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ABSTRACT

This thesis is devoted to the study on the growth and spaces o f  entire functions in one 

and several complex variables represented by Dirchlet series. It consists o f  five chapters. 

The three chapters are fiomished with one complex variable where as the last two are 

dealt with several variables. The first chapter embodies with maximum term and rank o f  

the maximum term o f  entire fimctions. The second chapter deals with the growth 

prorerties , such as order and type, o f  these functions. The third chapter is devoted to the 

growth properties and topological structures for a class o f  entire functions. The fourth 

chapter deals with the Gol’dberg order and Gol’dberg type and the algebraic structures o f  

entire multiple Dirichlet series in several complex variables. The remaining chapter deals 

with order and type o f  entire fimctions represented by multiple Dirichlet series in several 

complex variables.
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INTRODUCTION 

A Dirichlet series in one variable is of the form

OO

/ ( s )  =  ^  a„exp(sA„), s =  a +  iT G C and 0 <  Ai <  A2 <  . . .  <  A„ —> oo
n = l

as n —> CX3. Here the region of convergence is a half-plane and the sum function f(s) 

is holomorphic in its half-plane of convergence. Using the transformation z =  e®, the 

series is transformed to
00

n=l

which is a series expansion in arbitrary non-negative powers of z and becomes a power 

series when the sequence of exponents {A „} coincides with the sequence {n }. Thus 

a Dirichlet series can be regarded as a generalization of a power series to the case of 

arbitrary powers A„.

The theory of Dirichlet series in one variable is well-developed at the present time. 

The growth propert^^f, the region of convergence, the region of absolute convergence 

of an entire Dirichlet series and the representation of any arbitrary entire function in 

one variable by a Dirichlet series had been investigated extensively by a number of 

Mathematicians. A few mathematicians had also studuied the space of entire Dirichlet 

functions jn Qne v^fj^ble. But the theory of multiple Dirichlet series representing an 

entire function in several complex variables had not been worked out adequately till 

now.
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Though a multiple Dirichlet series can be regarded as a generalization of a multiple 

power series to the case of arbitrary powers, the theory of multiple Dirichlet series is 

more complicated than that of multiple power series. One of the distinguishing feature 

of the two theories is that the domain of regularity, the domain of convergence and 

the domain of absolute convergence of the sum functions are the same for a multiple 

power series but in the case of multiple Dirichlet series, it is not necessarily so for the 

three coresponding poly half-planes.

We have introduced Hadamard multiplication of two or more entire Dirichlet se­

ries and the concept of rank of maximum term in one complex variable and then 

discussed some results regarding maximum term and rank. The concept of order and 

type associated with an entire function represented by Dirichlet series have been in­

troduced. Some results on order and type of these functions have been studied. We 

have also investigated a few algebraic and topological structures of the space of entire 

functions.

We also studied the concept of Gol’dberg order and Gol’dberg type of entire 

multiple Dirichlet series in several complex variables. We then have obtained a few 

results on Gol’dberg order, type and algebraic structures of such functions in several 

complex variables.

Finally, we have studied the order and type of entire functions represented by 

Dirichlet series in several complex variables.

3
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CHAPTER -1  

MAXIM UM TERM AND RANK
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Chapter 1

Maximum term and Rank

OO

1.1 Introduction:

Dirichlet series :

Consider the Dirichlet series
(

f{s) =  {s =  a-\-ir) (l-l-l)
n=l

where a„ are complex numbers and A„ are non-negative real numbers. It is tacitly 
assumed that 0 <  Ai <  A2 <  . . .  <  A„ —> oo as n 00 and

lim sup — 0 (1.1.2)
00 A „

It is known [10] that the necessary and sufficient condition for the series (1.1.1) 
satisfying ( 1.1.2 ) to be entire is that

lim =  _  00 (1.1.3)
n-voo Ar'n

Definition:

Maximum modulus: The maximum modulus M j{a )  or M { a , f )  of the series (1.1.1)

4
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for He(s) =  a is defined as

M f(a)  = M ( a , f ) =  l.u.b. |/(cr +  <r|,
—oo < r  <  oo

Definition:

Maximum Term: The maximum term or n{cr,f)  of the series (1.1.1) for
Re{s) =  cr is defined as

^ r (cr ) =  / i ( c r , / )  =  max[|a„|e'^'^"] (1 -1 -4 )
n>l

Definition:

The Rank of The rank or / )  of the maximum term (1.1.4) is
defined as

Vf{a) =  f )  — max[n : /i(cr,/ )  =  |a„|e‘̂ '̂ "] (1.1.5)

A^(^j) is the indicative index of the maximum term.

Let denote the mth derivative of f(s) then

oo

/ ( ’ " ) ( » )  =  ( 1 . 1 .6 )

Also let fx{a^m) be the maximum term of (1.1.6) and the rank of be u{(y^m).

Remark 1.1:
OO

It is seen that ^
n = l

which is the function f(s) itself. Thus the maximum term 0) of the zeroth deriva­

tive of the function and the maximum term fi{a, f )  of the function are the same.

5
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So we may use the one instead of the other withouthesitation. This argument, of 

course, will also hold good for the corresponding rank.

Lemma 1 : If i/(<r, 0), t'(cr, 1 ) . . . ,  i/{a, m)  denote the ranks of the maximum terms 
of / ( s ) ,  respectively for Re(s)= cr, then

//(cr, 1)

Proof: We have 0) =

/i(cr, 1 )

A

Since f i {a ,  1) =

Also

~  ^J/((T,0)A*(^5 0 )

Thus, combining (1.1.8) and (1.1.9) the lemma follows.

Corollary 1.1:
we have

/T • • • A|V (o-,0 ) • • • ^ i / ( c r ,m - l )  ^  ^i^(o-,l) ■ • •

This follows on writing (1.1.7) for the function (1.1.1) and its successive derivatives

and multiplying the m inequalities thus obtained. Thus 

following known results follow directly from the above results.

(1.1.9)

(1.1.10)
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Corollary 1.2:

/̂/(<7,0) ^  '̂ <̂ (<̂ ,1) — •̂ ''(<7,2) • • •

Corollary 1.3 :

<- <
^ (cr ,0 ) —  / i ( c r , l )  —  ■ • •

1.2 Derivative of maximum term

Here we will derive some inequalities involving the derivatives of the maximum term. 

The functions and q) ^re constants in intervals, have an enumer­

able number of discontinuties and change values at these discontinuties only. Hence 

f̂ i/{<T,o) 3,nd At/(o-,0) and hence /J,[(7,0) =  aj/(o-,0) are differentiable out­

side a set of measure zero and the differential coefficients of |ctt/(cr,0)| and q)

vanish almost everywhere. We will denote by 0), IJ-'icT-, 1) . . ., etc. the

derivatives of //((7 , 0 ), /i((T, 1 ef c.  respectively.

Theorem 1.2,1 : At the points of existence of

At/(rr,0) /  \  _
--------  <  — 7-----TV < 1 , cr >  CTOA

Proof: We have , //(cr, 0) =  di/(a,0) Taking logarithms of both

sides and differentiating, we get ■£ [log //(cr, 0 )] =  [log|a^(^_o)| +  •
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This implies that

for almost all values of <r >  ctq. But by (1.1.7)

Therefore using this with (1.1.12) we have

/i(cr, 1 )

Thus
/ / ( c r , 0 )

<  1

for almost all a > <7q

Again

Using (1.1.7),

1)

(1.2.12)

(1.2.13)

(1.2.14)

which implies >

Hence the result follows from (1.2.13) and (1.2.14).
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-V

Theorem 1.2.2 : For almost all values a >  <To,

< ^ V ,0 )  <  + (1.2.15)

Proof : If p be the Ritt-order ([15], p-78) of f(s) and A is defined as the lower 
order ([14], p-96) of f(s) then ([25], p-69) we have

l i n / u P  .
0-—00 inf ^

Hence, for any e >  0 and a > cq

But by (1-2.12) for almost all tr >  (Tq. Hence

0) 
//(cr, 0 )

Thus the theorem follows.

Theorem 1.2.3 :

If A >  0, then /x(cr, 0 ) < /x'(cr, 0 ) <  ̂ '(<r, 1) <  . . .  (1.2.16)

for almost all values of cr >  ctq ^  0

Proof : From (1.2.15), we have //(cr, 0)e‘"< -̂'> <  /(c r ,0 )  <  ^(cr, 0)e^<'’+") 

for A >  0 , we get

fi{a,0) <  fi'{cr,0) (1.2.17)

for almost all values of <r >  (Tq >  0. Using (1.2.15) for the first derivative of (1.1.1)

we have similarly 1) <  h'((t, 1)
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but by theorem ( 1.2.2 ), '̂(Cr,0 ) <  /i(cr, 1), for almost all a >  (Tq.

Thus /((T,0) < /xV,l) (1.2.18)

From (1.2.17) and (1.2.18), /x((t,0) <  //'(<t,0) <  f i' (a,l)

Similarly we can prove for the subsequent derivatives and theorem follows.

1.3 Hadamard product of two functions

In this section we will study some properties of Hadamard product of two functions 

defined by Dirichlet series.

Let us consider the two functions
oo oo

/ ( '^ )  ^  ^  X] { s  =  (T +  i r )
n=l n=l

having the same sequence, {A „} of exponents both of which satisfy ( 1.1.2 ) and (1.1.3).

Consequently f(s) and g(s) are entire Dirichlet series. The Hadamard product of the

two series f(s) and g(s) is given by [6]

oo

f { s )  * g{s) =  ^  (1.3.19)
n=l

Let (/(s)*5 (5 ))*"‘* denote the mth derivativeof f ( s )*g (s ) .  So ,

g ( ’">(s)  =

OO

( f ( x ) * a ( s ) / ’"> =  (1.3.20)
n=l

10
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oo

n = l

Let M ( a , f )  and M * {a , f )  be the maximum modulus of (1.3.20) and (1.3.21) respec­

tively. Also let and n*{a,m)  be the maximum terms of (1.3.20) and (1.3.21),

the ranks of fi{cr,m) and fi*{cr,m) be i/(cr, m) and L>*{a,m) respectively.

Remarks 1.2 :

OO

It is seen that ( f { s )  * g{s)Y^^ — anbne^^" which is the function f { s )  * g{s)  itself.
n

Thus the maximum term /i(cr, 0) of the zeroth derivative of the Hdamard product 

functions and the maximum term /i(<r,/ )  of the Hadamard produt function are the 

same. So we may use the one instead of the other. This argument will also hold good 

for the corresponding rank.

Theorem 1.3.1 :

OO

The series (1.3.19) i.e. f { s )  * g{s) =  ^  is an entire Dirichlet series.
n = l

Proof : We observe that

0 <  Ai <  A2 <  . . .  <  A„ —> 00 , as n —)• 00 and lim sup—^— =  0
n-00  A„

The series f(s) and g(s) are entire, they are bounded in cr <  a: for any x <  00 and the

series

are convergent for all a.
n=l n=l

11
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Therefore lim =  0. Then it follows that the sequence is bounded
n—>00

for all a. Therefore the Hadamard product

00 00 00

^  ^  |a„6„|e"^" is convergent for all <7.
n=l n=l "=1

Hence the series (1.3.19) is an entire Dirichlet series.

Theorem 1.3.2 :

(1.3.22)

Proof : We have

1 )

Since

Also

g<rAy((,,i)

(1.3.24)

_  (1.3.23)
Aj/((7, 1)

/i(cr, 1) =  1)^1/(̂ (7,1)

1 ) ^  '̂ i/((T,0) ^u(a,0) î/{(T,0)

Thus combing (1.3.23) and (1.3.24) the theorem follows.

Corollary 1.4 :

fi{a, m)
^i^((T,0) • • • '^ u { a , m - l )  S  S  ^J/(cr,l) • • • -^j/((T,m)

This follows on writing (1.3.22) for the function (1.3.19) and its successive derivatives 

and multiplying the m inequalities thus obtained.

T 12
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The follwing results follow directly from the above results.

Corollary 1.5 :

Corollary 1.6 :

1.4 Derivatives of the maximum term of Hadamard prod­
uct functions

In this section we will study a few inequalities involving the derivatives of the maxi­

mum term of Hadamard product of two entire functions. We will denote by //'((T, 0), 

^'((T, 1) ... the derivative of /̂ ((T, 0), ^(cr, 1 ) , . . .  etc. respectively. Where m) is the 

maximum term of the series (1.3.19).

Theorem 1.4.1 : At the point of existence of /x'(cr, 0)

<  — :----- < 1 ? cr >  ctqA

Proof :  We have, //(cr, 0) =  Taking logarithms of
both sides and differentiating we get ,

d
da

log/i((7, 0) d
da

d d

13
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This implies that

for almost all values of <t >  ctq- But by (1.3.22)

Therefore using this with (1.4.25) we have

(1.4.25)

Thus,

Again,

Using (1.3.22)

which imphes

/i(cr, 0 )
1)

A<cr, 0 )

0)
/ i ( c r , l )

<  1

for almost all a >  o-q

_  X /  f 4 ^ ,  1 ) .  /̂̂ ((T.O)
/ i ( c r , l )  ^ ( (7 ,0 )  -

p (< r ,0 ) -

1
<

1
/i(cr, l) //z (c r ,0 )

Hence the result follows from (1.4.26) and (1.4.27).

Theorem 1.4.2 : For almost all values a >  (Tq

(1.4.26)

(1.4.27)

(1.4.28)

14
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-i-

Proof : If /? be the Ritt order ([15] p-78) of the series f(s)*g(s) and A be the lower 
order ([14] p- 96) of f { s )  * g{s)  then ([25] p-69)

sup P
lim --------  ̂ =  A

0--+00 inf

Hence, for any c >  0 and a > ao

But by (1.4.25) for almost all a >  (To.

Hence

m K O )

Thus the theorem folows.

Theorem 1.4.3 :

If A >  0, then /<(cr, 0) <  1) < . . .  (1.4.29)

for almost all values of cr >  ctq.

Proof : From (1.4.28) we have /i(cr, <  //'(cr , 0) <  f i (a ,

and for A > 0,

for almost all cr >  (Tq >  0 (1.4.30)

Using (1.4.28) for the first derivatives of (1.3.19) we have similarly /x(a, 1) <  1).

But by theorem (1.4.1), // '(c r , 0) <  //(cr , 1) for almost all a >  ao- Thus

/ (a ,0 )  <  / i V , l )  (1-4.31)

15
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From (1.4.30) and (1.4.31), /i(<r,0 ) <  /i'(<T,0 ) <  /x'(<t, 1). Similarly we can prove for 

the subsequent derivatives and the theorem follows.

1.5 Properties of maximum terms of Hadamard product 
functions

Let and /i*(cr, m) be the maximum terms of (1.3.20) and (1.3.21) respectively

for Re(s) =  a and i/(cr,m), be their corresponding ranks. In this section we

study a few properties of and fi*{a,m).

Theorem 1.5.1 : For m =  1,2,3 . . .  

/  [•/x*(<T,m)-|J- ^  -k

Proof ; We have
^arX„*(

>

Since /7l) ®i/(cr,m) î/((T,ra) ^j/(cr,m)^

Hence

>  a: (1.5.32)

Again, y . ( a , m )  >

m)
So,

_________  <  \m
I i {c7 ,m)  -

(1.5.33)

Combining (1.5.32) and (1.5.33) we get

/ / * ( c r , m )

16
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which implies

Corollary 1.7 :

Theorem 1.5.2 :

Proof : We have f l * { a , m )  =

>

Again,

=  (m =  1 ,2 ,3 ,. . .)  (1.5.34)

j l  ((T , T i l)  >  ®i/*((7,m—l)^t/*(<T,m—1)

Hence,

Combining (1.5.34) and (1.5.35) the theorem follows.

(1.5.35).

Corollary 1.8 :
A <  A2 <

17

(1.5.36)
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Corollary 1.9 :

(1.5.37)

Corollary 1.10 :

,2  ,2  >2 ^  <  ;«2 >2

Hence

A

A2

(1.5.38)

Theorem 1.5.3 : Let ?7l) — î/*{<j,m) ' /̂/*(<t,0) ’ 1,2,3, . . .)

If lim sup j/j((T,m) <  oo, (m =  l , 2 , . . . )  then

and

\ 2  \ 2 (1.5.39)

(1.5.40)

as (7 —> oo for each m 1, 2 , 3 , . . .

Proof : In view of (1.5.36) for any a,xf;{a,m) is always non-negative for each 
m — 1, 2 , ___

Let lim sup ip {a, m) =  am, (m =  l , 2 , . . . ) .  Then { 0:^} is a bounded squence of
<7—►OO

non-negative constants. Now for any e > 0 and cr >  ctq, We have

'0(cr, m) <  a m €.

18
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Hence

\2

But am <  oo, (m =  1,2,3,.....) and -> oo as a oo.

Hence

Also by (1.5.36), we have

A2
r  u * {a ,m )  .lim sup —  ̂ < 1

A2

A2 > 1.

Hence (1.5.39) follows.

Again from (1.5.38), we have

i/^« <  Â

Hence

A2
i/*(<r,0) -  A2 1 as (7 —> OO

Therefore
l/rn

AI/*(<T,0)-

19
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Chapter 2

Order and Type of entire 
functions

2.1 Introduction:

oo

L e t /(s )  =  (s =  cr +  ir)  be an entire Dirichlet series
n = l

satisfying (1.1.2) and (1.1.3). Then the linear order p, lower linear order A, linear 

type T and lower linear type t in terms of maximum modulus of the function f(s) are 

defined [2], as

lim log log M K / )  ^  ,  ^2.1.1)
(7—00 i n f  cr

and

sup log M(cr / )  T  / \ / X
,  1  =  t . (0 <  /- <  oo) (2.1.2)

<T—►OO i n t  ^

where M{a, f )  =  l.u.b. \f{a +  ir|, the maximum modulus of f(s) for
—  o o  < T <  oo

Re{s)  =  <7.

20
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Let M {a ,m )  be the maximum modulus of the mth derivative of f(s). Then the 

maximum modulus of the zeroth derivative of f(s) is M(<r, 0). We know that the 

zeroth derivative of f(s) is the function itself. So we can write M ((t,0) in place of 

M((T,/ )  in (2.1.1) and (2.1.2). Thus the equivalent relations are

i._  log log M((j, 0) _  P 
lllll — /\

<7^00 inf cr
and

lim
(T—̂OO inf ei^

=  J ,  ( 0 < p < o o )  ( 2 . 1 .2 ')

The order p and type T of the function (1.1.1) in terms of co-efficients and exponents 

are given respectively, [10], [15] and [20], by

n—s-oo

and

lim sup

-lo g  

A n

a.

n—>-oo ep
a.

(2.1.3)

(2.1.4)

Again if A„ and
log|a„/a„+i

An+l Ayj
is a non-decreasing function of n for n >  no, then the lower type t of f(s), [9

(2.1.5)

IS

lim inf— =  t, (0 < / > <  oo)
- -  ep ’71—►OO

(2.1.6)

Also if Xn+i ~  A„ and (2.1.5) be true, then the lower order A of f(s), [14] is

lim i n f ^ ^ i ^ ^  =  A, (0 <  A <  oo) (2.1.7)
n-*oc —log|a„

21
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We say that the entire function f(s) is of linearly regular growth if A =  /? and of 

linearly perfectly regular growth \ i  p =  \ and T =  t. We also define linear ratio type 

of f(s) as T /t  =  L, (0 <  Z/ <  oo). It is known [25] that

log //(cr, 0) =  log //(cTo, 0) +  /  (2.1.8)
Jao

where 0) gives the rank of the maximum term (̂<r, 0). Using results (2.1.1)', 

(2.1.3), (2.1.7) and (2.1.8), it can be easily shown that

liin
(T—̂OO inf a

log log Â (<7,0)

<T—>00 inf ^
sup log log M(rr, 0)

lim -------------------------
0-^00 inf

=<: (2.1.9)

We also know [18, p-89] that

log S tlim
>oo inf ^

__ mp
mX

It is known [251 also that

//((T, 0 ) <  M (c r , 0 )

and if

n—►oo A n

(2.1.10)

(2 .1.11)

(2.1.12)

then

A„logA„ loglogM (cr,0)
lim sup —j— ------ =  p =  Imi s u p ----------------------------------------------  (2.1.13)
n—̂00 - lo g a. <T—►OO a

where p is the Ritt order of f(s). Further if (1.1.2) holds and f(s) is of finite order 
then

logM((T, 0) ~  log/i(o-, 0) (2.1.14)
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Remark 2.1 :

It is to be noted from the above informations that the order(type), the linear or- 

der(type) and the Ritt order(type) are the same. So no harm will take place if one 

uses any one of the above different orders (types).

Let F be the family of all entire functions of the form (1.1.1) satisfying (1.1.2). 
For f , g  ^ F  we define f  * g a,s

oo
f{s)*g{s) =  '^anbne"^"

n=l

oo 00

where f { s )  =  ^  and ^(s) =
n=l n=l

Theorem 2.1.1 : Let f , g  G F  be of Hnear orders ^i(0 <  pi <  oo) and 

^2(0 <  P2 <  00) respectively. If p2 >  pi, then the linear order of /  +  is equal to p2-

Proof : Let p be the linear order of /  +  then by (2.1.1),

log logM(cr, / )  
cr 

log logM(cr,ff)
(7

log logM (cr,/ +  ^)
(7

p\ = lim sup
(T—̂OO

P2 = lim sup
(T—̂OO

P = lim
cr—*-oo

sup
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Now,

M { a J  +  g) =  l . u .b .  \fis) +  g{s)
—oo <  r <  oo

<  /. u. b. |/(s)| +  I- u- b. g
— oo < T <  oo — OO <  T <  OO

< M ( a , f )  +  M (a ,g )

<  exp{e‘’<'’'+ ')}  +  exp{e‘'<«+ '>},c >  0.

< 2 } for CT > (7o(e)

>k

Hence,

Thus

log logM(cr,/ +  fif) 
lim sup-------------- ^ ^  <  p2 +  €

(T—*-00 a

P <  P‘2 (2.1.15)

On the otherhand, M { ( J n , g )  >  for a sequence of values of

a„ oo.

Again,

=  exp{e (^n{p2-e) } exp{e '^"(^2-e )l^

provided, e >  0 is so small that p\ +  e <  p2 — e and n is sufficiently large.

Thus

P >  P2 (2.1.16)

From (2.1.15) and 2.1.16), the theorem follows.
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^2(0 <  p2 <  00) respectively. Then the linear order /?(0 <  p <  00) of 

\  f g  < m a x { p u p 2).

Proof : Let pi <  p2- Since f and g are entire functions of linear orders pi and p2-, 
we have,

M { a , f )  <

 ̂ M{a,g) < }
for e >  0 and sufficiently large a >  <To(e). Now,

M{crjg) =  l.u.b. \f{s)g{s)
—00 < r < 00

< M{aJ)M(a,g)

^  <  e x p { 2 e ‘"(^^+^)}

Hence, /O <  /f?2

Then it follows that p  <  m a x  [p\^ p^).

Theorem 2.1.3 : Let f , g , f  +  g ^  F  be of the same linear order p{0 <  p <  00).

^  Let Ti and T2 be the distinct linear types of f  and g respectively. Then f+g  will be of

linear type T such that T =  max (T’i,T 2).

Proof : Let us suppose that Ti >  T2. Then by (2.1.2)

^  logM(cr,/ )
T i =  l im  s u p ^ —

<T ôo e^P

^  and
logM{a,g)

T 2 =  lim  s u p ---------- ^ ^
tr-^00 ^ e^P

Then, we have,
M ( o , f )  <  e x p im  +  f je " " }

■25
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A

and
M { a ,g )  <  exp{(T2 +  

for e >  0 and a >  a .̂ Again,

M { a J  +  g) <  M { a , f )  +  M { a , g )

<  e x p { ( r i + e ) e " ^ }  +  e x p { (T 2  +  e ) e " q

<  2 e x p {(T i+ e )e ‘"^},

and so

Also,

T <  Ti (2.1.17)

M{(t, f  -\-g) >  exp{(Ti -  6)e'^^} -  exp{(T2 +

> ^expKTi -

for a sequence of values of a tending to infinity, provided e >  0 is so small that 
T2 +  e <  Ti — € and so,

T >  Ti (2.1.18)

From (2.1.17) and (2.1.18), the rasult follows.

Theorem 2.1.4 : If f(s) be an integral function of order p and lower linear order 

A and //'(<r, 0), be the derivatives of the maximum terms f i{ c r ,m )  in

the Dirichlet series for f(s) and its mth derivatives respectively and also

then
<r—+00 a

liiri
(T—»oo inf

sup
P f l (g ,0) __  7Jip

a m\
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Proof : From (2 .1.8 ), we have

log/i(cr,0) = lo g ^ (c r o ,0 )+  /  K { x f i ) d x  (2.1.19)
J(Tn'(To

and

log /i(cr, m) =  log m) +  /  K{x,m)dx (2.1.20)
J<Tm

Differentiating (2.1.19) and (2.1.20), we get respectively,

/< '(cr,0 )

/ / ( c r ,0 )

almost every where for >  ctq and

/^'(<7,m ) 

^ (̂cr, m )

almost everywhere for a >  Om-

=  (2.1.21)

= (2 .1 .2 2)

Taking the logarithm of both sides of (2.1.21) and (2.1.22) and subtracting, we 
get ^

^  lo g A ^ g ,m ) -  lQ g \ (^ ,o )
a a a

almost everywhere for a >  max(cro, <7 )̂-

Therefore, proceeding to limits on both sides and using (2.1.10), we get

sup l o g i ! ^  .sup l o g i l ^
lim  ̂ _ V W L  =  lim =  3

(T̂ oo inf ^ a-*oo inf ^
In perticular, if f(s) is of linearly regular growth, then

loff^®g ;|'(<T,0)lim -— -  =  mp.
(T—>-00 O
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^l/((T,Tn) ^u((T,0) __ Q
(T̂ OO (J ’

then
<  n \ o , m )  <

almost everywhere for cr >  ctq, e >  0 and m =  1,2 , . . .  p.

This easily follows from Theorem 2.1.4 .

Theorem 2.1.5 : If  ̂ be the linear order and A be the lower linear order of
(1.3.21) then

<r-.oo inf ^ -  2im

Corollary 2.1 : If

Proof : From (1.5.38) we have

/x*(o-’,o) ^  2m log  ̂ ^
o  ~  a

Hence

1- ^  o  T  lo g  ^u*{(T,m) ^lim sup---------^ <  2m lim sup-------------- =  2mp
<T—>oo cr a-^oo o

Similarly, taking inferior limits in (2.1.23) we obtain

loff
lim inf------  ̂ <  2mA.

<T—̂OO O
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Corollary 2.2 : If

then

For

1- 1 r / ̂  ̂ 2m,lim — ip{x,m)dx <   ̂ \
(T-t-OO inf ^ J(To

loff
=  C>(1) +  -  ^(ar, m)dx.

2.2 Properties of Hadamard product functions

In this section we shall study some of the properties involving maximum terms of 

f(s), g(s), f { s )  * g{s)  and their respective ranks. We shall denote by /ii(cr, 0), /X2(<t', 0), 

and 0) the maximum terms of the functions f, g, /  ♦ 5 resprctively and 0), 

i/2(cr, 0) 0) the respective ranks of /ii(cr, 0), 0), /u(cr, 0) respectively. It can

be easily verified that

0)
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^2(0 <  p2 <  respectively. Then f { s )  * g{s)  is an entire function with linear order 

p such that p <{p\p 2)^ provided

Theorem 2.2.1 : Let f ^ g ^ F h e o i  linear orders ^i(0 <  pi <  oo)  and

log—i -------( lo g — l o g ^
ClnOn Qji

P r o o f  : It was shown in [6] that { f * g ) { s )  is an entire function. Now by (2.1.3),
we have,

lim
Q r 1

n^oo A„logA„ pi

linx '
n-^oo A„logA„ p 2 

for arbitrary e >  0 , it follows that

-^nlogA^ 

for sufficiently large n.

>
. P i  2 /?2 2 J

That is.

Therefore,

A„logA„
>

> 1  r ^ P 2  r i

lim sup — 1 ^  >  
n^oo A„logA„

/  1

VP\P2,

Then it follows that p  <  {P\P2)^
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p respectively and finite linear types ^i,<2 and t respectively.

If logM{cr,f*g)  ~  \ogM{a, f)\ogM{a, g), then p <  p\ +  p2- Also if the sign of equality 

h o ld s 'm p <  pi p2 then t <  1̂̂ 2-

Proof : By (2.1.1), we have ,

log logM(o-,/ )
Pi =  lim sup-------------- ^

(T^OO (J

. log logM((j,
and p2 =  lim sup----------------------

(T- ^ 0 0  a

Then for an arbitrary e > 0,

log M(o-, / )  <  exp |cr(/9i +  |) j  for cr >  ctq

Theorem 2.2.2 : Let f, g and f  * g he of finite non-zero linear orders p\,p2 and

and

log M {a , g )  <  exp |cr(̂ 2 +  | ) }  for a >

Hence it follows that

log logM(cr, /  * o) 
p =  lim sup— ^  <  Pi +  p2<T—►oo cr

Again from (2.1.2), we have

l o g M ( g ,  / )

and

< +  6 for a  >  a i

Hence,

logM(CT,/)M(<T,g)  ̂  ̂ ^
------- ------------------- < (*i +  f )(*2 +  e) for <T>a,

.31

Dhaka University Institutional Repository



Thus if /) =  /?i +  p2 , then it folllows that

 ̂ \ o g M { a J * g )  ^
t =  l im  s u p ------------ -------------- <  1112.

(7—fOO e<rp

Hence the theorem.

Theorem 2.2.3 : If f { s )  * g{s) is of linear order /9(0 <  p <  oo) and linear type

T(0 <  T <  oo), then is also of the same linear order p and linear

type T.

Proof : Let p^ be the linear order and be the linear type of
Using (2.1.3) we have

1 =  lim inf 1“ " ''"

Thus
f) n^oo A„logA„

Pm n—>-00 A„logA„

> lin. inf +  lim inf A„
n—►oc 

1
A„logA„ n-oo A„logA„

Again,

1 .  T -lo g  \aj)„—  < lim sup —— — r------h lim sup
P*„ n^cx A„logA„ n̂ oo

1

—2mlog A„ 
A„logA„

Hence p*  ̂ =  p.

Also, using (2.1.4), we have

T =  lim sup /  —
n^oo y ^ P

O'Tib'n
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Now,

T* =

Since

Hence =  T.

=  lim supn—̂00

=  lim supn—̂00

=  lim
n—*oo

sup

lim =  1
n—*-oo

A

T h eorem  2.2 .4  : If /(s) * 5f(s) is of linear order /?(0 < p < oo) and linear type

T(0 < T <  o o )  and { f { s )  * g (s )) '^  is of linear order pm and linear type then 

Pm =  P and Tm =  T.

P r o o f  : The proof is similar to that of the theorem 2.2.3 and hence is ommitted.

T h eorem  2.2.5 : If /o be the linear order of f { s )  * g{s),
1

l o g  / Vm + 1

lim sup
(T—̂OO a =  p-

Further if logA„ ~  A„+i and and•̂n + l are

non-decreasing functions of n for n >  no and A be the lower linear order of 
f { s )  * g{s)  then

log-/

lim m f------------------- --

1
m+1

(T—*00 a
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Proof : We have

— 1) >  Hence from (1.5.33) it follows

=  K*ia,m)K(a,m)f^{(^, 171-1)  (2.2.24)

Again f l {a ,  m )  >  ^  ~  !)•  Hence from (1.5.32) it follows

=  A;rK.„)A.(,,„-,)/<(<T,m-l) (2.2.25)

From (2.2.24) and (2.2.25) we obtain

v̂(<T,m)̂ v{(T,m-\) <  (2.2.26)

But from a standard result [21] and from theorem 1.5.1 we have

î/(a,m) ^  ^t/(cr,m) — ^v*(ar,m)

Hence from (2.2.26) we have

(2.2.27)

which implies

X /  r /  X
^v(a,m) S  ■[ / 1 \ J — fc'*(o',m) ̂ m  — 1) ' ■

(2.2.28)

The theorem now follows from (2.2.28).

Theorem 2.2.6 : If f(s) and g(s) are two entire functions of order pi and p2

respectively, then f { s )  * g{s)  is an entire function of order p such that

1 1 1
-  >  —  +
P Pi P2
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Proof : f { s ) * g [ s )  is an entire function by virtue of theorem 1.3.1 . By (1.3.19)

Now

00

n = l

1 . ~\og\a„b„
-  =  hm inf— ^— —  
p n^oo A„logA„

a.
+

-log|6„
n̂ oo A„logA„ A„logA„

CLn

n-oo A„logA„ n-oo A„logA„ 
1 1

P\ f>2
using (2.1.3)

Hence the theorem.

Theorem 2.2.7 : If f(s) and g(s) are two entire functions of order p\ and p2

respectively, then is an entire function of order such that

± > 1  +  1
P*m Pi P2

Proof : is an entire function by virtue of theorem 1.3.1 . By
(1.3.21)

00

n=l
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Now

i ,  =  lin .
Pm A„logA„

a.
+

-log|6„
n—+00

=  lim in f

A;^logA„ A„logA„
ttji

n-^oo A„logA„ n^oo A„logA„ 
1 1

Pi P2
using (2.1.3)

Hence the theorem.

T h eorm  2.2 .8  : If f(s) and g(s) are two entire functions o f order pi and p2

respectively, then (1.3.20) \.e.{f{s)*g{s))'^ is an entire function of order pm such that

Pm Pi P2

P r o o f  : The proof is exactly similar to that of theorm 2.2.7 .

Now we prove the following lemma :

L em m a 1 : If f(s) and g(s) are of the same order 0 <  /Ji <  00, then order 

p of f { s )  * g{s)  does not exceed | pi. Futher, if f(s) and g(s) are of same order, then 

2 p  -  p i .
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Proof : Given f(s) and g(s) to be the order of /Ji,(0 <  p\ <  oo) and using

theorem 2 .2 .6 , result “  ^  ~  we obtain

i > i  
P Pi

Hence

P < ^

and hence the result.

When f(s) and g(s) are of linearly regular growth, then

1 _  1 ^  1 _  2 

P P\ P\ Pi

Thus 2 p =  pi

which completes our lemma.

Theorem 2.2.9 : Let f(s) and g(s) be two entire Dirichlet series of same order 

pi(0 <  pi <  oo) and lower orders Ai and A2 respectively. Further if

lim
a—̂oo in f  '^1/2(0-,0)

then ( i)

log/x(CT,0) /  , , . A2 Ai
lim sup  ̂ <  1 +  -  ---  -  02.—

<T-oo P i P i

log//(cr,0) /  , , 1 Ai 1 A2
lim s u p ----------------  ̂ <  1 +  -r  ~  —  “  T-  —
<7-̂ 00 0-Ki(<rfi) 02 P\ 0{ Pi

and (ii)
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1

Proof : Since f(s) is an entire Dirichlet series of order /?i(0 <  pi <  oo), therfore,

Similarly,

log <  -A „  log A„ ( ------- e ) , for n >  no,
Pi

Since
/ / l ( c r , 0 )  A^2(^,0)

gCrAj,(£, Q)

Therefore

(2.2.29)

(2.2.30)

log /i(cr, 0) <  log 0) +  log /i2(cr, 0) -  crÂ ,(̂ _o)

=  log lô j(o-_o)| +  +  log \bu2(<T,0)

+  ^ ^  Aj,(^ 0)
/ 1  \

<  —A^j(^o)logA^i(^,o) ( --------e +  0)
\ ^ i /

A^2(<7,0)lOgAj/2(<T,0) “t" ^Aj^2(j7,0) ^ ^ u{(T,{))

[by (2.2.29) k  (2.2.30)]

Hence

aXU2((T,0) Ai'2{cr,0) (7 .Pi

+
Aj/i(a,0) logA^,2(cr,0) f  1

Ai/2M ) ^

Proceeding to limits and using lemma 1, we obatain

- 6  + 1  -

At/(Cr,0)

AJ/2(o-,0)

log/i(cT,0) Ai A2
lim sup — ^ ^  <  — 0‘ 2.—  — —  +  Oi +  1

<T—t-OO crA1/2(0-,0) Pi Pi

38

Dhaka University Institutional Repository



Again,

log//(q-,0) ^  _  lo g  1 _  ^
(^Ki{a,0) ~  ^ p\

_  t̂/2(<7,0) lo g  ^</2(»t,0)  ̂ 1 _  _|_ _|_ "̂ t/((T,0)

A«/,(,t,o) Pi V k o )

Proceeding to limits and using lemma 1, we obtain

log/i(cr,0) 1 A2 , 1
lim sup---- r----------  < ---------- h i -  ------ 1- T

<7^00 P\ P\ ^2

h  P\ ^1  P\

C oro lla ry  2.3 :
If f(s) and g(s) are of linearly regular growth, then

log^(cr,0) 
lim sup —— — 2̂

U2(crfi)<T-fOO (j\

[since, in this case, Ai =  A2 =  ^1] and

log//(cr,0) 1 1
lim sup---- -----------  <  T  ~  ~r-

<T-oo (JK,(<t,Q) ^2

C oro lla ry  2.4 : When

lim sup - —^ ^  exists,  ̂
<T-.^00 A,V 2(<T,0)

then
log/i(cr,0) log//(o -,0)

lim sup — — ^ ^  =  lim sup —  ----------  =  0
(T—*-00

since, in this case, 8\ =  82
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2.3 Linearly regular growth

The entire function of (1.1.1) is of linearly regular growth if A =  /> and of linear 

perfectly regular growth if A =  /> and T =  t. where p be the linear order and A be 

the lower linear order. Also, T  be the linear type and t be the lower linear type.

T h eorem  2.3.1:

^ .^ s u p  lo g M (cr ,/)

.-CO iuf

and

M (a ,  f )

for large values of a, where a  is a positive constant and 0 <  t <  T <  oo, p <  oo, 

then

(i) f(s) is of linearly regular growth.

(ii) pT =  pt — a ; and

,  M ' i a J )

we have ~  f><7 +  lo g a ,  therefore

lim =  p.
(T—>-00 (J
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From Lemma 2 [19], we have

sup l o g ^ ^ p  sup loglogM(a,/) P
lim ------------- ^ =  liiii -----------------------  =  A

<7-^00 i n f  cr o--*oo i n f  cr

Hence f(s) is of linearly regular growth.

(ii) From [23], we have

r  M'ix f)
logM(cr, /)  = logM((Jo, /)  + y  M{x f)  

and since ~

log {  r  ef’ dx =  - ( e '”'  -  e '»").

or
l im  / )  ^  ^

(T-KX) p

Hence
pT =  pt =  a.

M( x ’f j  ~  Oi€^  ̂ given any e >  0 , we can find (Tq such that for x >  (Tq 

therefore,

(a -  e) r  ef’ dx <  f  <  { a +  e) f  e>“ d x ,
J (Tq J<To -‘^ 1 ^ 5 / /  J(To

since the integrands are increasing and positive functions, or

a — €  ̂ logM (cr,/ )  logM(cro,/ )  ̂  o; +  e
p f  \ ^  r M'jaJ) \ ( M'jcrJ)} ^  p f  M '(cJ)\

\  M{<tJ )  f  {  M (aJ )  f  {  M (aJ )  f  \  M{a , f )  f

Hence, on taking limits and using

y M'(a, f)
M (a , /) lo g M (a , / )  •̂
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T h eorem  2.3 .2  : If f(s) and g(s) are two entire functions of finite order pi and p2 

and finite type Ti and Tj respectively, then (s) will be an entire function

of finite order p and finite type T such that

(z) {eTp)  ̂ > (eTi/9i)^i(eT2/02)'’2.

(ii) If f(s) and g(s) are the regular growth and |a„/a„4.il, |6„ / 6„+i| be non-decreasing 

functions of n for n >  no, then

[Tp)p =  {Tipi)n{T2p2)'’-̂ .

P r o o f  : (i) Consider

An |«n^nh" (A )̂-'n [using theorem 2.2.6

=  |A^^

Taking superior limits, we have

t t r |A r An ( K )
O \

An

n —►oo

1
Anlim sup A  ̂ |«n^nh" >  liin sup Â * . lim sup Â  ̂ |6„

n—*oo n—*oo n—>00
(2.3.31)

Since lim sup (A ^)^  =  1

From (2.1.4) we have
A,

n-^oo
lim sup —  lanh" =  T 

ep

n—►00

p
or lim sup A„|a„|̂ r. =  epT
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A

or lim sup (A,,)^
n—>cxD

a.

So from (2.3.31) we have

{eTp)p >  {eTipi)n{eT2P2)>’̂. (2.3.32)

(ii) If f(s) and g(s) are two entire functions of regular growth and satisfy conditions

defined in (2.1.5), then “  =  “  +
'  ̂ P Pi P2

Consider

An |an& „h"(A 2 )"n

Similarly from the first part of this theorem we get

{Tp)~p >  { T \ p i ) n { T ‘i p 2 ) ^

T h eorem  2.3 .3  : J{s) * g(s)  be an entire function of linear order p and lower

linear order A, then

<T->-oo inf Ja-Q

where ^ (c r ,  m )  =  \i/(̂ ff̂ rn) Â (̂  ̂q)?

P r o o f  : From (2.1.8), it follows that

in =  1,2 ...

and

log//((T,0)= f  K(tfi)dt +  0{1)
Ja-Q

log p{a, m) =  f  K(t,m)dt +  0 (1) .  
Jan'(To
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Therefore,

Hence

-----= -  [  X(t ,m)dt + 0(1)
J n

and (2.3.33) follows, since from (2.1.10) we get

sup
1- ^ _rnp

• f  ^  ~m\<T—>00 in i ^

Hence the theorem.

The following results are the direct consequence of the above theorem.

(i) For any e >  0, we can find a ctq such that

(mA — e) cr <  /  X{ t ,m )d t  < [mp  +  e) cr (2.3.34)
J(To

for (T >  CTq

(ii) If f { s )  * g{s)  is of linearly regular growth {p =  A),

f  X { t ,m )d t  ~  mpa  (2.3.35)
JcTn

as O’ ^  oo
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Theorem 2,3.4 : If f { s )  * g{s)  is an entire function of linearly regular growth 

and lim ^(cr, m)exists, then f ( s )  * g(s)  is of finite order p such that

liin X{t^ m) =  mp
a^oo

where A!{(7f Ul) — ^v(<r,m) '̂ '̂(<7,0)? ^  1 , 2 ,

I/(cr, 0 ) a n d  m )  being the ranks of the maximum terms of f { s )  * 51(5 ) and 

its derivatives ( f { s )  * g{s)Y'^^ respectively.

Proof : From (1.3.22), we have

Using the above inequalities for the first, second, third, . . .  etc. derivatives of the 

function f { s )  * g{s),  we get

^i/((T,0) <  <  ̂ t̂ (<r,2) ------

So that A '(cr, m )  =  ^u(a,m) ~  ^  in  =  1 ,2 ,.. . . ,  Now if

l im  X { ( j , m )  =  / ,  say .
CT—J-OO

we have for any e >  0 and <r >  (Tq

I — € <  X { a , m )  <  I +  €

Hence
I -  € r  I r  I € r
------- dt <  -  X { t ,m )d t  <  —  dt

^  J (Tq ^  ./(To ^  J <Tq

or

(/-€ )(1-0 (1 )) < -  f  X(t,m)dt <  (/ + f ) ( l -0 (1 )).
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Therefore, on proceeding to limits, we get

1 r
lim — I X { t ,m )d t  =  I =  nip 

A n' 0-0

in view of (2.3.35).

2.4 Linear proximate order and proximate type 

D efin ition  :

Let p be the linear order and M(cr,f)  be the maximum modules of f(s) for 

Re(s) =  (7. A  function p{a) satisfying the following conditions :

p[a) is continuous for cr >  ag and lim =  p, (2.4.36)
<T—t-OO

p{a) is piecewise differentiable, (2.4.37)

lim a  p '{<t ) =  0 (2.4.38)
(T—̂OO

nra =  1 (2.4.39)
0-^00

is called a linear proximate order of f(s) [7]. The existence of linear proximate order for 

every entire Dirichlet series has been studied by sunyeri Balaguer [22], A.G. Azpeitia 

1]. In this section we are going to construct a linear proximate order for (1.3.21) and 

also to tending out a function which will play the role of a linear proximate order 

for both (1.3.20) and (1.3.21). Throughout this section we shall assume that the 

functions
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00

/(•*>•) = { s  =  a  +  i t )

and
n=l

oo
9{s) =  (s = cr + ir)

n = l

are of linearly regular growth and they satisfy the fllowing

logA„ ~  logA„+i 

log|a„/a„+il \ o g \ K / K + i \  log|A„/A„+i

(2.4.40)

(2.4.41)
^n+l '^n+l

are three non-decreasing function of n for n >  uq. The linear proximate type T and

lower linear proximate type t of f(s) with respect to a linear proximate order p{a)  is

defined [5] as

su p  \ o g M { a J )  _  X
^ap(a) -  t (2.4.42)

(T-̂ oo inf
Here we shall study a few growth properties of f(s) with the help of linear proximate 

order and the linear proximate type. We shall assume 0 <  p <  oo.

L em m a 1 :If

Jhn -  Â (̂ _o)} exists for m =  1 ,2 , . . . ,

and p be the linear order of (1.3.19), then

logM((7,m) lim sup--------  ̂ =  1
(7—»-00

where

p(u] =
log i / 1  2m 

P I /<(o-,o) J
(T
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Proof : We know [4] that when

l i m " ^ j / ( c r , 0)j exists, ^u((r,m) ~ "̂ //(cr,0)cr—>oo

Now, =  -^ {^ i {a ,m )/ n {a ,0 ) ]^ rn

log M ( a,m) p log M {a  ,m) p l o g  fija ,m ),

using the result [18

logM(cr, m) 1 lim —
(T—̂OC (<T,rn)

we have
logM(cr,m) lim sup------ -----  = 1

(7^00

T h eorem  2.4.1 : If the p be the linear order of (1.3.19) and

-  Â (<̂,o)} exists,
then

(T—►oc

log
p { a )  =

1 1 
2m

a

will be a linear proximate order of (1.3.21) i.e.

Proof : From the properties of p{cr,rn) it follows that p{(r) is continuous for 

<7 > (To and piecewise differentiable.
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Also we know [4] that

(T—*-00

Hence,

a

lim fj{a) =  p.
(T-*00

Again, it is known [4] that

-  A^(^o)} =  2 m p(T̂ OO

when the hmit exists.

Differentiating

/ X  n 1 1 m )
a ^ ( a )  =  - l o g p + — l o g - ^

we obtain

since
. . fi'{a,m) __ \

at the points of existence, ~  ^i/(cr,m) and

Hence
lim (Jp{a) =  0.
(T̂ OO

It follows, using lemma 1, that p{(r) is a linear proximate order of (1.3.21).

Lem m a 2 : For a >  gq

J(Tq P
(2.4.43)
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Proof :

J(Tq J <Tq
<T p<r

p . <Tq
1
P

^xp( x )

<̂0
- -  f  (pi^) ~  p) +  X() dx

P J<To
From the definition of linear proximate order we have for large values of a :

p{x) -  p\ <  \xp{x)\ <

where e > 0 is arbitrary. Using this

r e ' ' ’W < /x  =  - . e ' ' ' ’ ' " *  +  0 ( 1 )  -  o ( l )
J (To P J <7-0

i . e ( l  +  o ( l ) )  /  e^P^^^dx =  +  0 ( 1 ) .
Jffn P

Hence, finally we obtain,
r*crfJ<tq P

L em m a 3 : If is a bounded function on each finite interval, and

lira
(T—>-00

then

and

cr^oo

inf ^

liiri sup < — f 6(a)da\ <  —
i ~ P

l im in fl—^  /  (j)(a)da\ >
r - . o c  }  ~  P

(<7 > CTo)

where 4>{(t ) =  (Tp{a).

(2.4.44)

(2.4.45)

(2.4.46)
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P r o o f  : From the definition of 7 we have,

<  (7 +  for e >  0 and a >  ctq.

Hence
/•Oo /•ff

I (f){a)da =  I (f){a)da +  I (f>{a)da
J<To ’'(To " * ’ ’ 0

<  0 ( 1 ) +  I  {^  +  e)e^P^^^d(T.

Now, using lemma 2 
f<r

r  ^ { a ) d a  <  0 ( 1 ) +  ( 7  +  6 )
Jan P’ (To

Hence,

ro(Tpi<r)

From this it follows

liin sup I —V-- [  0((T)d(rl <  —.

Similarly, considering the definition of 6 we can prove (2.4.46).

C oro lla ry  2.5 : If (f>{(r) is a bounded function on each finite interval and

Inn — 7- -  -= Of,
<T—>00

then ^

lim sup < — T-- /  (f){(T)da > =  —, (cr >  (Tq)
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Alim ----- r--  =  A
.-.oo inf e-Pi-) ^

and
sup logM(cr,/) T

lini --------- f
inf eM<-) t

Let f(s) be an entire function of linear order p. Then with respect to a linear 

proximate order p{cr), f(s) is of 

{i)minimal linear proximate type when A  =  0 

[ii)maximal linear prximate type when A  =  oo 

{iii)normal linear proximate type when A  ^  0 and A  ^  oo

Theorem 2.4.2 : If

P r o o f  : Due to (1.1.2) we have [25]

logM(cr,/) ~  log//(cr,/)

Also, it is known [25] that

log/ (̂<7,/) = log/i(cro,/) + /
J<To

f) dx

(2.4.47)

(2.4.48)

It is well-known that the function is bounded in finite intervals, has an enu-
marable set of discontinuties and changes values at these discontinuities only.
Hence, from (2.4.47), (2.4.48) and lemma 3 we have,

T =  lirn sup
<T—*-00

=  lim sup
<7—►OO

logM((7, / )
^<rp(<T)

=  lim sup ^  |log (̂CT0, / )  +  £

1 r  A
=  o(l) +  lim sup— ^  f)dx <  — .
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Hence
pT <  A  (2.4.49)

Similarly, proceeding for t and applying lemma 3 we obtain,

pt >  A  (2.4.50).

Thus
A  < pt <  pT <  A  (2.4.51)

The results of the theorem now follows from (2.4.51).

C oro lla ry  2.6 : If

liin ■ exists and equals A , then A  =  A  =  A  

It follows from (2.4.51) that pt =  pT =  A , i.e.,

(2 .4 .5 2 )

and in this case

Thus existance of

t =  T  =  lim

implies the existence of

lim
<T ôo

y  M { a J )  
lim ------

<T—<-oo
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T h eorem  2.4 .3  : Let T and t be the linear proximate type and lower linear 

proximate type respectively of f(s) with respect to a linear proximate order pier). If 

p be the linear order of f(s) and

M'(a,  f ) / M { a ,  f )  _

<7—̂00 in f
where M'{cr,f)  is the derivative of M(<t,/ ) ,  then

^ pt pT <  (2.4.53)

Proof : It is well-known that log M{cr, f )  is an increasing convex funnction of a. 

This implies that log M((T,/ )  is differentiable almost everywhere with an increasing 

derivative; the set of points where the left hand derivative is less than the right hand 

derivative is of measure zero. Hence we can write

logM(,7,/) = logM(ao,/) +
M'(x f)  .But is bounded on each finite interval. Hence (2.4.53) follows from

lemma 3, if we proceed on the lines of the proof of theorem 2.4.2 .

Crollary 2.7 :

Ii lim sup-----^ -------exists,
(T-.00

then
M ' { a , f ) / M { a J )  ^

lim sup------------ , , ------  ̂ — pT.
a^oo
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Chapter 3

Spaces of entire functions

3.1 Introduction:

In this chapter we have studied the topological structures of entire functions repre­

sented by Dirichlet series. Let F be the family of all complex valued functions of 

the form (1-1-1) with the same sequence of integral exponents {A „}, satisfying (1.1.2) 

and (1.1.3) where A„! |a„| is bounded. It can be varified easily that the elements 

of this family are all entire functions. We define addition, scalar multiphcation and 

multiplication in F [13] as follows:

oo

n =l
oo

77 =  1

55

Dhaka University Institutional Repository



and cx:>

00

71 =  1

where
00 _____

/(^ ) ^  and g { s )  =
n=\ n=l

are two elements of F. The identity element of F is defined by
oo

n=l A„!

Clearly, f { s )  O e ( s )  =  e ( s )  O f { s )  =  f { s ) .  The negative element of
oo oo

is
n=l n=l

We define the norm of f { s )  G F  hy

f {s)\\ =  sup{A„! 
n>l

a.

Since A„! a„ is bounded,

sup {A„!|a„|} exists. 
n>l

D efin ition :
For / i , /2  ^ F,  the quasi-product of f i  and is the element f i  * f 2 o{ F defined by

/ l *  f 2  =  f \ +  /2 -  f l  O /2-
Let f l  ^ F.  Two elements f 2, f s  of F are respectively left and right quasi-inverse of 

/ l i f
/2 * /i  =  0 and /i  * /3 =  0

Since both the operations -|- and o are commutative, any left or right quasi-inverse 

in F is also a quasi-inverse. An element f i  that has a quasi-inverse is said to be 

quasi-regular and is denoted by / j .
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D efin ition :

F is called an algebra with continuous quasi-inverse if

(i) there exist a neighbourhood V(0) of 0 G F  such that each element of V(0) is 

quasi-regular,

(ii) the mapping / i  ^  /j* is continuous at / i  =  0 .

T h eorem  3 .1 .1 : A necessary and sufficient condition for the element f i ^ F t o  
be quqsi-regular is that

inf 1 — A„!a„ >  0
n>l

P ro o f:
Sufficiency: Let

such that

oo

/ , ( * ) )  =  € F

We define

where

n=l

infll — A„!a„| > 0  (3.1.1)
«> i

oo

f2{s) =
n = l

Xnlcin 1

From (3.1.1) it is easily seen that A„!|6„| is bounded and hence /2  G F. 

Now

/ l  *  / 2  =  / l  +  / 2  -  / l  O / 2
oo oo

n = l  ? j= l

=  0.
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Thus
h  * / i  =  / i  * /2  =  0 

This shows that / i  is quasi-regular with f 2 ^ F a s  its quasi-inverse. 

Necessity: Suppose f i  is quasi-regular. It possible, let

inf 1 — A„!a„ =  0
n > l

and let / i  has its quasi-inverse

f2{s) =
n = l

Then f i *  f 2 =  0, that is

+  K )  -  =  0 .

This yields
(a„ +  bn) — (A„!a„fe„) =  0 for all n >  1 ,

where bn = Cln

1
for all n >  1 .

Now, since 

for every e >  0,

inf |1 — An!«r*| =  0
n > l

1 \ji\Ojji €

for at least one n, say, n =  uq. Hence

®rjo A„g!a„g <  61 -  A „„!

which become

Thus

Ano! ano > 1 -  e

'no' h — Ano-
Ono —

Ano-'c^no 1
>  - — -  >  M

for any large M which shows that A„!|6„| is unbounded and
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hence /2  ^  F.  This contradiction proves the necessary condition.

T h eorem  3 .1 .2 : F is an algebra with continuous quasi-inverse.

P ro o f: For a given c, 0 <  e < 1, let us consider the set

For any Fi E F, A„!|a„| <  e for all n >  1.

This admits

implying

1 — A„!o„| > 1  — 6 for all n >  1

inf 1 — A„!a„ >  0
n > l

Finally by theorem 3.1.1, / i  has quasi-inverse

oo

/ 2{S ) =  Y ,
n = l

where is given by (3.1.2).

It can be easily shown that /2  <

Therefore, the mapping / i  —+ / j  is continuous at the origin.

This complete the proof of the theorem.
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T h eorem  3.1 .3 : Let / i  e  F.  Then / i  is invertible iff 7  ̂ 0 for all n >  1 and 
there exists a constant M such that

1
A J a .

<  M

for all n >  1.

P ro o f: If / i  is invertible, then there exists an element
00

f , {s)  =  h„e‘ ^- e F
n=l

such that

Hence

00

( /i  O M s )  =  V  =  e{s).
An-n=l

Xn .̂ttnbri —
A J

for all n >  1,

so that ^  0 for all n. Thus A „ !6„  =  — |— .A„!a„

Since /2  G -F it follows that —̂ —  <  N  for all n >  1. 
Conversely, let us consider

n = l
00

E
n = l

e(.9)
AJ

gSA„

which proves that / i  is invertible.
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3.2 Growth of entire functions

In this section we shall point out some of the growth properties of elements of F.

Let p and T be the linear order and the linear type respectively of the function 

f { s )  € where f  is given by ( 1.1.1).

T h eorem  3 .2 .1 : ( i ) /  € F  implies that there is a linear order /) of f such that 

either p =  \ or p <  \ and if /? =  1 then there is a linear type T with respect to /? of f 

such that T  <  T.— e

(ii) Let /  € r , where F is the family of all entire functions of the form (1.1.1) 

with integral exponents. If there exists a linear order p o i i  which is less than 1, then 

f e F .

(iii) Let /  G F. If there exists a linear order p =  I and a linear type T  <  ^ with 

respect to p then /  G F.

(iv)There  exists an entire function /  G F such that () =  \^T =   ̂ a n d  f  ^ F.

(v) There exists an entire function /  G F such that f) =  l ^ T  =  -  a n d /  0  F.
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Proof: (i) Let
oo

f { s )  =  G F.
n=l

Then there exists a positive constant M such that

A„! <  M  for all n.

This furnishes
log|a„| < log M -  A„logA„.

[using Stirling’ s formula

A„logA„ -  log M
lira sup
n—►OO -lo g a.

<  1

for all n

Hence

Now if

A„logA„ 
lim sup ---------  <  1

n—̂oo -log t t r

Xn lo g A „  
lim sup —:---------  =  i
n—»oo -log 0,1

then, by (2.1.3),

/? =  1 is a linear order of f.

Further, let

n—»-oo 

It then follows that

-log a.

logA„
n—►OO -log a.

which concludes that  ̂ <  1 is a linear order of f.

Next let p =  1. Now A„!|a„l <  M  for all n, implies

n—>oo
lim sup ||an|A„!} "̂ <  1 . 
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If lim sup =  1-
n —►oo

that is

n —KX)

using Stirling’s formula]

then in consequence of (2.1.4), is a linear type of f corresponding to a linear

order p =  I.

Further if,

then

lim sup =  eT <  1,
n-*-oo

lim sup Gr
n^oc

' V
eT

A„ I An

=  1 ,

which, on account of (2.1.4), shows that there is a linear type T  <

P ro o f: (ii) Let /» <  1 be a linear order of an entire function /  ^ F. Then, by 

virtue of (2.1.3), we have

A„/yf>logA„
Imi sup — ------------- =  1 ,
n^oo —los; ttn-log

This implies that for sufficiently small e >  0 there exists an hq such that

<
1 \ (p+f)

An

where /9 +  6 <  1. We thus find

a. <
i

for n >  no,

An
for n >  riQ,
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which reduce to

and also to

Hence f  F.

A„! <  1 for n >  uq.

<  1

P ro o f: (iii) If /> =  1 be a linear order and T  <  ^ be a linear type of an entire 

function /  G F corresponding to p then, by (2.1.4),

lim sup
/  \  \  I

n—yoo
Gr M

e T j
=  1.

We choose c >  0, so small that eT (l +  e) <  1.

We then have

ct. <
eT(l +  6) 

A„
<

\

for n >  no

This implies that
A„! a„ <  1 for n >  tiq

P ro o f: (iv) Consider the series

1
f { s )  =  lim — e 

n—►oo A„!

Clearly f is entire in view of (1.1.3).
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Further,

This shows that /  e  F.

Now

from which follows

Therefore

a
1

^Ti- An

-log|a„| =  A„logA„.

A„logA„ 
lim sup —:---------  =  1

n—i-oo -lo g ttr

which by (2.1.3) asserts that 1 is a linear order of f.

Also
lim sup =  1 ,

n—»-oo

This means, by virtue of (2.1.4), that “  is a linear type of f coresponding to linear 

order 1.

P ro o f: (v) Consider the series

Evidently,

oo

n=l A J

lim
71^00 A„

=  lim
n—►OO A,

n-̂ QO A„ 
=  — OO.

A„

Hence, by (1.1.3), f  is an entire function.
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Also

This lead to

a.
A„ 
A J‘

Then

log|a„| =  logA„ -  A„logA„

A„logA„ A„logA„
lim sup —;---------  =  lim sup

n-^oo -log t t r n- ôo A„logA„ -  logAn

We therefore say, by use of (2.1.3), that 1 is a linear order of f.

Also

This gives

lim sup {|a„|A„!}^n =  lim sup(Aj,)-'n =  1 ,
n—t-oo n—t-oo

lim sup {|an|Â ,"}̂ n =  1 .
n—*-00

which shows, because of (2.1.4), that “  is a linear type of f corresponding to linear 

order 1.

but A^! (Ifi — \fi —>■ OO &S Tl —  ̂ OO.

Hence f  ^  F .

This complete the proof.

3.3 Norm space structure and Saks space structure

In this section we have studied a few results of Norm space structure and Saks space 

structure. The space of all entire functions represented by Dirichlet series is con­

sidered. A few results equipped with a two Norm space structure and a Saks space 

structure is obtained.
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A Dirichlet series is of the form

oo

f(s) =  ^  a„ G C [ s  =  a - \ - i T )
n = l

where it is tacitly assumed that

0 <  Ai <  A-2 <  . . .  <  A„ —> oo ; as n —̂ cxD

and lirn ^ =  0
n-̂ oo A„

We know [10] that the series (3.3.3) satisfying (3.3.4) and (3.3.5) is entire if and only 
if

a „

(3.3.3)

(3.3.4)

(3.3.5)

log
lira
n^oo A„

=  —CXD (3.3.6)

Let {A „} be a sequence of positive numbers such that —> k >  0 as n ^  oo.

We consider fJ as the space of all complex valued functions of the form (3.3.3) having 

the same sequence of exponents A„ satisfying (3.3.4) and (3.3.5) where

n = l
<  OC

It can be shown easily that the elements of this space are entire functions. Let

oo OC

^  X ]  s ( s )  =  X !
n=l n=l

be the two elements of Q. Define the inner product [10] of these two elements in Q
as

00

(3.3.7)
n=l

where is the conjugate of Thus f2 becomes a Hilbert space of entire functions 

represented by Dirichlet series.
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Attempts have been made, in this paper, to furnish Q, a two norm space structure 

and r  , the unit ball of f], a saks space structure.

D efin itions:

A two Norm space <  X,  || ||, || ||* >  is a linear set X (over R or C ) equipped with two 

norms || || and || ||*. The norm || || is finer than || ||*. The f/-convergence associated 

with a two norm space is defined as follows:

1/
A  sequence ar„ € X  is //-convergent [24] to xq G X ,  written Xq, if

X,( i )  sup
n>l

<  p <  oo and 

{ i i )  lim ||j;„ — aroir =  ^n-^oc

The terms i/-cauchy sequence, //-completeness and //-linear functionals etc. are de­

fined analogously. The //-dual of X is denoted by S(X).

If the duals of X with respect to || || and || ||* be denoted by X i  and X^ respectively, 

then obviously, X 2 C C Xi.  When S [X )  =  X i  we call X saturated.

A two Norm space is normal if

Xn Xq xo| <  lim inf
n-+oo

Xr

If X bi the closed unit ball of 1| ||), is complete with respect to || ||*, then

(JC, II II, II II*) is called a saks space.

68

Dhaka University Institutional Repository



3.4 17 as a two norm space:

For oo

f(s) = Y ,  e fi.
n=l

we define the norm and starred norm as
oo

n=l

/ i r  =  su p  {\i/^ Qr \
J •

The i/-convergence induced by the two norms may be characterized as follows :

OO

If { fp }  is a sequence in Q, where fp{s) =  ap „̂e^ "̂ then we say that
n = l

OO

fp A  /  in 0, if 

21 1/2(z) sup^^ {A„|op„p} < L <  oo and

( a )  su p  {A y ^ i  Qp n — flrj| j" 0  as p OO.

The two Norm space structure provided to i) is non-trivial because of the fact that 

the two norms defined on fi does not generate equivalent topologies in J). We may 

take, for instance, the sequence {gk} of Dirichlet polynomials

9 k ( s )  =  ' ^ { n X n )
n=l

Obviously {^fcjis a cauchy sequence in (fi, || ||) which is not || ||**corivergent in Q. and

hence is not complete with respect to the starred norm
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T h eorem  3.4 .1 : Q. is non-trivial normal, i/-complete two norm space.

P ro o f: Let { /p }  be any sequence j/-converging to f in Q. Then we have,

<  L <  oo, for all p >  1.^p,n ®TJ
n=l

and
su p  {Ay2
n >1

For an arbitrary N, we have,

oo

^p,n

N

0 as p oo.

N

n=l n=l n=l

for all p >  1. Due to (3.4.8), as p —> oo, we have,

oo N
211/2

0‘p̂ n

(3.4.8)

2-1 1/2

p —►OO

It then follows that

21 1/2

n=l n=l

lim inf ||/p|| >  ||/o
p—i-oo

Again, let { fp }  be a i^-cauchy sequence in VI. Then we have.

oo
21 1/2

n=\

and

A ^p,n 0,qn

} < L <  OO, for all p , q - ^ o o .  (3.4.9)

0 as p, g ^  oo for all n > l .  (3.4.10)

Obviously (3.4.10) implies that {«p,n} is a cauchy sequence in C and hence converges 

to a„ (say). From (3.4.9) and (3.4.10) it follows that

oo

/ „  A  /  =  / ( S )  =
n=l
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Moreover, f { s )  € since 

oo
211/2

n=l

Hence the proof.

oo

^p,n

oc
21 1/2

n=l n = l

3.5 Saks set of two norm space 0

In this section we shall deal with F, the Saks set of the two norm space f). Thus,
OO 00

a. < ! } •r  =  { f { s )  =  Y , a „ e ’ ^", ^ A „
n=l n=l

The Normahty of the two norm space Q, implies that F is closed with respect to

. The //-completeness of J] is equivalent to the completeness of F in || ||*. Thus 

F is a Saks space. Let us denote the open ball in F by T^{f)  with centre f(s) and 

* — radius r, and the null element of F by (f>.

T h eorem  3.5 .1 : Let >  0 be such that F ^ (/) C F and tj be such that Q <  j] <  i/. 

Then for every function
oo

g ( s )  =  Y , i > . e ’ ^  e  r  n  r , ( , / . ) ,
n=l

there corresponds functions gi and g2 in F ^ (/) such that g =  gi — g2 .

P ro o f: Suppose that z/ — »/ =   ̂ >  0. Let us consider the function
oo

g2{s) =  ^  such that c„ =  (1 — ^)a„. Since /  G F and r/ >  0,
n=l

We have
sup
n > 1

Cn (In < « < 1 =>  92 G r,(/).
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Also,

s u p  \ J ‘ hfi f'n
n > 1

<  sup Xl/'̂ \hn\ +  supA^^
n > l n > l

< r j  +  ^ =  u.

C n  Cl j i

This implies that 52 +  5 ^ r „ ( / ) .

Hence the theorem .

C oro lla ry  3.1: For every /  € F, there exists a  ̂ >  0 such that 

whenever /2 €  F D F̂ (</>), /2 +  /  G F.

T h eorem  3.5.2 : Let { / „ }  be a sequence in F, i/-con verging to <t> and {^ n } be a 

sequence of positive numbers converging to 0. Then there exists a subsequence {/ ,̂ } 

of indices and a sequence { fk '}  contained in for all i >  1 such that for

every sequence {a ,} ,Q i =  0 or 1, for all i >  1, the sequence 

p

in F is — convergent in F as p —̂ 00.
«=i

P r o o f  : Due to the corollary above, we can construct a sequence {A:,} of indices, 

a sequence {s f i}  iu  F  D and a sequence >  0  such that

a n d

'̂ ki +  iiAir <

S'!!* <  9i +  9  €  r ,  fo r  a ll g  G F .

(3.5.11)

(3.5.12)

(3.5.13)
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P

hp =  hp(^s) =  ^

Obviously (/p — hp) € F, for all p >  1.

Moreover, since gf,- E (3.5.11) and (3.5.12) together imply

P P ^

^  ^   ̂ 9i+ j —  ^   ̂ ^  ^i'

We define

j= i

Hence by (3.5.13)

9i +  hp —  Qi +  ^ 2  ^ i+ j  9 i+ j  ^  r . 
i= i

Putting gi =  fk and noting that F is ^-complete, we get the desired result.
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Chapter 4

The Gol’dberg order and 
Gol’dberg type of entire Dirichlet 
series

4.1 Introduction:

In this chapter we have studied the entire functions represented by multiple Dirichlet 

series in several complex variables and obtained some results on Gol’dberg order and 

Gol’dberg type.

N otation s:

We denote complex and real n-space by C " and /?" respectively and the set of non­

negative integers by I, so that / "  will denote the Cartesian product of n copies of I. 

The points (^ i,. . .  , 3„), (^ i,. . .  (m i , . . .  ,m „) etc. of C ” or i?" will be denoted 

by their corresponding unsuffixed symbols s, 6, m etc. respectively. We shall make 

use of the standard notations of the single variable which will be easy to understand
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from the context.

For s ,w  £ C'  ̂ and a G C we define s =  w iff 5,- - W{ (z =  1 ,2 , . . . ,  n), 

s +  w = (s i +  U7„), as  =  (a ^ i , . . . ,  a s„).

s.w =  \s \ =  { | 3 i p  +  . . . +  | s „ n ^

For a e /?, s +  a =  {si +  a , . . .  ,Sn +  a).

Also for x , y  e  we say that x <  y iff x, <  yi {i =  1 ,2 , . . .  ,n),  x <  y iS x <  y

but X ^  y, X «  y iff jr, <  yi {i =  1 ,2 , . . . ,  n).

The positive hyperoctant R\ of i?” will he =  { x  : x E R^, Xi >  0, 

i =  l , . . . , n } .

For t e  R̂ l we set ||̂|{ =  Also s G C " , i  € i?” We shall denote

s\̂  . . . b y  (S j =  1 even if Si =  0 ).

For k E R, k will denote the real n-tuple ( k, k, ....,k). By we will mean

{ ^ l m i 5  ^2nj2? • • ■ 1 -^nm n}-

Also for a particular set of values of m i , . . .  ,m „, say , p  =  (p i ,  . . . ,Pn)i  the

n-tuple (A jp j, . . . ,  Xnpn) denoted by (A „ p).
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For an entire function f with domain C " , /^  will denote the fuction

^ 11̂ 11/

. . . 64’k„

where k £  and f ^  =  f .

We consider an entire function in C " represented by the multiple Dirichlet series
oo

/(.s) -- ^   ̂Qm̂ XP i g.Ay; ffl]- (4.1.1)
m=l

where sj =  Sj +  ivj G C, ( j =  1, . . . ,  n), € C and j’ ^ .—i  ̂ sequences

of exponents satisfying

0 <  Ajj <  \j  ̂ <  . . .  <  \j  ̂ ^  oo as k ^  oo and

loff m,
lim —------ =  0, j  =  l , . . . , n .

Xjmj
(4.1.2)

It is known [8], that if (4.1.2) holds then the domain of convergence of the series 

(4.1.1) coincides with its domain of absolute convergence.

For entire functions f i  and / 2, we define
oo

(4.1.3)
m=l

where
oo oo

/l(^) ^   ̂ A„ yf,} Slid ^   ̂^m^Xp{g.A„ yn}
m=l m = l

For A: € / " ,  we have [3],
oo

(/i * / 2)̂  =  Af,,^a„/>„exp{s.A„,^} (4.1.4)
m=l
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oo

/ f * / l  =  X ] A ^ > „ 6„exp{s.A„,,„> (4.1.5)
m=l

Definitions:

For given I E R^, We define the poly half-plane D a s D  =  { 5 : 5 G C ",

Re{s) =  a «  / } .  We call such domains as fundamental domains. Then the region 

D +  r depending on the parameter r E R\s defined asD  +  r = { 5 - | - r :5 G / ) } .  Then 

for the entire function f we define the maximum modulus M/,£>(r) with respect to the 

region D, where r G i? as

Mf,D{r)  =  sup{|/(s)| : s e D - \ - r } .

Let f be an entire function and D be a fundamental domain. Also, let s / be the set 

of points a E R such that for every a E Sf, there corresponds an ro £ R such that

log M/,z)(r) <  e*”" ,  for r >  tq

The infimum of the set Sj is called the Gol’dberge order, [16], p{D) of f  with respect 

to the region D. We say that f is of infinite or finite Gol’dberge order according as 3/  

is empty or non-empty.

Next, for the Gold’berge order p{D) >  0, let Tf{p)  be the set of all T  G R such 
that

log Mf^oir) <  for r >  r-Q.

and

are entire functions.
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The infimum of the set Tj { p)  is called the Gol’dberge type, [16], t { D )  of f cor­

responding to p{D).  As before, we say that f is of infinite or finite Gol’dberge type 

according as Tf(p)  is empty or non-empty. We shall call the Gol’dberge order and 

Gol’dberge type simply as G-order and G-type respectively. From the definition it 

follows easily that

p{D) =  lim sup
log logM/,£,(r)

r^oo

t {D)  =  lim sup
logM/,£,(r)

r—̂OO ,rp(D)

(4.1.6)

(4.1.7)

It turns out that the G-order p{D)  does not depend on the choice of the domain 

D while the G-type t {D)  does [17]. Hence we may write p instead of p{D).  It is also 

known, [17], that for an entire function f, given by (4.1.1),

f) =  lim sup
m —<-00 -lo g  \Um

(4.1.8)

{epT{D))p =  lim sup |||A„,̂ ||p (|ar„|V’£>(m))ii"".'"ii| (4.1.9)
m —»-oo  ̂ J

where
ijjDirn) =  sup[exp{s.

s £D
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Theorem 4.1.1: Let
iX)

m=l

be an entire multiple Dirichlet series. If

f{s)\ =  0[exp||r(A„,t)

where k G is fixed, then f(s) is a Dirichlet polynomial of degree <  ||A; 

(0  means capital 0 )

P ro o f: By Cauchy’s inequality, we have a. .  MfMr)  
-  exp||r(A„,„

Since,

then

am <  Q[exp(||r (A„,̂ ,)|l -  \\r (A„, )̂||);

<  Q[exp||r — A„_m)||] ^ 0  as r ^  oo

where A„_m > >  A„̂ ;fc

Hence, f(s) is a Dirichlet polynomial of degree <  ||̂||

This complete the theorem.

Now, we state a lemma without proof which is an obvious consequence of the

definition of the maximum modulus function.
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L E M M A : The maximum modulus of a Dirichlet polynomial P(s) of degree \\k 

is asymptotically equal to the modulus of the highest degree term of the Dirichlet 

polynomial. That is

liin
r->-oo

M p M r )
ak\ exp ||r (A„,^)

where oc
am exp{g.

m = l

It follows from the above lemma that for f >  0,

(1 -  e)|aArl exp \\r (A„,̂ )|| <  \P{s)\ <  (1 +  e) |oAr|exp||r(A„,̂ ) 
(4.1.10)

T h eorem  4.1 .2 : If Mj^i){r) be the maximum modulus of an entire multiple 
Dirichlet series f and if Mp^o{f') be the maximum modulus of any multiple Dirichlet 
polynomial P, then

M p o i r )  
liin =  0
r-*oo Mf^D\T)

P ro o f: Let
oo

f { s )  — ot,„exp{s.A„ ,7,}
m=l

be an entire multiple Dirichlet series, and let

k

P{s )  =  ^   ̂/>,„exp-[s.A„
m=l
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be a multiple Diriclilet polynomial of degree 1|A:||, so that bk 7  ̂ 0. Now using the 
inequality (4.1.10), we have for e >  0 and r >  r“ .

Mp,£>(r) <  |6*,| exp ||r(A„,ib)|l (1 +^)-  

Consider a term of degree \\P\\ >  ||m|l, {ap /  0), of the function f(s).

From Cauchy’s inequality, we have

a p < M f M r )

Thus

For r >  r“ , we have

exp||r (A„,p) 

Mf^D{r) >  lopl exp||r(A„,p)

Mp^o{r) ^  \bk\ exp||r(A„,fc)||(l +  6)

M f M r )  - a. exp||r(A„,p)

Hence

lim = 0
r^oo M f M r )

T h eorem  4.1 .3 : If
00

/ (s )  — tz„exp-[s.A„ ,7,]
m=l

is an entire multiple Dirichlet series and P(s) and Q(s) are Dirichlet polynomial of 

degree ||/;|| and ||/|| respectively, then the G-order />* of P(s) f(s)+Q (s) coincides with 

the G-order of f(s).
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P ro o f: We write

m=l

Q{s) =  b^exp{g. An,m} and
m=l

M f,o{r )  =  sup{|/(s)| :s  G D  +  r]

=  sup ||F(s)/(s) +  Q(s)| ;s  G D ^ - r } .  

Taking € =   ̂ in the inequality (4.1.10), we have,

1 3
-  l«Ar| exp ||r (A„,̂ )|| <  \P{s)\ <  -  |a;t| exp||r(A„,̂ )|| and

1 3
-  16/1 exp \\r (A„,/)|| <  \Q{s)\ <  -  |?)/| exp||r(A„,/)

Now

M ; »  >  \P{s)f{s) +  Q{s)\ >  \P{s)\\f{s)\-\Q{s}

Again

1 3
>  2  11̂  {Kk)\\Mf,D{'> ')  -  2

M l o i r )  =  \ P {s ) f { s )  +  Q{s)\ <  1F(^)/(.)| +  |Q(.)

<  -  lâ tl exp ||r (A„,)t)l|M/,£,(r)

+  -  |6/| exp||r(An,/)

Thus

1
2 Gk\ exp \\r (A„,)b)l|M/,£,(/•) 1 -

3|6/| exp||r(A„,/)

<  2 11̂  i K , k ) \ W f , D { r ) 1 +

(ik\ exp||r(A„,Ar)I|M/,£>(?•).

hi\ exp||r(A„,/
ttk\ exp||r(A„,A:)||M/,£>(r)_
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>

Since iVf/,D(r) increases faster than maximum modulus of any polynomial, we

have, _
'  316/1 exp||r(A„,/)

liin
r-^oo

1 -

lim
r—►oo

1 +

at| exp||r(A„, )̂||M/,£>(r)_ 
6/1 exp||r(A„,/)

exp\\r{Xn,k)\\Mf^D{r).
Hence, for sufficiently large r, we have,

i|afc| exp ||r(A„,;b)||M/,£,(r)

<  M l o ( r )

<  3|ajt| exp||r(A„,^)||M/,£>(r).

1 and 

^ 1.

logM/,o(r)
l o g M f ^ o ( r )

<  lo g M /,£ ) (r )
j  , lo g 3  |Q;b| +  |k(An,j.)

logM/,£,(r)

Again, arguing as above, we have,

-logM/,£>(r) <  logM}j){r)  <  2 logM/,/)(r),

for sufficiently large r.

Thus,

log logM/,z?(r) log logMj?^(r)
lim sup--------------- ' <  lim sup--------------- --------
r—foo r r^oo

That is,

< lim sup
r—*oo

P <  P* <  P

log logM/,z)(r)

using 4.1.6
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Theorem 4.1.4: A multiple Dirichlet polynomial is of G-order zero.

P ro o f: Let

m = l

be a Dirichlet polynomial of degree ||A:||. W e know from LEMMA that

Mp^oir) =  sup \P{s)\ ~  \ak\ exp||r(A„,A:)
s €D+r

Now

liin sup
log logMp,£,(r)

r—►oo r

+  lim sup
r-^oo

log 1 + J o ^ ak

oo

=  lim sup
--- -

=  0

Hence the theorem.

T h eorem  4.1 .5 : If
00

/i(«) =  X !  «mexp{s. and f 2{s) =  ^  ^„exp{s.
m=l m=l

be two entire functions of G-order /Ji(0 <  p\ <  oo) and ^2(0 <  p2 <  00 respectively

and if p2 >  p\ then the G-order of / i  -f- /2  is equal to p2-

P ro o f: Let p be the G-order of / i  -|- / j ,  then by (4.1.6)

log logM/j,£»(r) 
pi =  lim sup----^  ̂ ’

r—+00 r

p., =  Ihn sup log l°gMA,z>(r)
r —>-00 r
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>

and

Now

p =  lim sup
log logM/^+/,,£,(r)

r —►OO

^f i+ f2 ,D {> ' )  =  su p  | /i (s )  +  / 2 ( s )
s €D+r

<  sup |/i(s)| +  sup 1/ 2(5)
s €D+r s e D + r

<  M f^ ^oir )  +  M f^ ,D {r )

<  expje’’^̂ '̂''̂ }̂ +  e > 0
<  2 exp{e"(^^+^)}

for r >  To (e), and hence p <  p2-

On the other hand, there exists n-sequences of values of + 00 as m
such that

r.("*) ,

00

>  expje^" (p2 -  e)}, m e  I.

Again,

=  expje " " V j  r 1'  ( 1  e x p {e '- ‘ ’" ’ ( p i + e ) } \

provided e >  0 is so small that pi +  t <  p2 — t and m is sufficiently large.

Hence the theorem.
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Theorem 4.1.6: Let
oo oo

fi{s) =  ^  am exp {.s . a n d  / 2( s )  =  ^  & ^ e x p {s .
m=l m=l

be two entire functions of G-order /9 i(0  <  p\ <  Oo) a n d  />2 (0  <  P2 <  Oo)

respectively. If pi <  p2 then the G-order /?(0 <  /9 <  Oo) of

/ 1/2 < max{pi,p2).

Proof: Since f i  and /2  are entire functions of G-order p\ and p2 , we have 

M/,,D(r) <  exp{e’’<'”+'>} and <  exp{e’''«+ ‘>}

for c >  0 and sufficiently large r >  ro(c).

Now,

^ h f 2,D {r )  =  su p  | /i(.9) / 2 ( s )
s eD+r

<  ex p {e "< ^ i+ ^ )}e x p {e '(^ ^ + ^ )}

<  e x p { 2 e ’’^̂ ‘̂ ''^^}, s in ce  p\ <  p 2

Hence <  />2

That is, p <  m a x  (/9i,/f>2)-

Theorem 4.1.7: If f(s) is an entire multiple Dirichlet series of G-order 

^(0 <  p <  00) and P(s) be a dirichlet polynomial, then the G-order of f(s) -f P(s), 

f(s).P(s) is also p.
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P ro o f: That the G-order of f(s)+P(s) is p follows from Theorem 4.1.1 and The­

orem 4.1.5. For the next part, let p\ be the G-order of f(s).P(s).Then by Theorem 

4.1.6, the G-order of f(s).P(s) does not exceed p. That is, p\ <  p.

Now for sufficiently large r, A/p,£)(r) >  1 and

sup |/(s).P(s)| >  sup \f{s)
s e D + r  s e D + r

Thus we get p\ >  ().

Hence the theorem.

T h eorem  4 .1 .8 : Let f\ and /2  be two entire multiple Dirichlet series of the same 

G-order /9(0 <  p <  oo) and G-type t\{D) and T2{D)  respectively with respect to the 

fundamental domain D. Then f\ /2  will be of G-order p and G-type r [ D)  such that 

t { D)  =  max (ti(£ )),T 2(Z))).

P ro o f: Let us suppose that Ti{D) >  T2{D).

Then by (4.1.7)

/ r  l o g M /  £ )(r )Ti {D) =  lim sup-------- and
r—t-oo

M D )  =  lim sup
r—t-oo e  P

Now by definition,

^ h M r )  <  exp{(ri(D) +  e)e^^} and 

^ f 2,o{r) <  exp{{T2{D)  +  e)e’’^} for e >  0 and r > r'.
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Again,

<  exp{(ri(D) +  e)e'’̂ } +  exp{(r2(£>) +  €)e^ '̂
<  2 exp{(ri(D)+ 6)e'’̂ ]

and so

Also,

r {D )  <  n { D )

> exp{{ri{D) -  €)ê P} -  exp{(r2 (L>) +  e)e"^}

>  ^ e x p { ( r i ( D ) - e ) e " ^ } ,

provided e >  0 is so small that T2(D) +  e <  Ti{D) — e and so

r{D)  >  n { D ) .

Hence the theorem.

Theorem 4.1.9: If / i  and /2  be two entire multiple Dirichlet series with G-order 
/Oi(0 <  Pi <  oo) and p2{0 <  p2 <  oo) respectively then /*  =t= is an entire function 
of G-order /?(0 <  /? <  oo) such that

i > l  +  l
P Pi P2

Proof: We already know [3] that /*  * /|  is an entire function. From (4.1.5), we 
have

oo

m = l

By (4.1.8), we have

=  lim inf
-log am

Pi m —>oo Xn,rn ^n,m
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=  lim inf

and

1 _ lim :
P |lm||-.oo

> lim :
llmll^oo

+ lim :
||m||̂ oo 
1 1

— |. .
Pi P2

P2 IlmlHoo

-log bm

^n,m log Xn,m

^n,m lo S  ^n,n

.  - l o g | A ? ^ , . . . A “ s.„

^n,m lo g  A„

log am
Xn,m log

+  lim inf
llmll—+00

-log  bm

Xn,m log Xn,m

In a similar way we can prove the following Theorem:

Theorem 4.1.10: If / i  and /2  be two entire functions with G-order 

/? l (0  <  Pi <  00) and /?2 (0  <  /?2 <  o c )  respectively then { f\ * / 2)^,

[k  G / ” ), given by (4.1.4), is an entire function with G-order p^:{0 <  /9+ <  oo) 

such that

-  >  1  +  1 .
P* P\ P2

Remark 1:

If fi be n entire functions wirh G-order /?,(0 <  pi <  00) where (i =  l,2,...,n), re­
spectively then f i  * fn {k e  / " )  is an entire with G-order p{0 <  p <  00) such 
that
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>

Remark 2:
If fi be n entire functions wirh G-order /?,(0 <  pi <  oo) where (i =  l,2,...,n), re­
spectively then f i  * . . .  * fn is an entire functions with G-order p[{) <  p < oo) such 
that

Theorem 4.1.11: If / i  and /2 be two entire functions of G-order 

/>i(0 <  pi <  oo) and ^2(0 <  P2 <  00) and finite G-type Ti(D i) and T2{D 2) respectively, 

then /*  * f 2 is also an entire function with G-order p{o <  p <  00) and finite G-type 

t { D )  such that

epT{D)]i> < [e^iri(Di)]^i [ep2T2{D2) P2

where '4’ D{fn) ~  ^£>j(m) £̂>2(^)5  provided the sign of equality holds in 

Theorem 4.1.9.

Proof: We know that f'l * given by (4.1.5) is an entire function.

By (4.1.9) , we have

, J_
epiTi{Di)]n =  lim sup {||A„,rn Pi

m —»-oo
n,m Qr

ep2T2{D 2)]>’2 =  lim sup {||A„_̂ ||'’2
m —*-oo
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>

epT{D)

Now,

since

=  lim sup {||A„,̂ ||̂
m —

=  lim sup{||A„,^
J_+X 
PI P2

m —*-oo

2̂^
7i,7n ar„b.7X1

} [using theorem 4.1.9

<  lim sup {||A„,^ Pi njn am
m —̂oo

sup {||A„_̂ ||̂ 2 [A
m —oo

'n,m

■ -L r
e p i T i { D i ) ] n  [ ep 2 T2 { D 2 )

X
P2

lim sup {AJ^}"^"-'”" =  1.
m —<-oo

Remark 3:

If fi are n entire functions of G-order /Jj(0 <  /?, <  oo) where i= l ,2,...,n and finite 

G-type Ti{Di) respectively then f i  * ■■■ * fn is also an entire function of G-order 

^ (0  <  p <  oo) and finite G-type t { D)  such that

ef)T{D)]p <  Y[[^PiTi{Di)
1=1

where '0 £>(m) 

Theorem 4.1.9.

provided sign of equality holds in
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If / ,  are n entire functions of G-order /?,(0 <  pi <  oo) and finite G-type Ti{Di) 

respectively then / i  * . . .  * /n is also an entire function of finite G-order p and finite 

G-type t { D )  such that

Remark 4:

»«■

epr{D)]p <  n i  epiTi[Di)
i=l

where lJj0 [Tn) ~  provided sign of equality holds in

Theorem 4.1.9.

4.2 Algebraic and Topological structures of entire functions

In this section we have studied some algebraic and topological structures of entire 

functions in several complex variables.

Let us consider the multiple Dirichlet series

oo

f { s )  =  '^ a m e x p {s -K ,m }  (4.2.11)
m = l

where S j  =  Sj +  irj G C ,  {j =  1, . . . , n), am ̂  C

a n d  {^jrrij }m j= l sequences of exponents satisfying

0  <  Ajj <  Xj^ <  . . . <  ^  o o  as  k  ^  o o  for j  =  1, 2 , . . . ,  n and

lim — 0, j  =  l , . . . , n .  (4.2.12)
rrij^oo
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V

Also it is known, [17], that the necessary and sufficient condition of the series (4.2.11) 
satisfying (4.2.12) to be entire is that

log
lim

Or
=  —oo (4.2.13)

Let i) denote the family of all complex valued functions of the form (4.2.11) with same 

sequence of integral exponents where Xn,m̂ - |am| is bounded.

It is easy to verify that the elements of Q satisfy (4.2.13) and hence are all entire 

functions. We now define addition, scalar multiplication and multiplication in by

oo

/ l ( ^ )  "1“  / 2 ( ^ )  — ^  “I" ^ ra )6 X p -

m = l
00

m=l
oo

/ i ( s )  O / 2 ( s )  =  ^  A „ , , „ !  a ^ 6 ^ e x p { s . A „ , , „ } ,

m = l

where
oo oo

/ l ( ' ^ )  ^   ̂ ^ m ^ X p - { s .A ^  a n d  f ‘2 {^ )  — ^   ̂ ^ m 6 X p { g .A n ,m  j

m = l  m = l

are elements of H. Evidently,

oo

(4.2.14)

=  X! O m e x p {s .A „_ „ ;
m = l

where Om =  0 for all m is the null element of fl.

The identity element of is defined by

oo ^

e(<5) =  ^  T------^ e x p {s .A „,,„ ;
^n,rn-m = l
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Clearly, /i(s) o e{s) =  e{s) o f i { s )  =  f i {s ) .

We shall also denote a norm function f  in $7 by ||/

Hence the different uses of the symbol 1| || such as ||/1| and ||i|| will be understood 

from the context.

T h eorem  4.2 .1 : 0  is a normed complex linear space.

P ro o f: We observe that Q, is an additive abelian group in which the negative 
element of

oo oo

^  a^exp{s.A„,,„} is ^ (-a ,„ )e x p {s .A „ ,„ } .
m=l m=l

We now show that f) is a linear space over the field C of complex numbers. We can 
easily verify the following:

(i) 1. f i {s )  =  f i { s )
(ii) {a  +  (3)fi{s) =  a f i { s )  +  f3fi{s)
(iii) (a (3)fi{s) =  a[f3fi{s)
(iv) a l f i { s )  +  f 2 {s)]  =  a f i { s )  +  a f 2 i s )

where £ C  and / i , /2  G H. Hence is a complex linear space.

Next, we define the norm of f i { s )  G 0  by

/l(s)|| =  sup
rn > I

am

Since
t t r is bounded sup A„ „,!

m >I
am exists.

94

Dhaka University Institutional Repository



Now,
( i )  ||/i(s)|| >  0 a n d  ||/i(s)|| =  0 i f f / i ( s )  =  0

00

^ ( « m  +  h„)  exp{s.A„,„
m=l

— sup [A„ Qjji +  hjfi }
m > I

< sup |a^|} +  sup \h
m >1 m > l

=  | | / l ( « )  + / 2 ( s )

oo

(iii) |a f i { s ) '^ a a r r t  exp{s.A„,^}
m=l

=  sup {A„,^! \a a
m > 1

m }

a sup {A„,^! |a^|}
m > 1

Hence, fl is a normed complex linear space.

T h eorem  4.2 .2 : fi is a complex Banach space.

P ro o f: Let the sequence { /p } ,  where

oo

m = l

for p= l,2 ,... be a Cauchy sequence. Thus for each e >  0 there exists a positive 
integer N such that

d i fp jq )  =  l l /p -A ll  <  eforallp ,q >  N.

Hence,
sup {A„,^!
?n > 1

} <  e for all p,q >  N.
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This implies that
<  €

for p, q >  N and for all m >  1

(4.2.15)

We now fix m and consider the sequence

Due to (4.2.15), this sequence converge to (say). Hence,

sup
m > i

<  €

for p >  N.

We now from the multiple Dirichlet series

oo

m = l

To complete the proof we have to show that /  € $1. Now,

a m

A

for all m >  1 and p >

Therefore, /  € and this completes the proof.

T h eorem  4.2 .3 : fl is a commutative Banach algebra with identity.
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P ro o f: By straight forward calculations we can show that fi is a commutative 
algebra over C. Let / i , /2  € 0 , then

oo

f l { s ) o f 2 { s )
m=l

=  sup {[A„,^!]^ \am b,
m >1

< sup {A„,^! a
m >1

m sup \h
m >1

m

/ill 11/2

Again for the identity element e(s), we have,

1
e(s) =  sup ------- }  =  1

m > l

Hence, fl is a commutative Banach algebra.

T h eorem  4.2 .4 : 17 is a commutative B* algebra with identity.

P ro o f: Let / i ,  /2  G fi, where f i  and /2  are given by(4.2.14). We define a mapping

where
oo

7 T l = l

cTm denote the conjugate of Evidently, /j* 6  0 . We can easily verify the
following:

(i) <Pih +  h )  =  if ,  +  h r  =  f i  +  f i
( i i )  V’ ( « / i )  =  ( a / i ) *  =  a  f l  a e c

OO

(iii) '^{fl O f ‘2) ( /l O f2) =■ ^  n̂,Tn̂ ’bm^m GXp{s. \n,mj
m = l
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and
<X)

® — i f l }  ^ ^   ̂ ^n,m! -̂^m®m GXp S. A„ ,.„}■
m=l

SO that (/i O f 2) *  =  f 2  O f i

and ( iv )  i n r  =  / i .

Thus, V’ is an involution in ft. Hence i7 is a commutative Banach*-Algebra with 

identity.

Again,

Hence,

f i o f i W  =  su p  | [A „,^ !
rn >1

su p
m >1

/ r  o  fi\\ =  i i / i i p « .

2

am j

for all / i  G

Thus, fi is a commutative i?*-algebra with identity.

T h eorem  4.2 .5 : Q, itself is the set of its topological divisors of zero.

A

P ro o f: Since f) is commutative, any topological divisor of zero in 17 is a two sided 

topological divisor of zero in 0 . In we consider a sequence {wm} where

Wm =
An,m-

e x p { s .  Xn̂ rrii
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Obviously, ||u;̂ |l =  1 for all m. 
Now for any arbitrary element

OO

m=l

We have,
( / l  O W m ){s )  =  a ^ e x p { s .A „  Now, f i  e i l  implies

OO

^   ̂ S.A „ ,7,1
m = l

is convergent for all m and hence

lim Grn expjs.An,,;,} =  0.
m —»-oo

Thus f i  is a topological divisor of zero in fi. Since / i  is arbitrary, any element in f] 

is a two sided topological divisor of zero in Q which proves the theorem.

T h eorem  4.2 .6 : Every element /  G H is of G-order p <  I. 

P ro o f: Let
OO

m = l

be an entire multiple Dirichlet series with integral exponents such that

1
P

<  M  for all m G By (4.1.8) if is a G-order of /  G fi, then

=  lim inf
||m||-voo

> lim inf

^n,m loS  ^n,

log (w )
m -+OC

>  lim inf

=  lim inf
llm ll^ oo

I log] I An,jn
loglA!"*' . . . A r -  ). r ^  ̂ '̂ nmn '

+  lim inf
log A„^ !̂

m —>oo ^n,m lo g  \n,m

log| I^n,m
using Stirling’s formula

^n,m log A„,,„
^n,m log Xn,m

=  1
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Hence the theorem.

Theorem 4.2.7: Let
OO OQ

/ i ( « )  =  and / 2 (s) =  ^  6 ,„exp{s.A„_^]
m=l m=l

be two elements of J) of G-orders p\ ( ^ 0 )  and 0 ) respectively.

Then the G-order p  oi fi  O / o  satisfy -  ^  —  — 1.A JZ J p  —  p ^

Proof: We have
OO

/ l ( s )  O f 2 { s )  =  ^   ̂ 6Xp^[s.A„

Now

1
lim inf

P ||m||—*-oo

> lim inf
||m||̂ oo

+ lim inf
||m||—>-oo

1-- - 1  +  -  +
Pl

log

m = l

1
-̂71,771 •

n̂,m log n̂,m
log 1

n̂,m log n̂,m

log (l«m|)
An,m log n̂,m

1

P2 '

+  lim inf '°g (r a )
m —̂oo ^n,m I logll̂n

Theorem 4.2.8; If / i , /2  G then o A: G / "  is also an element of 0  

and its G-order p is the same as that of / i  0 / 2, where

s m i f

tkiOsi

1 0 0
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oo

Proof: Let f\ and / 2 , given by (4.2.14) are elements of 0 . Then

m=l

oo

f i  ~  ^n,m e x p { s .A „  „ j ,

m=l
Therefore,

oo

O e x p {s .A „ ,
m = l

oo

=  ^  Cm exp{s.A„,„,} (say),
m = l

where

Cm  — T̂i,rn̂ ' ^n,m ^m-

Now it is easy to verify that An^! \Cm\ is bounded.

This proves that O G The G-order of o is

=  liin inf *°g ( l i i )
m —>-oo

=  lim inf

^n,m loS  ^n,i

(A„,„!|aL||6„|) 1
m —►OO 'n,m lo S  ^n,m

where p{0 <  p <  oo) is the G-order of / i  o f^.
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T h eorem  4.2 .9 : Let f i  and / 2, given by (4.2.14) be two elements of Q. Then, 

f i  * f2 =  ' ^  am hm exp{s.A„,m]
m=l

is also an element of $7. Also if the G-order of f\ ♦ and f\ O /2  be p *  and p  

respectively then ^ ~  ^  — 1 -

P ro o f: Since / l , / 2  G ^2, then \n,rn- a n d  \n,rn- 0,m

for m G / ” . From these two relations it follows that A„_m! Î m bm\ is bounded. 

Consequently, f i  * Now, if f\ * J2 is either zero or a Dirichlet polynomial

then p *  =  0. that case the G-order of p  of f\ O f -2 is also zero. We

now assume that f i  Q f 2  ̂ is different from Dirichlet polynomial and its G-order is 

p { 0  <  p  <  0 0 ) . Then,

-  =  liin inf
P  Ilmll-^-oo

<  lim inf
||j7l||^00

+  lim inf
||m||—»-oo

1

log 1
|®m| |̂ m|)

^n,m log

log

^n,m lo§ ^n,m
log |̂am <>m|̂

^n,m loS ^n,m

=  - 1  +
P*

1 0 2
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Again,

-  =  liin inf
f)  ||m||—»oo

>  lim inf
llTnll—*oc

+  lim inf

1 f~\Cf 1log
|̂ m| |^m|)

n̂,r71 log ■̂ n,m

^n,in lo g

‘ ° s  ( t o )
||m||—>oo ^ n ,m  l o g  ^ n ,m

=  - 1  +
1

Therefore, we have

=  i - i .  
p '
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CHAPTER - 5

ORDER AND TYPE OF ENTIRE FUNCTIONS IN 
SEVERAL COMPLEX VARIABLES
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Chapter 5

Order and Type of entire 
functions in several complex 
variables

5.1 Introduction

Consider the double Dirichlet series :
oc

f { S u S 2 ) =  ^  am,rn2^ X p { s i X i m , +  S2 \ 2m2) ,  (5 .1 .1 )
mi ,m2=l

Sj =  (7j +  i T j { j  =  1 ,2 )  where 0,rn\m2 ^  ^ t  complex numbers,
A i^ j, ^re real such that

0 <  \ ji  <  A j2 <  . .  • <  Ajit cxD as —)• o o , fo r  j  =  1,2 (5 .1 .2 )

Throughout we tacitly assume that

lim  =  0 , J =  l , 2  (5 .1 .3 )
r r i j^ o o  A j  T J l j

A.I. .lanusaukas [8] had shown that if (5.1.3) holds then the domain of convergence 

of the series (5.1.1) coincides with the domain of absolute convergence .
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Let F be the family of all entire functions represented by a series of the form 

(5.1.1) and satisfying the condition (5.1.3).

5.2 Notations and definitions

For X, y G where x  =  ( x i , x 2), y =  (j/i, 2/2), we say that 

X < y  iff Xj <  yj, [ j  = 1 ,2 ) ,  x < y x <  y hut x ^  y,

X « y \ f [  Xj <  yj { j  =  1, 2).

Corresponding to /  € F, we define the functions : the maximum modulus M  =  Mf  

and the maximum term =  fij on by

M(cri,cT2 ) =  M/((Ti,ct2 ) =  max[|/(si,52)| : (5 1 , 3 2 ) e C'̂ R̂e Sj =  <t_,, j  =  1,2

/i(<7' l ,0’2) =  /i/(cri,<T2) =  max [|ami,m2 |eXp((TiAimi +  (T2A2m2)](mi,m2)eAf2

where N is the set of natural numbers.

We define the order and the type of an entire Dirichlet series over in the 

following way:

Let /  G F  and Bj  C be the set of points (01 , 02) G R  ̂ such that for every 
(0 1 , 0 2 ) € Bj.

logM((Ti,a2) <  (5.2.4)

for sufficiently large cti or <72
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The boundary dBj  of the set Bj  is called the order of f. A point [piip-i) G dBj  is 

called an order point of f. We say that f is of infinite or finite order according as 

is empty or non-empty.

From the definition of the set Bj,  the following conditions follow :

(i) If (o;i,Qf2) € dBf,  then {(ai,o ;2) : ^
(a 'i ,a '2 )  »  ( a i , a 2 ) }  C  B j.

(ii) If (ai,Q;2) G dBf,  then {(Qfj,0:2) : ^

(a i,a 2) <  <  C\ B f  =  ^ (empty set).

Next, let us take (^1, P2) € dBj  and denote by Tf{pi,p2 ) the set of all (Ti, 72) € 
such that

logM{(T,,(T2) <  Tie” '’’ ' +  (5.2.5)

for sufficiently large G\ o r  <7 2 -

The boundary dTj{pi^p2) is called the type of f corresponding to {pi ,p2 ).

A point ( r i ,T 2) G d T / i p u p ^ )  is ca ll^  a type point of f corresponding to 

(Pl,P2)-

Evidently, the set Tj{px,p2) satisfies the analogous conditions given in (5.2.5)
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5.3 Properties of entire functions of two variables

L em m a 1 : Let
oo

f { S u S 2 ) = ®rnim2 e x p ( s iA i^ j  +  S2A2m2 )
mi,1712=1

be an entire function. If

lo g M (cr i,cT 2) <  { p i , p 2 ) »  ( 0 , 0 )

for sufficiently large <Ti or <T2. and for every e >  0, then

amyjn̂ <
e (^ i +  e)

Îmi

Pl+f 'e { p 2 +  €)

^ 2mo

P2+'

for mi +  m2 sufficiently large and for every e >  0 , and conversely.

(5.3.6)

(5.3.7)

P r o o f  : Supose that (5.3.6) holds for an entire function f. Then from Cauchy’s 
inequality, we have, for all (cri,a2) €

M (c T i ,0r2)
ami m2 <

<

exp((TiAimi "1“ ^2^2m2^
+  e<̂ 2(p2+ f))

e x p ((J iA i^ j +(J2X2tti2)
exp(e'^i^^i'''^^) e x p (e ‘ 2̂(p2+e)^

exp((JiAi^J ■ exp(a2A2„iJ

for sufficiently large (Tj or 0 2 -

The minimum of the expression in the right hand side of the above inequality is 

attained at <7, =  ^ ^ l o g  =  1 , 2 ) and the minimum value is

'e{pi +  e)' ' e{p‘2 +  e y

. Îmi . . -̂ 2m2 .
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Hence,

a mi m2 <
' e { P \ + e ) Pl+f ’ e { p 2 +  e)

2̂m2

AImi ' 2m2

for mi +  m2 sufficiently large and for every e >  0 .

Conversely, suppose that (5.3.7) hold for mi +  m2 sufficiently large for every c >  0. 
Then,

00

M (cri,CT2) <  ^ ®mim2 eXp(cTiAimi “1“
mi,m2=l

ml 00 rn̂ m'i 00

<E E + E E + E E
mi = l m2 = l mi>m? ^2=1 mi=:l m2>m§

00 00

mim2 .ex p ((T iA i^ j +  (7 2 X27112)+ E E)
mi>m2 mi>m%

= E + E + E + E
Clearly,

00 00

E = E E
4 mi>m^ m2>m§

00 00

< E E
mi>m2 m2>m2

am\m2 exp((J iA i^^  +  (72A2m2 )

e{p\  +  f )
Almi

.  e x p ( a i A i ^ j + 0-2A2m2)

e (^2  +  e)

-^2m2

■̂2m2
/52+'

The maximum of the expression in the right hand side of the above inequality is 
attained at

K m  =  (a - +  e) exp ((J i +  e ) , i =  1 , 2 ,
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and the maximum of the above expression is

For given t' >  0, we set

P  =  e(/>i+ e')exp(cTi(/? +  e')) 
Q = e{p2 +  e')exp(cT2(p  +  e')), e' > e > 0.

Let S\ be the sum of the part o f for which Aim, <  Pi ^̂2m2 ^  Q-
4

Then, S\ <  A:i((7i, (T2)exp(e' î( '̂+^  ̂+  e'̂ 2(/?2+0)

Let S2 be the sum of the part of ^  for which A i„, >  P, \2rn2 <  Q-

Then,

nmi>P

'^{p\ +  e)
4mi

/>l+c
e x p (a - iA i^ J

e (/>2 +  e) P2+̂
. y

<  0 ( l ) . / ? 2(c^2)exp(e'^^^^^'*'^^)

<  A;2(cr2 )exp(e'^^^^^''‘ ^̂ )

exp(cT2A2;r,2)

Let S3 be the sum of the part of ^  for which A i„j < P, \2ni2 > Q-
4

Proceeding as in 8 2 , we have <  k^{(T\) exp(e'^*^^i'*'^^)

Let5'4 be the sum of the part of ^  for which Ai^, >  P , A2ma >  <3­
4
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Then,

= E E <S(‘)
Hence,

Further,

L < E E
2 mi>m^ m2—1

e{pi +  e)
'^Imi

e x p (c r iA i^ j +  (72 A2TTI2 )

Pi+f e { p 2 +  f )

2̂m2

P2+‘

00
e (^ i  +  f )

-^Imi
<  Q[exp(CT2A2r„20)]. ^

mi>jn1

<  Q [exp(cr2A2^ 2o)].A;4(o -i) exp(e'"'^^ '+"^)

Pi+f
e x p ((T iA i^ j

Similarly,
^  <  Q [exp(criA i^3o)].fc5((Ti)exp(e'"i<^i+"^).

3 ■

So, we have,

M { a i , a 2 ) <  fei(cri, (72) e x p (e ‘ '̂^ '̂'''^  ̂ +  +  0 (1 )

for sufficiently large a\ or <72 for everye >  0

Hence,
lo g M (a i,^ 7 2 )  <

for sufficiently large ai or <72 for every e >  0

1 1 0
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Let

C oro lla ry  5.1 :

For n variables we can easily write from lemma 1,

oo

be an entire function. If

logM(<Ti,. . . ,  cr„) <  +  . . .  + (5.3.8)

[ p i ,  > >  ( 0 , . . . ,  0 ) for sufficiently large ai ... or an and for every c >  0 ,
then

a <
e{pi-\-e)

AImi

l̂m| 
Pl + £ e{pn +  e)

Anrun

Pn +€
(5.3.9)

for mi +  . . .  +  m „ sufficiently large and for every c >  0 , and conversely.

L em m a 2 : Let
oo

f { s u S 2) =  E exp(siAîj + S2X2 m2)
mi,m2=l

be an entire function. If

logM(cTi,o-2 ) <  (Ti+e)e'^i^i +  (T2 +

(Ti,T2) > >  (0,0), {P,,P2) > >  (0,0),

for sufficiently large <Tj or <72 for every e >  0 , then

amim2 <
e{pi{Ti +  e))

AImi

Hm,
Pi 'e { p 2 {T 2 +  6) )

, -̂ 2m2

P2

for sufficiently large mi +  m2 for every e > 0 , and conversely.

P r o o f  : The proof is entirely analogous to that of the lemma 1.

I l l
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Let

C orlla ry  5.2 :

For n variables we can easily write from lemma 2,

00

mi = l

be an entire function. If

logM (ai,. . . ,  <  (Ti +  +  . . .  +  (r„ +

(T i,...,T „ )  > >  (0, . . . ,0 ) ,  { p i , . . . , p „ )  > >  (0,0), for sufficiently 
large cti or . . .  or cr„ for every e >  0 , then

a <
e{pi{Ti +  e))

AImi

Pi ^{Pn{Tji  +  f ) )
Anm„

Anmn
Pn

for sufficiently large mi +  . . .  -f- m„ for every e >  0 , and conversely.

T h eorem  5.3.1 : Let f  ^ F. Then {pi ,p2) € R\ is an order point of f iff

(5.3.10)
^ l o g  A,™. +  ^ l o g

lim sup — ----------- ----------- —--------------  =  1mi+m2-̂ oo -log

P r o o f  : (Necessity) : From the definition of order, it follows that

logM(cri,a2) <  +  (5.3.11)

for (pi,p2) G R\ for sufficiently large a\ or <T2 for e >  0. By lemma 1, (5.3.II) is 
equivalent to

a77117712 <
' e (p i  +  g )~

. '^Ir/ii .

Pl+f 'e(A>2 +  e ) ' P2+f

A2t712

1 1 2
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for sufficiently large mi +  m 2 for every e >  0 .

-lo g ami m2 >

- lo g ami m2

Pi + €
AImi A

log(e(/9i +  e)) +  ^ ^ ^ lo g ( e (/>2 +  e)) 
P2 - r ^Pi + e

^Imi
>  ----Mnii H-------------------- - 2̂m2

Pi +  e P2 +  e
+  0(m i,m 2), (say)

Since the function f is entire,

ami m2 >‘lmi+A2m2 0 ES 77*1 +  m2 —>• OO

Then we have,

Hence,
log *77117712

0 as m i +  m 2 —»• oo

m i+ m 2—t-oo 

Now suppose, if possible

^ l o g  A.™, +  ^ l o g  A2„,
lim sup —---------- -̂----------------------  <  1

- lo g ami m2

m i+ m 2—*-oo - lo g a17111712

It follows from the definition of the limit sup. that

^ ^ l o g A i ^ ,  +  ^ ^ lo g A 2 m 2  <  -(«5 +  eo)log 
Pi P2

for mi +  m2 sufficiently large and e >  0. That is

ami77l2

4mi

P i(^  +  eo)

-^Imi
Pl^ +  ei

lo g A i ,„ j  +

log Ai,„j +

A2m2
p 2 {S +  €q) l o g A 2„,2 <  - l o g a77117712

2̂7712

P2^ +  ^2 
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Then 2̂mn

^rniino <
^-^Im i/ \ ^ 2m2/

for mi +  m2 sufficiently large for every ej >  0 , j  =  1, 2 , where pjeo =  Cj, j  =  1, 2 .

Hence from lemma 1, we obtain.

^(Ti{piS+ei) gO-2(/>2<5+e2)
lo g M ( < T , ,a 2) <

for sufficiently large (Ti or ct2 for every tj >  0, j  =  1,2. This impHes that 

lo g M (c T i ,c r 2) <

for sufficiently large a\ or <T2- 

This means that

{P\^ +  2 6 i) , (/92^ +  262 ) E B f .  That is (pi ,p2) € 5 / ,  which is a contradiction. 

Hence,

^ l o g  Ai™, +  ^ l o g  A2„,
mi+m2^oo "“ lo g Omi7Tl2

Sufficiency : Supose that (5.3.10) holds. Then for >  0, small enough.

•̂ Imi 1„ „  \ -̂ 2r7>5

®mim2

^^■Llog \irrn +  - ^ l o g  \ 2m2

-log
>  1 - S

for a sequence of value of mi +  m 2 —>■ 00 . That is

-^2m2l®S ^ 2m2
lo g  0‘mim2 ^

>  -

/>i(l-<5) 2̂ (1 -^ )
Airm log ^Irni '^2m2lo g  A2m2

Pi -  f  1 P2 -  €2
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for a sequence of values of mi +  m2 ^  00 , where Cj =  8pj, j  =  1,2 we know [17 

that M{(Ti,(T2) >  n{(Ticr2)- Then

log M(cri,a2) >  criAi î +  (̂ 2^2m2 ------------------------
pi -

A2m2lo g  ^ 2m2

P2 -

Now substitute

(5.3.12)

cr,- =  {i =  1,2) in (5.3.12). Then

1 „   ̂ e cT i(p i-e i)  e a 2 { p 2 - € 2 )
log M  (7 1 ,(7 2 ) >  —------------— +  — -----------—

e{pi -  6 1 ) e{p2 -  6 2 )
for a sequence of values for (Ti,(72 such that a\ +  a2 00. Then it follows that

logM (cT i,a 2 ) >

for a sequence of values of a i ,a 2 such that a\ +  (T2 ^  00.

It means that
{ p , - 2 e u p 2 - 2 € 2 ) e B f .  (5.3.13)

Again from (5.3.10) it follows that

,  .  A im jo g  A Imi A2m2lo g  ^ 2rn2
iOg Clm\m2 S  , ,

P\ +  P2 +  ^2
for sufficiently large mi +  m 2, for every tj >  0, where ej =  6pj, j =1,2 . That is

^mim2
1 \ ^i+n /  1 \ P2+‘ 2

<
\ ^ 2m2 /

for sufficiently large mi +  m 2 for every e_, >  0 .

Now from lemma 1, it follows that

^(Ti(pi+€i) g<T2(/>2+«2)
log M(cTi,cr2 ) <  —----- -̂----- +

e ( />i+ei )  e{p2 -\-€2 )
^  g'’’l(/^l+2fl) gO’2(p2+ 2f2)
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for sufficiently large mi +  m 2 for every tj >  0, j= l ,2 . This implies that

(pi +  2ei,/9‘2 +  262) E -0/ (5.3.14)

Hence, from (5.3.13) and (5.3.14) it follows that {pi^p2 ) is an order point of f. 

Corollary 5.3:

Let f  ^ F, then (01 , 02 ) G Bf  iff

^ l o g  A,™. +  ^ l o g  _  
liin sup — ------------ ------------- ---------------  <  1mi+7712̂ 00 -lo g

Corollary 5.4:

Let /  G F. A point(/?i,/32) G int.B/, the interior of 6/ ,  iff

,  ^ l o g  Ai„. +  ^ l o g
lim sup — ----------- ;---------- —--------------  <  1

7711 -j-77l2—̂ 00 -lo g am\m2

Theorem 5.3.2 : Let f  ^ F.  Then {p\ip2) »  (0,0) is an order poiont and 
iTiiT2) »  (0 , 0) is a type point of f corresponding to {pi,p2) iff

lim sup
m i+ m 2—►oo

am\in2
(  Almi A "1 /  A ^ X  '’2

\e pi Tx )  \ e p 2 T2 J
=  1

(5.3.15)
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P r o o f  : From the definition of type it follows that, for {T\,T2) € R\^

logM(/Ti,cr2) <  +  +  {T2 +  e)e^̂ P̂  (5.3.16)

for sufficiently large a\ or <72 for every e >  0. By lemma 2, (5.3.16) is equivalent to,

ami m2 <
e p i { T i  +  e )

^Imt

Mmi
Pi e p 2 {T 2 +  e )

. '^2m,

P2

for sufficiently large mi -f- m2 for every e >  0 .

Now, put Ti +  e =  (ti +  c)e^\ (z =  1,2) in the above inequality, we have,

am\m2 <
e p i i n +e) Pi

^Imi

(T i,T 2) ^  (ti,T 2) when <̂ i,.52^ 0.

ep2{T2 +  e)
X2m2

P2
. e 1̂ e 2̂

A Hence,

liiii sup
mi+m2—>oo

ami m2

^  l̂mi+A2m2

\epiTiJ \ep2T2J j

(5.3.17)
Suppose that, if possible,

lim sup < a
mi+m2—*oo mi m2

/  ^Imi \ /  ^ 2m2 A
\ e p 2r 2 J

2̂it»2
P2

= r/ < 1 

Then from the definition of limit sup., we have

’e/?iTi(7/ + e)'ami m2 <
AImi

nm,
PI e p 2 T2 {r] +  e)

2̂m2

P2

for sufficiently large mj +  m2 for every c >  0. We choose c >  0 such that

A  =  n i n  + , (t2 = T2{t] +  e)P̂ ] << (ri, T2).
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Dhaka University Institutional Repository



Then, we have,

®rnim2
e^ iT j

AImi .

nmi
P i e/>2 'T2

A2m2 .

P2

for sufficiently large mi +  m 2.

Hence and from lemma 2, it follows that

r i ( / /  +  e f \  T2 {t] +  €Y^] e T f { p i , p 2 ).

That is

{‘Tii' 2̂ ) ^ int. Tf{pi ,p2 ) which is a contradiction.

Hence

lim sup
m i+ m 2—>-oo

amim2

imi

 ̂ ^Imi \  "I f  M m 2 A 
\ e p \ T i )  \ e p 2 T2 J

P2

Sufficiency ;

=  1

(5.3.18)

Let us suppose that (5.3.15) holds. Then

a mim^
K ^ P i n J  \ e p 2 T2 J

for sufficiently large mi +  m2 for e >  0. That is,
'Imi ' 2mn

amim2 <
V "̂ Imi /

for sufficiently large mi +  m2. Then 

-^Imi

V ^ 2m2 /
ge(Ai„i+A2„2) (5.3.19)

-log ajn\Tn2 >  ^ ^ l o g A i „ , ,  +  ^ ^ l o g A 2m2 -  ^ ^ l o g e / ; i T i
Pi P2 Pi

"loge/92T 2 -  e (A i^ j +  A2m2)-
A‘2m

P2
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Proceeding as in the proof of Theorem 5.3.1, we have

lim sup
f«i+m2—>00

Pi

-log a
<  1

A

Again there exists an infinite sequence {X^Mp +  A2M ,} where Mp +  M , —> 00 as 
p +  9 —> 00 such that

'Im, 2̂n

amirn2
^  (5  3  2 ,,)

V J \ \2m2 )
for mi =  Mp,TTi2 =  Mg. Then by a similar reasoning as in the proof of Theorem 

5.3.1, we have,

lim sup
rrii +rTi2—>-oo

Hence {pi,p2) is an order point of f.

-log ami m2

Now, we choose e, >  0, such that T,- +  €, =  i =  1,2.

Then from (5.3.19), we have

’ e /9 i(r i + e i ) '
amyni2 <

'^Imi

P\ ep2{T2 +  6 2 )
^ 2mo

P2

for sufficiently large mi +  m 2 for every e,- >  0 .

It follows from lemma 2 and the definition of type that

( t i  + 61, T2 +  €2 ) e  T f ( p i , p 2 ) 

Again taking r,- — 6j- =  in (5.3.20), we have

ami m2 >
' e p i ( T i  -  6 i ) ‘ pi+( ' e p 2 (T2 -  €2 )'

2̂my
P2+‘

AImi A2m2

(5.3.21)
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A,

for an infinite sequence {\ \ M p  +  A2iV /q}, such that M p  -f- M g  — CX) as 

p - \ - q —  ̂ CO. We know that M ( o ’i , ( 72) >  (J‘2 ) for all CTi, <T2.

Then

logM (cT i,(7 2 ) >  \og\am, 
X lM p  e p i { T i - € i )  h M q  ep2{T2 - € 2 ) 

+  a\\\M p  +  a2^2Mq.

Choose CTi =  i l o g ^ - ^ i ^ , c r 2 =  in the above inequality.

Then we have,

l o g M ( f f i , a 2 )  >  ^  ̂  =  ( t , -  e , ) e ” ‘ ' ’ ‘ +  ( r ,  -
Pi P2

for a sequence of values of ai +  <72 tending to infinity. This implies that

( t i  -  e i ,  T2 -  62) G T f { p i , p 2 ) (5 .3 .2 2 )

Thus, from (5.3.21) and (5.3.22), we have, (ti,T 2) G dTj{pi, p2 ).

Hence the theorem.

Corollary 5.5 :

Let f  G F. Then {p\,p2 ) G is an order point and (T i,T 2) € Tj{pi,p2 ) iff

1

1 20
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C oro lla ry  5.6 :
Let f  e  F. A point (T i,T 2) e  int.Tj{pi, P2) iff

lim sup
mt+m2—*-oo

amiTTi2
/ A Imi Pi

\ e p i T i J  \ e p ‘2T 2 j
2̂m2 \ P2

^"^2 1 -'lmi+^2m2

< 1.

5.4 Entire functions of n variables

Consider the n-tuples Dirichlet series :

00
/ ( s i , . . . , s „ )  — ^   ̂ flmi...m„GXp(sxAi,„j +  . . . +  (5.4.23)

Sj =  <Tj +  iTj [ j  =  1, . . .  ,71) where ^  C*, the field of complex
numbers, Ai^j, . . . are real such that

0 < Xji < Xj2 < . . .  < Xjk -^00 as k 00, for j =  1, . . . ,  n
(5.4.24)

Throughout we tacitly assume that

lim (5.4.25)
TTij^oo \ j rrij

A.I. Janusaukas [8] had shown that if (5.4.25) holds then the domain of convergence 

of the series (5.4.23) coincides with the domain of absolute convergence .

Let F be the family of all entire functions represented by a series of the form 

(5.4.23) and satisfying the condition (5.4.25).
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<

5.5 Notations and definitions

For x , y  e  where a: =  (ar,,. . . ,  x „), y =  (;^i,. . . ,  we say that

X <  y iff Xj <  yj, { j  =  i , . . .  ,2n, x <  y iff a; <  y but x /  y,

X < <  y iff Xj <  yj ( j  =  1, . . . ,  n).

Corresponding to /  € F, we define the functions : the maximum modulus M  =  Mj  

and the maximum term ^ =  fij on FT by , cr„) =  M/ (cri , . . . ,  <t„) =

max |/ (s i , . . . ,  Sji) ■ ? "5n) ^ C  , Re sj — j  — 1 , . . . ,  n]

(̂<Tl, . . . , <T„) — , (Tn) — maX "h • • • “I" (̂ n̂ nmn )

where N is the set of natural numbers.

We define the order and the type of an entire Dirichlet series over C " in the

following way:

Let /  € F  and Bj  C /?” be the set of points (qi ,  . . . ,  a „ )  G /?" such that for every 
{ o i , . . . , Q „ )  e  Bf.

logM((7,,...,CT„) <  e ™  +  . . .  +  e'’”'“", (5.5.26)

for sufficiently large ai or . . .  <t„

The boundary dBj  of the set Bj  is called the order of f. A point (/9i , . . . ,  G dBj

is called an order point of f. We say that f is of infinite or finite order according as 

Bf  is empty or non-empty.

1 2 2
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From the definition of the set f l /,  the following conditions follow :

( i )  I f  e d B f ,  then G i ? " ,
( a ' l , . . > >  C  B f .

(ii)I f(a i ,...,o ;„ )  G dBj,  then {(a 'j,. . . ,  a'„) : (a 'l,. . . ,  o;'„) G

(a'l, B f  =  0 (empty set).

Next, let us take (/?i, . . . , 6  dBj  and denote by T/{pi, . . . ,  pn) the set of all 
(T i , . . . ,  Tn) G such that

log M (ai,...,(T „) <  Tie"''" +  +  (5.5.27)

for sufficiently large G\ OV . . . o r  cr„.

The boundary dTj{pi , . . . ,  pn) is called the type of f corresponding to . . . ,

A point ( t i ,  . . . , r„) G d T f ( p i ,  . . . ,  Pfi) is called a type point of f corre­

sponding to

Evidently, the set T / ( p i , . . . ,  pn) satisfies the analogous conditions given in (5.5.27)
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5.6 Properties of entire functions of n variables

Theorem 5.6.3 :

Let /  € F. Then (/?i,. . .  ,/>2) € ^  is an order point of f iff

- ^ l o g  +  . . . +  -^ ^ lo g  
lim sup — --------------- -̂-------------- -----------------

mi+...+m2-»^c» —io g  ami...ni2
=  1 (5.6.28)

Proof :

Necessity : From the definition of order, it follows that

logM(cri , . . . ,cr„)  <  +  . . .  +

for ( / ) i , . . . ,  /7„) €  for sufficiently large or . . .  or cr„ for e >  0 .
By Corollary 5.1, (5.6.29) is equivalent to

A

' 4 p i  +  f )ami...m2 <
/>!+« e {p n  +  €)

TlTTln

Anmn
Pn+f

for sufficiently large mi +  . . .  +  m„ for every e >  0 . 
It follows that

-log arni ...iTin
Pi + €  

Almi
Pn +  e 

A.

(5.6.29)

log(e(/?i +  e)) +  . . .  +  log{e{pn +  f))
P l + ^  P n + ^

-log a TTl\TTl2 >  i l ^ l o g  A , ^
P \ + ^  Pn +  ^

+  0 (m i,.. . ,m „ ) , (say)

log A„^„

Since the function f  is entire,

_____ 1
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Then we have,

4>{mi. ..rrin)
log

Hence,

^ l o g  A , + ^ l o g  A„„. 
lim sup — --------------- ;--------------- —---------------  <  1

>00

Now suppose, if possible

-lo g ami...m2

ami+...+m2->-oo ■ ~log

It follows from the definition of the limit sup. that

^ ^ lo g  \irrn +  . . . +  ^ ^ l o g  <  -(<5 +  eo) log
P\ Pn

for mi +  . . .  +  m„ sufficiently large and e > 0 .

a

That is 

■ Îmi

^Im

P\^ +

log Aim, +  .. • +
Anm„

Pn{^  +  ^o)

^nm„

logA„^„ <  -log a

Pn^
a

Then
'Im,

a <

n̂mn 
 ̂ \ Pn̂ +cn

for mi +  . . .  +  m „ sufficiently large for every ej >  0 , i  =  1, 2 , . . . ,  n, 

where pj€o =  Cj, j  =  1, 2 , . . . ,  n.

Hence from corollary 5.1, we obtain,

logM (cri,...,cr„) <
g(Ti(pi5+fi)

g(/>l^+Cl)
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for sufficiently large <Ti or . . .  or <r„ for every ej > 0 ,  j  =  This implies

that
logM(<T,,...,cr„) <  e'’ i(w‘ +2<.) +  . . ,  +

for sufficiently large <Ti or . . .  or <7„.

This means that

(p iS  +  2 e i ) ,  . . . , {pnS  +  2€n) E B f .  That is (/>1, e  5 / ,  which is a

contradiction.

Hence,

i;^ log  A„„, +  . . .  +  ^ l o g  A„„„ 
lim sup — --------------- ---------------- —---------------

mi+...+m2̂ oo -lo g  a,rii...m2
A

Sufficiency : Supose that (5.6.28) holds. Then for 6 >  0, small enough, 

- ^ l o g  +  . . . +  - ^ l o g  Xnnin ^   ̂ ^

-log a77li...nin

for a sequence of values of mi +  . . .  +  m „ —> oo. 
That is

log a >  -  

>  -

nrrin
P n { l - S )

^nm„ log Anm „

P nPi -  €l

for a sequence of values of mi +  . . .  +  m„ oo, where ej =  Spj, j  — 1 , 2 , . . .  ,n  we 

know [17] that M(<Ti, . . . ,  cr„) >  //(<Ti . . .  <t„).
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(5 .6 .3 0 )

lo g  cr„) >  (TiAi^j +  . . . +

Imi ^ nm „ log ^nnin

pi - € [  ()n -  €n

Now substitute

ai  =  {i  =  1, 2 . . . . ,  n )  in (5.3.12). Then

1 ^  e C T i ( / ? i - 6 i )  e a n { f ) n - € n )
logM ((7i,...,(72) >  — -----------— +  ^

e{pi -  ei) e{pn -  e„)

for a sequence of values for <Ti, . . .  cr„ such that <7i +  . . .  +  <r„ —> oo. Then it follows 
that

log M (cti, . . . ,CT„) >  +  . . . +

for a sequence of values of (Ti , . . . ,  <r„ such that cti +  . . .  +  cr„ ^  cx).

It means that
(p i  -  2 e i , . . .  -  26 „) G B f .  (5 .6 .3 1 )

Again from (5.6.28) it follows that

1 ^  -^Iwilog A Imi ^ nm „ log ^ nm „
lo g  S  , • • • ,

P l + ^ 1  Pn

for sufficiently large mj +  . . .  +  m „, for every Cj >  0 , where tj =  6pj, j = 1,2 , . . .  ,n . 
That is

■̂ Imi Anm„

Then

<
^ /  V^nm„ /

for sufficiently large mi +  . . .  +  rrin for every ej >  0 ,.

Now from Corollary 5.1, it follows that

gCTl(Pl+fl) g<^n(Pn+fn)
l o g M ( c r i , . . . , ( 7 2 )  <  - — — ^  +  ••• +  - ; — T — V

G{Pl +  f l )  G[Pn +  €„)
^  g<^i(Pi+2ei) _|_ _|_ g<r„(^„+2f„)
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for sufficiently large mi +  . . .  +  for every cj >  0, j =  l ,2, . . n. This implies that

{pi +  2ei,..., +  26„) G B f  (5.6.32)

Hence, from (5.6.31) and (5.6.32) it follows that {pi, . . . , / ? „ )  is an order point of f.

Corollary 5.7:
Let /  G-F, then ( a i , . . . ,  a„ )  € 5 /  iff

-̂ Im̂ logAi™, +  . . .  +  ^ l o g A ,
lim sup — ---------------------------------- ---------------- <  1

m i + . . .+ m „ ^ o o  -log

Corollary 5.8:
Let /  G F. A point(/3i,. . .  /?2) £ int. 5 / ,  the interior of i? /,iff

lim sup
-log a

<  1

Theorem 5.6.4 : Let f  E F.  Then (/>i,. . .  ,/?„) > >  (0,0) is an order poiont and
(ti, . . . ,  r„) > >  (0 , 0 ) is a type point of f corresponding to (/?i, . . . ,  />„) iff

1_____

lim sup
m i+ .. .+ m „ -^ o o {

ami...1712
'Imi Anrrin \

epiTi ^PnT̂ n

• ••+Anrnn
=  1 

(5.6.33)

Proof : From the definition of type it follows that, for ( T j , . . .  ,T „) G

logM(<Ti,...,CT2) <  (T, +  fje'*'’' +  . . .  =  (T„ +  (5.6.34)

for sufficiently large <Ti or . . .  or <72 for every e >  0. By Corollary 5.2, (5.6.34) is 
equivalent to,

ami...m2 <
'epi(Ti +  e)'

 ̂Im̂
P\ GPn{Tn +  e)

n̂mn
Pn

X Imi Annir,
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for sufficiently large mi +  • • • +  m„ for every e >  0 .

Now, put Ti +  c =  (ti +  e)e*’ , (i =  1 , 2 , . . . ,  n) in the above inequality, we have,

“

®mi...T7J2 <
e p i i n  + e )

AImi

Pi €pn{Tn +  e )

Anm „

n̂mn
P2 'n̂ nmn

e . . .  e

( r i , . . . , T „ )  ^  when 6 i , . . . , ^ „ ^ 0 .

Hence,

lim sup
m i+ . . .+ m „ —>-oo {

ami...m2
Xlmi

e^iT i
A „^  ĤSLa. 1 +

----------) r
^Pn'^n J

+Anmn
<  1 

(5.6.35)
Suppose that, if possible,

lim sup
m i+ . . .+ m „ — oo

a
\i "'imiAlmi

epiTi epriTn

n m n  1 +
Pn >

1
...+Afimn

Then from the definition of limit sup., we have

ami-..m2 <
e p i T i { r ) e )

AImj

Pi epnTn{rj  +  e)

Anrrin

Anmn
P n

for sufficiently large mi +  . . .  +  m„ for every e >  0. We choose e >  0 such that

''̂ 1 =  n { r i  +  . ■■,(Tn =  M v  +  e)^"] «  i n ,  • • • , Tn).

Then, we have,
Arj

ePnTn ’ami...m2 <
epiTi Pi P n

TlTTir\'^Imi .

for sufficiently large mi +  . . .  +  m„.

Hence and from Corollary 5.2, it follows that

n  ('/? +  e f r „ ( f /  +  e)^"] G T / ( p i , . . . , /9„ ) .
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That is
(ti, . . . ,  r„) € int T j{p i i . . . ,  Pn) which is a contradiction. Hence,

lim sup
rn i+ ...+ m „-> -oo {

ami...m2
epiTi epnTn

Almi + + -̂ nmn
=  1.

Sufficiency ;
Let us suppose that (5.6.33) holds. Then

-'im

a
\ ep iT i

for sufficiently large mi +  . . .  +  m„ for e >  0 . 
That is,

'■ . . .  ( i!!2!jL ) ”  <  e<(A,„,+...+A„„„) (5 6.36)
\ e p „ T „ /

aTn\...7Tln < e ^ \  -  -  ^ .(A ,„ .+ . . .+ A _ )  (5  6 .3 7 )
-^Imi /  V ^nm„ /

A

Almi /

for sufficiently large mi +  . . .  +  m„. Then

1 >  ^ ^ lo g  Aunj +  . . . +  Xnmn
P\ Pn

Almn '^nm„ 1-  ------ log e p i T i -  . . . -----------log epnTn
Pi Pn

n m „ )•

Proceeding as is the proof of Theorem 5.6.3, we have,

^ l o g  A„„. +  . . .  +  ^  log A „^  
liin -̂-------------—----------------  <  1

-log a7Tli...TTln

Again there exists an infinite sequence {\\Mp +  . . .  +  A „M ,} where 
Mp +  . . .  +  Mg —» o o a s p  +  . . .  +  9 —>oo such that

a

•̂ Imi
PI

Afimn

^ epnTn\

V Km„ J
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for mi =  Mp,. . rrin =  Mq. Then by a similar reasoning as in the proof of Theorem 

5.6.3, we have,

^ ^ l o g  Aimi +  . . . +  ^ ^ l o g  ^  ^
lim sup

tni+...+m„—>-oc

Hence (/>i,. . . ,  is an order point of f.

a

Now, we choose e, >  0, such that Tj +  €j =  i =  1 ,  2 ,  . . . ,  n .

Then from (5.6.37), we have

’ e p i ( r i + € i )
a <

Pi e p n { T n + € n )

TlTfln

^nrrifi
Pn

for sufficiently large mi +  . . .  +  m„ for every c, >  0 .

It follows from Corollary 5.2 and the definition of type that 

(Ti +  6 i, . . .  r „  +  €n) e  T f { p i , . . . p n )  

Again taking Tj — €j =  in (5.6.38), we have

(5.6.39)

a >
ep i {T i  -  e i )

AImi

Pi+f epn{Tn -  €n)

Am n„

n̂mnPn+e

for an infinite sequence { X i M p  +  . . . +  A „A f^ }, such that 

M p  +  . . . +  Mq OC -ds p +  . . . +  q OO. We know that 

M (cT i, . . . , 0-„) >  //(cTi, . . . ,<T„) for all CTi,...,CT„.

Then

logM(cri,. •,CTn) >  log aTn\...Tri2 +  crjAimi +  . . .  +  (T„Anrrin
A„M„

Pi X iM p P n

■ l o g ~  » , , ------+  a i X i M p  +  . . . (JnXnMq.
Ajilvlq
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=  —lo g —7 7 —̂ ,  • ■ • , =  ~ 1®S— ' in the aboveAn MqChoose (71 

inequality.

Then we have,

logM(cri,...,cr„) >  -------  ̂+  --------- -
f>\ Pn

=  (n -  C l +  . . .  +  (r„ -  

for a sequence of values of ctj +  . . .  +  (T„ tending to infinity. This implies that

( r i G  , P2 ) (5.6.40)

Thus, from (5.6.39) and (5.6.40), we have, ( r i , . . .  , r„ )  G aT j {p x , . . .,/?«)•

Hence the theorem.

Corollary 5.9 :

Let f  € F.  Then {p i , . . .  ,pn) € R\ is an order point and 
( T i , . . . , r „ )  e  T/(/?i, . . . , / ? „ )  iff

liin sup
Tni+...+ni2—*oo {

ami m2
A.

e ^ iT i ^PnTji
<  1.

Corollary 5.10 :

Let /  e  F . A point ( T i , . . . , T „ )  e  m i.T /(/?i, . . . , / ? „ )  iff

lini sup
m i+ ...+ m „-* -o o
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