system in which we drop the superscript i in S quantities 

for simplicity:

^/j -  ) =  (»'i )j 

^Uj -  SUj_i -  +  S V j-i) =  (7-3)j_i

-f- ( . S 2 ) j ^ V j _ i  +

• 3f)

(3.9(i)

(3.97)
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Nua

F ig .  3 .3 :  L o c a l  N u s s e l t  n u m b e r  a g a in s t   ̂ f o r  d i f f e r e n t  a  w h i l e  
Rej^ =  1.0 a n d  A =  0.5

+  {Ss)jSuj {S6)jSUj-i =  (7’2)j

6 9 j  +  % _ i )  =  (.s,)j

{ 0 l ) j ^ P j  +  i / ^ 2 ) j 6 p j - \  +  i f h ) j 6 0 j  +  { d 4 ) j S 6 j ^ i  —  { f i 2 ) j

where

( n ) i  =  / j l ’i - / ] ' *  + 1 / 2

(3.100)

(3.101)

(3.102)

(3.103)

(^ i) .  =  Ofl, - 1/2

V"” - )
^ - 1 /2

3(i

(3.104)

(3.1 or,)
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Table 3. la : Numerical values of the local skin-friction and rate of 
heat transfer obtained by three different methods for A =  0.0,

a =  1.0 and R e s = 0 -0 -

N U r/R tV ^
LN.S

2 eqns.
LNS 

3 eqns.
Series
soln.

Finite
cliff.

[14] LN.S 
2 eqns.

LNS 
3 eqns.

Series
soln.

Finite
diff.

[14]

0.0 0.331 0.331 0.332 0.332 0.332 0.331 0.332 0.332 0.332 0.332
0.2 0.528 0.525 0.523 0.523 0.511 0.371 0.371 0.370 0.370 0.376
0.4 ' 0.C80 0.675 0.672 0.672 0.667 0.393 0.394 0.393 0.394 0.402
0.6 0.806 0.802 0.798 0.798 0.794 0.408 0.410 0.410 0.410 0.419
0.8 0.918 0.913 0.909 0.909 0.907 0.419 0.422 0.423 0.423 0.432
1.0 1.018 1.013 1.010 1.010 1.008 0.428 0.432 0.433 0.433 0.442
2.0 1.421 1.418 1.415 1.415 1.415 0.455 0.462 0.466 0.466 0.472
3.0 1.736 1.733 1.729 1.731 1.732 0.470 0.477 0.484 0.484 0.489
4.0 2.002 2.000 1.992 1.999 2.000 0.480 0.488 0.496 0.495 0.499
5.0 2.238 2.236 2.221 2.235 2.236 0.487 0.495 0.50.54 0.504 0.507

(3.106)

(3.107)

(^3). =  + (3.1 OS)

(-4). =  f  +  I (3.109)

(3.110)

(3.111)

-  P jĴ j +  2-^ (3.112)

" I f (3.11.3)

i/hh =  - f . r (3.114)

i M j  = (3.11-.)
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To com plete the system [Eq.(3.97,3.98 )-(3.99.3.100)] we recall the bouiid- 

arj' conditions (3.80-3.81), which can be satisfied exectly  with no iteration.In 

equation (3.89)-(3 .93) we have altered the initial values o f  / o ,  uo, vq. Oq and 

6 j  accordingly, i.e. we have set

/o  =  uo =  0 , =  1 and u j = \ . 0 j  =  0 (3.116)

So, to maintain these values in all the iterates we take

Sfo =  6uo =  0, 80o =  0. and Suj =  0, SOj =  0 (3.117)

Denoting the mesh points in the <̂ ,t; -plane bj- =  0 ,1 ___I )  and t/j

{ j  =  1 , 2 , . . , J )  the central difference approximations are m ade, such that 

the equations involving  ̂ explicitly are centered at (if ,_ i/2 - ^ j - 1/ 2 ) and the 

remainders at ( 6 , ? ; j _ i / 2 ), where i]j- \ / 2  =  liflj+ i  -r Vj)- etc. These  result a set 

o f  nonlinear difference equations for the uuknowqis at in terms o f  there 

values at T h e  resulting equations are then linearized by N ew ton 's  quasi­

linearization technique which are then solved by using Keller box  m ethod  in­

troduced by Keller [16]; later, which has been used most efficiently by Cebeci 

and Bradshaw [34] and, very recently, by Hossain [3oj. [36] taking the initial 

interaction with a given set o f  converged solution at  ̂ To  initiate the

process with =  0, we first prescribe a set o f  guess profiles for the functions 

f , u , v , 0 ,  and p, which are unconditionally convergent. These profiles are then 

employed in the Keller box  scheme with the second order accuracy to march 

step by step along the boundary layer. For a given the iterative procedure 

is stopped to give the final velocity and the temperature distributions when 

the difference in com puting these functions in the next procedure becom es less 

than 10“ ", i.e., | S f' |< 10“ ' ,  where the superscript i denotes the number o f  

iteration. Throughout the com putations, unlike others, nonuniform grids in 

the 7/-direction have been incorporated considering 7/, — s in h ( j /r ; )  to get c|uick 

convergence and thus saved enough com])utational time and space.
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3.3 Results and discussions

T he  results obtained by three clistiiic.t sohition m ethodologies, namely, the 

series expansion m ethod, local non-similarity method and the finite difference 

method with Keller box  scheme are presented together in tabular fonii in taides 

la  and lb  and graphically in figures 1 and 2. Numerical values o f  the local 

skin-friction and heat transfer for the flat plate at zero incidence (i.e. A =  0) 

are entered in Table la  in terms o f  and X u ^ / . respectively, for

the case o f  negligible porous inertia { R ( k  =  0). For this case, approxim ate 

solutions based on the local similarity assumption by Xakayama (f al. [9 

are also entered into the said table for reference. Table la shows that the 

local skin-friction results predicted by all three solutions m ethodologies are 

almost identical even for large  ̂ values. It can be seen from  the same table 

that the heat transfer results by the series expansion and finite difference 

methods are in g ood  agreement. The results due to the present local non­

similarity m ethod  with third level o f  truncation is closer than the second level 

o f  truncation to the results obtained by other two m ethods. To show the effect 

o f  porous inertia on the shearing stress and heat transfer, numerical values o f  

the respective physical quantities. ( ' j  and \ u r .  for Rtj.( -  1.0 and 1 and  ̂

ranging in 0 <  if <  5 obtained by all the methods mentioned above are entered 

and com pared in table lb .  Figures la  and lb . represents the local skiu-friction 

and the local Nusselt number for different wedge angle while R t a  =  1.0. In case 

o f  Nusselt number the value o f  the Prandtl iuiml>er is taken as 1.0. ( 'ompari.^ion 

between the curves representing the skin-friction show good  agreement between 

all the m ethods. In case o f  local skin-friction it can be seen that the curve due 

to the local nonsimilarity m ethod with third level o f  truncation agrees quite 

good  with the curves due to other two m ethods, at al! the value o f  the wedge 

angle parameter, A, considered here.

;5f)
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Following Nakayama et al. [9], it can be shown that,

NuJRe^J'^ =   ̂ - A o x i ^ o o  (3.1 IS)

uuder the physical limiting condition o f  ^  cx;. Since the foregoing asym p­

totic expression holds irrespective o f  the value o f  R tK -  one may expect  N u ^ lH tx1 / 2

should never exceed the level o f  =  0.564 for the case o f  A =  0 and

P r  =  1.

T he effect o f  Prandtl number, /■’r , on the local Nusselt num ber for the 

case o f  wedge angle A =  1 /2  is illustrated in figure 2. Difference in the series 

expansion solution and the finite difference solution is hardly discernible for 

low and m oderate  Prandtl numbers. As the asym ptotic  expression suggests, 

the level o f  N ux/R eV ^  increases as the Prandtl number P r ,  since N u x / R tV '  

is proportional to Pr^ '̂  ̂ for if —> 0, and —» oo, the influence o f  P r  b ecom e 

somewhat more pronounced as  ̂ increctses.
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Table 3.1b: Numerical values of the local skin-friction and rate of 
heat transfer obtained by three different methods for =  1 and

2 while A =  0.0 and cr =  1.0.

LNS LNS Series Finite
2 eqns. .3 eqns. soln. diff.

N u .I R c V -
LN.S

2 eqns.
LNS 

3 eqns.
Series
soln.

Finite
diff.

R eK =  1.0
0.0 0..3319 0.3320 0.3320 0.3320 0.3319 0.3.320 0.3320 0.3320
0.2 0.7223 0.7170 0.71.34 0.7120 0.4015 0.4033 0.4026 0.4029
0.4 0.9844 0.9793 0.9755 0.9750 0.4291 0.4.335 0.4344 0.4.348
0.6 1.1941 1.1898 1.1866 1.1865 0.4455 0.4514 0.4541 0.4544
0.8 1.3736 1.3700 1.3672 1.3675 0.4568 0.4635 0.4679 0.4680
1.0 1.5328 1.5298 1.5269 1.5280 0.4652 0.4725 0.4782 0.4782
2.0 2.1617 2.1606 2.1482 2.1600 0.4891 0.4970 0.5067 0.5064
3.0 2.6459 2.6457 2.6100 2.6451 0.5013 0.5089 0.5201 0.5200
4.0 3.0544 3.0548 2.9829 3.0546 0..5090 0.5163 0.5280 0.5282
5.0 3.4143 3.4152 3.2958 3.4150 0.5144 0.5215 0.5333 0.5336

R.iK = 2 . 0
0.0 0.3319 0.3320 0.3320 0.3320 0..3319 0.3320 0.;;320 0.;i320
0.2 0.8802 0.8747 0.8707 0.8686 0.4202 0.4237 0.4238 0.4245
0.4 1.2210 1.2168 1.2138 1.2132 0.4483 0.4545 0.4575 0.4583
0.6 1.4888 1.4857 1.4831 1.4836 0.4640 0.4713 0.4767 0.4772
0.8 1.7162 1.7140 1.7104 1.7127 0.4745 0.4S22 0.4895 0.4898
1.0 1.9172 1.9155 1.9098 1.9147 0.4822 0.4901 0.4986 0.4988
2.0 2.7078 2.7079 2.6725 2.7076 0.5034 0.5110 0.5221 0.5224
3.0 3.3150 3.3163 3.2229 3.3157 0.5137 0.5209 0.5322 0.5.332
4.0 3.8269 3.8291 3.6540 3.8289 0.5202 0.5269 0.5379 0.5394
5.0 4.2776 4.2810 4.0049 4.2805 0.5247 0.5311 0.5415 0.5434

-11

Dhaka University Institutional Repository



Chapter 4 

Unsteady forced convection 
boundary layer flow and heat 
transfer

W ooding  [6], Clieiig [7], Chong and M inkowycz [8] and the references (.herein 

investigated the Darcy m odel, which assumes proportionality between the ve­

locity and pressure gradient, leading to a number o f  interesting (laid flow and 

heat transfer problems that are associated with heated bodies em bedded  in 

lluid-saturated porous media. Vafai and Tien [11], treating a fluid-saturated 

|)orous m edium  as a continuum , integrated the m om entum  equation for a fluid 

over a local control volum e and derived a volum e average m om entum  equation. 

Later Chen et a.l. [12] evoked the boundary layer ap|>roximation and solved the 

generalized equation to investigate free convection from a convection |)rol)lem 

which wa,s treated by Kaviany [13]. (Considering the above mentioned general­

ized m om entum  and energy equation in full boundary layer form , Nakayama 

et al. [14]. have investigatcxl non-D arcy  forced convection flow over a plate 

using the novel transformed variable deduced from a scale analysis o f  Bejan 

15]. Very recently, Hossain et al. [37] investigated the non-Darcy  forced 

convection boundary layer flow over a wedge em ploying three novel m ethods, 

namely, the extended seric^s method togetlu;r with Shanks’ [lfj] transformation; 

the local nonsimilarity m ethod o f  Sparrow and Yu [17], (Jlien and Sparrow 

18], M inkowycz and Sparrow [19] and Chen [42]; and the finite dilference

. 42
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approxiinalioiis r.oinbiiK’d wii.li Kclle-r liox mei.liod (Keller am! Cebeci [34]).

All I,he above invesi.igatioii were confined l,o steady flow. Ije.ss atl.enlion 

lias been given to the unsteady (low through a porous medium and the as­

sociated heat transfer. 'Tlierefore, in tlie present chapter, we consider an un­

steady two-dimensional forced convection flow along a. flat plate in a. saturated 

])orous medium with a. small amplitude oscilla.tion in both the free stream 

velocity and the surface temperature. Theoretical studies o f  the fluctuating 

heat transfer o f  a time periodic boundary layer with an oncom in g  stream ha.v(' 

been made by many authors, e.g. Lighthill [22], Ostrach [2.3], Illingworth [24]. 

The time-mean heat transfer in a wedge-type flow with small am plitude oscil­

lation, lecently, was studied by Ishigaki [25,2(i]. In the present investigation, 

the equations governing the unsteady boundary layer flow and heat transfer 

are solved by using two methods, namely,the ])erturba.tion m ethod for small 

and large values o f  the dimensionh'ss streamwise variable (  and the im|)licit 

finite difference m ethod  in combination to the Keller-box m ethod. T he  solu­

tions are obtained and exj^ressed in terms o f  amplitude and pha,se o f  the local

skin-friction 6 ’/  \ / Ile^/2 [R ct. being the local lleynolds numlier) and the local 

Nus.selt number A^f,,:.The results are pres('iited in tabidar form for selected val­

ues o f  the Strouhal number and graphically for selected values o f  the I’ randtl 

number P r. 'The asym ptotic  solutions are found to be a good  agreement with 

the fully numerical solution for a wide range o f  values o f

4.1 Mathematical formulation

We consider two dimensional unstead}^ forced convection flow o f  viscous in­

compressible fluid through an isotropic and saturated porous medium is along

a. heated surface, '̂ i’he free stream velocity, Uq, as well as the surface tem])era- 

ture, are allowed to have small am plitude oscillations aliout the uniform

velocity, Uq, and temperature, 7 ’o, res])ectively. Under the usual lioundary 

layer assumptions the full set o f  governing equations, namely, tiie continuity
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equation, the m om entum  equation cuicl the energy equation are written as 

follows:

Om, ()v „
a x  ay

(4.1)

(4.2)

dy ~  "  dx/

where, xi and v are the pore velocity com ponents associated with the direc­

tion o f  increasing coordinates x  and ?/, respectively, i/ the kinematic viscosity, 

K  is the permeability, the i^orosity o f  the m edium , T  is the tem perature o f  

the fluid. T h e  boundary conditions for the present |Moblem are:

,d u  du du .d l l o o  . , d^u

d T  c)T d T  d'^T

?/ =  0, =  0, r  =  T,u{i) at y =  0

M =  -̂^oo(O) T  =  Too as y —> oo (4.4)

where.

^̂ 0̂ 0 ( 0  =  f  7',„(/.) =  7o[l +  f (■os(iu;/,)] (4.5)

Here, u; is the frequency o f  oscillation and e <C 1.

T h e  continuity equation (4.1) is satisfied by the stream function 1/), so that

dij) dij>
u =  and V - —

a y  a x

For convenience the solutions o f  equations (4 .1 )-(4 .3 ) are assumed as

0  =  \/e+x;/f/o[F((^,7;) +  if exp(uwf)G'(^, ?/)
■ I 'I ■

T - T ^  =  ro [0 (7 ,)  +  (^.xp{7.wt)H{^,7j)]

where.

V =  yy^U o/xay, (  =  T
/v

(4.6)

(4.7)

(4.8)

(4.9)
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Tim s, snlisl,il,ut,iiij2; ('I.7)aii(l ('1.8) l.ogeilior wiUi (^.5) and (4.(5) into tlir

cciualions (4.2) and (4.3) and picking ii|) tlie l.ernis up to 0 ( e ) ,  we have the

following equations for the steady-state situation:

i F / . ’"  +  4 ( l -  (4.10)

F r  I  \ ( )i  d i )

T h e  boundary conditions to lie satisfied by the above equations

=  F ' { ( ,0 )  =  0, 0 ( ^ ,0 )  = 1

F ' i l o o ) = \ ,  0 ( ^ , o o )  =  O (4.12)

Equations (4 .10)-(4 .11) together with this boundary condition (4.12) are 

those studied by llossain et ai. [9] in the problem |)osed for the non-Darcy 

forced convection flow over a fial, plate em bedded in a saturated porous media, 

in absence o f  Forchheimer drag, where effect o f  streaniwise Darcy dag , on 

the local skin-fiction as well as on the local rate o f  heat transfer had already 

been discussed.

I 'he  appropriate equations for lluctuating condition are

a ' " + U F G " + F " G )  =  d F ' ' ^  -  F " ^  -  -  (1 -I- 7;5)(1 -  G ' ) )
z \ dt, (Jt, at, j

(4.13)
^ / / "  -j- ^ -{F lV  - f  GO') =  I  {F 'H ^ -  e 'G ^  -f G'O  ̂ -  II'F^ +  r S H )  (4.14)
t 7 2i

T he corresponding boun<lary conclil.ioii,s l^oconie

r / ( ( , 0 ) =  6 " ( ^ , 0 ) =  0 , / / ( e , 0 ) = l

r ; ' (^ ,o o )  =  i ,  /y (^ ,o o )  =  o (4 .1.'))

Mere the primes denote differentiation with res])ect to 77.

In ec|uation (4.10)and (4.11),

I  =  (/ D a jlc .,^  (4.J6)
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vvliicli gives the streaiiiwise variation o f  tlie Uarcy drag co(^f[lci(Mit, Dd/, 

and l i e i  are, respectively, the Darcy number and tiie Reynolds number which 

are defined on chapter 3.

S  =  S itD aLR e-L  (4.17)

is the scale Strouhal number with S tiX =  ujL/Uq as the Strouhal num ber), 

and P r  ( =  î '/cy) is the Prandtl luimber.

Knowing the values o f  0) and / / ' ( ^ ,  0) from the above equations. We 

may find expressions for the amplitudes and |y4f| and phase angles (j>m 

and </>( for the corresponding local skin friction and heat transfer coefficient 

from the following relations:

M...I =  V [ 6 r « .0 )  + 6 r« .0 )| . |/i,l = \/l//;'K,o) + HPK.o)l (4.18)

and

— tan -1 <f)t =  tan - 1 m , o )
. / / ; ( ^ , o ) j

(4.19)

where, C "  , 6 ’" , H'r find //,■ are respectively the real and imaginary parts o f  the 

coefficients G'"(^, 0) and / / ' ( ^ ,  0) . T h e  real part o f  the corresponding stream 

function 'P { = ^ /y R ei\ / D a i,)  and the temperature distribution 0 ( =  )

take the following form

Î'(( ,̂ ?/,/.) =  i/R.ei \ / / ' ' ( ^ ,  ?/) +  e(6',. <’o sa > /— G'i sin w/.) (4.20)

and

®(<^>'/)0 =  0  +  f  [/ ,̂. cosa;/, — //,• sinu;/] (4.21)

Solution m ethods o f  equations (4 .10)-(4 .15) are discussed below for small, 

large, and for entire values o f  Darcy drag parameter  ̂ . T h e  equations (4.10)- 

(4.11) and (4 .13)-(4 .14),being  investigated by two methods, namely, (i) |>er- 

turbation m ethod  for small and large and the (ii) implicit finite difference 

met.hod for entire
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4.2 Method of solutions

First wr look to find the solutions o f  equation (4 .10 )-(4 .11) and (4 .13)-(4 .14) by 

series expansion luetliod for small (, ( lu^ar the leading edge ) and the niatc.lied 

asym ptotic  method for large  ̂ ( in the downstream regime ).

4.2.1 Solution for upstream regime < 1)

: Accordingly, we a,ssume that the required ex|)ansions o f  the functions 

, 0(^,7]) and C !{i,r j) and small ^ have the form:

oo oo

n=0 71= 0

oo oo
f f ( f .  ’ I) =  Y , u r u n ) ,  i i { ( ,  ’ i) =  ('•-'•̂ 3)

n=0 n=0

where fn{v)J^n{v)^ 9n{v)  ‘'Hfl ’̂ n{v)  t'liP arbitrary function depending on ?/’ .

Now with the help o f  txiuations (4.2J) and (4.22), equations (4.10), (4.1 I) 

and (4.1.'3), (4.14) can be split up to the following equations with their respec­

tive boundary conditions:

. c  +  =  0 H 2 I )

+ ^ / »/ ,"+ p i f s  -  f x  =  ( / ; - ! )  ('i-2'>)

-  £ ( "  -  ’V L J i  -  S '.-, =  I ) , -  >  2 (4.2G)
r = 0  1 = 0

and

P r  ̂ 2

r = 0  r = l

.< 7 o "+ ^ (/o .9o + .<7 o /u )= 0  H -2 9 )

.<7r+ +  !h)J\) +  - i . l ] % + ! J \ J o )  — Jof/\ — {h).l\ + ( '  + '^ ' ) (  I — % )  =  (••••50)
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r = 0 r=l
(4.31)

(-1.32)

r=0 r=1

/ . ( 0 )  =  / ' ( 0 )  =  ^>.(0) =  ( ^ o ( 0 ) - l = ( )  

//(oo) =  /o(oo) -   ̂ =  ^o(oo) =  0
for i =  0, •••,?/. (4.34)

fu W  =  .<7'(0) =  /^.(0) =  /».„(0) - 1 = 0
r/'(oo) =  (/o(oo) -  1 =  /?.o(oo) =  0

for i =  0 , - - - ,7 / .  (4.35)

In the present investigation above equations for / „  , 0,i and r/„, h„, up to 

tlio 0(i^^) are obtained using the linear shooting m ethod  excepting the equa­

tion (4.23) and (4.26) that have box^n integrating using Nar.htsheiin-Swigert 

iteration scheme. T h e  resulting solutions for tiie missing values for f/"(0) and 

/?,'„(0) are then applied to the Shank’s transformation. Solutions thus obtained 

are expressed in terms o f  am plitude and pha»se o f  the local skin-friction and 

the heat transfer rate and com pared with that obtained by finite difference 

method.

4.2.2 Solution in downstream regime > 1):

For large (  we introduce the new independent variable (  =  iu ecjuations

(4 .10 )- (4 .1 i)  and (4 . I 3 ) - ( 4 .14) and get

.(1 -  +  Y  =  0

-  5  (l^ ,A  -  n « „ )  =  0

(4.36)

(4..17)
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( i+ 7:.9 ) ( i- r ;„ )+ c '' + i ( F 6V, + -  p\,,Gc - F̂ a,,) = o

 ̂ “  (4.;58)

- i S H + C  +  Y  ^

The  corrrs|)oiKling boiinclary rondilions reduces to

/ " (C , 7 ) =  n C , 7 )  =  0, 6 /(C ,7 /)=  I, at ;/ =  0 
F ' { C ^ l ) = U  ^ (̂C, /̂) =  ^, ns

G(C,^/) =  C"(C,V) =  0, /^(C,^/) =  l, at7,  =  0 
6"(C,7/) =  1, //(C,T/) =  0, as 7/ - . 0 0

Now, letting C keeping 7/ fixed one finds

( i - / ' ; )  =  o, +  =  ^

(1 +  7;,S')(J -  a , )  =  0  and t l ]  =  0 

These have tlie sohitions:

F  =  1) +  Co, 0 =  erfr
^/Fi

2 i v  +  Co)

(4.40)

(4.41)

(4.42)

( 4 .4 :})

(4.^14)

(4.45)Ci{i)) =  Do +  7/, and II{ij)  =  0

One can see that the above solutions do not satisfy the respective boundary 

conditions at the two extrem e end points. A ccord ingly  these suggest two 

types o f  expansions o f  equations (4..'55)-(4.38) namely the inner  and the outer, 

resjiectively, in regions near i) =  0 and 7 /  =  0 0 . W e assuming that G'o and 

//{) represent the first terms o f  the outer expansion, since it satisfy the outer 

boundary condition. Thus this situation involves tlie frame-work o f  matched 

a,sym|>totic expansion with small parameter, an artificial param eter or the 

co-ordinate undergoing the limit |M-ocesses as a small and large parameter.

For nufer expansions, we expand the functions F , 0, G  and / /  in power o f  

(  o f  the form
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>1=0 n = 0

Now substituting the above expansions into (4 .10)-(4.15) and taking the 

terms up to the one gets a set o f  linear differential equations which have

the solutions:

Fo =  V +  Co, F, = C ,  F.2 =  C z (4.48)

Oo - erfr -V , =  0, 02 =  0 (4.49)

■ Go =  7? +  / ^ ,  cu  =  D, , 6 ' ,  =  i h  (4.r,0)

-  -  ■ 11 \ /7 v
. / /o  =  0, / y , = 0 ,  =  (4.51)

T he  above solutions satisfy th(' outer l>oundary conditions

6 0  —> 1, and (7'j ^  0, /7„ —> 0 a,s 7 / ^ 0 0  for n =  1, • • • ,5  (4.52)

All the C ’s and D ’s are arbitrary constants which are to be determined by the

matching procedure.

To find the Inner solution-.^ we introduce the independent and dependent 

variables a.s:

C =  ^ ' ^ ^  î =  C O "''n  (4.53)

/ (C , '7 )  =  (4.ry|)

9iC, v )  =  ( 0 '^ V : / (^ ,v ) ,  h i O l )  =  (4.55)

Equation ( 4 .10)-(4.1 ] )  and (4 .I3 )- (4 .14 )  then reduces to

r + ( 1  -  / ' )  +  c m r / c  -  r u )  =  o (4.5c>)

g '"  +  (1 +  '•?)(! -  +  Y  {J '9  +  '/'./< -  f"9<  -  9 " k )  +  =  0 (4.57)

± < 1 , "  +  +  /'([>) =  0   ̂ (4.58)

 ̂ h" -  iS h  +  ^  (/7).< +  -  / ; / /c  -  (/c^)') =  0 (4.59)
P r  ■ 2
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Mere |)rinies denote difFereiil,ial,ion.s o f  I,he fuiiclioiis with re.s])ect to fj. The 

outer sohitions are obtained as the hniit C ^  0 with r/ fixed, hut here vve h'lt 

C —> 0 keeping f] fixed. Ther(’ fore, the ro-eHirients in (4.55) to (4 .58), whirh 

are functions o f  should he ex|)anded for ?/ —> 0 and rewritten in terms o f

T h e  no-slip condition will be satisfied if

/ ( C ,0 )  =  /,i(C ,0 ) =  0, <KC ,0 ) =  1 (4.60)

.<7(C,0)=.<7,7(C,0) =  0, /».(C,0) =  i (4.61)

Now we assume
71 71

i = 0  .7 = 0

ti.
.'/(C,'7) ~  C ( h i v ) ,  K C ^ v )  ~  (^-C-‘3)

.7 = 0  • , ) = 0

Substituting equation (4 .61)-(4 .6 ‘2) into the equation (4 .55)-(4 .58) and equat­

ing the co-efficients o f  C" up to 0(C'^) and then solving them using the boundary 

conditions (4 .59)-(4 .60) one obtains

/o (^ )  =  ?7 +  f " ’’' -  1, /i(?7) =  <̂  ./’2 (j?) =  0 (4.64)

(I)o =  l,  <I>, = 0 ,  <I>2 =  0 (4.65)
I

.9 0 (7/) =  V +  , . . , (e -  I), fliiv ) =  0, <72( 77) =  0 (4.66)
\/l +

=  h ,{il) =  0, h.2iv) =  0 (4.67)

Since the inner  and the ou ter  ex|)ansions o f  the fluctuating niomentuin 

and energy equations have overlapping domains o f  validity, we should match 

them. Although each term in the expansion is com pletely  determined,

unknown constants are introduced in the o?t<cr ex])a.nsion at each order. T hey  

are determined by the following matching principle:

lim F \ C v )  =  lim /^"(C,»/), >̂'‘ ( ( , '7 )  =  li'n /̂) (4-68)
t;—*00 ?)—*0 ?j-*oo 7;—>0
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liir, r;*(C,r7) =  l im 6 ’”(C ,v ),  lin i / / '( C , v )  =  ('1-69)?7—»oo t;—*0 y)—̂oo »0

T he Rupeisci ipts i and o distiiiguisl) the inner and ou ter  exj^ansion.s, resi)ec- 

tively.

Following Van Dyke (1975), we ex])iess the resulting solutions in the fol­

lowing com posite  form:

F  ~  7/ +  ( { e - 1)

2

(4.70)

(4.71)

(4.72) 

(4.7:!)

~  'I + V 1 +

Separating the real and imaginary ])art o f  the equations (4.72) and (4.73), 

we get

R e { G )  ~  V -  M  +  cos D  -  B sin  D )

I n i { G )  ~  A s m D )

Re.{ll) ~  fi^cosP  

h n { H )  ~  —e J s m F

(4.74)

(4.75) 

(4.7(5) 

(4.77)

where

A =
n/2

1
+

1 1/2

( l + 5 '2 )> /^  l + S \  

1/2

=
V 2

1 1
( 1 + 5 2 ) ’ /^ 1 + .S ”̂

1 / 2

1/2

c  =  [(1 +  •‘' ' y ' "  +  > ' ’  =  -77  [(* +  -  '

p  =  -
S P r i

V 2
1/2

2

(4.78)

(4.79)

(4.80)

These expressions are correct to O(C^), or, equivalently, to 0(<^ ^). Hence 

shearing stress and the rate o f  heat transfer are obtained using the formulae,
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dtf
_  c\n

t h f
\llc\l2 (4.81)

and

(4.82)

111 efiuatioiiR (4.81) and (4.82) the first and second parts represent respec­

tively the steady and fluctuating parts o f  this shear-stress and the rate o f  heat 

transfer at the surface o f  the plate.

4.2.3 Solution for entire regime (0 < f  < oo):

In the present analysis, the system o f  equations (4 .10)-(4 .11) and (4 .13)-(4 .14) 

are solved by an efficient and accurate solution technique, known as implicit fi­

nite difference m eth od .T o  begin with, equations (4 .10 )- (4 .11) and (4.1i3)-(4.14) 

arc converted into the following system o f  first order equations:

and

(97/

d v

rh,

=  U

=  V

d V  I -  -

(4.83)

(4.84)

(4.85)

m~)

rh,
=  W

d i  j

do^

ch,

du
ch,

= p 

= Q

(4.8(i)

(4.87)

(4.88)

(4.89)

ri:{
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and

d u

dv
=  Ji

<K d i  d^ d i

(4.90)

(4.91)

(4.92)

Here IJ and P  are related to the usual ;t:-coiiiponent o f  velocity ,But V  and 

Q  are not the / /-com ponent o f  velocity .The boundary coiTditions (4 .12) and 

(4.15) are then reduces to:

n l v )  =  I ' t i l v )  =  O ,0 (̂ “ , 7/) =  1 , at ^  0

^ (̂<^> ;̂) =  l , ( “̂ (^ ,'/) =  0 as V - *  Voo
(4.93)

(4.94)C{ ^ , V)  =  i n ( . V )  =  0 , / / ( ^ , v )  =  1, at 7, ^  0 
’̂ U , v )  =  =  O a ,s 7 /^ 7 /« .

We now consider a net on the (< ,̂7;)-p lane and denote tlie net points by 

=  0, 6 . =  f - '  +  7C„, »). =  1 , 2 ,3 ,  ■ • •, yV

7/0 =  0, r/j =  +  hj ,  i  =  1 , 2 ,3 ,  • • •, J  7/./ =  7/^ (4.96)

Here n  and j  are just sequence numbers, not tensor indices or ex])onents, 

/v„ and hj are variable mesh widths. If g'- denotes the value o f  any variable 

at (^,i,Vj)i *'hen the variable and derivatives o f  equ ations (4 ;11)-(4 .13) and 

(4 .13)-(4 .15) and (4 .83)-(4 .92) at (6 . - 1/ 2 , ’M - 1/ 2 ) ai'e replaced by

=  j ( 5 ” + 5 ’ - , + i 7 r ' + » j - i ’ )

( d < j y ~ " '  I / n , n n-1 n-1 N

/ ri \ I
(  3 \  ̂ ( n  I n - 1  n - l  , n ~ \ \
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Equation (^.83)-(4 .92) are then exprc'ssed in finite difFerence forms by aj)- 

proxiiiiating the funtions and their derivaties in terms o f  tiie center differ­

ence. f^enoting the mesli points in tlie (^, 7/)-pia.ne by and ?/j wiiere, i =

0, f , 2, • • ■, yW and , j  =  f , 2 ,3 ,  ■ ■ ■ ,N ,  central difference ap])roximations are 

made such that those equations involving ^ explicitly are centered at (^ ,_ i /2 , ’ / j - i / i )  

and the remainders at ( 6 ,  1/ 2 ) ,where =  [i]j -M / j - i ) ,  etc. These leads a

set o f  nonlinear difFerence ecjuations are tiieii solved by modified ’’ Keller b o x ” 

method especialy introduceed by Keller (1978), later, which has been used 

most efficienty by CJebeci and Bradshaw [3' l̂] and very recently ,by Ilossain 

36,37] taking the initial interaction to be given by the converged sOlution at 

^ — ii-\ . Now , to initiate the process with  ̂ = 0 ,  we first prescribe the guess 

profiles for the funtions 6', ( / ,  V  ̂ II and W , which are unconditionally conver­

gent. These profiles are then employed in the Keller box schem with second 

order accuracy to march ste]) by step along with the boundary layer.The 7/j 

were chosen so that the outer boundary ?/p ~  10 and were sufficiently dense 

in the vicinity o f  the boundary layer.In the present, integration scheme, m ax ­

imum values o f   ̂ has been accounted till the asym ptotic  values for the local 

skin-friction as well as for the local Nusselt number are reached. T h e  numer­

ical results thus obtained are shown graphically in figures (1-2) for different 

vahies o f  S  and I'r.

The  set o f  partial differential equations governing the flows ( 4 . 10 )-(4 .1 1) 

and (4 .]3 ) - (4 .1 4 )  could be integrated by reducing to sets o f  non-linear ordi­

nary differential equations by the local non-similarity m ethod. This method 

had succe.ssfully been em ployed in a similar oscillating flow problem  posed by 

Ilossain et a.l. [1996]. Generally, convergence o f  this solution m ethod becom es 

increasingly difficult for higher  ̂ values.

Therefore, here we are proposing to integrate all the sets o f  equations gov ­

erning the fiow under consideration by the implicit finite difference scheme 

with Keller box elimination m ethod, a m ethod  that has been shown to be 

particularly accurate for parabolic equations [24]. A ccord ing  to this m ethod,
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Fig. 4 .1- Amplitiute of the rate of heat transfer against 
for and for different Pr.

the system o f  partial difFerential equations considered here are first converted 

to a system o f  fifteen first order partial difFerential equations introducing 

new unknown functions o f  77-derivatives. This system is then put into finite 

difference form  in which the nonlinear difference equations are linearized by 

the New'ton’s quasi-linearization m ethod. The resulting linear difference equa­

tions, along with the appropriate boundary conditions, are finally solved by 

an efficient b lock- tridiagonal factorization m ethod. T h e  details o f  the c o m ­

putational procedure have been discussed further, very recently, by Hossain 

et al. [37,38]. A wide range o f  numerical results have been derived using this 

m ethod, hut we present here just a small selection.

5()
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<i>

F ig .  4 .2 :  P h a s e  a n g le  o f  t h e  r a te  o f  h e a t  t r a n s f e r  a g a in s t  ^ 
f o r  S  = 1 . 0  a n d  f o r  d i f f e r e n t  P r .

4.3 Results and discussions

Solutions o f  the steady part o f  this ])roblem governed by the equations (4.10) 

and (4.11) together with the boundary conditions (4.12) have already l)een 

discussed by Mossain et al. [9] for different values of the Prandti num ber P r  

and a wide range o f  values o f  tlie streamwi.se distribution o f  the Darcy drag 

parameter, From the ])resent analysis it is seen that the a.symptotic values 

for the local skin-friction and the rate o f  heat transfer apjiroaches to and

Prl'2  as  ̂ tends to infinity, which agre(> cjuantitatively with those obtained 

numerically by Hossain et al. [37].
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In Tables 4.1 and 4.2, representative values o f  the am plitude and phase 

angle o f  the local skin-friction and the local rate o f  heat transfer are entered 

for different values o f  the scaled Strouhal number, S, for wide range o f  the 

values o f  the non-similarity variable if. In case o f  am phtude and phase angle 

o f the heat transfer ratio the value o f  the Prandtl number has been considered 

as 0.72, which represent the fluid as air at 20" C’ . From these table it ran he 

seen that the solutions obtained for the am plitude and phase angle o f  the lo­

cal skin-friction and heat transfer rate obtained by series solution m ethod  and 

the asym ptotic  m ethod  are in good  agreement with that o f  the finite difference 

method. W e further notice that an increase in the value o f  S  leads to increase in 

the am plitude o f  the skin-friction and the rate o f  heat transfer. T h e  phcise an­

gle o f  the skin-friction also increases owing to increase in the value o f  S and its 

asym ptotic  value approaches to tan~’ [((1 +  — 1 ) / ( (1  -1-

On the otherhand, near the leading edge, the phase angle o f  the heat trans­

fer rate increeises as S increase and its asym ptotic  values approaches to 7t/ 4. 

Finally, it may be  concluded that in the entire region o f  there is always a 

phase lead in the skin friction and the heat transfer rate.

In Figure 4.1 and 4.2, the numerical value o f  the am plitude and phase of 

the local heat transfer rate one ])resented for diffei-ent values o f  Prandtl 

number, P r ,  and taking S equals unity. The figures also com pare the solutions 

obtained by the series solution method and the matched asym ptotic  m ethod 

with that o f  the implicit m ethod. From Figure 1., it can be seen that at all 

P r  equals 0.1, 1.0 and 10.0, the amplitude o f  the rate o f  heat transfer, <!>„, 

increases as increase. An increase o f  P r  also leads to increase in the value 

of >̂,n-

It can further observe be from Figure 4.2, that near the leading edge the 

])hase angle, 4>j, increases with the increase o f  the value o f  the Prandtl number. 

P r. Finally, from this figure we see that, for all values o f  the parameters I ’ r 

and .S' the phase angle approaches to ^ with lead as ^ tends to infinity.
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Table 4.1: Numerical values of Amplitute and Phase 
angle of the local skin-friction for .S' = : 0.5, 1.0 and 
2.0

.4,;
ESS FDS ESS FDS

0 .20*

0.40*
0.60*
0.80*
1.00 *

4.00t
e.oot
8.00t
lO.OOt
12.00t

0 .20*
0.40*
0.60*
0.80*
1 .0 0 *

4.00t
6.001
8.00f
lO.OOt
12.00T

0 .2 0 *
0.40*
0.60*
0.80*
1.00*
4.001 
6.00t  
8.00t  
lO.OOt
12.001

0.62,373*
0.74475*
0.84.590*
0.93126*
1.00378*
2.11474t
2.590021
2.990701 
.1.343 701 
3.66284t

0.64460* 
0.79471* 
0.9287.5* 
1.04653* 
1.1501.5* 
2.3784 It 
2.9129.51 
3.36359f 
3.76060t 
4.119531

0.70880*
0.94020*
1.14070*
1.31357*
1.46436*
2.990701 
3.662841 
4.22948f 
4.72871t 
5.180041

,9 =  0.5 
0.67333 
0.77102 
0.90313 
1.00866 
1.11311 
2.13603 
2.60707 
3.00533 
3.35672 
3.67468 

=  1.0 
0.68766 
0.81585 
0.97359 
1.10239
1.22558 
2.39576 
2.92716 
3.37.589 
3.77161 
4.129,58 
■V =  2.0 
0.74147 
0.96494
1.18.507
1.36296
1.51977 
3.00094 
3.67125 
4.23680 
4.73.528* 
5.1S605

6..30169*
9.19045*
10.83965*
11.92042*
12.69379*
13.28251t
13.282511 
13.2825 It

13.282511
13.282511

12.23227*
17.17479*
19.60593*
20.97268*
21.81122*
22.499981 
22.49998f 
22.49998t
22.499981
22.499981

21.57047*
27.22289*
28.63316*
28.76.535*
28.447.32*
31.717441
31.717441
31.717441
31.717441
31.717441

5.88864
8.S4153
10.33837
11.14904
11.69176
13.05338
13.14287
13.18162
13.20340
13.21741

11.56844
16.68671
19.01758
20.06.552
20.74806
22.17315
22.29089
22.34.596
22.37808
22.39909

21.66909
27.66316
29.659.55 
29.95.323
30.349.55 
31.39378 
31.50.549
31..5.594 7 
31.591.54 
31.61277
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Table 4.2: Numerical values 
angle of the local rate of heat 
and 2.0 while Fr = .72

of Amplitute and Phase 
transfer for S =  0.5, 1.0

At
ESS FDS ESS FDS

0 .20*
0.40*
0.60*
0.80*
1 .0 0 *
4.00t
e.oot
8.00t
10.001
12.001

0 .2 0 *
0.40*
0.60*
0.80*
1 .0 0 *

4.001
6.001 
S.OOj 
lO.OOt 
12.00t

0 .20*
0.40*
0.60*
O.SO*
1. 0 0 *

4.00t
6.00f
8.001
lO.OOt
12.00t

0.48300* 
0.42301* 
0.42.520* 
0.43248* 
0.44025* 
1.200001 
1.469691 
1.69706t 
1.89737t 
2.078461

0.49218*
0.48546*
0.50636*
0.52997*
0.55314*
1.69706t
2.07846t
2.40000t
2.683281
2.93939f

0.50903* 
0.62900* 
0.71.538* 
0.79282* 
0.86075* 
2.400001 
2.939391 
3.3941 If 
3.794731 
4.156921

■9 =  0.5 
0.50291 
0.50532 
0.54226 
0.57382 
0.60928 
1.12583 
1.41996 
1.66411 
1.87105 
2.05519 
5 =  1.0 
0.51656 
0.55753 
0.63793 
0.71.5.56 
0.79446 
1.66464 
2.05816 
2.39173 
2.66726 
2.92743 
S =  2.0 
0.56713 
0.71886
0.8S886 
1.03905 
1.16900
2..39608 
2.93385 
3.38071
3.79600 
4.15194

6.63941*
12.46719*
17.01695*
20.36804*
22.98509*
44.999951 
44.999957
44.999951 
44.99995t 
44.99995t

13.29073*
22.07312*
29.47257*
34.65838*
38.47588*
44.999951
44.999951 
44.99995t
44.999951
44.999951

24.63849*
35.46202*
40.139.55*
41.63419*
42.329.53*
44.99995t
44.999951
44.999951
44.999951
44.999951

6.74763
12.750X4
17.36472
21.23151
24.39854
42.31.586
44.17179
44.53492
44.63.540
44.94665

13.19726
23.26644
29.62434
33.87343
36.76.588
44.3.5848
44.93005
44.82234
44.82299
45.00021

24.36307
35.69818
40.13.505
41.70.547
42.53325
44.62210
45.11964
44.91873
44.93698
45.00059

•"-for small ^ and f - f o r  largo ^
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Chapter 5 

Conclusions

In the present dissertation, mainly two prolileins on steady and unsteady 

boundary layer flow o f  a viscous incompressible fluid and heat transfer in 

a saturated porous m edia have beeii discussed.

In Chapter 2, mathematical derivcitions o f  m acroscop ic  conservations equa­

tions based on a volum e averaging process have been provided. These are 

followed by a comprehensive coverage o f  the topics associated with boundary 

layer flows and convective heat transfer.

A steady two-dimensional non-Darcy forced convection boundary  layer flow 

over a wedge .with variable free stream has been studied in Chapter show­

ing the effects o f  the non-D arcy  terms, namely, the convective inertia term. 

Forchheimer term and the Brickman term on the surface shearing stress and 

the rate o f  ho'at transfer. Three important m ethods have been used for the 

investigation o f  the present problems, namely, the extended series m ethod  to- 

aiether with Shanks transformation, the local nonsimilaritv m ethod , and tlieO 7 ^
finite difference m ethod together with the Keller box  technique.

It has been found that the local skin friction coefficients predicted by these 

three methods are in g ood  agreement. It has further found that the heat trans­

fer results from the series ex]jansion solution with Shanks’ transformation and 

the full finite difference solution with Keller-box scheme are almost identical 

for all cases tr(ui.ted here.

For the case o f  negligible |)orous inertia (H( h- 0). it has been obs(‘r\ ed

()]
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that for large  ̂ the local skin friction results predicted by all solutions are al­

most indentical. In this case, the heat transfer rate that has been measured by 

the series expansion and finite difference methods are in excellent cvgreement. 

It has also been found that the results that obtained by the local nonsimilar­

ity method with a third level o f  truncation are closer than the second le\-el o f 

truncation to the results obtained by other two methods.

From the present investigation it has further been obseved that, the effect 

o f Prandtl num ber P r  on the local Nusselt number for wedge angle A = l / 2 .  the 

series solution and the finite difference solution are hardly discerniable for low 

and m oderate  Prandtl number. The as\aiiptotic expression suggests that the 

level o f  N u x j increases as the Prandtl number Pr .  since 

is proportional to Pr^ '̂  ̂ as  ̂ tends to infinity and zero: the influence o f  P r  

becom es som ewhat more pronounced as  ̂ increases.

In chapter 4, an unsteady two-dimensional forced convection flow prol.)lem 

along a flat plate in a saturated porous media with small am phtude  oscilla­

tion in both  the free stream velocity and the surface tem perature has been 

investigated. In this investigation, the equations governing the flow are solved 

by two methgds namely, the perturbation method for small and large val­

ues o f  dimensionless streamwise variable and the imphcit finite difference 

method in com bination  to the Keller-box m ethod. T h e  solution are obtained 

and expressed in terms o f  amplitude and phase angle o f  the local skin friction 

and the local Nusselt number. It has been observed that the above m en­

tioned physical quantities obtained by series solution m ethod and the asym p­

totic m ethod are in good  agreement with that o f  the finite difl'erence m ethod. 

Further, it has been noticed that an increase in the value o f  scaled .Strao- 

hal number, 5', leads to increase in the amplitude o f  the skin friction and 

the rate o f  heat transfer. T h e  pha^e angle o f  the skin friction also increase 

owing to an increa.se in the value of .S' and its asym ptotic  value approaches 

to tan“ ‘ [((1 - f  — 1 ) /( (1  +  +  1)]'^^. Near the leading edge, the-

])hase angle o f  the heat transfer rate increase as .S’ increa.se and its asym ptotic

G2
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values a]ii)roaches to tt/ 4. From the present anal^ysis it may also he roiirluded 

that ill the entire region o f  there is always a phase-lead in the skin friction 

and the heat transfer rate.

(i;<
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Nomenclature

Q

A

< u >

V

Vj

< u > ^  

Ac 

Vc 

<  p  

Aint 

d

<1

S

Cpf

<  r  > "

D a i

f

K

N u ,

R a ,

R ck

R cl

R.C,.

volum e flow rate 

cross sectional area 

apparent velocity

control volum e in a fluid saturated porous medium

volum e space which the fluid accupies

pore velocity

control surface

control volum e

intrinsic average pressure

total interface area between the solid and the fluid 

diameter o f  the sphere 

acceleration o f  gravity

intrensic volum e average o f  the total surface 

constant pressure

intrinsic average o f  the solid temperature 

Darcy number

dimeiisionless stream function

intrinsic permeability o f  the porous media

local Nusselt number

local Rayleigh number

ratio o f  Forchheimer drag to Darcy drag

Reynolds number

local Reynolds number

()4
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T  temperature o f  the fluid

ambient constant tem])erature

wall temperature .

Uao stream velosity

IJii reference velocity

u ,v  Darcian or superficial velocity com ponents

x^y  boundary layer conditions

St I  Strouhal number

Tu,{t) Surface temperature

S  Scaled Strouhal number .

Am plitude o f  local Skin friction

At A m plitude  o f  Heat Transfer coefficient

4>„i Phase angle o f  the local Skin friction

4>t Phase angle o f  the Heat transfer coefficent

Greek letters

Kf thermal conductivity  o f  the fluid

/.I fluid viscosity

K permeability

C capacity  ratio o f  the saturated porous m edium (2.41 )(2.42)

Tij stress tensor

fVf effective thermal diffusivity o f  the fluid saturated jiorous media

n coefficient o f  thermal dilTusivity

porosity o f  the media 

rj similarity variable

7 , r  parameters

p j  solution density

u kinametic viscosity

A wedge angle ]jaramel,er

 ̂ strcvimwise variation o f  Darcy drag cuefiicient in chapter 3

V’ stream function

(if)
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0 dimension less tenijjerature

Streamwise variation o f  tlie Darcy drag coefficien in chapter 4 

f ( ’onvectional Reynolds number

Lu' Frequency o f  oscillation

()6
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