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Abstract

Methematical foundations of convective heat transfer phenomena in porous
media are presented in chapter 2, starting from the well-known Darcy law,
and a series of its modifications. Mathematical derivations of macroscopic
conservation equations based on a volume averaging process are provided.
These are followed by a comprehensive coverage of the topics associated with
boundary layer flow and convective heat transfer in porous media.

Chapter 3 deals with the non-Darcian forced convection boundary layer
flow over a wedge with variable free stream considering the effects of the con-
vective inertia, solid boundary, and porous inertia as well as the Darcy flow
resistance. Three novel methods, namely, the extended series method together
with Shanks transformation, the local nonsimilarity method and the finite dif-
ference approximations together with the Keller box method are employved to
integrate the local nonsimilarity momentum and energy equations governing
the flow. The results obtained are compared on the local skin-friction and the
local Nusselt number at the surface. Effects of different physical parameters
on the local rate of heat transfer coethcient against the Darcy drag parameter.
£, are examined for fluids of Prandtl number, Pr, ranging from 0.7 to 100.0.

Finally, Chapter 4 deals with two dimensional unsteady flow and heat
transfer in the boundary layer region along a flat plate with a fluctuating
potential velocity and temperature distribution with small amplitude. The
method of integration of the steady as well as the oscillating, momentum and
thermal boundary layer equations employed here are, (i) Asymptotic and series
solutions both for large and small £ (which measures the streamwise distribu-
tion of Darcy’s drag) and (ii) the implicit finite difference with Keller box
elimination technique for entire € region. The results are expressed in terms
of fluctuating skin-friction and Nusselt number, respectively, for the shearing
stress and the rate of heat transfer at the surface of the plate. Comparisons of
the results show good agreement between the asymtotic solutions and the fully
numerical solutions. The effect of using the parameters. the scaled Strouhal
number S, on the amplitude and phase of the skin-friction as well as the Nus-
selt number are shown graphically, for various values of Prandt]l number. /7.
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Chapter 1

Introduction

Recent growth of technical interest in convective heat transfer in porous media
is explosive, due to a wide range of applications of the subjgct in contempo-
rary technologies, such areas as thermal insulation of building. nuclear energy
systems, geothermal engineering, energy storage and recovery systems. stor-
age of grain, fruits and vegetable, petroleum reservoirs. and catalytic reactors.
There is no doubt that this new branch of convective heat trasfer keeps at-
tracting engineers and scientists from diversified disciplines such as mechanical
engineering, chemical engineering, civil engineering. nuclear engineering. bio-
engineering, food scince and geothermal physics.

Other interesting aspects associated with porous media. such as geothermal
heat transfer, radiative heat transfer and heat transfer with change of phase
in porous media, may be found in recent publications(Cheng. [1}; Bejan, [2];
Tien and Vafai, [3]; Kaviany, [4);and Nield and Bejan, {5]).

In Chapter 2, mathematical foundations of convective heat transfer phe-
nomena in porous media are presented. starting from the well-known Darcy
law, and a series of its modifications. Mathematical derivations of macro-
scopic conservation equations based on a volume averaging process are pro-
vided. These are followed by a comprehensive coverage of the topics associated
with boundary flows and convective heat transfer in porous media depending
on Nakayama [1995].

The studies of Wooding [6], Cheng [T}, Cheng and Minkowyez [8] and
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the references therein investigate on the Darcy model (which assumes propor-
tionality between the velocity and pressure gradient) leading to a number of
interesting fluid flow and heat transfer problems, which are associated with
heated bodies embedded in fluid-saturated porous media. The models, how-
ever, arc valid for slow flows through porous media with low permeability.
Muskat[9] added a velocity square term (known as the Forchheimer term) to
account {or the porous inertia effect on the pressure drop, while Brinkman [10]
introduced a viscous diffusion term to consider the boundary frictional drag
on impermeable walls. Vafai and Tien [11], treating a fluid-saturated porous
medium as a contimun, integrated the momentum equation for a fluid over a
local control volume, and derived a volume-average momentum equation. This
gencralized momentum equation for non-Darcy flows reveals the importance of
the convective inertia term for highly porous materials. Later, Chen af of. {12]
evoked the boundary layer approximations and solved the generalized equa-
tion to investigate the free convection from vertical flat plate in highly porous
medium, while corresponding forced convection problem was treated by Ka-
viany [13], employing the implicit finite difference procedure as well as the
Karman-Pohlhausen integral relation and also obtained a useful asymptotic
expressions {or local Nusselt number. He however dropped the Forchheimer
term in his finite difference as well as the series solutions. Recently, considering
the aforementioned generalized momentum and the energy equation in a full
boundary layer form, Nakayama el al. [14] have investigated the non-Darcy
forced convection flow over a flat plate using the novel transformed variable
deduced from a scale analysis of Bejan [15]. Furthermmore, they also obtained
asymptotic expressions for the local Nusselt number, which are furnished in
consideration of physical limiting conditions.

Chapter 3 treats with the non-Darey forced convection bonnadry layer (low
over a wedge with variable free stream and discusses the eflccts of the non-
Darcy terms, namely, the convective ineriia term, Forchheimer term (or the

porous inertia term) and the Brinkman term (i.e., boundary [riction term)
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on the surface slléaring stress and the rate of heat transfer. Three novel
methods are involved for the investigations of the present problem, namely,
the extended series method together with Shanks [16] transformation, the lo-
cal non-similarity method of Sparrow and Yu [17], Chen and Sparrow [18],
Minkowycz and Sparrow [19] and Chen {20] and the finite dilference approx-
imations together with the Keller box method of Keller [21]. A comparison
between the results from the aforementioned methods are shown on the sur-
face skin-friction and the rate of heat transfer. Finally, effects of the different
physical parameters on the Nusselt number are shown for different Prandtl
number, Pr, ranging between 0.1 and 100.0.

Investigations made in earlier chapter and in the references therein, were
confined to steady state flow. Less attention had been given to the unsteady
flow through a porous medium and the associated heat transfer till now. There-
fore, in Chapter 4, we consider an unsteady two-dimensional forced convection
flow along a flat plate in a saturated porous medium with a small amplitude
oscillation in both the free stream velocity and the surface temperature. Theo-
retical studies of the fluctuating heat transfer of a time periodic boundary layer
with an on-coming stream have been made by many authors, e.g. Lighthill [22],
Ostrach {23], llingworth [24]). The time-mean heat transfer in a wedge-type
flow with small amplitude oscillation, recently, was studied by Ishigaki [25,26].
In the present investigation, the equations governing the unsteady boundary
layer flow and heat transfer are solved by using three methods, namely,the
perturbation method for small and large values of the dimensionless stream-
wise variable € and the implicit finite difference method in combination to
the Keller-box method. The solutions are obtained and expressed in terms
of amplitude and phase of the local skin-friction Cy\/Rez/2 (e, being the
local Reynolds number) and the local Nusselt number Nu,. The results are
presented in tabular form for selected values of the Strouhal number S and
graphically for selected values of the Prandtl number Pr. The asymptotic

solutions are found to be a good agreement with the fully numerical solution
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Chapter 2

Basic equation for flow through
porous media

Recent growth of technical interest in convective heat transfer in porous media
is explosive, due to a wide range of applications of the subject in contempo-
rary technologies, such areas as thermal insulation of building, nuclear energy
systems, geothermal engineering, energy storage and recovery systems. stor-
age of grain, fruits and vegetable, petroleum reservoirs, and catalytic reactors.
There is no doubt that this new branch of convective heat trasfer keeps at-
tracting engineers and scientists from diversified disiplines such as mechanical
engineering, chemical engineering, civil engineering, nuclear engineering. bio-
engineering, food scince and geothermal physics.

In this chapter, methematical foundations of convective heat transfer phe-
nomena in porous media are presented, starting from the well-known Darcy
law, and a series of its modifications. Mathematical derivations of macro-
scopic conservation equations based on a volume averaging process are pro-
vided. These are followed by a comprehensive coverage of the topics associated
with boundary layer flows and convective heat transfer in porous media.

Other interesting aspects associated with porous media, such as geothermal
heat trausfer, radiative heat transfer and heat transfer with change of phase
in porous media, may be found iu recent publications (Cheng. [1}: Bejan. [2]:

Tien and Vafai, [3]; Kaviany, [4];and Nield and Bejan, [5]).
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Figure 2.1: Flow through a packed column

2.1 Darcy’s law

The complexity associated with the geometric structure of a porous medium
does not allow us to treat the detailed velocity field inside each individual
porous struture. Thus, it has been a common practice to smooth out the local
complexity of the actual phenomena, and concentrate the overall aspects of
mass and momentum conservation principles.

Consider the incompressible fluid continuosly flowing downstream through
a column of porous material as shown in figure 2.1. Although each fluid particle
inside the porous structure experiences complex three-dimensional motion, the
flow through the porous columu is unidirectional in a macroscopic view. Thus,
the average velocity may be written in terms off the voluine flow rate () and

the cross-sectional area of the column, as

<u>= % (2.1)

where < u > is called the apparent velocity, superficial velocity or Darcian
velocity named after Darcy (1856) who was one of the pioneers in the study
of the flow through a porous medium. The mass conservation principle can he
written as

< u>= const. (2.2)
for this one-dimensional system.

O
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Figure 2.2: Microscopic view of a porous structure

In order to extend this averaging practice into a more general three di-
mensional space, we shall consider a control volume V in a fluid-saturated
porous medium, as shown in Figure 2.2. The characteristic length of the con-
trol volume V3 should be much smaller than the macroscopic characteristic
length such as a channel height, bnt, at the same time, much greater than the
microscopic (porous structure) characteristic length, for the spatial averaging
(smoothing) process to be meaningful.Under this condition, the local Darcian
velocity vector u is defined as

1
<u>= = u dV (2.3)
" Jv
s
Where V; is the volume space which the fluid occupies. Another averaging,

called the intrinsic averaging, may he used as

<u>!= —l—/ w dV (24)
Vi Jv,

< u >7 is sometimes called pore velocity vector which is proportional to

the Darcian velocity vector, namely,

<u>l=<u> /e (2.5)

7
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Which is called the Dupuit-Forchheimer relation. ¢t is the fraction of the

total volume occupied by the fluid, called porosity, and defined as
= VIV (2.6)

Ty . . v . L ‘. . . . .
I'he mass conservation principle for incompressible three-dimensional flows

can be written as

/V<'u.>.(l/1=0 (2.7)
Ae A

where A, is the control surface of an arbitrary macroscopic control volume V..
It is understood that V, is sufliciently larger than the elementary control vol-
ume V used to define < u >. The differential exprssion for mass conservation
of incompressible flow can be obtained by applying the divergence theorem as
V.<u> dV =0 (2.8)

Ve

Since the control volume is chosen arbitrarily, the integrand must vanish:
V.<u>=0 (2.9)

which is the equation of continuity approprite for incompressible Hows in fluid-
saturated porous media. The above expression can also be derived directly
[rom a conventional elementary control volume consideration of macroscopic
mass balance. A more regorous mathematical dervation of the macroscopic
equations including (2.9) from the macroscopic equations by the space aver-
aging theorem will be presented later.

Based on exhaustive measurements, Darcy discovered that the area-averaged
velocity, namely, Darcian velocity, through a column of porous material, is
directly proportional to the pressure gradient established along the colume,
and inversely proportional to the fluid viscosity s, such that, for the one-
dimensional forced flow sketched in IFigure 2.1, we may write

U > = —— (210)

f
&

K (d<p>!
dx
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Iignre 2.3: Tlow through a bundle of capillary tubes

It should be noted that the intrinsic average pressure < p >/ is the pressure
read off a pressure gauge, as the guage actually measures the average pressure
inside the fluid. K is an empirical constsnt called permeability, which depends
on the micro-structure of the solid medinm, and independent of the properties
of the saturated fluid. The valnes of K, which has the dimension of m?, are
usually very small. Typical values ol A are: brick 1071 to 10=m?2 sand 1071

to 1071, and cigarette 107 m?,

(In the petrolenm industry , darcy is often
used as the unit of permeability K. one darcy has the valiue of 0,987 107121,2))
An obvious similarity between the above empirical relation and the pressure
and flow rate relation in Hagen-Poisenille flow suggests that (2.10) is a direet
consequence of a balance hetween viscons force and pressure gradient, henee,
valid for slow seeping llows through porons media.

Let us consider a bundle of capillary tubes o, as illustrated in Fipnre 2.3, in
which Hagen-Poiseuille low develop. Obviousely, for cach tnhe, the following,

relation should hold:

d<p>! < u>! I
_— = 3Yn = - < 1> 2.11
dr ! o? (d—%t ( )

Sinee the bulk velocity in a tube corresponds Lo the intrinsic average
velocity, the ellective permeability of this tube hundle model is given by
i — d?et N . e N : . s \ T : PR L
N = 55 (Note that, for the most closely bundle, we have F = T

henee I = (V3r/192)d? for this simple tube bundle model.) Most practical

porous media, however, do not. comply with this model. i the Carman-Kozeuay

9
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theory (Kozeny, 1972), we note the proportional relationship given by (2.11),

: v D . :
and replace the tube diameter d by ('/TL,)v considering a collection of solid
e ~

. ) 9 '
7Y + (%(1'3)|(++ + et ‘
’ ~ A ‘ = — g ~N —— 12 ¢ . ¢
g (Aint) ( ( d? ¢ (l _ E+)2( (Z 12.)

where A, is the total interface between the fluid and solid, within the el-

spheres, as

ementary control volume V| and d here denotes a diameter of sphere. The
semihenristic Carman-Kozeny equation, which predicts Kreasonable well for
the case of packed of spheres, is given by

et
= Wog =yt (2.13)

For a threc-dimensional flow in a gravilational field, Darcy’s law (2.10) may
he generalized to

{
—~V<p>! +prg = —;‘—,<u> (2.14)

where py is the fluid density, which is assumed to be constant.

2.2 Volume-averaged Navier-Stokes equation

Since the first attempt by Hubbert [27] to derive Darcy’s law from the mi-
croscopic principles of fluid mechanics, considerable eflorts have been directed
towards deriving macroscopic governing equations by formal mathematical in-
tegrations of macroscopic equations. We shall follow the volume averageing
procedure established by Slattery [28], Whitaker [29], Cheng [1], Valai and
Tien [11], to obtain a complete set of macroscopic governing equations for
mass, momentum, and energy conservations.

We shall assume thal the porous body is isotropic, meaning that transport
properties do not depend on directiion, and the microstucture has no com-
pressibility, expandability, nor flexibility. Applying a procedure analogous to

the Reynolds averaging procedure in turbulent flows, it can casily be shown

10
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that the intrinsic average of any product ab results in
<ab>I=<a>l<b>I + < b >! (2.15)
where the prime denotes the deviation from the intrinsic average, such that
' f ¢
ad=a—<a> (2.16)
Squation (2.15) can bhe rewritten using the proportional relationship (2.5) as
l it €
<ab>=—+<a><b>+<ab> (2.17)
€

Furthermore, the following rules analogous to the familiar Leibnitz rule are

available.
|
<Va>=V<<a>+— adA (2.18)
‘/ . Aivut
and ) ,
da 0<a>
)= G 2.19
| (5) -5 @19

where Ap, is the total interface between the fluid and solid, while dA is its
vector element pointin outward from the fluid to solid side. The forgoing
relations will be exploited to derive the macroscopic govering equations from
the macroscopic governing equations.

The microscopic equation {or mass conservation of the incompressible fluid

is given by
Vi = 0 (2.20)

The macroscopic expression can be obtained by integrating the foregoing
macroscopic equation over an elementary control volume, and applying equa-

tion (2.18) as

|
V.<u> +—/ u.dd =0 (2.21)
V Alnl

The sccond term vanishes since the flow cannot penetrate through the solid

= 4
wall. Thus, we have
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V.<u>= 0 (222)

which is identical to the macroscopic equation of continuity (2.9) already
derived through a control volume approach.
The macroscopic equation for the fluid momentum conservation is given

by
+ V.opjuu=-Vp+psg+ V.7 (2.23)

or, in the Cartesian-tensor form,

dpsu;  Opruiy; Op J7i;
= ] 9.
Y PR e R *y (2.24)

where the stress tensor 7;; for Newtonian fluid. Integrating the above macro-
scopic equation over an elementary control volume, and applying the afore-

mentioned volume averaging relations, we obtain

d < u; > ) det < p>J

A <up><u;p > = — 019
e N O e PN
J <! >+(‘9 8<ui>+8<uj>
—_ - 'lL L
M() ()v,/ dx; dx;

l
+—/ (ti;dA; — pdA;) (2.25)
V A:nl

where, as before, impermeable wall condition is applied.
For the case of constant viscosity and homogeneous fluid-saturated porous

medium, the above equation reduces to the following form:

Jd<u>
f—“{_—('_)r—+———<u> V<u>_—V<p>f+p,J+ —V?<u>+S§
(2.26)
where
) 1 d .
S = “7; Aim(’l’,‘j(l/‘ - pdA;) - (-—'*'—)T < u U > (227)

The first term in S is obviously the intrinsic volume average of the total

surface force acting onto the fluid inside the microstructure, while the second

12
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term describes an inertial dispersion analogous to the Reynolds stresses in tur-
bulent flows. Vafai and Tien [I1] correspond this apparent body force vector,
which is in effect a measure of the flow resistance offered by the solidmatrix,

with Forchheimer-extened Darcy’s law, as

-
1

S=-L cu>— pril<u>l<u> (2.28)

K K172
where I is known as Forchheimer constant.
Thus, we obtain the general macroscopic momentum equation for the fluid

-saturated porous media:

pro<u>  p; _ /

F—a_t—+f+2<u>'v<u>_ -V <p>

TR I & o
+/)f!/+6—+'v <">_I_\;<”>_W/’II<U>I<“> (2.29)

The macroscopic inertia terms on the left hand side are often referred to as
conveclive inertia, while the last three terms on the right hand side are called
Brinkman term (or boundary friction term), Darcy term (or porous viscous
term) and Forchheimer term (or porous inertia term), respectively. As the per-
meabilily K increases and ¢* approaches unity, the last two terms on the right,
hand side vanish, and restores the complete Navierstokes equation, from which
we started. On the other hand, neglecting convective inertia termms gives way
to the Brinkman-Forchheimer-extended Darcy model, where ug correesponds

to jefet.

2.3 Volume-averaged energy equation

We start from the microscopic energy cquation for clear fluids, as given by

dpyepsT

S 4 V. (pyen ) = V.(kyVT) (2.30)

where ¢,y and ky are the specific that at constant pressure, and thermal con-

ductivity of the fluid. We have asstumed that there is no internal that gen-

13
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cration , and thermal radiation is negligible. The viscous dissipation is also
neglected since its effect on that transfer in a porous medium is usually minor
as shown by Nakayama and Pop [30]. Applying the aforementioned volume
average relations, we integrate the above microscopic equation over an elemen-

tary control volume, again assumeing that the flow is incompressible:

det < T > 1
PiCps <“‘L¥+ <u>.V<T >f> — —/ kiVT.dA
Av‘nt

ol %

I t ! ) )
= V. (ka€+ <T >/ +\—/ kiTdA — preyy < T'u >> (2.31)

Aine
Similarly, the microscopic energy equation for the solid may be integrated to
give
presd(l —et) < T >0t + —1‘7 kyVTdA
Aint

= V. (kSV(l — ) < T > _‘L/ / A:;l‘dA) (2.32)
J At

where the subscript s denotes the solid matrix, while < T >* is an intrinsic
average of the solid temperature. The continuity of heat flux at the interface is
implemented in the above equation. we shall assume that thermal equilibrinm

exists between fluid and solid matrix, namely,
<T>I=<T>* (2.33)

which is generally valid for most sitnations except for a highly couducting solid
matrix. This local thermal equilibrium condition prompts is to add up (2.31)
and (2.32). Thus, for homogeneous media, we have

d<T >!

(¢Tpreps + (1= f+)Psz)T +prepr<u>.V<T>I=

V. ([GJ'A:] +(l=cNk]V<T >/ +1l—/ / (ky — ks)TdA
J Aint

—prepy < T’ >) (2.34)
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The first two terms on the right hand side, which account for molecular diffu-

sion, can be modeled as

—(etky+ (1 —€eM)k,) VT >/ —%/ (k; — k,)TdA = —k,V < T >/
o (2.35)
The second term on the left hand side is called tortuosity term which accounts
for the change in thermal diffusion due to the micro-structure of the solid
malrix. Since the tortuosity term is usually small (note, it vanishes if (ky—k;)T

is constant over the interface.), the following approximation is often used:
ke = eThy + (1 — Tk (2.36)

The term pre,r < T’ > analogous to turbulent heat flux in turbulent con-
vection accounts for contributions from mechanical dispersion, and can be

modeled similarly by a gradient-type diffusion hypothesis as

prepr < T >= —kyis.V < T >{ (2.37)
Thus, the macroscopic energy equation can be written as
d<T >/
(et preps + (1 — ¢ )pyes) o tprey<u>.V<T>!
=V.(kV <T >N+ V.(kiin.V < T >7)  (2.38)

Rubin [31] pointed out that the second-order dispersion tensor kg, is axisym-
metric for isotropic porous media. When the x-coordinate is set along the
flow direction, only three diagonal components remain as non-zero compo-

nent. From a scale argument, we may assume
(kdis)rr ~ (k:lis)yy ~ (/‘37(11'5):: ~ PrCpfV Ku (23())

the lateral components are larger than the longitudinal one. For the case of

forced convection, experimental data suggest thal approximately.

(kdis)yy = (krlis)zz = 3(l‘:dis):zt:t: (240)

15
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Thermal dispersion effects may be neglected when the flow velocity and poros-
ity are in moderate ranges. Ior such flows in homogeneous {luid-saturated

porous media, we may simplify (2.38) as

)< T st
C(—<—at—?—+<1L>.V<T>I=V,(QFV<T>I) (2.41)
where . \
2] l— q 's )
¢ = S T U= Doy (2.42)
PrCps

is the heat capacity ratio ol the saturated-porous medium to that of fluid,
and the eflective thermal diffusivity of the fluid-saturated porous madium is
defined by

ke thy o (1= )k, ks |
ap = ~ < =) = «ay <€+ -i—(l——c+)—-> (2.43)
PsCos PsCpf ky

The empirical macroscopic energy equation has the same form as (2.41) with-
oul the unsteady term. The effective thermal diffusivity a, is often deter-

minded empirically rather than from (2.43).

2.4 Boundary-layer equations for porous me-
dia

‘The boundary layer concept, presented by Nakayama[l1995] for clear fluid flow

and heat transfer, can readily be exploited for the case of convective flow

in porous media, for steady forced convection along an isothermal flat plate

embedded in a fluid-saturated porous medium, we derive the following set of

l)(illlldax'y layer equations from (2.20), (2.29) and (2.41) which is respectively

conservative, momentum and thermal equations:

du  dv

—+— =10 2.44

dx  dy ( )
Ny Ju Ju dp  pwd*u  pu Cp; , .
LI I I A 2.45
(t? (uf):n +v (')y) dx + etdy? K TR (245)

16
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or aT o*T

UE + ?)5;/— = aew (24())

with the boundary conditions:
y=0: u=v=0, T="T, (2.47)
Y=00: U=1U, 1 =T, (2.48)

The subscript f for the (luid phase, and the volume average notation < > for
the Darcian velocity components and < >/ for the intrinsic average pressure
and temperature are removed for convenience of presentation. Let us write

(2.45) at the outer-edge of the boundary layer, as

! F
B Y R (2.49)

— g T ket e

Unlike in clear fluid flows overs a flat plate, the pressure decreases linearly due
to the Darcy and Forchheimer resistances caused by the solid matrix. In the
vicinity of the leading edge, the convective inertia terms on the left hand side
of (2.45) may become comparable to the Darcy and Forchhemier terms, since
the velocity gradient is steep there.

If we substitute equation (2.49) into equation (2.45) then we get the fol-

lowing

Fet? . pet O*u
W(u,,l - ) + —[)—f_d—'l/— (250)

Ju + Ou €+ L( w
U— = o —
Jdx Yoy oy prlf e = 1

Equations (2.50) together with (2.44),(2.46) and the boundary conditions
(2.47)-(2.48) governs the two-dimensional flow of a viscous incompressible is a

fluid-saturated porous media.

17



Dhaka University Institutional Repository

Chapter 3

Non-Darcy forced convection
boundary layer flow and heat
transfer

Because of its applications in chemical reactors, thermal insulation, petroleum
reservoirs, nuclear waste, etc., free convection in porous medium has drawn
the attention of a number of researchers. On the other hand. forced con-
vection boundary layer flow has received less attention so far. although it is
important in many practical thermal systems, such as geothermal reservoirs.
where pressure gradient exists due to withdrawal or injection of fluids. In
the present analysis, we shall focus on one of the most fundamental forced
convection problem, involving, the problem governing the forced convection
boundary layer flow over a wedge in a fluid-saturated porous medium due to
axially varying free stream velocity.

The studies of Wooding [6], Cheng [7], Cheng and Minkowycz [8] and
the references therein investigate on the Darcy model (which assumes propor-
tionality between the velocity and pressure gradient) leading to a number of
interesting fluid flow and heat transfer problems, which are associated with
heated bodies embedded in fluid-saturated porous media. The models. how-
ever, are valid for slow flows through porous media with low permeabihty.
Muskat [9] added a velocity square term (known as the Forchheimer term) to

account for the porous inertia effect on the pressure drop. while Brinkman [10]

18
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introduced a viscous diffusion term to consider the boundary frictional drag
on impermeable walls.

Vafai and Tien [11], treating a fluid-saturated porous medium as a con-
tinum, integrated the momentum equation for a fluid over a local control
volume, and derived a volume-average momentum equation. This general-
ized momentum equation for non-Darcy flows reveals the importance of the
convective inertia term for highly porous materials. Later, Chen at el. [12]
evoked the boundary layer approximations and solved the generalized equa-
tion to investigate the {ree convection {rom vertical flat plate in highlyv porous
medium, while corresponding forced convection problem was treated by Ka-
viany [13], employing the implicit finite difference procedure as well as the
Karman-Pohlhausen integral relation and also obtained a useful asymptotic
expressions for local Nusselt number. He however dropped the Forchheimer
term in his finite difference as well as the series solutions. Recently. considering
the aforementioned generalized momentum and the energy equation in a full
boundary layer form, Nakayama el al. [14] have investigated the non-Darcy
forced convection flow over a flat plate using the novel transformed variable
deduced from a scale analysis of Bejan [15]. Furthermore, they also obtained
asymptotic expressions for the local Nusselt number. which are furnished in
consideration of physical limiting conditions.

The present chapter also treats with the non-Darcy forced convection bounadry
layer flow over a wedge with variable free stream and discusses the effects of
the non-Darcy terms, namely, the convective inertia term, Forchheimer term
(or the porous inertia term) and the Brinkman term (i.e., boundary friction
term) on the surface shearing stress and the rate of heat transfer. Three novel
methods are involved for the investigations of the present problem. namely.
the extended series method together with Shanks [16] transformation. the lo-
cal non-similarity method of Sparrow and Yu [17], Chen and Sparrow [13].
Minkowycz and Sparrow [19] and Chen [20] and the finite difference approx-

imations together with the Keller box method of Keller [21]. A comparison
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between the results from the aforementioned methods are shown on the sur-
face skin-friction and the rate of heat transfer. Finally, effects of the different
physical parameters on the Nusselt number are shown for different Prandtl

number, Pr, ranging between 0.1 and 100.0.

3.1 Equations governing the flow

A two dimensional steady flow of viscous incompressible fluid through an
isotropic and saturated porous media with a free stream velocity, [’ ().
which is parallel to the z-axis is considered with first and second order re-
sistance parameter due to isotropic solid matrix. Under the usual boundary
layer assumptions the full set of governing equations, namely, the continuity

equation, the momentum equation and the energy equation may be written as

follows:
du dv
du ov 1 dp  wet? Fet? + O%u
— et — = ——— - 3.2
u(?x+v()y pydx K Kzt te V?)l/'z (3-2)
oT or o°T

V——=C—— (3})
where, u and v are, respectively, the x and y components of the pore velocity
vector field along the surface of the wedge which is placed i the direction
of the free stream and in the direction normal to it, p is the pressure. T the
‘temperature in the boundary layer. The properties p; and » are the solution
density and viscosity, /A’ is the permeability, et the porosity of the medium. F
is the empirical constant in the second order resistance and a is the coefficient
of thermal diffusivity. In the left-hand side of the momentum equation (3.2).
the convective terms are present, while the pressure gradient term. Brinkman
term, Darcy term, and Forchiheimer term (i.e., porous inertia term) appear in
the right-hand side. As ' becomes mfinite, equation (3.2) reduces to the usual
boundary layer equation for the Newtonian fluids. In the energy equation (3.3)

contribution due to the viscous dissipation is neglected.
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The free stream axial pressure gradient required for maintaining the veloc-

ity Uy, must follow

1dp wet? Fet? . dU
PV Joo Joo? 4 Voo == 3.
pydz K Voo ](1/2( + dz (34)

Equation (3.2) with (3.4) leads to

ou dv di vet? Fet? . d*u
. o0 (."x, _ (112 _ 2 + : .':'
Jx Jy dz + K (v u)+ K‘/'Z( o~ W)+ Jy? (35)

The appropriate boundary conditions are,

u=v=0,T=T,aty=0

3.6
u=Ux(z), T =Txasy — o (3.6)
Introducing the non-dimensional quantities,
~ T - Too -
Y= V E-+.:“/Uoof(:l:7 n)a 0= W (3‘)

where
g=z/L, n=y/Us/etvz, U=Ux/U (3.8)

into the equations (3.3) and (3.5), one gets

1 1+P(‘i) 17 a 12y _ /E I/Q_-i
S = PR = ) = # o~ [
—y(1 = f) =T~ ) (3.9)
A, 1+ PE) . f,00 0f ..
50"+ ——— 0 _x{f T 0%} (3.10)
where a7
pAy ain .
P(#) = = (3.11)

In Equations (3.9) and (3.10), the primes denote differentiation of the func-
tions with respect to 7.
We should define the Darcy number, Day, and the Reynolds number. Rep.
as defined by Bejan [10], Beckerman and Viskanta [17] and many others:
K Uyl

——— and Rep =
¢+?212 v

Da;, =

(3.12)

.)l
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where, L is the characteristic length and Uy 1s the reference velocity. Then.

1 T F
= —— allC = .
Daj Rep, & Daz/'z

¥ (3.13)
are, respectively, the Darcy and the Forchheimer drag factors.

In the present case, we propose to investigate the problem for the following

forms of the free stream:

U(z) =z (3.14)

where, A is a wedge angle parameter. With equation (3.13). equation (3.11)
becomes

P(z)=A ‘ (3.13)

Finally, equations (3.9) and (3.10), together with (3.14) and introduction of
the new variable § = & ( which gives streamwise variation of the Darcy drag

coefficient) become

" 14+ A " 12 — Ia_j-:_ lla_f__ (1 12 /
el 2preaa - =e{ S - e - peva 1 4 -}
(3.16)
1 " 1+ ’r_ /_(iq_ /d_f g 1~
E.G + 5 fo —6{_)‘ o€ 6 5)5} (3.17)

where, Rex (= ['/v) is the ratio of the Forchheimer drag to the Darcy
drag.
Corresponding boundary conditions turn into

f=f=0,6=1 at 17=0}

f7=1,0=0 as 5 — o0 (3.1%)

In the following section we propose to obtain the solutions of the equations

(3.16) to (3.17) with the boundary condition (3.18) by three different methods.

3.2 Solution procedures

Since, in many of practical situations similarity solutions are not permitted

for the classical momentum and thermal boundary layer problems. one has
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to resort to a more general treatment such as local non-similarity solution
methodology. Therefore, in the present analysis, it is proposed to investigate
the problem posed by the nou-similarity equations (3.16) to (3.18) employing
the extended series solution method together with Shanks [16] transformation,
the local non-similarity method of developed by Sparrow and Yu [17] as well as
the implicit finite difference approximation together with Keller box method

of Keller [21].

3.2.1 Extended Series expansion method

Here, we first expand, the functions f and 8, appearing in equations (3.16) to

(3.18), in powers of £, which is small near the leading edge, as given below:

flén) = Zf"fn ). B(En) =D €0.(n) (3.19)

n=0 n=0
Substituting the above expansions in equations (3.16) - (3.18) and equating
various powers of £ we obtain the equations for the successive approximations.

The equations are as given below:

11 l + A (7 DS
o+ == fofy =0 (3.20)

11 1+ A 1l 17 p / g
J1 + 9 (fOf]”—fof1 +f(1f1)+(/\+R61\')(1 - (/)2)_./-0+1 = 0. (331)

n—1

1" T+/\+l ”
fn +Z{ f"'{n r_)‘f fn—r} 2(71'_7 n—r. 1/'
r=0

n—1

—H(,\Z/,,_, Sr= i =0, (m>2) (3.22)

and

l III 1 + A n B3
o0+ Sty = 0 (3.23)

ﬁ ? 0:;—1 Z 'n 'r f'r —- .,.) = , (’II, Z l) (324)

r=0

282361
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Corresponding boundary conditions are

fi(0) = f(0) = 6:(0) = 65(0) — 1 = O} (3.25)
Ji(oo) = fooo) =1 =0i(0) =0 |°
fore =0,---,n.

Equation (3.20) is the well known Blasius equation. Once the solution
of the equation (3.20) is known, the subsequent equations become linear two-
point boundary values problems, which are easily solvable exploiting the method
of superposition discussed by Na [39].

Once the velocity function, f;(n), and the temperature function. §;(n). for
( = 0,1,--+) are known, one can easily find the most important physical
quantities, like the wall shear stress and the heat transfer rates. The wall
shear stress may be expressed in terms of the local skin-friction coefficient as

given by
] 11 = i b
SRe*Cy = ['(6,0) = Y € £(0). (3.26)
—

In terms of the local Nusselt number, the heat transfer may be expressed as

Re™\*Nu, = —0'(£.0) = Y _ £'6/(0). (3.27)

=0

-

One can calculate only upto a few terms of a perturbation expansion. usu-
ally no more than two or three, and almost never more than seven. For ex-
ample, Kaviany [13] obtained the solution by taking the terms upto O(£%)
only, for the case of a flat plate, neglecting the effect of Forchheimer drag in
the flow field. Undoubtedly his results are valid for the values of Darcy drag
parameter, £, less than unity. The resulting series, with higher order terms.
is often slowly convergent, or even divergent. Yet those few terms contain a
remerkable amount of information, which the vestigator did his best to ex-
tract. In a pioneering work, Shauk [16] introduced a family of transformations
to accelerate the convergence of slowly convergent and divergent series. Out

of all the transformations, we select the simplest two designated by Shanks as
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e; and e™. So, we first consider the e, transformation. If three partial sums
1 ) P

Sn-1,5y and 5,4 of a series are known, then
1) ] 12
‘Sn+]'3u—1 - 'Sn
‘Sn+1 + Sn—-l - ‘Q'Zl

The success of e; in improving the convergence lies in the fact that. if appled

€1 (Sn) =

(3.28)

to a geometric series, it yields the exact sum. For our problem. it worked
best on the series (3.26) and (3.27), coeflicients of which appeared nearly as
geometric. The second transformation e}* is the mth iteration of e;. In the
present analysis, we have taken € for the local skin-friction and €3 for local
Nusselt number. The present method has already been discuused by Van Dyke

[32] in details. The results thus obtained are compared with other methods in

the following section.

3.2.2 Local nonsimilarity method

This section is concerned with the local nonsimilarity method initiated by
Sparrow and Yu [17] and has since been applied by many investigators to solve
various non-similarity boundary value problems. such as. (‘hen and Sparrow
[18], Minkowycz and Sparrow {19} and Chen [20]. Formulation of the systems of
equations for the local similarity and local nonsimilarity models. with reference

to the present problem,will be demonestrated bellow:
First level of truncation:

At the first level of truncation, the terms accompanied with £9()/9¢ on the
respective right-hand side of equations (3.16) and (3.17) are deleted under
the approximation that the terms involving £09()/0¢ are small [12]. This is
particularly true when ¢ << 1. Thus the terms with £9()/9€ on right-hand

sides of (3.16) and (3.17) are deleted to get following system of equations:

1+ A -
"+ —t—ff” + A+ RE =)+ =) =0 (3.29)
1o, I+ A a -
7)70 + T'm =0 (3.30)
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J(6,0) = [(6,0) = 0, 0(6,0) = L['(§,00) = 1, 6(¢,00) = 0 (3.31)
It can be seen from equations (3.29)-(3.31) can be regarded as a svstem of
ordinary differential equations for the functions f and § with € as a parameter
for a given Prandtl number, Pr, and ratio of the Forchheimer drag to the

Darcy drag, Rep.
Second level of truncation:

To find the higher level of truncation, we introduce the following new functions:

df a0 do
2% ()5 %’ x (€, n,) e

At the second level, the governing equations (3.16) and (3.17), for the functions

9(&m) = h(&m) = 77, 8(&,n) = (3.32)

f and 6 respectively, are retained in tact. Subsidiary equations for ¢ and o and
their boundary conditions are derived by taking the derivatives of equations

(3.16) - (3.18) with respect to £.This leads to

wo L+, b 3 A,
_(/"-i-ng —{2(A+ Rex&) + 1} f'd' + + —fg
+Re(1— f%) = &g = '+ 1= €(g” — 99" + fh' f'h) (3.33)

Proie” + 1_?;_/\”, o+ 0g=Edb—gd + [fg—0'h) (3.34)

9(&,0) = ¢'(&0) = g'(,00) = #(£,0) = &(€,00) = 0 (3.35)

To complete the formulation of the governing equations for the second level of

trancation, terms involving £0¢g/0¢ and £€d¢/0€ in equations (3.33) and (3.34)

are deleted. Thus we have the following system of equations for the second
level of trunction:

174 52 Ok Rec)1 = ) +E0 = 1) = €U = ") (336)

Pr10" + (1 i A) 16 = €(f'¢—0'g) (3.37)

1+ g 22
_(/H/'*'.—.)‘fg”_ {2(/\+R(I\£)+l}[(/ + 9 f g

+Re(1 = ) = &g’ = [ +1 = £(d" ~ 99") (3.38)
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1+/\ 5+)\

Prot¢" + ——fé'+ ——0g—['6+0g=Eg'¢—gd) (3.39)

J(&0) = J'(§, 0) = g(¢,0) = J(f = 0f'(§,¢) =1 = ¢'({.o0) = 0
0)

0(€,0) — 1 = ¢(£,0) = <>°) ¢(€.00) = 0
(3.40)

In this level of truncation, the terms €3(f'g — f"g)/0€ and £O(f'é — 0'g) /D€
on the respective right-hand-sides of the preceeding equations were deleted by
Sparrow and Yu [18]; whereas, the present form was. first. considered by (‘len

[20], to get the results more accurate.
Third level of truncation:

For the third level of truncation, the conservation equations (3.16) and (3.17)
for the f and ¢ functions as well as their subsidiary equations (3.33) and (3.34)
for the ¢ and ¢ functions are retained without approximation. Additional
subsidiary equations for & and x and their boundary conditions are generated
by taking the first derivative of equations (3.33) and (3.34) with respect to £.
The system of equations, thus obtained for the third level of truncation. by

neglecting the terms involving £€0h/0€ and £0\ /O only. are given below:

1+ A ‘
P I OO = [ HEL = ) = 6L = [T (34D

14+ A
Prto" ( * )f()’ —£(f'o—0'g) (3.42)
1 + /\ s /] 3 + ’\ 1 74

9"+ —=19" = {200 + Rex€) + 1} ['d' + == 1"g + Rexe(1 = f7)

—&g' ="+ 1 =E(g" 99"+ f'g' ~ ["g+ ['k' = ["h)
(3.43)

1+ A 3+ A

Prole’ + t Jé' + ; 0g—f'¢+0g=Eg"d—gd' + fg—0'h) (3.44)

1 )\ . v p ':- )\ 1 1
W =2 fRY 2\ + Re€ + D(J'E + g%) + %(f h+ g4q”)

—dRep g — €N =29 = E(3g'h — 29"k — gh")
(3.45)
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- " 1 + /\ I 5 + )‘ ’ E ‘! t 7
Prix" + 5 X + 5 Oh+ 3+ AN)god' —2(f'¢+ g o)
=E&(2¢'x — gx' + h'é = 26'h) (3.46)

f(€,0) = f'(£0) = g(£,0) = ¢'(£,0) = h(E,
f,(éaoo) -1 =

.
]
~
—_—
-
~—

(3.47)

As at the lower levels, the system of equations (3.41)-(3.47) contains six
functions f, g, h, 8,¢ and x that are mutually coupled. The total order of
this system is now 15. For a given Rej and Pr, these equations can again
be treated as ordinary differential equations that contain £ as parameter. It
may be noted that although the solution for the velocity distribution provides
information for both the f, ¢ and h functions, it is only f and its derivatives
that are physically relevant. In like manner, from the thermal boundary solu-
tions for 8, ¢ and yx, only the former one is of interest. The features for which
the non-similarity method is more attractive are discussed in details in [17-20].
The set of local nonsimilarity equatiouns related to the second and third
level of trunct‘ions are integrated exploiting the Runge-Ixutta-Gill initial value
solver together with Nachtsheim-Swigert iteration scheme of Nachtsheim and
Swigert [33]. Once the solutions for all the functions involving the respective
equations to these levels are obtained at £ = 0. it becomes easy to find the
solutions of the same equations for all £ > 0. At the time of application of
the Nachtsheim-Swigert iteration scheme, one can overcome the difficulties in
feeding the associated guess values for all the missing values for larger € just by
using the exact values obtained at the present station as the guess values for the
next station of £&. From the present computations it is experienced that choice
of smaller increament, Af is appreciable, in finding rapid convergent solutions
with required accuracy at the next station of £.In the present analysis. we
have taken in the increament A€ equals 0.05 throughout. On the other hand.

instead of using equal grid in 5 direction a variable grid has been incorporated
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as used in the finite difference method. The numerical values for local skin-
friction and local rate of heat transfer thus obtained at these two levels. for &
ranging in 0 < ¢ < 5, are compared with those obtained by other two methods

in the following section.

3.2.3 Finite difference method

A complete numerical solution is effected by using a Keller box scheme to
integrate the set of equations (3.16) to (3.17) from € = 0 to £ = 10. In doing
this, we recast the above set of equations as a set of simultaneous equations

by introducing the variables u(&, ), v(€,7), and p(€,n)..they become
of _

= 3.43
on u (3.43)
Ou )
an v (3.49)
0 1+ A . .
-a—;;—i- ( -*; )fv—{—/\(] —u2)+£{l —u+ Rep (1 —uz)}
’ _ du af y =
=¢ {u D€ — ()6} (3.50)
do o
% =p (3-51)
1 dp 1+ A 00 af
B An e = = — P35S 3.52
ot (55) =l 0| 32
The corresponding boundary conditions turn into
J(Em) = u(én) =0, 0(6,7) = 1} (453)
w(é,n) = 1.0(&,7n) =0
We now place a net on the (&,7)-plane defined by
£0 = 0, Cn = Cn—l + Ky, N= 1,293, Tt N (5:')-1)
=0, y;=n1+h;, J=1,23,--.J 5 =1 (3.55)
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Here n and j are just sequence numbers, not tensor indices or exponents. i,
and h; are variable mesh widths. We approximate the quantities (f,u.v) and
(6,p) at points (£",7;) of the net by (fF,u},v}) and (67,p}) which we shall
call net functoins.We also employ the notation ¢ for points and quantities

midway between net points and for any net function as:

n—1/ l 7 L— l : 1 ThH
e = (€ + 7, mmp =S+ ai—1) (3.56)
n=1/2 I n n—1 n _ 1 n 1 Q5
9; = 5(9;‘ +9; ), 9i-172 = ‘2‘(.%' +.7j—l) (3.57)

Therefore the variable and derivatives of eqations (3.16)-(3.18) and (3.48)-

(3.52) at (€n—1/2,Mj-1/2) are replaced by

n=1/2 _1_

Gi-1p2 = 4(!7? +95, + .(/;l—l -1-.(];1__11 (3.58)
dg n—1/2 1 n n e . }
(3_5) 1/2 T ix, (6] + 950 = 67" = 935) (3.59)

2 1
dg n—-1/2 1 n n— N e -
(aT,) p = Z;T(-‘lj +977 =g — i) (3.60)
1-1/2 N

We now write the difference equations that are to approximate equations
(3.48)-(3.52) by considering one mesh rectangle.

We start by writing the finite difference approximations of thee equations
(3.48)-(3.49) and (3.51) for the midpoint (£",7m;-1/2), of the segment Q1Q2.

using centered-difference derivatives, we get

=1 n g
J_h—.J_ = u]_llz (3.()1)
"
ut — ur}.—l . R
_J_h-]— = 1’.7-_]/2 (3.()2)
‘]
o -0, .
"]
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F"
n; —Qd : 101
7]]'_}/.2- .......... (} ......... & ];J
75— QI{ A9

gne1 'En—l/z e
Fig. 3.1: Net rectangle for difference approximations

Similarly,equation (3.48)-(3.49) and (3.31) is approximated by centering
about the mid-piont (£",7,_1/2) of the rectangle Q1Q2Q3Q4. This can be
done in two steps. In the first step we center equations (3.48)-(3.49) and (3.51)
about the point (61];—1/2’ 77) without specifying n. If we denote the left-hand side
of equations (3.50) and (3.52) by L and M, then the difference approximation
to the equation’s are

n_ ,n=1 n _ fa-1
%(Ln 4+ Ln—l) — 611—1/2[un—1/2(u ku )_ vn—-1/2(f Lf )
u" M Rep(1 — (u)VH) 42— 1) (3.64)

) . no_ gn- 1 'u 1
é(Mn + Mn—l) — {1:-1/2 |:un—1/2 (9 > -0 ( )] (363)

.-.

Rearranging this equations and using equation (3.57), we can wrrite equa-

tion (3.64) and (3.65) as
[(1))']+cv1u"+02(fv) —O’;(’ll ) +O’( = lfn fn—]vn) — Rn—l (5()6)

l A D) o ! rn ; v e
)"+ e fp) = a( [0 = 0'[") = Yo (3.67)

31



Dhaka University Institutional Repository

where, we have used the abbreviations

n-1/2
a= ¢ L @ = g2 (3.68)
’ 1 )\N
W= ta) @ = (W tatan) (3.69)
Rn-l — _Ln—l + O’[(f’(l)n—l _ (u'Z)n—l] +al[(u2)n—1 + un-—l]
N — 2a,(Rex — 1) (3.70)
A+1 .
L = () + 25— fo + M1 - (3.71)
Yn—l —_ _M'n—l +a(9/fn—l —f'0"—l) (3-‘-2)
n 1 1+ A\ poane q -
M = (o) + () (3.73)

and where the identity sing introduces a useful shorthand:[ ]*~! means that
the quantity in square brakets is evaluated at £ = £"~1.
We next center equation (3.66) and (3.67) about the point (€*~'.7;_1/2).

that is, we choose n = 7n;_;,, and get

1 n n n k{3 i
7 (Wi —vin) +a(u)ip + ea(fo)jy - as(u?)i_y
j 4
1 n n-—1 n n—1 Q-
+a(v _;t 172di-172 = Jjo172¥5- —12) = RJ -1/2 (3.74)
1 n n n n ! n . ) —
Prh; (P} — Pi_1) + cafwi_qyp — C"(flej-u'z =0 fiLip) = }J 11/2 (3.75)
where
n— n— n 1 1 1 1 1 n 1
R.” 1]/2 = LJ 1/2+a[(fv i=1/2 - (u* ]l 1/2]+°1[ Jl 12 T U, 1/z]
—A—2a;(Rex — 1)
(3.76)
n-1] n-— -1 n~1 g ———
Yrsl, = =M o8, = 10),) (3.77)
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n— 1 1 + A 2\n- "l -

j—11/2 = (h_j(vj —’l)j_.])-i- 2 (fv)j_l/z—{—/\(l _uz)j—l]/‘2> (3.lb)
n— 1 Ti— R

M}, = [5(p; = pim1) + aa2(fp)] ! (3.79)

Equations (3.61)-(3.63) and (3.74)-(3.75) and (3.61). (3.73) are imposed for
j=1,2,3,---,J—1 at given n, and the transformed boundary -laver thickness.
15, 18 to be sufficiently large so that I/’ — 1 and T — 1 asymtotically.

The boundary conditions (3.54)-(3.55) vield. at £ = £". as:

n ’

o =u=0,0=1atyp=0 (3.80)

uy=1,0'=0atn=mn; (3.81)

n-1

n—1 n-—1 n—1
). . N
, ;7 cand 6770, pr

J
j < J, then equations (3.61)-(3.63), (3.74)-(3.75) and (3.80)-(3.81) represent

Now, if we assume fJ’-“l, u to be known for 0 <
a set of non-linear differential equations for the unknowns at £; in terms of
their values at £;—;. These non-linear system of equations are then linearized

by means of Newton’s quasi-linearization technique. For simplicity of notation

we shall write the unknowns at £ = £" as
(fd,0)) = ([,.4.0)) (3.82)
(67,97) = (6;.p5) (3.83)

Then the system of equations (3.61)-(3.63) and (3.74)-(3.75) can be written

h

fi= fim = 5w+ ujm1) = 0 (3.84)
hj o e
u; — i1 — 7 (vt v-) =0 (3.85)
hj—l(”j - "j—l) + oot O'z(f?‘)j-n/z - (\3(112),~_1/z (3.86)

—ﬂ'('l’j—l/zfj—n/z - .f:,-l/-z'l‘_,-n/z) = R;‘__,I/-_,
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Fig. 3.2a: Local skin-friction against ¢ for different A while
Rel\— = 1.0.

o 2]

h.
0; —0;_1 — __)J(Pj +pi-1) =0 (3.87)

—~—-1 — _ ! / ri— 9 oo
—(p; — pi-1) + ca(fpjc1y2) — ([ im0 — 0 f,0p2) =) ._112 (3.88)
Prh; . =1/

We note that R*},, and Y7L involves only known quantities if we assume
i-1/2 i-1/2 ; !

that the solutions are known on £ = £"~!. To solve equations (3.84) and

(3.88), with equations (3.80) and(3.81), by Newton's method. we introduce

the iterates [fjw, ug-i), vj(-i)],and [95»”, p‘(?-'.)] i = 0.1,2.--- with initial values.
say,
o) =up) =0, 67 =1, v = w57t p” = (3.89)
0 n-—- n— n— .
fJ( ) = I3 Youj = uj 1,1.';0) =} ! (3.90)
0 =g Pl =t 1< < T - (3.91)
50) = }‘"1,11.50) = l,z)f,o) =7} (3.92)
0% = 0, pi) = py-! (3.93)
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Fig. 3.2b: Local Nusselt number against ¢ for different A while
Rexy =1.0 and o = 1.0

The superscripts in parentheses have of course no relation to the superscript

n. For the higher-order iterates we set
FE 2 [0 4 0 G 2 04 o 20y s (3.00)
i+1 i iy (i ' ' 2 as
9§‘+ ) = 9; )+ 56’} ),pg - p;') + 5;)§’) (3.95)
Then we insert the right-hand of these expressions in place of f;. u;. and v,
and 0; and p; in equation (3.84)-(3.86), and (3.87)-(3.88) and drop the terms
that are quadratic in [&f}i) 5u§~i), 5v§”] and [59;“.6%”]. This procedure vields

the following linear system in whicli we drop the superscript i in § quantities

for simplicity:

h;
6[_) — 6[_,._] - ‘ITJ((S(LJ + (S’(t]'_.]) = (7'1 )J (5()(1)

i

h
du; — du,_y — %(515 + bvj_y) = (r3),- (3.97)

(s1)5605 + (52)005-0 + (8a);8f; + (s4);6 [

35



Dhaka University Institutional Repository

1 T i 1
b A=10.5, Rep =1.0 o
3 Al
. LNS second level —
Nug LNS third level ~—
1/2 5 Extended series ® _
Rez' ™ 2

Finite difference o 10.0

o
P
o
o
¥
(S]]

Fig. 3.3: Local Nusselt number against ¢ for different ¢ while
Rep = 1.0 and A =0.5

+(S5)j6’u.j + (sﬁ)jéuj_, = (7'2)]' (395)
h;
60; — 66,1 — T;(5l’j + épj-1) = (s1); (3.99)
(81);i0p; + (B2);6pi-1 + (83);60; + (84);60,-1 = (s2); (3.100)
where
(m); = SO =79 4 g uj’l,, (3.101)

(r3);-1 = uﬁ-‘_’l ') + h; ! (3.102)

71— 1/2

( ) _ Rn l]/2[h i () )+O ( (‘) (')l)+

J._

a2(fv)j_1/')_ - QS(U )j—l/2] +a ( ;l-l/zf]( )1/2 J" ]]/2(5 )1/2> (3103)

(s1); = 052, =00 + hp2, (3.104)
(s2); = Y/}, = [—h“ -0+ aa( /),
+a(f1082, =01 ) (3.105)
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Table 3. 1a: Numerical values of the local skin-friction and rate of

heat transfer obtained by three different methods for A = 0.0,

o = 1.0 and Rey=0.0.
1361/2(3 Nu,/Rel?
£ LNS LNS  Series Finite [14] LNS LNS  Series Finite [l4]
2 eqns. 3 egns. soln. diff. 2eqns. 3Jegns. soln. diff.
0.0 0.331 0.331 0.332 0332 0332 0.331 0.332 0.332  0.332  0.332
0.2 0.528 0.525 0.523 0.523 0.511 0.371 0.371 0.370  0.370 0.376
04  0.680 0.675 0.672 0.672 0.667 0.393 0.394 0.393  0.394 0.402
0.6 0.806 0.802 0.798 0.798 0.794 0.408 0.410 0.410 0.410 0419
0.8 0918 0.913 0909 0909 0.907 0419 0.422 0.423 G.423 0.432
1.0 1.018 1.013 1.010 1.010 1.008 0.428 0.432 0.433 0.433 0.442
2.0 1.421 1.418 1415 1415 1415 0.455 0.462 0.466 0.466 0.472
3.0 1.736 1.733 1.729 1.731 1.732  0.470 0.477 0.484 0.484 0.439
4.0  2.002 2.000 1.992  1.999 2.000 0.480 0.488 0.496 0.495 0.499
5.0 2.238 2.236  2.221 2235 2.236  0.487 0.495 0.5054 0.504 0.507
- a .. . .
(s1); = B3+ = f“’ LA (3.106)
- a . -
(52); = —h.j‘+ f(’) -5/ e (3.107)
. _ ® () n—1 . 5
(-53).7' = 71{7 + 71‘1 1/2 (3.108)
_ & ( ) - :
(84); = ‘) -1 + 9 ;l 1/2 (3.109)
Y p
(s5); = o T sl (3.110)
Q2 p
(sg); == - Q3 (3.111)
i 1 _ Qy .
(); EhJ‘ +5f (3.112)
‘ ] =1 Q3 . .
a
(Bh); = —7f’ (3.114)
. Q
(B4); = ;f’ (3.115)
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To complete the system [Eq.(3.97.3.98 )-(3.99.3.100)] we recall the bound-
ary conditions (3.80-3.81), which can be satisfied exectly with no iteration.In
equation (3.89)-(3.93) we have altered the initial values of fo, ug. vo. fp and

7 accordingly, i.e. we have set
fo=u=0,60=1landu;=1.0;,=0 (3.116)

So, to maintain these values in all the iterates we take

.6fo =bug=0, 80y =0. and duy; =0, 66; =0 (3.117)

Denoting the mesh points in the £,7 -plane by &(:=0,1....7) and 75;
(j = 1,2,..,J) the central difference approximations are made. such that
the equations involving ¢ explicitly are centered at (&;_172.7;-1/2) and the
remainders at (&, 7;-1/2), where n;_y/, = %(njﬂ + 1j). etc. These result a set
of nonlinear difference equations for the unknowns at & in terms of there
values at £;_;. The resulting equations are then linearized by Newton's quasi-
linearization technique which are then solved by using Keller box method in-
troduced by Keller [16]; later, which has been used most efliciently by Cebeci
and Bradshaw [34] and, very recently. by Hossain [35]. [36] taking the initial
interaction with a given set of converged solution at £ = &_,. To initiate the
process with § = 0, we first prescribe a set of guess profiles for the functions
fiu,v,80, and p, which are unconditionally convergent. These profiles are then
employed in the Keller box scheme with the second order accuracy to march
step by step along the boundary layer. For a given &, the iterative procedure
is stopped to give the final velocity and the temperature distributions when
the difference in computing these functions in the next procedure becomes less
than 1077, ie., | 6/ |< 1077, where the superscript ¢ denotes the number of
iteration. Throughout the computations. unlike others. nonuniform grids in
the 7-direction have been incorporated considering 5, = sinh(j/a) to get quick

convergence and thus saved enough computational time and space.
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3.3 Results and discussions

The results obtained by three distinct solution methodologies. namely. the
series expansion method, local non-similarity method and the finite difference
method with Keller box scheme are presented together in tabular form in tables
la and 1b and graphically in figures | and 2. Numerical values of the local
skin-friction and heat transfer for the flat plate at zero incidence (i.e. A = 0)
are entered in Table la in terms of 3 Re¢'/*("; and Nug/Re? . respectively. for
the case of negligible porous inertia (Rey = 0). For this case. approximate
solutions based on the local similarity assumption by Nakayama ct al. [9]
are also entered into the said table for reference. Table la shows that the
local skin-friction results predicted by all three solutions methodologies are
almost identical even for large £ values. It can be seen from the same table
that the heat transfer results by the series expausion and finite differeuce
methods are in good agreement. The results due to the present local non-
similarity method with third level of truncation is closer than the second level
of truncation to the results obtained by other two methods. To show the effect
of porous inertia on the shearing stress and heat transfer. numerical values of
the respective physical quantities. ("y and Nu,. for Rey = 1.0 and 2 and &
ranging in 0 < ¢ < 5 obtained by all the methods mentioned above are entered
and compared in table 1b. Figures la and 1b. represents the local skiu-friction
and the local Nusselt number for different wedge angle while Re=1.0. In case
of Nusselt number the value of the Prandtl number is taken as 1.0. Comparison
between the curves representing the skin-friction show good agreement between
all the methods. In case of local skin-friction it can be seen that the curve due
to the local nonsimilarity method with third level of truncation agrees quite
good with the curves due to other two methods. at all the value of the wedge

angle parameter, A, considered here.
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Following Nakayama et al. [9], it can be shown that,

14+ A

s

1/2
Nu,,/R.e}/2 = < ) Pr/? for ¢ — o0 (3.118)

under the physical limiting condition of £ — oc. Since the foregoing asymp-
totic expression holds irrespective of the value of Rep, one may expect .’\"'ur/f{e;/2
should never exceed the level of \/l/_7r = 0.564 for the case of A = 0 and
Pr=1.

The effect of Prandtl number, Pr, on the local Nusselt number for the
case of wedge angle A = 1/2 is illustrated in figure 2. Difference in the series
expansion solution and the finite difference solution is hardly discernible for
low and moderate Prandt]l numbers. As the asymptotic expression suggests.
the level of Nu,,./Rei/2 increases as the Prandtl number Pr, since !\"u,/Re}/z
is proportional to Pr'/? for £ — 0, and § — oo, the influence of Pr become

somewhat more pronounced as { increases.
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Table 3.1b: Numerical values of the local skin-friction and rate of
heat transfer obtained by three different methods for Re;; = 1 and
2 while A =0.0 and ¢ = 1.0.

%R(z;/ZCf Nuy/Re }.‘/2
¢ LNS LNS Series Finite LNS LNS Series  Finite
2 eqns. 3 eqns.  soln. diff. 2 eqns. 3 egns.  soln. diff.

Rer =1.0 .
0.0 0.3319 0.3320 0.3320 0.3320 0.3319  0.3320 0.3320 0.3320
0.2 0.7223 0.7170 0.7134 0.7120 0.4015 0.4033 0.4026 0.4029
0.4 09844 0.9793 0.9755 0.9750 0.4291 04335 0.4344 0.4348
0.6 1.1941 1.1898 1.1866 1.1865 0.4455 0.4514 0.4541 0.4544
0.8 1.3736 1.3700 1.3672 1.3675 0.4568 0.4635 0.4679 0.4680
1.0 1.5328 1.5298 1.5269 1.5280 0.4652 0.4725 0.4782 0.4782
2.0 2.1617 2.1606 2.1482 2.1600 0.4891 0.4970 0.5067 0.5064
3.0 2.6459 2.6457 2.6100 2.6451 0.5013  0.5089 0.5201 0.5200
4.0 3.0044 3.0548 2.9829 3.0546 0.5090 0.5163 0.5280 0.5282
5.0 34143 34152 3.2958 3.4150 0.5144 0.5215 0.53333  0.5336
: Rf[\' =20
0.0 0.3319 0.3320 0.3320 0.3320 03319  0.3320  0.5320  0.3320
0.2 0.8802 0.8747 0.8707 0.8686 0.4202 0.4237 0.4238 0.4245
04 1.2210 1.2168 1.2138 1.2132 0.4483 0.4545 04575 0.4583

0.6 1.4888 1.4857 1.4831 1.4836 0.4640 0.4713 04767 0.4772
0.8 1.7162 1.7140 1.7104 17127 0.4745 0.4822 0.4895 0.489&
1.0 1.9172 1.91556 1.9098 1.9147 0.4822 0.4901 0.4986 0.4988

2.0 27078 2.7079 2.6725 2.7076 0.5034 0.5110 0.5221 0.5224
3.0 33150 3.3163 3.2229 3.3157 0.5137  0.5209 0.5322 0.5332
4.0 3.8269 3.8291 3.6540 3.8289 0.5202 0.5269 0.5379 0.5394
5.0 4.2776  4.2810 4.0049 4.2805 0.5247  0.5311  0.5415 0.5434
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éhapter 4

Unsteady forced convection
boundary layer flow and heat

transfer

Wooding [6], Cheng [7], Cheng and Minkowycz [8] and the references therein
investigated the Darcy model, which assumes proportionality between the ve-
locity and pressure gradient, leading to a number of interesting {luid flow and
heatl transfer problems that are associated with heated bodies embedded in
fluid-saturated porous media. Vafai and Tien [11], treating a {luid-saturated
porous medium as a continuum, integrated the momentum equation for a fluid
over a local control volume and derived a volume average momentum equation.
Later Chen et al. [12] evoked the boundary layer approximation and solved the
generalized equation to investigate free convection from a convection problem
which was treated by Kaviany [13]. Considering the above mentioned general-
ized momentum and energy equation in full boundary layer form, Nakayama
et al. [14]. have investigaled non-Darcy forced convection flow over a plate
using the novel transformed variable deduced from a scale analysis of Bejan
[15]. Very recently, Hossain et al. [37] investigated the non-Darcy forced
convection boundary layer flow over a wedge employing three novel methods,
namely, the extended series method together with Shanks’[16] transformation;
the local nonsimilarity method of Sparrow and Yu [17], Chen and Sparrow

[18], Minkowycz and Sparrow [19] and Chen [42]; and the finite dillerence

12
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approximations combined with Keller box method (Keller and Cebeci [34]).
All the above investigation were confined to steady flow. Less attention
has been given to the unsteady flow through a porous medium and the as-
sociated heat transfer. Therefore, in the present chapter, we consider an un-
steady two-dimensional forced convection flow along a flat plate in a saturated
porous medium with a small amplitude oscillation in both the free stream
velocity and the surface temperature. Theoretical studies of the fluctuating
heat transler of a time periodic boundary layer with an oncoming stream have
heen made by many authors, e.g. Lighthill [22], Ostrach [23], [llingworth [24].
The time-mean heat transfer in a wedge-type flow with small amplitude oscil-
lation, recently, was studied by Ishigaki [25,26]. In the present investigation,
the equations governing the unsteady bonndary layer flow and heat transfer
are solved by using two methods, namely,the perturbation method for small
and large values of the dimensionless strecamwise variable € and the implicit,
finite difference method in combination to the Keller-box method. The solu-
tions are obtained and expressed in terms of amplitude and phase of the local
skin-friction Cyy/Re./2 (Re, being the local Reynolds number) and the local
Nusselt number Nu,.The results are presented in tabular form for sclected val-
ues of the Strouhal number and graphically for selected values of the Prandt]
number Pr. The asymptotic solutions are found to be a good agreement with

the fully numerical solution for a wide range of values of .

4.1 Mathematical formulation

We consider two dimensional unsteady forced couvection flow of viscous in-
compressible fluid through an isotropic and saturated porous medium is along
a heated surface. The free stream velocity, Uy, as well as the surface tempera-
ture, Th,(1), are allowed to have small amplitude oscillations about the uniform
velocity, /g, and temperature, Ty, respectively. Under the usual boundary

layer assumptions the [ull sel of governing equations, namely, the continuity

13
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equation, the momentum equation and the energy equation are written as

follows:

du  Jv

ox + Ay 0 (1.1)

ou Ju ou dlUoco  wet? 0*u
+ 00 W Up—u) + et ol (42
¢ ot tu Ox v dy “Ta + K ( w ey dy* (4.2)

aT 4 aT oT ?*T
—_— RN ) — = (Y ——
ot Yoy T oy Ay?

where, © and v are the pore velocily components associated with the direc-

(4.3)

tion of increasing coordinates x and y, respectively, v the kinemalic viscosity,
K is the permeability, ¢t the porosity of the medium, T is the temperature of

the fluid. The boundary conditions for the present problem are:
u=0, v=0, T=T,() at y=0
u=Uy(t), T=Tx as y — o0 (4.4)
where,
U (1) = Up[l + € cos(iwt)] and T3,(1) = To[l + ¢ cos(iwt)] (4.5)

Here, w is the frequency of oscillation and € < 1.

The continuity equation (4.1) is satisfied by the stream function ¥, so that

ap . O .
© = EN and v = =5 (4.6)

For convenience the solutions of equations (4.1)-(4.3) are assumed as

P = \/e+¢1/(_/0[17'(£,7)) + jfex:p(iwt)(}(.f,n)] (4.7)
!
T — Too = To[O(n) + eexp(iwt) (£, 7)) (4.8)

where, i
n = y/Uofxer, & = ]i (4.9)
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Thus, substituting (4.7)and (4.8) together with (4.5) and (4.6) into the
equations (4.2) and (4.3) and picking up the terms up to O(¢), we have the

following equations for the steady-state situation:

1 oo - ar’ aF
4III _F ;1// ] _ 4" - FI_—— . F”'_T 4'10
P drra i - ) = (PEE - SE) )
1 | _( .00 ar
— 0"+ -0 = M 0= 4.11
py O gl =¢ ( PY; ag) (4.11)
The boundary conditions to be satisfied by the above equations
F(€,0) = F'(£,0) =0, O(£,0) =1
F'(é,00) =1, O(€,00) =0 (1.12)

Equations (4.10)-(4.11) together with this boundary condition (4.12) are
those studied by Hossain et al. [9] in the problem posed for the non-Darcy
forced convection flow over a flat plate embedded in a saturated porous media
in absence of Forchheimer drag, where effect of streamwise Darcy dag , €, on
the local skin-fiction as well as on the local rate of heat transfer had already
been discussed.

The appropriate equations for {luctuating condition are

1 . G S OF aG ar
,vIII - [;!GII FIIG _ FI _ CI', — F”‘_—‘ _ (;II__ _
+5(FG+FG) f( 9t Tz 98 " i

(1 4+25)(1 — 4,"))
| (4.13)

| . | .
T+ S(FH + GO = E(F'Hy = O'Ge 4 G0 — H'Fg +4SH) - (4.14)
"

The corresponding boundary conditions hecome
G(,0) = G'(E,0) =0, H(£0)=1

('(€,00) =1, H(,00) =10 (4.15)

Here the primes denote dilferentiation with respect to 1.

In equation (4.10)and (4.11),

£ = ¢/ DayRey, (4.16)
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which gives the streamwise variation of the Darcy drag cocllicient, Day,
and ey, are, respectively, the Darcy number and the Reynolds number which

are defined on chapter 3.

S = .,qf.LD(lLR,GL (4.17)

is the scale Stroubal number with St (= wL/Uy as the Strouhal number),
and Pr (= v/«) is the Prandtl number.

Knowing the values of G*/(£,0) and H'(£,0) from the above equations. We
may find expressions for the amplitudes |A,,| and |A;| and phase angles ¢,,
and ¢, for the corresponding local skin friction and heat transfer coellicient

from the following relations:

Al = IG2(,0) + G 0], 1Ad = \Jl1122(€,0) + HA(E,0)]  (4.18)

and

_ L [GEHE ) _ o [HIE0)
fm = o [Gﬂém]’¢“”“‘ LH@&J 0-19)

where, G, GY, fI! and H] are respectively the real and imaginary parts of the
coefficients G”(€,0) and 1I'(£,0) . The real part of the corresponding stream
function W (=V¥/vRep/Day) and the temperature distribution O(= T—;:—‘&)

take the following form

V(1) = vRep/ I)(LI,\/E [1"'(6_, n) + (G coswl — G sin wi)] (4.20)

and

O, ,t) = O+ ¢[H, coswl — H;sinwt] (4.21)

Solution methods of equations (4.10)-(4.15) are discussed helow for small,
large, and for entire values of Darcy drag parameter £ . The equations (4.10)-
(4.11) and (4.13)-(4.14),being investigated by two methods, namely, (i) per-
turbation method for small and large &, and the (ii) implicit finite difference

method for entire €.
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4.2 Method of solutions

First we look to find the solutions of equation (4.10)-(4.11) and (4.13)-(4.14) by
series expansion method for small £ ( near the leading edge ) and the matched

asymptlotic method for large € ( in the downstream regime ).

4.2.1 Solution for upstream regime (£ < 1)

. Accordingly, we assume that the required expansions of the funclions F'(&,1
J ] b ,

0(€,n) and G(€,7) and H(E,n) near small & have the form:

F(&n) = Z ()" Lulm), O ) = (6)"0u(n) (4.22)
GEn) =) () gun), H(En) =) (£)ha(n) (4.23)
n=0 n=0

where [.(17),0.(n), gu(n) and h,, () are the arbitrary function depending on 3.
Now with the help ol equations (4.21) and (4.22), equations (1.10), (4.11)
and (4.13), (1.14) can be split up to the lollowing equations with their respec-

tive boundary conditions:

"y /0 fY =0 (4.24)
R Shfi + iju./{,' - Lfi=L-1 (4.25)
II/ l }- 27 = ! ¢ 3
+Z - Z(n fo o Ji—T_, =0, n>2 (4.26)
r=(0 r=
and

1 L,

500 + .—.Ioﬂé =0 (4.27)

_011+ Zf" " Z /r . n__. T) , n> | (4.23)

1
ge + 5(./0.‘](’)’ +90f3) =0 (1.29)
| 3 - . .
g7+ 5(./of/§'+r/o./{')+§(./|y()'+.f/|./6')—.l(’,fli —goJi H(FHES) (I —gg) = 0 (4.30)
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142 . e
."'vZ 4 N Lol an ) Z [ Ghmrt Fres ) (1415)g, = 0,

r=() =

1
'I—)Tll ([0]10 + (]()0(,) =1 (432)

wz2 (4.31)

] 1+ 2 .
EI]::_F;( o )(frhn T+0:l ,.(/r F; n— 7‘h7+J~n 70 )-1'7-.5/&,,,_1"0
w2z (4.33)

J:(0) = f1(0) = 0;(0) = 06(0) — I =0 } for i = 0,---,n  (4.34)

9:(0) = gi(0) = hi(0) = ho(0) — 1 =0 } for ¢ = 0,---,n (4.35)
, 0 ! ' L

In the present investigation above equations for f, , 8, and ¢, h, up to
the O(€%) are obtained using the linear shooting method excepting the equa-
tion (4.23) and (4.26) that have been integrating using Nachtsheim-Swigert,
iteration scheme. The resulting solutions for the missing values for ¢//(0) and
h:.(0) are then applied to the Shank’s transformation. Solutions thus obtained
are expressed in terms of amplitude and phase of the local skin-friction and
the heat transfer rate and compared with that obtained by finite difference

method.

4.2.2 Solution in downstream regime (£ > 1):

For large £ we introduce the new independent variable ¢ = =2 in equations
. |

(4.10)-(4.11) and (4.13)-(4.14) and get

" “ Al l C3 1 .

(1 - [l’l) + Cz (17)777) + 2,1 Inn) + 7 (FnFnC - leFC) =0 (436)
1 1 ¢ .

ETOW; + 51’ ()” — E (F,’OC — F(G") =) (437)
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© ! 4 y 1 l el 1 (:3 Al \ Al 1 J Al
(l+15)(l __('")_*_Cl (GU’IU + "'2_(1;(17," + [:;,1)(7)) +_‘)_ (1‘1)(11)( + (J”['( - F”")(J( b ]‘(‘(.11)7]) = O

(4.38)

) p I l 4 C:; nl J " U
—iSH+¢? (ﬁu,,,, + 5 (P, + 0,,(__,)) 3 Ryl + Gyl = Hy Fe = 0,Gi) = 0
(41.39)

The corresponding boundary conditions reduces to

F(¢,n)=F'((n)=0, 0(C,y)=1, al =0 (4.40)
F'(¢,n)y=1, 0(¢,n) =0, as 5 = oo )

G(¢,n) =G"(¢,m) =0, H({,n)=1, at =0 (4.41)
(¢ =1, H({(,n)=0, as n > o0 '
Now, letting { — 0 and keeping 5 fixed one finds
! Pr
(1= ) =0, O+ 7’1?0,, —0 (4.42)
(1451 =Gy)=0 and 2 =0 (4.43)
These have the solutions:
]) .
F = n+ C(), 0 = erfc <\/:7 (1] + Co)) (4.’]4)
G(n)= Do+, and () =0 (4.45)

One can sec that the above solutions do not satisfy the respective boundary
conditions at the two extreme end points. Accordingly these suggest two
types of expansions of equations (4.35)-(4.38) namely the inner and the ouler,
respectively, in regions ncar = 0 and 7 = oo. We assuming that Gy and
Hy represent the first terms of the outer expansion, since it satisfy the outer
boundary condition. Thus this situation involves the [rame-work of matched
asymplotic expansion with small parameter, an artificial parameter or the
co-ordinate undergoing the limit processes as a small and large parameter.
For outer ecxpansions, we expand the linctions I7, 0, G and 11 in power of

¢ of the form

F(Con) ~ S C"Fun), 0 m) ~ 3 C*0ul) (4.46)

n=0 n=0

19



Dhaka University Institutional Repository

G(¢m) ~ D CGul)y H(Gm) ~ Y () (4.47)

n=0 n=0
Now substituting the above expansions into (4.10)-(4.15) and taking the

terms up to the O(¢?) one gets a set of linear differential equations which have

the solutions:

Fo=n+Co, M=C I, =0, (4.48)
- r, - ~
00 = erfc (\/;' 7]) 3 01 = O, 02 =0 (440)
Go=n+Do, Gi=Di, Gy=1), (4.50)
nv Pr

I?Q = O, i')] = O, 1‘12 =

125

The above solulions satisly the outer boundary conditions

Gh— 1, and G =0, H, >0 as n - 00 for n=1,---,5 (4.52)

All the (s and I)’s are arbitrary constants which are to be determined by the

matching procedure.

To lind the Inner solution:, we introduce the independent and dependent

variables as:

(=& 5= (4.53)
S ) = (E)'PFE ), ®(¢a) =0(,n) (4.54)
g(¢,7) = ()'*C(Em), M(,a) = H(E,n) (4.55)

Equation (4.10)-(4.11) and (4.13)-(4.14) then reduces to
J"+ =)+ f =T f) =0 (4.56)

-3 1
g"+ (1 +iS) 1 -g¢') + % (Sg+9' 1= T"9c—9"fe) + %f'!]( =0 (4.57)

-3
SV S W SO =0 0 (45)
L w .. CB ' ¥y 7 n o r
—h" —iSh + B} ([he+g'd =0'fe —g?)=0 (4.59)
N

=
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Here primes denote differentiations of the functions with respect to ij. The
ouler solutions are obtained as the limit ¢ — 0 with  fixed, but here we let
¢ — 0 keeping 7 fixed. Thercfore, the co-eflicients in (4.55) to (4.58), which
are [unctions of 5, should be expanded for  — 0 and rewritten in terms of

(¢,7)-

The no-slip condition will be satisfied if

J(¢,0) = f5(¢,0) =0, @(¢,0)=1 (4.60)
9(¢,0) = g5(¢,0) =0, A((,0)=1 (4.61)

Now we assume
J6M ~ S EL, VG ~ 3 () (1.62)

q(C,ﬁ) ~ chgj(ﬁ)a h(ca 77) ~ Z thj(ﬁ) (4()5)

1=0
Substituting equation (4.61)-(4.62) into the equation (4.55)-(4.58) and equal-
ing the co-efficients of {™ up to O(¢?) and then solving them using the boundary

conditions (4.59)-(1.60) one obtaius

So@) =dqi+e =1, i) =0, filfj) =0 (4.64)

Po=1, &1 =0, &, =0 (4.65)

N = L —VITiF . . .
9o(7) = i + ——=(e"VFT _ 1), g.(5) = 0, =0 4.6¢
o) =] m( ), a1(77) 92(1) (4.66)
ho(7) = V¥ () = 0, ha(7)) =0 (4.67)

Since the inner and the ouler expansions of the {luctuating momentum
and energy equations have overlapping domains of validity, we should match
them. Although each term in the inner expansion is completely determined,
unknown constants are introduced in the outer expansion at each order. They
are determined by the following matching principle:

Jim F(¢,7) = lim (¢, m), Jim 0'(¢,7) = 1]’i_13(1)0°(c,1;) (4.68)

Hl
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lim G'((,7) = 11m GO(¢,m), him HY((,7) = hm H°((,n) (1.69)

ij—00 fj— o0 n—0
The superscripts ¢ and o distinguisbh the inner and ouler expansions, respec-
tively.
Following Van Dyke (1975), we express the resulting solutions in the fol-

lowing composite form:

F o~ g4 ce =) (4.70)

0 ~ erfcmn (4.71)

G~ n+ ———\/%( e~ (VTHSIE My 1y (4.72)
H o~ e~ (VEPRE/ (4.73)

Separating the real and imaginary part of the equations (4.72) and (4.73),

we get
Re(G) ~ n— AC+ Ce (A cos D — Bsin D) (4.74)
Im(G) ~ B¢ — (e €1 (Bcos D + Asin D) (4.75)
Re(H) ~ efcos P ' (4.76)
Im(H) ~ —efsin P (4.77)
where
PR I N U N LR I 1
V2 L+ T 1+52] T T R (14527 1457
(4.78)

i .
C=—[1+5H"74+1]", D yrr_ " (4.79)

% \/_[1+s

AS'P' 1/2
P=- [——zﬁ] 0 (4.80)

These expressions are correct to O((?), or, equivalently, to O(£~"). Hence

shearing stress and the rate of heat transfer are obtained using the formulae,
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o D%

— 1/2 = 1/271/2 4.
87]2 ln_U 6 07,2 |1)_0 (] +IS) E ( 81)
and
90 o OH s
= |n = v [ g a= — (1.8 Pr 127172 .
(.)77 In—() ([7 7‘./2') 3 ()7’ 1)._.0‘ (7 ) [7) f (4 82)

In equations (4.81) and (4.82) the first and second parts represent respec-
tively the steady and fluctuating parts of this shear-stress and the rate of heat

transfer at the surface of the plate.

4.2.3 Solution for entire regime (0 < £ < co0):

In the present analysis, the system of equations (4.10)-(4.11) and (4.13)-(4.14)
are solved by an efficient and accurate solution technique, known as implicit [i-
nite difference method.To begin with, equations (4.10)-(4.11) and (4.13)-(4.14)

arc converted into the following system of first order equations:

JF _
?)_77 = U (4.83)
aou
o =V (4.84)
av 1 =, oU ar
— FV 1 -U UV—s—-V—= .85
b+ -0 =€ U5 - v (4.89)
and
J0
/ v
‘)’I =W | (4.86)
1 oW | 00 ar
—_—— FW = R .87
Pr dn t3 6[1 é ()f] (4.87)
('9(,'
o " r (4.88)
ou
A 3¢
o (1.89)
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: _[or  8U oG OF |
£)—Cz+%(1«“6,2+VG)=£ v, p?2l /‘—--Q——(1+19)(1—1))]

oM ¢ 214 3 3
(4.90)

and

oll

-— = I? 4.91

o ( )
1 R | ol oG 0 or
—_—— "R+ GW UV—s-W-—+P—-R— Si| (4.92
pr gy TR GW) =8|V pr = Woae + Pz — lige +0 J( )

Here U and P are related to the usual x-component of velocity ,But V and
() are not the y-component of velocity.The boundary coitditions (4.12) and

(4.15) are then reduces to:

(5
,0

(&, )
[7(&,n
G(&m) =U(&n) =0, H(En) =1, aty =0 } (4.94)
11(6377)’: 1,11(6,71) = Oa'sf,]_)',]oo .

We now consider a net on the (¢, n)-plane and denote the net points by

) =0,0&,9)=1,aln—0 N
O, n) = 0asy — 1 (4.93)

6_() =0, f_n = En.—l + Ky n=1,2,3,---,N (4()5)

o =0, ;= 4 hi, 7=012,3,--,J 0y =14 (4.96)

Here n and j are just sequence numbers, not tensor indices or exponents,

i, and h; are variable mesh widths. If gz denotes the value of any variable

at (€.,7m;), then the variable and derivatives of equ ations (4:11)-(4.13) and
(4.13)-(4.15) and (4.83)-(4.92) at (&.—1/2, h—1/2) are replaced by

i
n—1/2 n n n— n—
91'-://2 =1 (97 + 9 + 977 +955)

8.(} ot/ l n n n—1 n—1
(d—f) =G g T gD

j—1/2

dg n-1/2 | ] ,
= — n + n-— n (n 1
(d"])j-l/? 411‘1:. (q] gJ + /J 1)
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Equation (4.83)-(4.92) are then expressed in [finite difference forms by ap-
proximating the funtions and their derivaties in terms of the center differ-
ence. Denoting the mesh points in the (&, n)-plane by & and 5; where, 7 =
0,1,2,---,M and , 7 = 1,2,3,---, N, central difference approximations are
made such that those equations involving € explicitly are centered at (&_1/2,75-172)
and the remainders at (&, m;-1/2),where n;_172 = (nj +1;-1), etc. These leads a
set of nonlinear difference equations are then solved by modified ”Keller box”
method especialy introduceed by Keller (1978), later, which has been used
most efficienty by Cebeci and Bradshaw [34] and very recently ,by lossain
[36,37] taking the initial interaction to be given by the converged sOlution at
& = &_;. Now , to initiate the process with & =0, we first prescribe the guess
profiles for the funtions G, U/, V., Il and W which are unconditionally conver-
gent. These profiles are then employed in the Keller box schem with second
order accuracy to march step by step along with the boundary layer.The 7;
were chosen so that the outer boundary 4, ~ 10 and were sufficiently dense
in the vicinity of the boundary layer.In the present, integration scheme, max-
imum values of € has been accounted till the asymptotic values for the local
skin-friction as well as for the local Nusselt number are reached. The numer-
ical results thus obtained are shown graphically in figures (1-2) for different
values of S and P’r.

The sct of partial differential equations governing the flows (4.10)-(4.11)
and (4.13)-(4.14) could be integrated by reducing to sets of non-linear ordi-
nary dilferential equations by ithe local non-similarity method. This method
had successfully been employed in a similar oscillating flow problem posed by
Hossain el al. [1996]. Generally, convergence of this solution method bhecomes
increasingly difficult for higher € values.

Therefore, here we are proposing to integrate all the sets ol equations gov-
erning the flow under consideration by the implicit finite difference scheme
with Keller box elimination method, a method that has been shown to be

particularly accurate for parabolic equations [24]. According to this method,

n

Y
<t
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AI\eller bé)_x —
0.05 | )SI}lpto 1C =

0.1 2 10

Iy

Fig. 4.1: Amplitiute of the rate of heat transfer against £
for $=1.0 and for different Pr.

the system of partial differential equations considered here are first converted
to a system of fifteen first order partial differential equations by introducing
new unknown functions of 5-derivatives. This system is then put into finite
difference form in which the nonlinear difference equations are linearized by
the Newton’s quasi-linearization method. The resulting linear difference equa-
tions, along with the appropriate boundary conditions, are finally solved by
an efficient block- tridiagonal factorization method. The details of the com-
putational procedure have been discussed further, very recently, by Hossain
et al. [37,38]. A wide range of numerical results have been derived using this

method, but we present here just a small selection.
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Pr
q)g 10.0 T
1.0 ' -
0.1 -
Series solution »— -
Keller box —

Asyniptotic —-— 4

L L 1 1
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Fig. 4.2: Phase angle of the rate of heat transfer against £
for S = 1.0 and for different Pr.

4.3 Results and discussions

Solutions of the steady part of this problem governed by the equations (4.10)
and (4.11) together with the boundary conditions (4.12) have already heen
discussed by Hossain et al. [9] for different values of the Prandtl number Pr
and a wide range of values of the streamwise distribution of the Darcy drag
parameter, £. From the present analysis it is seen that the asymptotic values
for the local skin-friction and the rate of heat transfer approaches to \/E and
\/m as € tends to infinity, which agrec quantitatively with those obtained

numerically by Hossain et al. [37)].

e |

~1



Dhaka University Institutional Repository

In Tables 4.1 and 4.2, representative values of the amplitude and phase
angle of the local skin-friction and the local rate of heat transfer are entered
for different values of the scaled Strouhal number, S, for wide range of the
values of the non-similarity variable £. In case of amplitude and phase angle
of the heat transfer ratio the value of the Prandtl number has been considered
as 0.72, which represent the fluid as air at 20° C. From these table it can be
seen that the solutions obtained for the amplitude and phase angle of the lo-
cal skin-friction and heat transfer rate obtained by series solution metnod and
the asymptotic method are in good agreement with that of the finite difference
method. We further notice that an increase in the value of S leads to increase in
the amplitude of the skin-friction and the rate of heat transfer. The phase an-
gle of the skin-friction also increases owing to increase in the value of S and its
asymptotic value approaches to tan™! [((1 4+ $2)V/2 —~ 1)/((1 + S?)1/2 + l)]llz.
On the otherhand, near the leading edge, the phase angle of the heat trans-
fer rate increases as S increase and its asymptotic values approaches to = /4.
Finally, it may be concluded that in the entire region of £, there is always a
phase lead in the skin friction and the heat transfer rate.

In Figure 4.1 and 4.2, the numerical value of the amplitude and phase of
the local heat transfer rate ®,,. one presented for different values of Prandtl
number, Pr, and taking S equals unity. The figures also compare the solutions
obtained by the series solution method and the matched asymptotic method
with that of the implicit method. From Figure 1., it can be seen that at all
Pr equals 0.1, 1.0 and 10.0, the amplitude of the rate of heat transfer, ®,,
increases as € increase. An increase of Pr also leads to increase in the value
of ¢,,.

It can further observe be from Figure 4.2, that near the leading edge the
phase angle, ®,, increases with the increase of the value of the Prandtl number.
Pr. Finally, from this figure we see that for all values of the parameters f’r

and S the phase angle approaches to Z with lead as £ tends to infinity.
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Table 4.1: Numerical values of Amplitute and Phase
angle of the local skin-friction for S = 0.5, 1.0 and
2.0

Am J q)m

3 ESS FDS ESS FDS

S=05

0.20%  0.62373* 0.67333  6.30169*  5.88%64
0.40%  0.74475* 0.77102  9.19045*  R.84153
0.60*  0.84590% 0.90313 10.83965* 10.33837
0.80* 0.93126* 1.00866 11.92042* 11.14904
1.00*  1.00378* 1.11311 12.69379* 11.69176
4.001  2.114741 2.13603 13.28251F 13.05338
6.00f  2.59002f 2.60707 13.28251%1 13.14287
8.00f  2.990701 3.00533 13.28251% 13.18162
10.00f  3.34370f 3.35672 13.282511 13.20340
12.00f 3.662841 3.67468 13.282511 13.21741

$=1.0

0.20%  0.64460* 0.68766 12.23227* 11.56844
0.40* 0.79471* 0.81585 17.17479* 16.68671
0.60* 0.92875* 0.97359 19.60593* 19.01758
0.80* 1.04653* 1.10239 20.97268* 20.06552
1.00*  1.15015% 1.22558 21.81122*% 20.74806
4.00f  2.37341% 2.39576 22.49998f 22.17315
6.00f  2.912051 2.92716 22.49998f 22.29089
8.00f  3.363501 3.37580 22.49998t 22.34596
10.00t  3.76060t 3.77161 22.49998t 22.37808
12.00t  4.11953t 4.12058 22.49998f 22.39909

5=2.0
0.20% 0.70880* 0.74147 21.57047* 21.66909
0.40* 0.94020* 0.96494 27.22289* 27.66316
0.60* 1.14070* 1.18507 28.63316* 29.65955

0.80%  1.31357* 1.36296 28.76535* 29.95323
1.00%  1.46436* 151977 28.44732%  30.34955
4.00f  2.99070t 3.00094 31.717441 31.39378
6.001  3.662841 3.67125 31.71744f 31.50549
8.001 4.22048% 4.23680 31.71744f 31.55947
10.00t  4.728711  4.73528¢ 31.71744f 31.59154
12.00t  5.180041 5.18605 31.717447 31.61277

*_for small £ and t-for large €

HY
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Table 4.2: Numerical values of Amplitute and Phase
angle of the local rate of heat transfer for 5 = 0.5, 1.0
and 2.0 while Pr = .72

A ot

€ ESS FDS ESS FDS

0.20*% 0.48300* 0.50291 6.63941*  6.74763
0.40*  0.42301* 0.50532 12.46719* 12.75084
0.60*  0.42520* 0.54226 17.01695* 17.36472
0.80* 0.43248* 0.57382 20.36804* 21.23151
1.00*  0.44025* 0.60928 22.98509* 24.39854
4.001 1.20000f 1.12583 44.99995% 42.31586
6.001  1.46969t 1.41996 44.999957 44.17179
8.001 1.697061 1.66411 44.99995f 44.53492
10.00f 1.89737t 1.87105 44.999951 44.63540
12.00f 2.07846F 2.05519 44.99995f 44.94665

0.20*  0.49218* 0.51656 13.29073* 13.19726
0.40*  0.48546* 0.55753 22.07312* 23.26644
0.60*  0.50636* 0.63793 29.47257* 29.62434
0.80* 0.52997* 0.71556 34.65838* 33.87343
1.00* 0.55314* 0.79446 38.47588% 36.76588
4.007 1.697061 1.66464 44.999957 44.35848
. 6.00f  2.07846t 2.05816 44.99995t 44.93005
8.007  2.400001 2.39173 44.99995%7 44.82234
10.00t 2.68328} 2.66726 44.999957 44.82299
12.00t 2.939391 2.92743 44.999957 45.00021
S =20
0.20* 0.50903* 0.56713 24.63849* 24.36307
0.40* 0.62900* 0.71886 35.46202* 35.69818
0.60* 0.71538* 0.88886 40.13955* 40.13505
0.80* 0.79282* 1.03905 41.63419* 41.70547
1.00* 0.86075* 1.16900 42.32953* 42.53325
4.00t  2.400007 2.39608 44.99995t 44.62210

6.001  2.93939f 2.93385 44.99995t 45.11964
8.00f 3.394111 3.38071 44.99995f 44.91873
10.00f  3.794731 3.79600 44.99995} 44.93698

12.001 4.15692t 4.15194  44.999957 45.00059

*_for small £ and t-for large €
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Chapter 5

Conclusions

In the present dissertation, mainly two problems on steady and unsteady
boundary layer flow of a viscous incompressible fluid and heat transfer in
a saturated porous media have been discussed. ’

In Chapter 2, mathematical derivations of macroscopic conservations equa-
tions based on a volume averaging process have been provided. These are
followed by a comprehensive coverage of the topics associated with boundary
layer flows and convective heat transfer. .

A steady two-dimensional non-Darcy forced convection houndary laver flow
over a wedge with variable free stream has been studied in Chapter 3 show-
ing the effects of the non-Darcy terms, namely, the convective inertia term.
Forchheimer term and the Brickman term on the surface shearing stress and
the rate of heat transfer. Three important methods have been used for the
investigation of the present problems, namely, the extended series method to-
gether with Shanks transformation, the local nonsimilarity method. and the
finite difference method together with the Keller box technique.

It has been found that the local skin friction coefficients predicted by these
three methods are in good agreement. It has further found that the heat trans-
fer results from the series expansion solution with Shanks’ transformation and
the full finite difference solution with Keller-box scheme are alimost identical
for all cases treated here.

FFor the case of negligible porous inertia (Rep = 0). it has been observed

Gl
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that for large £ the local skin friction results predicted by all solutions are al-
most indentical. In this case, the heat transfer rate that has been measured by
the series expansion and finite difference methods are in excellent agreement.
It has also been found that the results that obtained by the local nonsimilar-
ity method with a third level of truncation are closer than the second level of
truncation to the results obtained by other two methods.

From the present investigation it has further been obseved that. the effect
of Prandtl number Pr on the local Nusselt number for wedge angle A=1/2. the
series solution and the finite difference solution are hardly discerniable for low
and moderate Prandtl number. The asymptotic expression suggests that the
level of J\’u,c/l?ve,:'/2 increases as the Prandtl number Pr. since .\"ur/h’erl/"’
is proportional to Pr'/? as £ tends to infinity and zero: the influence of Pr
becomes somewhat more pronounced as £ increases.

In chapter 4, an unsteady two-dimensional forced convection flow problem
along a flat plate in a saturated porous media with small amplitude oscilla-
tion in both the free stream velocity and the surface temperature has been
investigated. In this investigation, the equations governing the flow are solved
by two methods namely, the perturbation method for small and large val-
ues of dimensionless streamwise variable ¢ and the implicit finite difference
method in combination to the Keller-box method. The solution are obtained
and expressed in terms of amplitude and phase angle of the local skin friction
and the local Nusselt number. It has been observed that the above men-
tioned physical quantities obtained by series solution method and the asvmp-
totic method are in good agreement with that of the finite difference method.
Further, it has been noticed that an increase in the value of scaled Strao-
hal number, S, leads to increase in the amplitude of the skin friction and
the rate of heat transfer. The phase angle of the skin friction also increase
owing to an increase in the value of S and its asvmptotic value approaches
to tan™" [((I + S22 — 1)/((1 + S%)1/2 + l)]l/z. Near the leading edge. the

phase angle of the heat transfer rate increase as .S increase and its asymptotic

(2
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values approaches to 7 /4. From the present analysis it may also be concluded
that in the entire region of £, there is always a phase-lead in the skin friction

and the heat transfer rate.

63



Dhaka University Institutional Repository

Nomenclature

g

S

Cps
<T>°
D(l]_,

K

Nug
Rag
Rey,
Rey,
Re,

volume flow rate

cross sectional area

apparent velocity

control volume in a fluid saturated porous medium
volume space which the fluid accupies

pore velocity

control surface

control volume

intrinsic average pressure

total interface area between the solid and the fluid
diameter of the sphere

acceleration of gravity

intrensic volume average of the total surface
constant pressure

intrinsic average of the solid temperature
Darcy number

dimensionless stream function

intrinsic permeability of the porous media
local Nusselt number

local Rayleigh number

ratio of Forchheimer drag to Darcy drag
Reynolds number

local Reynolds number
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temperature of the fluid

ambient constant temperature

wall temperature

free stream velosity

reference velocity

Darcian or superficial velocity components
boundary layer conditions

Strouhal number

Surface temperature

Scaled Strouhal number

Amplitude of local Skin friction
Amplitude of Heat Transfer coefficient
Phase angle of the local Skin friction

Phase angle of the Heat transfer coefficent

Greek letters

Ky
2
K

¢

Py

thermal conductivity of the fluid

fluid viscosity

permeability

capacity ratio of the saturated porous medium (2.41)(2.42)
stress tensor

effective thermal diffusivity of the fluid saturated porous media
coefficient of thermal diffusivity

porosity of the media

similarity variable

parameters

solution density

kinametic viscosity

wedge angle parameter

streamwise variation of Darcy drag coefficient in chapter 3

stream function
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dimensionless temperature
Streamwise variation of the Darcy drag coefficien 1n chapter 4
Convectional Reynolds number

Frequency of oscillation
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