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ABSTRACT

In this dissertation, we have investigated some results of different types of ideals in
semigroups. Some results on the semigroup 3*{X) of binary relations on a set X and
the semigroup T{x) of transformations on X are also investigated. We have
computed the O-classes of T{X) for X\ =3 and | X\ =4 and presented an egg-bo\

picture of T{x) for |Jf|=3. Computer Algebra Mathematica is used for

computational purpose.
The study of semigroups is extended to near-rings and lattice ordered near-rings.

Fuzzification of different types of ideals is also considered.
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CHAPTER 1
INTRODUCTION

The object of this dissertation is to study “ldeals in Semigroups and their

Fuzzification”

The concept of semigroups has been used in different branches of Mathematics
including Algebra, Topological Algebra, The Theory of Automata, Tramformatiom
on a Linear Space etc. Some Authors have studied different types of ideals in
semigroups. Fuzzy ideals were first introduced by Liu[30] and the concept was
fruitfully used for significant introduction of flizzy bi-ideals by N .Kuroki [19] ,[20].
In this dissertation we have studied different types of ideals and fuzzy ideals and their

properties in semigroups.

We have investigated some results of different types of ideals in semigroups. Some
results on the semigroup of binary relations on a set X and the semigroup
T{x ) of transformations on X are also investigated. We have computed the O-classes

of T{X) for IA'=3 and |1 =4 and presented an egg-box picture of T{x ) for

A'E3. Computer Algebra Mathematica is used for computational purpose.

The study of semigroups is extended to near-rings and lattice ordered near-rings.

Fuzzification of different types of ideals is also considered.

In Chapter 2, we have discussed some results of semigroups and homomorphisms of

semigroups. Also, we have established some results of congruences.

In Chapter 3, we have investigated some results of different types of ideals, such as
semi-ideals, generalized semi-ideals, bi-ideals and prime ideals in semigroups. We

have proved that:
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0] An ideal of a semigroup S is normal if and only if (xX)" WA = A-(x)",
where (x)g is the principal bi-ideal of S generated by x.
(i) A semigroup S is regular if and only if BCV) is regular, where BC") is the

set of all bi-ideals of S.

Wk have also discussed some results of simple semigroups.

In Chapter 4, we have presented some results on the semigroup 37{X) of binary
relations on a set X and the semigroup T{x ) of transformations on X. We have also

discussed how an equivalence classes, partitions, ranks, principal left ideals, principal
right ideals, X-classes, ”-classes, "-classes and ©-classes of transformation
semigroups T{X) are found out. Here, we have also discussed the total number of £>-
classes of T{x ) for X = {1,2,3}. Specially, in this chapter we have constructed an
egg-box picture of T{x ), for X =3. Also, we have calculated the set of all right

zero transformations on a finite set X . Finally, we have used Mathematica package

for the computational purpose for X = {1,2,3,4}.

In Chapter 5, we have presented some results of near-rings, lattice-ordered near-rings
in terms of ideals, lattice-ordered ideals. Here, we have proved that the zero
symmetric part and the constant part of a near-ring are lattice ordered ideals of a

lattice ordered near-ring.

In Chapter 6, we have discussed some results of fuzzy ideals, fuzzy semi-ideals and
fuzzy bi-ideals in semigroups. We have proved that:
() If a is a fuzzy right ideal and \s a fuzzy left ideal of a semigroup S,
then a° P =a \P .
(i) Let S, S' be two semigroups and f :S S' be an epimorphism. Let a
be a fuzzy right ideal of S'. Then or is a fiazzy k- ideal of S' ifand only

if / ‘(or) is a flizzy k- ideal ofi.
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(iii) A semigroup Vis regular if and only if a =ao\” oa, (or all bi-ideals a

of 5.

Here, we have also discussed some results of fuzzy quasi-ideals and fuzzy prime

ideals of a semigroup.

Notations and Terminology

We follow the book [10] for concepts and symbolism, not explicitly mentioned in this

thesis. We shall use the following notations:

A The cardinality of a set X.
\% For all.
3 There exists.
A Meet.
v Join.
3B{X) Set of all binary relations on a set X .
T{X) Set of all transformations on a set X.
C{X) Set of all constant transformations on a set X.
P'{X) Set of all permutations on a set X
1{X) Set of all identity rel ati on on a set X.
P. Equivalence class of x.
E{S) Set of all idempotent elements of a semigroup S.
b(S) Set of all bi-ideals ofS.

Semigroups with identity element 1
Semigroups with zero element 0.

6 {X) Set of all equivalence relations on a set X .

P{G) Set of all generalized semi-ideals of a commutative group G
with identity e.

r(a) ZaretskiJ union lattice ofa on a set X

W{a) Zaretskil intersection lattice of a on X.
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£, 3i Equivalence relations on a semigroup S.
L{a) cE-class containing a.
R{a) Ji-c\ass containing a.
H{o) NN-class containing a
D{o) D-dass containing a.
K{x ) Set of all right zero transformations on a set X.
Al, Zero symmetric part of a near-ring N.

Constant part of a near-ring N.

[ Set of all fijzzy subsets on a set X.

\y Fuzzy subset corresponding to A'

1, Characteristic function on a set
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CHAPTER 2
SEMIGROUPS

Section:2.1 The Basics.

DeFinition:2.1.1

Let"’be a non empty set and be a binary operation defined on S . Then (5, *) is
called asemigroup if

i) \fa,h€S*a*hsS

ii) yah,ceS a*{h*c) =(a* h)*c.

When the operation is understood from the context, it is usual to write ah for a*b and

refer to S as the semigroup.

Defmition:2.1.2
In a semigroup S, AB =\ah ag A and i>e B }, where A,B S
Example: 2.1.3
Let X be a nonempty set and iB(X) be the set of all binary relations on X , that is
3i{X): =[a\a (zX XX } Then (S( A").0) is a semigroup on X , where ‘0’ is the
composition of relations defined by
aop ={(Y,>)3re X suchthat (x,z)g a and (2,>)e P }
To see that o is associative, we consider a, /3,y e { X ). Let {a,b)e
Then there exists x in X such that (a,x)e <«° and (x,h)ey . But then there exists>m
in X such that (a,y) e a and (>,x)e p .
Thus we have (> b)" P °y, and hence {a,b)ea®iP°r)-
Thus we obtain that {a° p)°y <”a°
Similarly, we can show that ao[p oy")(" [aop)oy.

Therefore, we have {a° p)°y =a o{poy).
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Chapter 2

DeFinition: 2.1.4

Let S be a semigroup and let ~ be a nonempty subset of S . Then A is called a
subsemigroup of S i A* Ac: A.

Definition 2.1.5

Fora G A" and xg A’ let
xa ;= {>'GA'j(x,>)e a }
Then a gB{X ) \scalled a transformation of X if Vxg A", xa =1

The set of all transformations on X will be denoted by T{X).
Wk note that for each x g X, xa is a singleton, that is there exists a unique x,, g X
such that xa - {x* }. This x* is called the image of x under a g T{x ), will also be

denoted by xa.

Now consider a,/? g T{X), and x * X . Then
x[a 0y9) = (>' GA| Bz GA such that (x,z)*a and (r,>")g /? }
= {>’GA] GA'suchthat z"xa and >ag zfi }
But xa = {x* }and x*? = {x,,"}
So, x{a °0)= |x™1 and hence |x{a°/?)| = 1
Thus a° e T{x\ and x{a °p) =(-va)/?.
It follows that T{X) is a subsemigroup ofSB{X).

Definition:2.1.6

An element a of a semigroup (S,*) is called an idempotent if a*a =a. A
semigroup s is called an idempotent semigroup if every element of S is an
idempotent. The set of all idempotents of S is denoted by E{S).

Example:2.1.7

Let A'= {1 2, 3 }and |7'(A")] = 27 . Then there are 10 idempotent elements in T{X).
Definition:2.1.8

Let (5,%) be a semigroup. An element r of 5 is called a left zero element if

z*a =z,\faGS and aright zero elementif a*z =zyaeS.
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DeFinition: 2.1.9

Let (.S,*) be a semigroup. Then an element t? of 5” is called a left identity element of
S \fe*a- a &S and aright identity element oT S if a*e=a,\fag$S and e
is called an identity element of 5 if it is both a left identity element and a right
identity element of S .

Definition: 2.1.10

Let S be a semigroup with identity element e.LgXa and b be two elements of S
such that a*h =e.Then a is called a left inverse of b and b is called a right inverse
of a.

Definition: 2.1.11

Let S be any semigroup and let 1 be a symbol not representing any element of S. We

extend the given binary operation in S to one in i’ul by defining 11 =1 and
\*a=a*| =a for every a in S. Wk can easily say that 5 > is a semigroup with
identity element 1 Similarly, we adjoin a zero element 0 to 6”by defining 0*0 =0
and O*a =a*0 =0 forall a in5.

Throughout the thesis we shall use the following notation:

S if S has an identity element,

Su 1 otherwise;

- S if S has a zeroelement, and S >1
S o otherwise.

Definition: 2.1.12
A one-to-one mapping ofa set X onto itselfis called aperrjiutation of X .
Theorem: 2.1.13

A non-empty subset T of a semigroup S is a group if and only if

NaeT,ar =Ta=T.

Proof

Suppose that T is a group. Then clearly aZ'e 7', forall a g T . Since T isagroup, it
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has the identity element e and T =eT ¢ aT . Therefore oT =T.

Similarly, we can show that Ta=I\\fagT.
Hence aT ="ra=T,\/ae 7
Conversely, suppose that aT = Ta=T,\/a g 'T. We need to show only the existence

of identity and existence of inverse.
i) Existence of identity:

We need to show that there exists an element e T such that xe =ex =x,\/ x &T .
Let V be a fixed element in T. Then there exist elements and  such that
erx =xeM = X, since xT =Tx=T. Lety ( different from x ) be any element of T.
Then there exist elements a =a{x,y) and b =h(x,y) in T such that xa =y-hx,

since XT =Tx=T.

Now ye™ = {bx)ej* = ) =bx = ande.y ={xa) ={e"x)a =xa =y .

Thus =y and ey =y, yy &T.

In particular, taking y = and respectively, we have and
Therefore .Hence xe =ex - x,\/xe T and e is the identity element in T .

ii)Existence of inverse:
We need to show that there exists x' g T such that xx' =x'x =e \fxg T, t?is the
identity element of T .
Let xg T .Then ee xT, since T = xT.
This implies that there exists x'eT suchthat e = xx'. So x' is a right inverse of x .
Similarly, there exists a left inverse x" g T suchthat e = x"x, since T - Tx.
Finally, we have to show that x' = x".
Here, we have xx'=e.
=> X"(xx") = x"(?.
(x"x)x"' = x"e .

= ex' - x"e.
=> X
Therefore, xx'=x'x =e,\fxe T and x' isthe inverse of x .

Hence T is a group.
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This completes the proof. [

Definition: 2.1.14

A semigroup S with a zero element is called a zero semigroup or null semigroup if
h=0 \/a,h &S.

Defmition:2.1.15

The order of a semigroup S is the number of elements of S if S is finite. The order

of S is denoted by |5 .

Defmition: 2.1 16

Let 5 be a semigroup. An element ‘a’ of S is called a left [right] cancellable if for

any x,y e S,ax=ay x=y [xa=ya=>x=>

A semigroup S is called a left [right] cancellative if every element of S is left [right]

cancellable and S is called cancellative if it is both a left and right cancellative
Lemma:2.1.17

If a is an idempotent element of a left cancellative semigroup S, then a is a left
identity element of the semigroup S .

Proof
Given that a' =a. Therefore, ax =a"x = {am)x =a(ax). By left cancellative law,

we have x =ax. This implies that a is a left identity element of S .

Lemma: 2.1.18

A cancellative semigroup can contain at most one idempotent element, namely an
identity element.

Proof:

Let ¢ and e, be two idempotent elements of a semigroup S, then e" =e and

-"2nm
Now, for all xe S, xe* = xt?,' = (xeM)e™. Thus x = xt?, , by right cancellative law.
Similarly, using the left cancellative law, we have e"x = X.
By a similar arguments we can show that xe. =e”x =x, Vx g 5"
Therefore from xe® =x and xe. = x, we have xe" = xe”, ie. e =e..

Also, from e,x =x and e.x = x, we have e.x - e.x, i.e. e" =
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This completes the proof. ]
Proposition:2.1.19
Let be a semigroup such that if ah =cc/,\/a,h,c,d e S, then eithera =c or

h=J .Then S is either a left zero semigroup or a right zero semigroup.
Proof

Given that if ah =cd, \/a,b,c,d g S, then either a =c ox h=d .

Now, for all x,y e S, (VWYVv=x(>x).

This implies that either xy =x or x = yx.

Hence .S is either a left zero semigroup or a right zero semigroup.

Hence the proof is complete. |

Defmition:2.1.20

A left [right\ unit in S is said to be an element of S having a left [right] inverse in
5.

Thus if ab =e, a is a right unit and is a left unit. By a unit in S we mean an
element of S having both a right and a left inverse in S .

Theorem:2.1.21

Let 5 be a semigroup with identity element e . Then

i) The set A[B] of all right [left] units of S is a right [left] cancellative subsemigroup
of S containing e .

ii) The set U of all units of S is a subgroup of S and LI =An, B . Each unit has a
unique two-sided inverse in U and has no other left or right inverse in S .

iii) Every subgroup of S containing e is contained in U .

The proof can be found in [10]. ]

Theorem:2.1.22

Let A{B] be the right [left] unity subsemigroup of a semigroup S with identity
element e and let U be the group of units of S . Then the following conditions on S
are equivalent:

i) Xy ="Mx,>»Gs5) y.x-e.

ii) A=U.

iii) B=U.

10
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Proof:
(D~ (i):
Given that is a right unit subsemigroup of S with e . Since U is a group of units

of S, it is clear that [/ » A . We have to show that A<”IJ . Let a &A. Then there
exists b \n S such that ah =e

zs> ba =e

= aeU.

Thus Aq U.

Hence A=U.

(i)~ (iii):

Let b € B . Then there exists a in S such that ab =\.

= ae A=U.
= ah =ba =e.
= hell.

N

Clearly, U<zB.

Hence B=U.

(iii)=>(i):

We have to show that x> =e ™ yx =e, for x,_ye S . Given that xy =e.
=> >G5,y has a left inverse.

= >'G ,sinceB= U.

=> Xy=yx=e”" yx =e

Hence xy =e yx =t? for x,ygS.

This completes the proof u
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Section:2.2 Homomorphisms and Congruences.

Definition: 2.2 1

Let S and S' be two semigroups. A mapping @:S S' is called a homomorphism
if {a"*h)(p = \/a,h e S .

If a homomorphism @ is one-one, then it is called a monomorphismor embedding. A

homomorphism of S into itselfis called an endomorphism.

A homomorphism ~ of 5 onto S' is called an epimorphismand S' is called a

homomorphic image of S .

A homomorphism o> of S onto S' is called an isomorphism if ¢ is one-one and

onto.

Defmition:2.2.2

Let X be any set. A relation p on A'is called

i) reflexive if (x,x)e p , \fxe X .

ii) symmetric if (V>)g p =0-",x)e p , VXx,>’g X .

iii) transitive if p and (>z)e p => (jc,2)g p , VX, _v,zg X .

and p is called an equivalence relation on X if it is reflexive, symmetric and
transitive.The set of all equivalence relations on A' is denoted by £ (A").
Proposition:4.1.3

Let a,P e&{x). Ifa®° (3=P °a,then cr° s an equivalence relation on X .

The proof can be found in [10]. [

Definition:2.2.4

Let 5 be a semigroup. An equivalence relation p is called a left congruence on S if
for any a,b,c g6’y apt =>capcband p is called right congruence on 5 if for any
a,b,c GS, apb =>acpbc.

An equivalence relation p is called a congruence on S if it is a left and right
congruence. If p is any relation on a semigroup S and ag5, we set

ap-{y"S-. apy] and pa ={xg S .xpa) If p isan equivalence relation, then

12
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i) a&ap forevery a &S and ii) ifapr\hp * (p, then ap =bp.

Thus the family of sets ap with a in S is a partition of S. That is, they are mutually

disjoint and their union is S . We denote this family by * and ap is the

equivalence class of S modulo p containing a .

Definition: 2.2.5

A mapping p* :S is called a natural homomorphism if

ap =apl\yae$S and {ap")(hp*) ={ah)p* \/a,b g S.
If p isacongaience on S .Then the set y» ={ap \aGS} ofall p -classes with the

multiplication {ap){hp) = (ab)p\la®h gS. is a semigroup and this is the quotient
semigroup induced by p .
Lemma: 2.2.6
An equivalence relation p on a semigroup S is congruence if and only if
'‘a,h,c,d GS, aph and cpd =>acphbd .
Proof
Suppose that p is a congruence on S . We have for any \fa,b,c,d g S, apb = acpbc
and cpd bcpbd, since p is a congruence.
Therefore, for any \fa,b,c,d g S, aph and cpd =>acpbcmd bcpbd.
This implies that acpbd, by transitivity of p .
Conversely, suppose that for any \/a,b,c,d e S, apb and cpd =>acpbd .
Since p is an equivalence relation, so cpc, by reflexive property of p .
Then by the hypothesis, we have
apb and cpc => acpbc
Similarly, we have cpc and apb  capch.
Thus for any \/a,b,c,d g S, apb » acpbc and capcb .
Thus we obtain that p isa congruence on S .

Hence the lemma is proved. ]

13
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Theorem: 2.2.5
Let O be a homomorphism of a semigroup S to a semigroup i’. Let p =000 \

i.e., aph{a,hs S) ifand only if 00 =hO. Then p is a congruence on >Sand there

exists an isomorphism y/ of » into S' such that pV = where p" isthe natural

homomorphism of S into

Proof
Let 6.S S' be the homomorphism. First, we have to show that p s an
equivalence relation.
i) p is reflexive, since VagsS, opa” aO - aO.
ii) p is symmetric, since \/a,h g S, aph =>a6 =bO.
" bO =ci6 .
=>bpa.
iii) p is transitive, since \/a,b,c e S, aph and bpc *aO =bO and bO-c 6.
= a0 =c9.
=>ape.
Therefore, p is an equivalence relation.
Now, if apb and c g5, then
{ac)6 =a9-c6, since ¢ isa homomorphism.
= bO -cO ={bc)6, since a0 =h9.
This implies that acpbc, \fa,b,c ¢ S.
Similarly, we can show that capch, \fa,b,c ¢ S.
Hence p isacongruence on S .

Next, we have to show that y/ is an isomorphism.

Consider the mapping y/ : -> S'such that =ad ,""ag§.
i) is homomorphism:

Fora/7,A9 G ~, we have {ap mp)y/- {{ah)p}y/={ab)6

=ab6-he

14
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= {cip)y" xhp)if/
Thus 4/ ais homomorphism
ii) yy is one-one;
Let {ap)ii/ = {bp)y/, \Va,h e S . Then {ap)if/ ={hp)y/.
That is, ad =hO .

This imphes that aph.

Thus we obtain that ap-hp.

Therefore ”~ is one-one,

iii) ~ is onto:

ij/ is onto, since for each element of S' is of the form 06 for some S and there

exists ap £ such that {cip)y/ = aO .

Hence ” is an isomorphism.

Again, ifape”™ ,thenap”ap)\

Now, we have aO = {ap)y/ = {ap"”)y/ = a{p*(f/).
This imphes that 9 =p ™/ .

This comphtes the proof ]

Theorem: 2.2.6

If A~ is a homomorphism of a semigroup (-S',-) into a semigroup {S\-), then the
homomorphic image Sep is a subsemigroup of S'.

Proof

We have only to show that the subset Sep of S' is closed under multiplication. Let
x' and > be any two elements of Sep. Then there exist x,y”S such that
X(p- x"and yep=y".

Since ” isa homomorphism of S into S', so we have Xx'w' - x(p-yep - {X-y)cp .
Since xex<e 5, it follows that x' ey' e Sep.Thus S(p is closed under multiplication.

Hence S” is a subsemigroup of 5'. ]
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Theorem: 2.2.7

If (S,-) is a semigroup with identity e and if A is a homomorphism of S into a
semigroup S', then the homomorphic image of e under ~ namely ecp, is an identity
element of the subsemigroup S(p of S'.

Proof

Since ~ is a homomorphism of S into S' and .S has an identity element e, then
ecp” Sep, since es S .

Now, for -V G S(p, there exists an element x g S such that xcp = x', by theorem 2.2.6.

Then, we have e<pm' = ecp-xcp = (e m)cp =Xxcp = X .

Thus ecp is a left identity element of S(p.

Similarly, we can show that x'ee<p= X', VX' e Sep,

i.e., ecp is the right identity element of Sep.

Thus we obtain that ecp is an identity element of the subsemigroup S(p of S'.

Hence the theorem is proved. ]

Corollary: 2.2.8

If A~ is a homomorphism of a semigroup S into a semigroup S' and if // is a

subsemigroup of S, then the homomorphic image of //,

H<p-{h(p /?e //), is a subsemigroup of . [ |

16
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CHAPTER 3
IDEALS INSEMIGROUPS

Section:3.1 Different types of Ideals.

Definition 3.1.1
Let {S,*) be a semigroup and let A he anon-empty subset of S . Then
i) A iscalled a left ideal of if SAczA.
ii) A iscalled angh/idea!of S if ASczA.
iii) A is called a two-sided ideal or simply an ideal of ~ if SAc: Aand AS czA .

Example:3.1.2

Let T{x ) be the set of all transformations on a set X and let (’(A") be the set of all
constant transformations of T{x ). Then (C(A"),°) is an ideal of (T(x), 0).

For g G7'(A)oC(A"), g =f °k , where / e 7(AYand k g C{x ).

For Xe X ,we have (X)) = (-"X/°")= (N X =0()"=c ,for e A".

This implies that gG C{x)

Thus we obtain that T{x )°C{x) ¢ C{x).

Similarly, we can show that C{X)0J'{X)g C\X)

Hence C{x) is an ideal of T{x ).

Theorem:3.1.3

Let (5,-) be a semigroup and let /, and be two ideals of S . Then /, vj/, and
[/, n/, are ideals of S .

Proof

Let pG/,u/, . Then g/, or gl,.

This implies that pxg/, or pxg/,, for x &S.

Since /, and /, are ideals of S ,so px g/,

Similarly, we can show that x/; g/, [/, ,VXxgh5.

Hence /, u L isan ideal of S .

17
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Next, let xe/, n/,. Then xe /, and xg /.. Since /, and L are ideals of .S, so
rx,X-e/,,VXG/| and VreS.

Similarly, we can show that rx ,xr g1, ,Vxg/, and Vrgi’.

Thus, from rx g/, and rxe /,, we have rx and from xrg/, and xre L |,
we have xr g/, r™/,.

Therefore, /, n /, isan ideal of S .

This completes the proof ]

DeFmition:3.1.4

Let {S,) be a semigroup. An ideal of S generated by a single element is called a
principal right {left) ideal of 6’ i.e. Vagh5, () =S"a is a left ideal, called the

principal left ideal generated by a and Va g S, {a)® =aS' is a right ideal, called the
principal right ideal generated by a.

An ideal of S is called aprincipal ideal of S if it is a principal right ideal and a
principal left ideal of S .

A semigroup S is called aprincipal ideal semigroup if every ideal of S is a principal
ideal.

Proposition:3.1.5

Suppose that S is a semigroup and xg5. Then the set Sx = {ax|a g 6'} is a left
ideal of S .

Proof

Since 5”is a semigroup, so we can say that Sx ¢ .S\

Now, for a, g 5, we have aXciy)= (a,a)xG Sx, since S is associative.

This implies that Sx is a left ideal of S .

Hence Sx is a left ideal of S. ]

Proposition:3.1.6

Let S be a semigroup with identity 1 and let xgS. Then Sx ={avlags6'} is a

principal left ideal of S generated by x .
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Proof:

From proposition:3.1.5, we can say that Sx is a left idealof S Now, since 1gi', so

I.X= Ve ix . Therefore Sx is a left ideal of Scontaining x .

Let A be anyideal of S containing x.Forae S and xg A, we have
ax GA,since A is an ideal containing X .

But ax GSx. So, Sxc A.

Thus, Sx is contained in every ideal of S containing x and therefore it is the

smallest ideal of S containing x .

Hence Sx is a principal left ideal of S generated by x . |

Defmition:3.1.7

The nonempty intersection of all ideals of a semigroup S is called the kernel of S .

Lemma 3.1.8

Every finite semigroup has a kernel.

Proof:

Let {*la=12,.... /I} be the set of all ideals of a semigroup 6’and let

n
[ =Pi{ . We have to show that| is an ideal of S.

a=\

n
Let a G/ =P){/,} and xg S. Then «g 4 , for each a .

a=|

This implies that ax g 1*, for each a .

Since each 17 is an ideal of S, so xa& |

n n

This implies that avgp| {/*}and xa g
a3

n
Therefore / =p| {/"}is an ideal of S.

ct=1
Thus we obtain that / is the kernel of S.

Hence every finite semigroup has a kernel.

19
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DeFinition:3 1.9
Let S be a semigroup and / be an ideal of S. Then the set ~ = {.v/| ve S} is a

semigroup if V x,ysS, {xI) {yl)= {xy)l and this is called the quotient semigroup

induced by /
Theorem: 3.1.10

Let (5,-) be a semigroup with identity e. Let /, and /, be two ideals of a

semigroup S . Then

Proof
Let (p :/, be a mapping given by () =xL , Vxg /,.

i) (p is homomorphism:

Let XpX, e /,. Then we have (x, mx.)(p ={x~.)L_=(-v,/IJ(x,/J = (X)" «(x,)".
This implies that 9? is a homomorphism.

ii) (p is onto:

Let ylI, e with >'e /,

If yG/, , then (y)» =yl,, by definition.
If ~ ,then ¥G/, and yl, =/, .Thismeansthat y - e .Thatis, eg/, and
hence {e)(p =/, = >7,
Therefore, @ is onto,
ii't) kernel of ~ :
ker™ = (x G/; I{X)(p =/:>}= {"g /, |x/, =1}
= [xG/, IXG/;} =1,

By the 3™*isomorphism theorem, we have

kern
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Thus we obtain that [/, nA- - /. m
This completes the proof. [

Theorem:3.111

Let S be a semigroup and /,, /, be two ideals of S such that /, e /,. Then

Proof

Consider the mapping ANEEANA such that (\V/,)" = x/, ,Vx g S.

i) (p is homomorphism:

Let X,,X GS.Then we have

"1 NP = [(*, Vik =V

(X, /) (x.13) = (x,/,)*-(x3/,V

Therefore ™ is a homomorphism.
ii) (p is onto:
(p is onto, since for all x/. e~ , there exists x/, g such that (x/,)" =xU

iii) kernel of (p:

ker p =[x/, G A (x> =/3]

i/, G Ix/, G

IxL & A -

/,
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Hence by the 3™ isomorphism theorem, we have,

That is,

This completes the proof.
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Section:3.2 Generalized Semi-ideals of a Semigroup.

Definition 3.2.1

Let S be a semigroup and A he &non-empty subset of S . Then

i) A iscalled generalized left semi-ideal (g.l.s. ideal) of S if x'A ¢ A, VxeS.
ii) A iscalled z generalized right semi-ideal (g.r.s. ideal) of S if Ax~ c: A, VxgS$S

iii) A iscalled ageneralized semi-ideal (g.s. ideal) of S if x'A a A and Ax' a A,
VxeS.

Example:3.2.2

Let S be the set of all positive integers, where 5 is a semigroup with respect to
multiplication. Let ~ = {v|xgi’, x >3} Then /I is a generalized semi-ideal of S .
Defmition:3.2.3

Let (S,-) be a semigroup and let /I be a non-empty subset of S . Then

i) A iscalled a left semi-ideal of S if SSAc A.

ii) A h @\Qd zrightsemi-ideal S if ASSczA .

iii) A is called asemi-ideal of S if SSAe A and ASSa A .

The following example shows that not all generalized semi-ideals are semi-ideals.

Example:3.2.4
Let Z* be the set of all non-zero integers, where Z* is a semigroup with respect to

multiplication. Let A =[x xe Z\ x >5" Then A is not a semi-ideal of Z* but A

is a generalized left semi-ideal of Z*.

Proof
We have to show that Z'Z'AMNA Let teZ'Z'A Then
t= x"x*a for some x,, eZ* and ae A .

If X <0and x, >0, thent = X|X,a<a
This implies that t~ A
Therefore Z'Z'A" A .

Similarly, we can show that AZ'Z'"A.
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Hence A is not a semi-ideal of Z\
Now, let / Gx'A .Then | =x-a,ford g /4.
N t=x'o0>a>5 ,since .v">0 ,VXxgZ¥*.

te A

Thus we obtain that x'A(z.A.
Hence is a generalized left semi-ideal of Z*.
Proposition:3.2.5
In an idempotent semigroup and for ¢ , the following statements are

equivalent:
i) N isaleftideal of 5.
ii) /I is ageneralized left semi-ideal of S .
Proof
Let S be an idempotent semigroup. Then x- =x , Vx* S .
(1)=>(ii);
Assume that ~ is a left ideal of S . Since ~ is a left ideal of 5, so e /1.
This implies that xA<”A, \fxsS .
That is, since x' =x, \Zxg$S
Thus we obtain that /lisa generalized left semi-ideal of S .
(i):
Suppose that /4 is a generalized left semi-ideal of S . Then x'A  A.Vxg$§
Z0 xAczA ,Vxg§, since x'=x, VxgS$s
7> SAczA.
Thus we obtain that ~ is a left ideal of S .

Hence the proofis complete. ]

Example:3.2.6

Let Z be the set of all integers and let A be the set of all even integers. Then > is a

generalized semi-ideal ofZ. Also, > is a proper subset ofZ.

To show that x'A c: A, V xeZ .

Let X be any element of Z and let x'o e x'A, for agA.
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If Xis odd, then x" is odd. So, x~a is even , since ae A is even ,

This implies that x'oeA.

If Xis even, then clearly x~a is even and so x'a”A.

Thus we obtain that x'A ¢c: A , VX g Z

Consequently, A is ageneralized left semi-ideal ofZ.

Similarly, we can show that Ax' a A , Vxg Z

Thus we obtain that ~ is a generalized right semi-ideal of Z

Hence is a generalized semi-ideal of Z

Clearly, is a proper subset of Z, since Z contains an odd integers.

Note: ifwe take A = set of all odd integers, then A is not a generalized semi-ideal
of Z, because in particular, 2e Z, 3gA but 2'-3"A.

Proposition:3.2.7 [44]

A generalized left semi-ideal of a group is a subgroup iffit is a groupoid.

Proof:

Let (G,-) be agroup and let A he a generalizedleft semi-ideal of G .

Since ~ is a subgroup of G, so ~is closed undermultiplication.

Hence /1 is a groupoid ofG .

Conversely, assume that is a groupoid of G . Since is a groupoid, so AAcz A .
If xe A, then taking >=x" gG, y'x e A, since * is ageneralized left semi-ideal
of G ie. y'x = x""ex = x“e¢ A.

This implies that A~ a A .

Hence ™ is a subgroup of G . |

Any subgroup of a group need not be a generalized left semi-ideal. We prove the
following proposition:

Proposition:3.2.8
Let G beagroup and let A = {€}, t?= identity of G, be a subgroup of G Then A

is not a generalized left semi-ideal of G .
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ProoF:

We know that /4 is a generalized left semi-ideal of G if x~A A ,V xgG.
Claim: x'A (ZA, V xeG

Since A = so the elements of x'A are of the form x'e.

Now, x'e =x“g wif x' , since A ={t}.

This implies that x'A Q A, V xeG .

Hence A is not a generalized left semi-ideal of G if x~ e, \Ix gG.
This completes the proof |
Proposition:3.2.9
Let G be a group and let ~ be a subgroup of G consisting solely of the identity
element of G . Then is a generalized left semi-ideal of G if and only if every
element of G other than the identity element is of order 2.
Proof
LgXA = {e}, e =identity element of G .
Now, ” is a generalized left semi-ideal of G 0 x'A e /4, Vxe G .
<> X'e GA - {e]

< X'e =e¢

< X-=e
o WX\ =2.
Hence the proofis complete. [

Proposition:3.2.10 [44]

A subgroupoid * of a group G is a generalized left semi-ideal of G if and only
if~ is a normal subgroup and gAg e ,forevery g gG.

Proof

Assume that /4 is a generalized left semi-ideal of G . By prop.3.2.7, we can say that
A is a subgroup ofG .

Let geG and xe A.Then x"‘gA.

Now, (g’'x)'x“ eA ,since A is g.l.s. ideal,and (*"X)" eG
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But g-(g 'x)'x "=g"(9-x)(g 'xy"' =9(gg ")xg-'(xx ') = gxg '
A g-(g 'x) X'G/l .
=> gxg”"sA.
This implies that /4 is a normal subgroup of G .
Also, (*)'x “€ A, .since gx*G and A isg.l.s. ideal.
A
" gxg(xx ') = gXgG*,
Hence gAg c /I,forevery g eG .
Conversely, assume that /I is a normal subgroup of Gand gAgc A ,
for every g g G . We have to show that * is a g.l.s.ideal of G .
Let g GG and XG .Then g'x-g(gx).
But gx =x,g , forsome x* e A ,since A is normal in G .
Hence g"x =g(gx) =g(x,9) g A, since gAgc A .

Therefore /1 is a generalized left semi-ideal of G .

Hence the proofis complete. ]

We note that any generalized semi-ideal of a group need not be a subgroup. This is
shown by the following example:

Example:3.2.11

Let O* be the set of all non-zero rational numbers and let
A=J[la', 3b\ /& a,b,rGO""j.

Then ~ is a generalized semi-ideal of O' but not a subgroup of O*.

Here, O :\'—P- p"0, gr0~r0 , O- seio™ a\l rational numbers .

I/\
and A= 2a~,3b~,r~ a,b,rGO* |

Claim: x'Ac A and Ax' a A, \fxe O".

Suppose that t &A . Then
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i) If /=1lei', then vvehave x'f =x- m 2cr- 2x~cr =2{xa)' e A

= X'teA X'AczA

By symmetry, we have Ax' czA .

ii) If r=3/)" then we have x‘“/ =x--(3A') = 3x~b~ = 3{xhY g A

=> X'AczA.

Similarly, we can show that Ax' c: A.

iii) If t=r ,thenwe have x't =x"r'=(vr)’ g A

=> X'AcMA.

Similarly, we can show that Ax' e A

Thus we obtain that x'A ¢ A and Ax' a A , VX g 0*,

Hence /4 is a generalized semi-ideal of 0*.

A is not a subgroup of O, because 2=2-1"gA,3 =3-1'gA but2-3 =6 g/i.
Hence /4 is a generalized semi-ideal of 0* but not a subgroup of O*.

This completes the proof ]

Definition:3.2.12

A semigroup S is called commutative if for all a, b in S, ah = ha.
Theorem:3.2.13

Let G be a commutative group and let

P{G) = {~]is ag.s. ideal with identity of G } and let G* = |lae G} Then
G* is contained in every member of P{G) .

Proof

We have to show that G’ is a generalized semi-ideal of G with identity e of G

Lette x‘G*. Then t=x'a', forsome a' gG", xgG.

= t = {xx){aa)
= t - x{xa)a = x{ax)a, since G is commutative
= t=(xa)' GG*

tgG\
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A X'Cj czG

This implies that G* is a generalized left semi-ideal of G .

Next, let /' GG \x'. Then /' = , forsome a' g G \xg G .

Now, we get t' =a'x~ = (aa)(.vx) = afax)x =a(xa)x, since G is commutative.
=(ax)(ax) =(ax)' 4 G*.

This implies that /'g G*.

Therefore G*is a generalized right semi-ideal of G .

Hence G*is a generalized semi-ideal of G .

Trivially, e =e~ implies that esG".

Hence G* is a generalized semi-ideal of G with identity e of G.

Next, let A ¢ P(G) . We have to show that G" c: A .

By definition, we have x'a g A and ax~€ A , VXxgq G.

But Vx*eG* and ag A , wehave x'a g A and ax' 4 A.

In particular, a =ee A .Therefore x'e gA and ex' e A.

This implies that x' g A . Thus we obtain that G' c: A .

Hence we conclude that G* is contained in every member of P(G) .
This completes the proof |
Lemma:3.2.14
Let G be a commutative group and let

P(G)={"| is a g.s. ideal of G with identity }
If A, B gP{G), then ABg P[G).
Proof:
Let AB ={ab\a GA, bGB & A,B GP[G) Y.
If xgG, thenwe have =(x‘/1)P , since c
Therefore AB is a generalized left semi-ideal of G .

Similarly, we can show that AB is a generalized right semi-ideal of G .

Since A, BgP{G) and eg A, eG B, so ee AB.
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Thatis, e-e' e AB.
Hence we conclude that AB e B(G).
This completes the proof. |
Proposition:3.2.15
Let G be a commutative group and let
P(G)={.41 isag.s.ideal with identity e of G }.
Then P(G) is a commutative semigroup with identity and zero element.
Proof:

Trivially, P(G) is a commutative semigroup.
Claim; G* identity of P(G), where G* = |x‘ xg G }

Since A isg.l.s. ideal and x* g G*, so G*Ac A

Again, since ?e G*,s0 a=e-ae G’A.

= A G*A.

Thus G*A =A.

Therefore G*A =A - AG\ since G is commutative.

Hence G’ is the identity element of P(G).

Claim: G-zero of P(G).

Let A€ P{G) . Then GA <G, since G is a group. Also, G cIGA , since e”" A.

Thus we obtain that GA =G*
Since G is commutative, so GA = AG .

Therefore we have GA =AG =G.
This implies that G is the zero of P{G).
Hence P{G) is a commutative semigroup with identity and zero element.

This completes the proof ]
Proposition:3.2.16

Let G be a commutative group and let
P{G) = (.-41 isag.s. ideal with identity eof G i

Then in P(G), AB=G'ifandonlyif/l =5 =G\
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Proof:
Suppose that A =B =G \ 1or A,B gP{G). Then we have AB =G'G'=G\
because G' is the identity in P{G).
This implies that AB =G\
Conversely, suppose that AB =G\ AB g P(G). If bg B, then we have

(h-"Y-h =h-~ eB, since B is g.s. ideal.
Thus B ' ¢ B Also, B~' e P{G), sinceP{G) is a commutative group.
Now, h'b '=bGB ' .This impliesthat Bc B '
Thus we obtain that B - B~\
Similarly, we can show that A=A .
Again, ifabe AB=G* ,for agA,b g B then we have
ab =X", forsome x" g G".
This shows that a =x'b~' gB , since B is g.s.ideal.

This implies that A czB .

But G* = AB =BA , since G is commutative.

By symmetry, we have B czA and hence A =B.
Since =5, so we have AA =G\
We know that G* is contained in every memberof P(G).
That is, G* (z A, forall A gP(G).
Now, G" czA = X- GA ,VxgG .
X' =<, forsome og A.
= a=X GG*
A A(zG\
Hence A=G \ for AgP(G).
Similarly, we can show that B =G \ for B g P{G).

Thus we obtainthat A=G '= B "*"A =B =G"’.

Hence the proof is complete. [
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Section:3.3 Regular Semigroups and Bi-ideals of Semigroups.

neFinition:3,3.1
An element a of a semigroup”’ is called regular if «= axa, for some x*S and S is
called regular if every element of S is regular.

Defmition:3.3.2

Let S be a semigroup and let agS . Then a iscalledcompletely regular ifthere
exists XGS such that a =axa and ax = xa.

Proposition:3.3.3 [18]

A semigroup S is left [right] regular if and only if for all a e 5, there exists an
element xe 5, a-xa' [a=a-x], |

Defmition:3.3.4

A semigroup 5 is called intra-regular if, for any ae S, there exist x,>'e S such that
a = xa™y.

Proposition:3.3.5 [38]

For a semigroup (57,¢), the following conditions hold:

i) S isregular ifand only if « e aSa,\fae S .

ii) S is left [right] regular ifand only if a g Sa' [ae a'S], VagS.

iii) S is intra- regular ifand only if ae Sa~S, V<ae S. [ |

Lemma:3.3.6

A semigroup S is regular if and only if RL =Rr”L for every right ideal R and every
left ideal | of 5 .

Proof

Suppose that 6" is regular. Since R is right ideal of S, so RS <*R. But we have
/if,c RS, since LczS .

This implies that RLqg R.

Again, since L is left ideal of 5, so SLc L .

But we have RL "~ SL ,since RczS .

This implies that RI* L .
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Therefore we have RL<ARI\L .ocveeeenan, (i)

Now, let a GRr~L .Then as R and aglL.

Since Rr>L a S, s0o a g Rr~L .

This implies that a&S.

Since S isregular and a g S, so there exists xg S such that a = axa.
Therefore we have a = {ax)a e RI*, since 7?is a right ideal,soforae R,x e S .
This implies that gg RL .

Thus v*e obtain that RrA*L<”RL .cccecvvvvienenene (i)

From (i) and (ii), we get RI. =Rr~L.

Conversely, assume that RI. = Rr~L .

Let GG Rr~L. Then ggR and gglLand a g RL .

Since is a right ideal of S, sogxgR, fovagR andxg S .

and since L is a left ideal of 5,50 xagL, forae Z and xg S .

Since gg R and gxg R, so a = gx and since a gL and xagl, so a = xg .
Now, we haveg =g g = ax- xg = g(x X)a = axa .

This implies that Rr~L \s regular.

Since Rr,L isany subset of S and Rr\L isregular, so every subset of S is regular
and hence S is regular.

This completes the proof [

Lemma:3.3.7

For a semigroup5’the following conditions are equivalent:

i) S is completely regular.

ii) aGa~Sa' forany aeS

iii) S is left and right regular.

Proof

@ (i

Assume that 5 is completely regular. Since S is completely regular, so every element

< of 5isregular. So a =xa' and a=a'for some x,y gS ,hy prop.3.3.3

This implies that a g Sa' and aga'S, \/agS$S .
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That is ae crS t*"Sa' ¢ a'Scr .
Thus we obtain that a e a~Sa~, forall ag S .
(ii)-> (iii):
Assume that aea'Sa- ,\faeS . Since aea'Sa- ,\/aeS§S, S0
a-a~xa~ , forsome xg’S.

This implies that a = (a'xjt?" e Scr .

Similarly, we can show that a e a'S . Thus5'is left and right regular.

(i)~ (i)

Suppose that5is left and right regular. Since S is left and right regular, so

a=XQ =cry ,forsome X,y gS$S.

Now, axa =ax{a'y*=a[xa~)y =a-a-y =a’y - a.

Therefore we have axa =a

and ax = (xa“)v = x(a\v), since5 is right regular, thatis a =a'x .
=xa.

Therefore, ax = xa, for some x &S .

Hence S is completely regular.

This completes the proof ]

Proposition:3.3.8

An element “a ’ of a semigroup S is completely regular ifand only if a g na's.

Proof:

Assume that a is completely regular. Since a is completely regular, so a - x*“ and
a =a-~y, for some x,y&S.

This implies that a g Sa~ andaga'S, Vae S

Therefore a g Sa~n a'S, Vas S .

Conversely, assume that a ¢ So- na'S.We need to show that aga'Sa',Vag S .

Since aGSa-na'S,so aga'Sa' ,bythe lemma:3.3.8(ii)
Thus by lemma:3.3.8(i), we can say that a is completely regular.

This completes the proof u
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DeFinition:3.3.9

Let S be a semigroup and A be a nonempty subset of S . Then A is called a bi-ideal

of Sif AA< A and ASA ¢ A .The set of all bi-ideals of S is denoted by B(.S").

We denote by (x)* , (V" and (V)" the principal left ideal, principal right ideal and
principal bi-ideal of S generated by x in S and can be written as:

(xX); =X Sx, (XN =XX.V and (X)® =x"x"' "xSx.
Example 3.3.10
Let S be the set of all positive integers, where S is a semigroup with respect to
multiplication. Let A = (x| xe X >6} Then /I is a bi-ideal of S .
Defmition:3.3.11
An ideal A of asemigroup S is called norma/ if xA = Ax, Vxe S.
Example:3.3.12

Let M. be the multiplicative semigroup of all 2x2 matrices over the set of all integers

'fa n
and let A = a §Z>, where Z is the set of all integers. Then is a bi-ideal
Oy
of hL_ but not a generalized semi-ideal of M ,.
a,, o" o'
Let GA . Then, we have
o O’ Oo ,

on o" /N 0 0"
~ND = M\ = GA , where ~3 =ava“ g A
to 0,y0o o Ko ofj VO o;

This implies that AA cz A .
Let p GAM* A.Then p =axh , where a,h * A and x g M*

fly OYx,, x,,Y/), Ol , a,, o™ . 0"
Now, p = * ) ,whereaz( ,b:(h“
0 O 0 O 0 O
N X N
and X= ""
'a” OA o' AaHXHAH OA
GA
to oJ vV o 0
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This implies that p &A .
Therefore we have AM.Ac A.

Hence /lisa bi-ideal of M-..

/
.\/l! xl!\ a!l O
Next, let X= and a =

Let /=x'a Gx'A . Then we have

Mo T
«l, v, X, X, %, 0
t=X'a =xxa = v

w2y 00 ynp g7 Oj
X,,Y/,,+.Y ,2\8,a,, 0
AX2,X,,a,,+X22X;,a,, o~
Hence we see that / isiin .4 if and only if x,jx,,a|, -rx,.x,,a,, =0, but in general this

is not zero.

This implies that t* A

Therefore, we have x'A ct A.

Thus we obtain that A is not a generalized left semi-ideal of M, and hence A is not
a generalized semi-ideal of A-/..

This completes the proof |

Theorem 3.3.13
An idealof a semigroups is normal if and only if (X)g -/l = - (X)",VXg v,
where (x)" is the principal bi-ideal of S generated by x .
Proof
Suppose that A is normal. We know that (x)® = xu x‘u xSx ,VxeS.
Then we have A mX)" =" ¢(xu x" x5x) = Ax " Ax" ™ [i(x*x)

= AX"™ (/AX)X™ (AxS)x e ~x,

since (.4x5)x = ((4AxXN.v)e M(i'x)e ((46”)x e AX

This implies that A mx)g ¢ Ax
Trivially, AXQA-(x)g.

Therefore, we have A ¢(X)" = AX vvvveiinieiene (i)
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Again, we have (V" /4= (xw X' u x6’v),4 = xXA'ux'A u (xWn
= XA™ x(Ax)™M X(SXA)c xA [-m SxA = S(x.4)c 5"e

This implies that (x)" *Ae xA.
Obviously, xAe (X)) WA .
Thus we obtain that (r)g-A =xA. Since A is normal, so we have Ax =xA, VX g4 S
Therefore  (X) BA = AX v, (ii).
From (i) and (ii), we have A mx)g = Ax = (X)" ®A .
This implies that A m(X)g = (X)" A
Conversely, assume that Amx)» = (X)* » , Vxe 5 . We needto that A  is normal
We have (X)g o/l = (x x' xSX-A = xAijx"'A u (xSx)A

= XA™ X'A N x(SxA) ¢ xA
This implies that (X))« e XA4.
Obviously, xA c (X)g *A .
Therefore, we have (X) A =xA , Vx g S . Since (X)g -A = A-(X)* ,Vxe S,
we have ARV =XA e, (iii)
Similarly, we can show that A mX)* =Ax ... (iv)
From (iii) and (iv), we have AXx =xA , VXg S .
Hence A is normal.
This completes the proof u
Lemma: 3.3.14
Let Aand 5 be any normal ideals of a semigroup.V . Then the products/15 and BA
are also normal ideals of S and AB =BA holds.
The proof can be found in [18]. [
If S is a regular semigroup then we prove the following proposition:
Proposition:3.3.15

An ideal A of aregular semigroup is normal if and only if eA - Ae holds, for all

idempotents 2of " .
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ProoF:
Suppose that A is normal. Let eag eA , where eg S,agA.Then eag Ae, since A
is normal, so eA q Ae.
Similarly, we can show that Aec eA.
Hence eA =Ae , V idempotents e of S .
Conversely, assume that eA =Ae, VeeS. Let a be any element of S. Then,
since 5 is regular, there exists an element v in S such that a = axa.
Claim: xa is an idempotent.
Wk have (xa)' = (xa)(.ra) = x(av<7) = xa.
Therefore, xa is an idempotent.
Now, aA = (axa)A =a((xa)A) =a(A(xa)), since Ae =eA .
= (aAx)ac Aa
This implies that aA<® Aa.
Similarly, we can show that Aa e aA.
Thus we obtain that aA = Aa and hence A is normal.

This completes the proof |

Lemma: 3.3.16
Let A be any normal ideal of a semigroup S . Then, for any element xof S, Ax is

an ideal of S .

Proof:

We see that ("x)" = (x/)5” = x(/i6") ¢ XA =AX, since AS™ Aand A isnormal .
This implies that (/IxX).Sc Ax and 5(*x) = (5.-i)xc AX, sinceSA e A

Thus  5(/ix)c™x.

Similarly, we can show that (/Ix).S’c Ax .

Hence Ax is an ideal of 5. ]
Lemma:3.3.17
The product of a bi-ideal and a nonempty subset of a semigroup S is also a bi-ideal

of S .
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Proof:
Let A he abi-ideal of S and X be any nonempty subset of S We have to show that
AX and X4 are both bi-ideals of S .

i) Let ts{AX){AX). Then t ={ax*)(/j.v],for a,he A & e A
= e AX,since isabi-ideal ofi’

This implies that {AX){AX)" AX .
ii) Let / G{a x ).V(*-V), Then we have / = (ax, ).s(/?,v.), where a,he A, .v,Xx, e A

=a(.v,.v)(NX3) ~ since S is associative.

= a{x"sh)x.

= {ax"sh)x. e AX, since” isa bi -ideal ofi".

This implies that [AX)s {AX) AX.
Thus we obtain that AX is a bi-ideal of S.
Similarly, we can show that XA is a bi-ideal of S .
Hence AX and XA are both bi -ideals of S .

This completes the proof |

Theorem 3.3.18
A semigroup S is normal if and only if B(i’) is normal.
Proof:

Suppose that S is normal. Let A and B be any two elements of B(5) 5 and let x be

any element of A . Let xB &AB({S).

Then xB ¢ xS =Sx, since 6'is normal.

This implies that xB g Sxe SA, Vxe A.
g B(S)A.

This implies that xB e B(S)A.

Thus we obtain that A BfS)cB (5) A.

By symmetry, we have B(5) e .4B(5).

Thus we obtain that A B(.S) = B(5) /}.
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Hence B(.V) is normal.
Conversely, assume that B(.S) is normal. For a g S, we have
aSc a B(S) = B(S)a, since xB(S) = B(.S) x .
c So
This implies that aSc Sa.
By symmetry, we have Sa ¢ aS
Therefore, we have aS =Sa , VagV
Hence S is normal.
This completes the proof. |

Coroliarv:3.3.19ri81

Every one-sided ideal of a normal semigroup is a two-sided ideal. |
Defmition:3.3.20

Let S be a semigroup and A be anonemptysubset of . Then A is called a
semiprime ideal of 5" if for any x&S, x~e A =g A
Theorem:3.3.21

A semigroup 5 is regular if and only if every ideal of S is semiprime.

The proof can be found in [18]. [

Theorem:3.3.22

A semigroup 6' is completely regular if and only if every bi-ideal of S is semiprime.
Proof

Suppose that S is completely regular. Let Abeany bi-ideal of S .

Let fI" G~ , for a G5’. Then, we havea g a'~Sa', by (ii)of lemma 3.3.8

This implies that aga'Sa-c ASAc A.

This implies that as A,

Therefore A is semiprime.

Conversely, suppose that every bi-ideal of S is semiprime. Since any one-sided ideal
of S is a bi-ideal, so every left and right ideal of S is semiprime. From the
lemma:4.1 of[10]wecan say that S is completely regular.

This completes the proof [
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Lemma:3 3.23

For a semigroup S the following conditions are equivalent:

i) S isregular.

n) BCV) is regular.

Proof:

Assume that Sis regular. Let A be any bi-ideal of V and let cigA. Since S is
regular, so forany agS, og aSac ASA

This implies that A e ASA .

But ASAc A,since ™ is a bi-ideal of S .

Therefore, we have ASA = A .

From lemma 4.2 of [24], we can say that A is regular.

Thus every bi-ideal A of S is regular. Hence E{S) is regular.
Conversely, assume that B(.S) is regular.

Since B(™) is regular, so A isregular. Then ASA =A.

Let ac A=ASA.Then ag ASA => agaSa forany ag A.
This implies that a =axa , for some xg S .
Therefore, « is a regular element of S .
Thus every element of S is regular and hence S is regular.
This completes the proof [ ]
Defmition:3.3.24
Let {S,m) be a semigroup and let be a bi-ideal of S . Then
(i) A iscalled aleft B -pure bi-ideal of S if n xS=xA, VXxg S .
(i) A is called a right B -pure bi-idealof 5 if Ar]Sx=Ax, Vxg S
(iii) A iscalled a B -pure bi-ideal of S if

An xS =xA and Ar*Sx =Ax, \/x g$S
A semigroup 5 is called B* -pure if every bi-ideal of S is Z?-pure.
Note: A normal regular semigroup is B* -pure.

Lemma:3.3.25 [22]

Let 5 be a 5*-pure semigroup. Then the following conditions hold:
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(i) aS=a'S and So=Sa\ \fagSs.
(ii) For every aof 5, a' is completely regular.
(iii) S is normal.
(iv) E{S) is contained in the center of S.
Proof
(i) Let a be any element of .S Since S is B" -pure, the bi-ideal aS is B -pure.
Then, we have aSn aS =a{aS) ={am)S =crS .But aSn aS =aS$
Thus we obtain that aS =crS , \fagsS .
Similarly, we can show that Sa - Sa~ya e S.
ii) Let a be any element of S . Then, we have

aS =crS and Sa =Scr, Vae5, by (i).
Now, O' - a-a GaS and o' =am s Sci, Vag$S . Then

a' caSr\Sa
This implies that cr g crS n Scr, since aS =a'S, Sa=Sa"'.
This implies that a' G[a')'S r~S[a")".
From prop.3.3.11, we can say that a' is completely regular.
Hence 0" is completely regular for all as S .
(iii) Let a be any element of S. From (i), we have Sa =Sa' and aS =a'Sya ¢ S.
Now, since a- e Sa,hy (ii)and San xS e San SS, Vx g 5", s0 we have

aS =a'S ™ {Sa)Ss =Sa SS” Sa,sinceis B’ -pure.

This implies that aS g Sa.
Similarly, we can show that Sae aS, forall ae S .
Thus we obtain that aS =Sa, \/a e S and hences’ is normal.
(iv) We have to show that E{S)<” where E{S) is the set of all idempotents of

S and Z{S) isthe set of all center of S .

Let t GE{S) and let a&S. Then, since is B' -pure, the bi-ideal tSt is B -pure

So, a/ = «(/m)= «(/m)’,since r =t.
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= a{llt)l Ga{IShI ¢ a{St)r {ISt)<~ tSt.
= at GiSl.
al = txt, for some x &S .
Similarly, we can show that ta = lyt, for some >’e 5.
Now, at =txt =t-{xt) = t{txt) = t{at) = {ta)t, since S is associative and /- =/.
= {tyt)t = Iyt- =tyt =ta .
Therefore, at =ta, \c?e 5.
n /s Z(.V)
This implies that E{S) q Z{S).
Hence £(.V) is contained in the center of S .
This completes the proof |
Defmition:3.3.26

A semigroup S is called Archimedean if for a,h g S, there exists a positive integer
n such that a" g ShS and S is called weakly commutative if for a,h &S , there exists

a positive integer m such that {ab)" g bSa .

Theorem:3.3.27 [22]

For a j9*-pure semigroup S the following conditions are equivalent:
(i) S is Archimedean.

(i) SaS =SbS , \fa,bsS .

(iii) aS =bS , Vaz>sS .

(iv) aSa =bShb, \fa,b" s.

(v) S has an exactly one idempotent.

(vi) Every bi-ideal of S is Archimedean.

Proof:

Assume that S is Archimedean. Let a and b be any elements of S . Since S is

Archimedean, so there exists a positive integer n such that a" e SbS . From (i) of

lemma 3.3.25, we have
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aS =aS r*aS =af{aS)= {aa)S =crS

and crS-a'S a'S =a'[a\s) =a”S
and so on.

= aS =a’S

= S(@sS’) = 6’(a”.S).

Since a”e ShS, so SaS =Sa”S = S{ShS)S = {SS)Ii{SS) ¢ SbS .
Thus obtain that SaS ¢ ShS .
Similarly, wwe can show that ShS ¢ SaS, forall a,hs S .

Hence SaS =ShS,forall a,hgS.

Assume that (ii) holds. Since SaS =SbS, so by left cancellation, we have aS =hS.
Hence aS =hS, forall a,hg§S.
(iii)=>(iv);
Suppose that aS =hS, forall a,heS . First, we have to show that aS = So, for all
ats.
Let a GS . Then, since Sis B" - pure, the bi-ideal aS is i?-pure.
Then, we get aS =aS r*aS = a{aS) = [aa)S =a'S , by definition of5-pure,
Now, aS - a-S {Sa)S=Sa SS ¢ Sa, since a~ =aaG Sa .
=> aSe Sa .
Similarly, we can show that Sa<”aS.
Thus aS =Sa, forall a&S .
Since aS =hS, forall a,b g S . So, we have

{aS)a = {hS)a = h{Sa) = b{aS), since aS =Sa.
This implies that aSa =b hS, since aS =hS.

= hSh , since bS =Sh .

Hence aSa = bSb, forall a,h ¢ S .
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(iv)™(v):

Suppose that aSa =hSh, for all a.h”~S . Let and e. be two idempotents of S .

Then e"Se”*=e.Se,. There exist elements X,yeS such that
=eMxeM and e. =etyeM.

Now, €, =(e.e.)xe. =e.(e.xej =e.e, =e,}'(e,e,) =eye, =e..

Hence S has an exactly one idempotent.

(V)=>(vi):

Suppose that S has exactly one idempotent. Let A be any bi-ideal of S and let

a,b&A.

First, we have to show that o', h' are regular. Since Sis B* - pure, the bi-ideals
aS and bS are B -pure.

Then, we have aS =a$S r*aS = a{aS) = a~S .

By symmetry, we have Sa = Scr .

Therefore, we have a- e aS and a- s Sa ,since a' =aaeaS,cr=act” Sa.
This implies that a* gaSo Sa=a'So Sa' = [a-)'S i'(«")"

Thus a- is completely regular, by (ii) of lemma 3.3.25.

Thus we obtain that a' is regular, for every as S .

Similarly, we can show that b' is regular, for every be S .

Since a~and  are regular, so there exist elements x, y e S such that
a~ =a'xa~ and h' =b'yb~.

Claim: and bYy are idempotents.

We have (alv)' = («-x)(a‘x)= [a~xa-)v =a'x , since a~ =a'xa~.

This implies that a'x is an idempotent.

Similarly, we can show that b'y is an idempotent.

Since S has exactly one idempotent, we must have a'x =b'y.

Now, a* =a a' =a[a'xa'), since a' =a'xa"'.

= a(a'x)a' =a(b'}ja' - ab{hy)a'
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= ab{hya-)» Ah{ASA)(" AhA .
This implies that e AbA .
Similarly, vve have g AhA and so on.
Thus we obtain that a” g AhA |, for a,b& A and a positive integer n .

Hence A is Archimedean.

This shows that every bi-ideal of S is Archimedean.

(vi)=>(i):

Since every bi-ideal of S is Archimedean, so S is Archimedean.

Hence the proof is complete. |
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Section:3.4 Prime ideals of Semigroups.
Definition 3 4.1
Let be a semigroup and let P be an ideal of S. Then P s called a
{completely® prime ideal of S if for any ideals

A, Bo»' S, AB"P " either AgP orB P.

Lemma 3.4.2

Let (iV) be a semigroup and let P be an ideal of S . Then Pisa completely prime
ideal of 5 iffor a,/; ¢ S, abe P => either ag P or b &P . ]
Proposition:3.4.3 [12]

If P isany subset of a simegroup ), then P isa prime ideal of S ifand only if
Im{P) = {l, 7  where a g S and the ideal Ip = {vg {x)P = 1} is prime, |
Theorem:3.4.4

Let (57,+ 1) be a semigroup and [Pi}be the family of prime ideals of S . Then

(i) UPisa prime ideal of S .

@iy n isa prime ideal of S .

Proof

From prop.3.4.3, we have 1g Im(/*),V/ ¢ A and the ideal Ip ={xg$S (X)P, = 1}is
prime, V/ g A, where A is the arbitrary index set.

Let Xe 5 andx”™ /p . Then there exists ¢ 5such that (X)P, =a,,V/g A

SinceP, c¢ P, e Pbc ... e P, c therefore IpQ~ 7 MR s
This implies that U Ip® is prime.

Hence we conclude that UP, is prime.

Similarly, we can show that fl P* isprime.

This completes the proof [ ]
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Proposition:3.4.5
Let (, *)be asemigroup and let K= {0,1} be the set of two elements 0 and 1

Then a function (p\S— is a homomorphism if and only if (o)*"* is a

completely prime ideal of S .

Proof
Suppose that ~ is a homomorphism. Let
I ={0)(p-" ={.,rG.S"|(.Y)" = o}.

We need to show that for any x, ve S, xye 1 => eitherxglory g I,
Let xy g/ . Then {xy)(p = 0. But [xy)(p = {X)(p ={}) ®.
This implies that {x)(p &y)(p = 0.
If X)(p "O0i.eif Xg/ , then (xX)"=1
N >V =0-
= yrlnm
Also, if{y)(p» 0 i.e.if > g/, then{y)(p- L

(vw=0.
= XG/ .
Thus we see that for x,y g S,xj g/ =>either xg / or>g/ .

From lemma3.4,2, we can say that/ is a completely prime ideal of S .

Conversely, assume that / is a completely prime ideal of S .Letx,y g S .Then
xy GS and {xy)(p=0 or (xM)"=1.

Suppose that {xy)(p =0.Then Xj g (o)~ .

This implies that x g (o)™" or g(o)™", ie. (xX)»=0 or =0,

Therefore, {xy)cp = 0 = {xX)(p xy)(p.

This implies that {xy)(p - {X)(p mly)(p.

Again, suppose that {xy)(p = 1. If {X)(p " 1, then (x)* = 0.

=> X G (0)*3"

= xy G(ON9', for G5'.
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Therefore = 0, a contradiction.
Hence {X)(p- 1

Similarly, we can show that {y*(p = 1.

Thus {xy)(p=1=M =(x" m>V

This implies that (x>V = C'V ‘i})v

Thus we obtain that ~ is a homomorphism.

Hence the proof is complete. ]

Section:3.5 Simple Semigroups.

Definition:3.5.1
A semigroup S is called simple if it has no proper ideals

Lemma:3.5.2

Let S be a semigroup. Then S is left [right] simple if and only if

Sa=S, yaeS [«5 =5].
The proof can be found in [38]. |
Lemma:3.5.3
A semigroup.S' is simple ifand only if SaS =S ,\/ae S .

Proof:

Assume that .S is simple. Since S is simple, so it is left and right simple.

That is, \/aeS , Sa=Sand aS =S , by lemma:3.5.2
Therefore, SaS - {Sa)S =SS =S, since S is simple.
This implies that SaS =S ,'*a &S .

Conversely, assume that SaS =S.VaG S..

Let / be anideal of S and let ae 1. Then S =SaSc |,

Chapter 3

since 67 e /,/5°¢c / & ¢ /, e/ ,Vael =SaSe /.

This implies that S Q I .
But / isan ideal of ,so/c 5.

This implies that S =1 .
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Therefore, S has no proper ideal.

Hence S is simple.

This completes the proof. [ ]

Defmition:3.5.4

Let ('8,-) be a semigroup. Then5 is called a left [right] zero semigroup if every
element of S is a left [right] zero of S .

Lemma:3.5.5

A left zero semigroup”’is left simple and each element of S forms by itself a right
ideal of S .

Proof

Since 5 is left zero semigroup, so every element of S is leftzero.

Now, \<7, Xe S, xa =x, since x isa left zero.

This implies that Sa=Sya e S .

Therefore S is left simple.

Next, we have to show that each element of S forms by itself a right ideal of S .

Let ~ e 5. Then A is left zero, since 5’ is left zero.

To show; AS ™ A .Let agAS .Then a tx, for some te A, xg§.

This implies that a =tx - t, since A is left zero, iie. a-tG A.

Thus we obtain that AS Q A .

Hence /I is aright ideal of S .

This completes the proof |

Lemma:3.5.6

Every idempotent element of a left simple semigroup S is a right identity element of
S.

Proof

Let e be an idempotent element of S and let a be any element of S .

Since 5”is left simple, so there exists x in S such that xe = a.

Now, we have ae ={xe)e = xe' =xe=a, since e~ =e.

Thus we obtain that is a right identity element of S .

Hence the proof is complete. [
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Lemma:3.5.7

Every idempotent element of a right simple semigroup S is a left identity element of
6.

The proofcan be found in [10], [

Proposition:3.5.8

Let G be the set of positive integers with a ordinary multiplication and (+) meaning
least common multiple. Let A=GxG and let a product \nA be
{a,b){c\d) - {ac, hc +ci), for a,h,c\d g G . Then " is a simple semigroup.

Proof

Clearly 4 is a semigroup. Given that (a,")(c',c/) = {ac, bc +d), for a,b,c,d g G .

Let B be an ideal of A .We need to show that B = A .

By definition of ideal, we have B"A. Let {a,b)&A. Choose any element

(X, y) GB such that y <b . Then {a, b)~ —, ----- A AN m
X 3
This implies that A  B.
Thus B = A and hence is a simple semigroup. ]
Definition 3.5.9
A semigroup S with zero ‘0’ is called a 0-simple semigroup if S' and Vhas no

proper ideals.

Lemma:3.5.10
Let5 be a semigroup with 0, S~ 0.Then5 is 0-simple if and only if
SaS =S, Vae S\ a” 0,where S* =S\0 .
Proof:
Suppose that S is O-simple. Let | =[a g 5| =0}
Then / is an ideal of S and hence either / =0 or / = 5, since S is simple.
Assume that | = S, sowe have | =S ={ae .§ =0}
=> SSS =0.
N =0.

Now, we have to show that 5" is an ideal of S .

51



Dhaka University Institutional Repository

Chapter 3
Let S- ={at7,1la,,a. GS } For all aeS, we have a(a,a.)={aa")ci. = gS\
where —aa*eS.
This implies that a(rt,a, )e S '.
Similarly, we can show that {a"a")ci£ S '.
From lemma:3.5.13, we can say that Ms an ideal of 5.
Since S- 0, so we must have S' =S, since S is 0-simple,
But A=5'=S-S =S5-S' = W =0.
Which is a contradiction. Therefore, 1 =0.
Thus forany as S\ SaS is anon-zero ideal of S .
Hence SaS =S.
Conversely, suppose that SaS =S, Vag S*. Since a€ S\ a , we have

S=SaScSS =S',since aSe S and Sae S =>SaSe SS .
This implies that S | . But / isan ideal of S,ie I ~S .
=> | =S.
Therefore S is 0-simple.

Hence the theorem is proved. |
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CHAPTER 4
SEMIGROUPS ONA FINITE SET

In chapter 2, T,{X) and T{X) have been studied and shown that (2{X),0 ) is a

semigroup on a set A'and (7'(A'"),0) is a sub semigroup of( 3*{X),0 ),

Section:4.1 Binary Relations on a Finite Set.

Definition 4 1.1

Let a e { X ). Then the set a ' = {Cv,.v)| e a }is called the inverse ofa .

The set 1{X)= {(x,x)|,vg A' } is known as an identity relation on X.

The relation a e /? means that or is a subset of (3. Then we prove the following

lemma:

Lemma:4.1.2

Let «,/? G 5*(A"). Then (i) =a and (ii) (ao ‘o ,
Proof

Wk know that cr'' = (x,>)g a, for x,y e A'}.

i) Let x,y€ X and let (x,>")Gor. Then (>',x)ea’".

This implies that (x,>) ¢ (a"") *

Thus we obtain that a ¢ (a'') ".

Again, let (y,>-)g (a"') ‘. Then (v,x)ea .

This implies that (y,_>)e a , by definition.

Thus we obtain that («m") '¢c (2,

Hence we conclude that (a**) ' =a .

ii) Let (v,>)e (oro ' Then, by definition of inverse we have (j\ x)"{ao 0).
Now, since (v,x) g (a 0/?), so there exists r e A" such that {\\z)*a and (-,x)g (3

This implies that (r,>") 6 a"' and (x,z)g/?".
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That is, (v>)g 'oa '
Thus we obtain that (ao 'c /? ' o«"
Similarly, we can show that /? '"oa'e (ao/?) *

Hence we conclude that (ao/j) '=/? 'o”

Hence the proof is complete. ]

Let A'and A" be two sets and let o =X X' be a mapping. Then o may be
regarded as a relation on For each x'gA", x’0p =[x &X\x(p =x'}. The
relation (po(p~" is contained in A" x and hence can be regarded as a relation on A.

We see that (x,>)g” o if and only if xcp =yep ,for x,y g A". We can prove the

following proposition:

Proposition:4.1.3

Let o'GiB(A ) and let cc be an inverse ofa. Then cz°cc ' is an equivalence

relation on X.

Proof
Let us define ga® ifand only if xa = ya ,forx,_.y o A".
i) cf°a™“ isreflexive , since for xg xa= xa o (x,x)gaoa~".
ii) a®a~" is symmetric, since for x,y g X , xa - ya <xx,>')g a°a~".
This implies that >« =xa o (>',x)g a o(2*
Thus we obtain that (x,>')ga o«“ ={}\x)s aoa" ,\/x,ysX.
iii) aoa~" s transitive, since for x> r e X,
xa =ya andya =za o (x,_>)ga oo;™'and {y,z)eaoa~\
This implies that xa =za <> (x,z)aoa~\
Thus we obtain that
{x,y)Gaoa~"' and(>,z)GGr°a" =>{x,z)saoa~' ,yx,y,zsX.
Hence we conclude that or °cr™' is an equivalence relation on X.

Hence the proofis complete. ]
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DeFinition:4.1.4

Let p be an equivalence relation on a set A'and let xg A' be any element.Then

the set = (v| (x,>)g }iscalled the equivalence class ofx.

DeFinition:4 15

Let A'be a set and let a g 5?[X). Let vbe an element of A, Then the set
va={>’GA|(x,>)Ga}

is called arow of a and the set
ax = {VGAj(*, Ga}

is called a column of a .

Example:4.1.6

Let A = {x,,X,,X } and let a ={(x;,x,), (X,,X,),(x,,x,),(Xxj,X])}. Then the row

x,a is the set {-v,, X3} and the column ax. is the set

Since a ' is an inverse of «, so it satisfies xa®' =ax.

Definition:4 1.7

Let A"be a finite set. Let xg X, A X and let a g3*(x). Then we use the notation:
Aa ={f¥1(x,>)g a,for somex e a ], 0A = Aa~' and = {(x,X)jx g a]
Definition:4.1.8

Let A'be a set and let ~ ¢ A' and let the set Aa = [j xa and Aa”' =o0A. Then the
-
set F(a)= {Aa\A~x] is called the Zaretskfi union lattice ofa on A" and the set

Mr@) = |((x4) 1 ¢ W' I is called the Zaretskfi intersection lattice of a on X.
Definition:4.L9
Let a gB{x) and A Q X . Let x be an element of A' Thena is called row reduced if

xa =Aa implies x g A, xa” (and a is called column reduced if ax =aA implies
XGA,ax N <)

A relation on X is called reduced ifit is both row and column reduced on X .
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Let X ={1,2,3,cccciuennns I} be a finite set. Then a relation a g fi[X) is an n x//

Boolean matrix/I, where A,. = 0 if 9"3’_)'\ "
jo if(/,./)"a

For example, let A' = {l,2,3 }and let a = {(1,2),(2,3),(3,1),(3,3)}.

Then the relation matrix for a is 0 0 1

1 0 1

Now, for a GIB(X), we define two additional relations and as follows:

4 = {(-™>0! 3 >'« and = {(.v,j)| core ,or N

Then we prove the following lemma:

Lemma:4.1.10 [9]
Let a GS (X) and let A= ,p - p*. Then
i) {ox)g a and /(A'a)c p ;
ii) X' - A and p- =p\
iii) Aa=a and ap-a\
iv) aX - aA'and Xa =Xp,
Proof
Let x &X and let [x,x)& I[aX). Then xg aX .
= xarxa,xa "f).
(xx)g”" =
Hence we conclude that /(oY) c A.
Next, let x &X and let (x,x) g I{aX). Then x g aX .
= QXCQX,QXotA.
= =P-
Hence we conclude that I{Xa)e p .

ii) Let (x, vV)G?} =/l+i .Then (x,z)g A and (r,>)e .forsome rg X .
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This implies that xa » za ,za ", za » (pand za 3 ya ,ya ().

=> xa“za "ya ,ya " &
=> xa 3 ya,ya +()).
> (x,>")g A.

Thus we obtain that A' ¢ A .

Conversely, let (x,>") g A .Then xa 3 ya . This shows that ya”({>.

But by(i).
Now, from (x, v)e A and {y\y) ¢ A, we have (x,>)gq /i ‘A= Ac.
Thus we obtain that A <'Aj .

Hence we conclude that A" =A .

Chapter 4

Next, let (x,j))*p' - p-p.Then (x,z2)* p and (z,_y)s ,forsome ze X .

= ax az ,ax ™ () and az <zccy , az "<f>
=> ax ("az (“ay ,ax ™ <)

=> ax ay,ax”™ ().

A x,>)ep.

Thus we obtain that p- p .

Conversely, let «v,>g p . Then ax<”ay. This shows that ax * (>
But (x,x)g p , by (i).

Now, from (x,x)g p and (x,>)g p ,we have (X,>)g p-p- p"'.
Thus we obtainthat p * p'

Hence we conclude that p '-p .

(iii) Let(x,_>")G"a .Then (x,z)g/1and(r,>"G a ,for some ze X.
This implies that xa » za ,za " (j)za™ ¢ and y &za ,

since xa ={y &X\{x,y)G a],

= yeza xa.

= (X,>)GGCr.

Thus we obtain that Aa (za .
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Conversely, assume that {x,y)ea. Then, since A=/l, is an idempotent, so
(x,x) g A,
Now, from (v,x) e A and (x,>®g a , we have (x,y)e Aa .
Thus we obtain that a ¢ /m
Hence we conclude that =a.
Next, let (x,>)¢ ap .Then (x,z)s a and (z,y)g p, forsomeze X .
This implies that x gccand az *ay , oz ™ (=
== X GO}
=> (x ,a.
Thus we obtain that apc”a .
Conversely, assume that (x,i ) g a . Then, since p =p” is an idempotent, so
iy\y)"p
Now, from (x, @¢g a and (my) &p, we have (x,y) g ap.
Thus we obtain that a<”™ap.
Hence we conclude that ap-a.
(iv) From (iii), we have a-Xa.
= aX - <aXe AA'.
Again, letx g AX. Then x,y) e A, forsome y e X ,where A=A,
=> xa ®ya ,ya" (=
= XsaX.
AX QoX.
Thus we obtain that aX =AX .
By a similar argument, we can show that Xa =Xp.

This completes the proof |

Lemma:4.1 11
Let a,P eT,{X) and let A- A* ,p - p” .If a isrow reduced and Pa =a , then

PA = A and if a is column reduced and aP - p ,then pP =p .
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Proof:

Let (x,>") e /?/1. Then (x,z2)™ (3 and {z,¥) g A, for some ze X .
Now, from e A,we have za3 ya, ya™3$

Let uGyac za .Then llgza, ie. {zji)ea .

From (x,z)e and (2,»)g a , we have (x,ii)e Pa =a .
Therefore, we have (x,//)g a implies ug xa .

n ya</ xa , ya <>

=

Thus we obtain that /2/1c A.

Again, let (x,>g a .Then, we have Xxa 3 ya , ya ()).

Since a =pa ,so Xa =X"a.

n X Gx/?, since ais row reduced.

n (x,x)q P .

Now, from (x,x)g P and (x,>)g Xwe have (x,>)g P2 .
This implies that pX.

Hence we conclude that pX = X.

2" part:

Let (x,>mG pp .Then (x,z)g p and (z,y)& p .for some z g A",
From (x,z) g p , we have ox ¢ az , ax”™ ¢.

Let *Goxc az.Then wrg az,ie. (h,z)ea .

Again,from (4z)ga and(z,>)g /?, we have(h',>) &aP = p .
=> {"v.y)"p.
0 wGpy.

Since Wis an arbitrary element and Pc = {vj C>',-v)gP }, sowe have
PxQ P}I\Px ™).
N

x,>)Gp,since p =p, ={(x, %1<t>’\ax<’\ay].

A PP<AP-
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Again, let (x,>")e p . Then (pMax <"ay .
Since =/?, so we have Py = aPy ,\fy e X .

=> y &Py, sincecr is column reduced.

Now, from (-v,>)g p and {}\y)& P, we have (-v,>)g pp
Thus we obtain that p  pP .
Hence we conclude that pP =p .

This completes the proof. |
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Section:4.2. Full Transformation Semigroups on a Finite Set.

Let A'be any non-empty set. Then the set of all full transformations on X is T[x ).
Clearly, T{x )<"T>[x ) .Then we prove the following proposition:

Proposition 4.2.1
is a semigroup.

Proof

The proof is easy and is omitted. u

Now we obtain characterizations of the Green’s relations on I1\X) on a set A'that will

be used in later work.

Defmition:4.2.2

Let (S,-,!) be a semigroup and let JL and Si be subsets of S x S consisting of all
pairs {a,b), for a,h£S . Then two elements a, b S are said to be £ ["]-
eqgiiivalent if they generate the same principal left [right] ideal in S.

Also, a and b are <£[*]-equivalent means that a Ji b [aSi /4

Thatis,a£ bo Sa=Sb [a3i bo aS =bS ]

Thus we prove the following lemma:

Lemma:4.2.3

For a semigroup (6',-,1), £ and 3i are equivalence relations and also =£ is a right

congruence and 31 is a left congruence on S .
Proof:

Let a,b GS . Thenaf bo So=5Sb
i) £ isreflexive, sinceaf a o Sa=Sa

ii) £is symmetric, sincea£ b o Sa=Sb
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0 Sh =Sa
0o hf a
iii) X is transitive, since for all a,h,c e S,
af hand hXc o Sa=Sh and Sa=Sc.
<>Sa = Sc
<>afc.
Also, £,\s aright congruence on S, since for all a,b,c g S,
at b o Sa=5Sb
0 Sac = Shc
<> ac £hc.

Similarly, we can show that  is an equivalence relation on S and it is a left

congruence on S.

This completes the proof |

(
We denote the relation £r\3i hy »# and £o0 3lhy D. The relations £, Ji, cJf and D

play an important role in the study of semigroups. We denote the set of all elements

of S which are £] 3i ]-equivalent to a by L{a) R{a) . That is, is the £]

<MN-class containing a. Since =£ n 31, so clearly, » is an equivalence relation on
S. We denote the -class containing a by H{a). It is clear that H{a) = L{a)r\ R{a).

Lemma:4.2.4

Let be a semigroup. Then the relations £ and 3i are commute and so the

relation D =£ o =3i0£ isanequivalence relation containing both £ and 3i.

The proof can be found in [10]. |

We now describe the various properties of full transformation semigroups r(.Y') on a
finite set X. In T(A"), for each a e T{X), we associate

i) the range of a is Xa and the rank of a is|Xa \

62



Dhaka University Institutional Repository

Chapter 4
ii) the partition =aoa~"' ofX corresponding toa .
From proposition:4.1,4, we can say that =a °a~' is an equivalence relation.
Lemma:4.2.5

Let a,/? G T{X) and there exists// in 7'(A")such that rjoa =P ifand only if

Xp e Xa .Then a and P are oC-equivalent, \.ga P ifand only if Xa = Xp .

The proof can be found in [ 10], |
Lemma: 4.2.6
Let a,P e T{X) and there exists rj in T{X) such that =P ifand only if

Then a3i P Xiand only if;r® =np .

The proof can be found in [10], [ ]
Lemma:4.2.7

Let  be a partition of X and let 7e X such that \X In -\Y \. Then there exists a
in T{X) such that n and Xa =mY .

The proof can be found in [10] ]
Lemma:4.2.8 [10]

Let a,P &T{x ). Then a and P are ©-equivalent if and only if they have the same
rank.

Proof

Suppose that a and P are ©-equivalent, i.e. aT)P . We need to show that a and
P have the same rank. If aT) p ,then a £.y and y 31P for some y g T{X). From

lemma:4.2.5, we have a f-y impliesthat a and y are Ji- equivalent and they have
the same range. That is, Xa = Xy Xa \~\Xy\.
This implies that a and / have the same rank.

By lemma:4.2.6, y and P have the same partition, i.e. n

This implies that \Xy\ =\XP\.
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Thus we obtain that y [5 have the same rank.

Conversely, assume that a and /? have the same rank.
Then 1A'a|=|A7?|=| V |.

/NP
There exists/ g T[x ) such that Xa = Xy and n, =n*,
Therefore, from lemma:4.2.5 and 4.2.6, we have a£y andy 31p
=> ai-£o 3i)p
> aDp

Thus we obtain that a and p are O-equivalent.

Hence the lemma is proved. [ ]

Theorem:4.2.9

Let T{x ) be the transformation semigroups on a set X. Then

Chapter 4

(i) There is a one-to-one correspondence between the set of all principal ideals of

T{x ) and the set of all cardinal numbers r< X such that the principal ideal

corresponding to r consists of all elements of T{X) ofrank <r .

ii) There is a one-to-one correspondence between the set of all D-classes ofZ’(A") and

the set of all cardinal numbers r < X\ such that the 2)-class corresponding to r

consists of all elements of T{x ) ofrank .

ill) Let r be a cardinal number <\X\. Then there is a one-to-one correspondence

between the set of all cf-classes in 2),. and the set of all subsets Y o* X of cardinal

numbers r such that the of-class corresponding toF consists of all elements of T{X)

having range Y .

(iv) Let r be a cardinal number<|A'[. Then there is a one-to-one correspondence

between the set of all <9>-classes in D,. and the set of all partitions/T of X for which

64



Dhaka University Institutional Repository

Chapter 4

YK =/e such that c7{-class corresponding to/r consists of all elements of T{x)

having partitions

(v) Let r be a cardinal number<|A'l. Then there is a one-to-one correspondence

between the set of all -classes inD™ and the set of all pairs (;r,r), where ;r is a
partition of X and Fisa subset of X such that Yn y =r,such that the ~-class

corresponding to(;r,y’) consists of all elements of T{x ) having partition ;r and range

The proof can be found in [10], ]
Theorem:4.2.10

Let Fbe a subset of the set A'and let  be a partition of X such that |K

Let H be the *-class determined by the pair (;r,?’). Then

i) H contains an idempotent if and only if Y meets each equivalence class of X mod
n in exactly one element.

ii) 1f H contains an idempotent, then H induces and is isomorphic with the symmetric
group G(F) on Y.

The proof can be found in [10], ]

Applying the above results, we can fmd out all D-classes of T{X). Then we prove

the following theorem:

Theorem.4.2.11

Let A'={1,2,3} be a set and let T(A) = {a:X X } be the set all
transformations on X . Then there exist three ©-classes in T{X) .

Proof:

By the following way, we can fmd out all ©-classes:
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Part:l

Assume that ( 7°(A"),o0) is a semigroup. Here, |Y[=3 and |7'(X)[ = 27 .
Since 7(V)e 5 (x), so every element of T{x ) is a relation.

So, for every a, e T{X), /=1,2,3,......... , 27, we have:

Let a, =((I,1),(2,),(3,)}and a,' = {(1),(1,2),(1,3) }:

We see that the range of a*is Xa” = {1} and the rank of a, is 1

Then we have a, oa,'” = {(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3)}.
By the definition of equivalence class on A', we have p, ={I1,2,3}, p_={l1,2,3}
and pj ={1,2,3 }are three equivalence classes on X .

Thus we obtain that the partition is ={{1,2,3 }} and so =1

Let = {(1,1),(2,1),(3,2)} and a, ' = {(1,1),(1,2),(2,3)}

The range of a, is A'a, = {1,2 } and the rank of a, is 2.

Then we have a, ° = {(L1), (1,2), (2.1), (2,2), (3.3) }
So the equivalence classes are p, = {I,2 }, p, = (1,2 }and Pj= (3 ¥
Thus we obtain that = {{3}, (1,2)} is a partition of X corresponding to a, and

Let = {(U),(2,1),(3,3)}. Then «3-" = {(I,1),(1,2),(3,3)}.

The range of a, is Xa, = (I, 3} and the rank of a, is 2.

Then we have a. o = {1, (1,2), (2,1), (2,2), (3,3) }

So the equivalence classes are p* = {1,2 } p, ={1,2 }and pj = {3 }

Thus we obtain that ={{3}, {lI,2}} is a partition of X corresponding to a, and
K =2.

Let a, = {(1,1),(2,2),(3,)1 and a /' = {(1,1),(2,2),(1,3)}.

The range of is Xa = {1,2 } and the rank of is 2.

Then we have a_"oa”" = {(l,1),(l,3), (2,2), (3,1), (3,3) }

66



Dhaka University Institutional Repository

Chapter 4
So the equivalence classes are p, ={ 1,3 },/?,= {2 }and =(1,3 %
Thus we obtain that ={{2 }{1,3}} is a partition of X corresponding to and
Nu, =2
Let a, = {(VU),(2,2),(3,2)}. Then = {(I,1),(2,2),(2,3)},
The range of a, is Xa® = {1,2 } and the rank of a, is 2,
Then we have a, o«™* = {(1,1),(2,2),(2,3), (3,2), (3,3)}.
So the equivalence classes are p, = {i } p, ={2,3 }and p, = {2,3 },
Thus we obtain that - {{1}.{2,3}} is a partition of X corresponding to and
n. = 2.
Let ={(1,1),(2,2),(3,3)}. Then a, ' = {(1,1),(2,2),(3,3)}.
The range of is = {1,2,3 }and the rank of is 3.
Then we have 0 = {(ij), (2,2), (3,3)}
So the equivalence classes are p, = {1}, p, ={2 }and p, = {3}
Thus we obtain that = {{I}, £} 3} is a partition of X corresponding to and

Let a, = {(11),(2,3),(3,1)}. Then a/" = {(1,1),(3,2),(1,3)}

The range of aj is Xa”* = {l,3 }and the rank of is 2.

Then we have a, o« /' = {(1,1),(1,3),(2,2),(3,1),(3,3)}.

So the equivalence classes are p, ={1,3 }, p, = {2 }and Pj = {I,3 }.

Thus we obtain that ;r* = {{},{1,3}} is a partition of X corresponding to
= 2.

Let a. = {(U).(2.3),(3,2)), Then a/* = {(1.1).(3,2),(2,3)).

The range of is Xa® ={1,2,3 }and the rank of is 3.

Then we have = {(1,1),(2,2),(3,3)}
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So the equivalence classes are /?, ={l }, p, = {2 }and ={3%}
Thus we obtain that = {1}, £ } {3}} is a partition of X corresponding to and
n. =3
Let a, ={(U),(2,3),(3,3)}. Then a/" = {(1,1),(3,2),(3,3)}
The range of is Xa® = {1,3 }and the rank of s 2
Then we have = {(i,i),(2,2),(2,3),(3,2),(3,3)}.
So the equivalence classes are p, = {l }, p. = {2,3 }and
Thus we obtain that = {{I1},{2,3 }} is a partition of » corresponding to and
K. = 2.
Lei a,. ={(1,2),(2,1),(3,N}. Then a .- = {(2,1).(1,2),(1,3))
The range of a,,, is Xa**, ={ 1,2 } and the rank of is 2.
Then we have a,o°aio"" = {(1,1),(2,2),(2,3),(3,2),(3,3)}.
So the equivalence classes are p, = {1} p, ={2,3 }and p, = {2,3 }
Thus we obtain that = {{i}.{2,3 }} is a partition of X corresponding to a,oand
m =2,
Let a,, = {(1,2),(2,1),(3,2)}. Then «,/' = {(2,1),(1,2),(2,3)}.
The range of a,, is A'a,, = {I,2 } and the rank of a** is 2.
Then we have = {(1.0,(u),(2,2),(3.1).(3.3)}.
So the equivalence classes are p, = {I,3 }, p, ={2 }and Pj = {I, 3}
Thus we obtain that ={ {2 }{i,3 }} is a partition of X corresponding toa,, and
n o =2.
Let ={(1,2),(2,1),(3,3)}. Then = {(2,1),(1,2),(3,3) }

The range of a,, is Xa*. = {l1,2,3 }and the rank of cr,, is 3.
Then we have = {0, (2,2), (3,3) }

So the equivalence classesare p, ={L } p, = {2 }and P3= {3}
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Thus we obtain that ={{l } (2 },{3 }} is a partition of A' correspondingtoa,.
and
Let a,, = {(1,2),(2.2),(3.1)) Then "= {(2,1),(2,2),(1,3)1
The range of a,, is Xa®. ={ 1,2 } and the rank of a,3 is 2
Then we have a,3°a,3" = {0°'IM>"2),(2,1),(2,2),(3,3)}.
So the equivalence classes are p* = |l ,2 }, ={l,2 }and p. = {3}
Thus v/e obtain that = {{3}, {I,2 }} is a partition of X corresponding toa,, and
= 2.
Let ={(12),(2,2),(3,2)}. Then a,/' = {(2,1),(2,2),(2,3)}
The range of a™ is = (2 } and the rank of is 1
Then we have a,, ° = {(L1), (i,2), (1,3), (2,1), (2,2), (2,3), (3.1), (3,2), (3,3)}

So, the equivalence classes are p* = {1,2,3 } p, ={1,2,3} and p, =(1,2,3 }

Thus v*e obtain that = ({1,2,3}}isa partition of X corresponding toa, and

Let a3 ={(1,2),(2,2),(3,3)}. Then a,, ' = {(2,1),(2,2),(3,3)}

The range of is A'a,, = (2,3 }and the rank of a,, is2

Then we have a,3°a,.r* = {(I,1),(1,2),(2,1),(2,2),(3,3)}.
So the equivalence classes are p, = {1,2 }, p, = {1,2 }and p, = {3}

Thus we obtain that ={{3}{l,2 }}is a partition of X corresponding toa,,

and

Lei a,, ={(L2),(2,3),(3,0). Then a,."" = {(2,1),(3,2),(L3))

The range of ccs is ={1,2,3 }and the rank of a 5 is L
Then we have = {(1,1),(2,2),(3,3)}.
So, the equivalence classes are =) yYQ=(2%}and p, ={3 %
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Thus we obtain that ={(1}, (2 },{3}}isa partition of A" corresponding to
and =3.
Let a,, = {(1.2),(2,3),(3.2)) Then «, "= {(2,1),(3,2),(2.3))
The range of a,7 is Xa™i = {2,3 }and the rank of is 2.
Then we have = {(1,1),(1,3),(2,2),(3,1),(3,3)}
So the equivalence classes are p, ={1,3 } /?, = {2}and p. = {13 }
Thus we obtain that ={{2 }{1,3}} is a partition of X corresponding to a
and -2,
Let a,. ={(12),(2.3),(3,3)), Then a,.-” = {(2,1),(3,2),(3,3)).
The range of a,s is = {2,3 }and the rank of a,, is 2
Then we have o "= {(i,i),(2,2),(2,3),(3,2),(3,3)}.
So the equivalence classes are /?, = {1}, p, ={2,3 }and p, ={2,3 }
Thus we obtain that = {{i}, {2,3}} is a partition of X corresponding toa
and = 2.
Let = {(1,3),(2,1),(3,1)}. Then "= {(3,),(1,2),(,3)}
The range of is Xa™ = {I,3 }and the rank of a,g is 2.
Then we have = {0, (2,2), (2,3),(3,2),(3,3)}.
So the equivalence classesare p, = {1} p, ={2,3 }and /*3={2,3}.
Thus we obtain that = {{I}, {2,3}}isa partition of X corresponding toa.

and - 2.

Let ={(U),(2,1),(3,2)}. Then «3;;' = {(3,1),(1,2),(2,3)}

The range of is Xa.j, ={1,2,3 } and the rank of is 3.

Then we have = {(1,D,(2,2),(3,3)}

So the equivalence classes are p, ={l }, p, = {2 }and P3={3 ..
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Thus we obtain that = {{I}, {2 },(3}}isa partition of X corresponding toa,,,
and =
Let = }(1,3),(2.0.(3,3)). Then a,;" = {(3,1).(1,2),(3,3)}
The range of a,, is A'a,, = {1, 3 }and the rank of a,, is 2
Then we have a., oa., ' = {(I,1),(1,3),(2,2),(3,),(3,3)}
So the equivalence classes are p, ={I,3 }, p. ={2 }and p, = (2,3 }
Thus we obtain that ={{2 },{1,3 }} is a partition of X corresponding to cr,,
and ng\ = 2,
Let a,. = {(13),(2,2),(3,1)}. Then = {(3,1),(2,2),(1,3)}.
The range of or,, is Xa,, ={1,2,3 }and the rank of a,, is 3.
Then we have '=(0.07(2>2),(3,3)}
So the equivalence classes are p, = (1} p, ={2%}and p, = {3}
Thus we obtain that = {2 },{3}jisa partition of X corresponding to or..
and 1"
Let Of, ={(1.3).(2,2),(3,2)). Then = {(3.1).(2,2),{2,3)}
The range of cr,, is Xa-, . = {2,3 } and the rank of a,, is 2
Then we have (2,2),(2,3),(3,2), (3,3)}.
So the equivalence classes are p, = (1} p, ={2,3 }and P3=(2,3 }
Thus we obtain that = {{D), {2,3}} is a partition of X corresponding to a,,
and - 2.
Let a,, ={(1,3),(2,2),(3,3)}.Then a,/’ = {(3,1),(2,2),(3,3)}.
The range of is Xa.j* = {2,3 } and the rank of is 2.
Then we have a,, oa,/' = {(1,1),(1,3),(2,2),(3,1),(3,3)}
So the equivalence classes are p, = {1,3} p, ={2}and p, = {13 }
Thus we obtain that = {{2 }{I,3}} is a partition of A' corresponding toa,j
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and n. =2
Let = {(1,3),(2,3),(3,D}. Then a,, "= {(3,1),(3,2),(1,3)}
The range of a,, is Xa* * = {I,3 }and the rank of a,, is 2
Then we have a,, oa,."" = {(1,1),(1,2),(2,1),(2,2),(3,3)}
So, the equivalence classes are p, = {1,2 }, /7, ={1,2 }and Pj = {3}
Thus we obtain that ={ (@3 }{i,2 }}is a partition of X corresponding toa.,
and = 2.
Let a,. ={(1,3),(2,3),(3,2)) Then o,, ' ={(3,1),(3,2),(2,3))
The range of is = {2,3 ) and the rank of a-" is 2.
Then we have = {(1,1),(1,2),(2,1),(2,2),(3,3)}.

So, the equivalence classes are p, ={l,2 }, p, ={1,2 }and P3= {3}

Thus we obtain that /r* = {{3 },{1,2 } } is a partition of X corresponding to a

and = 2.

Let ={(13),(2,3),(3,3)}. Then = {(3,1),(3,2),(3,3)}

The range of is = {3 } and the rank of a,-, is 1

Then we have 0 (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3) }

So, the equivalence classes are p, = {1,2,3 } p" ={1,2,3 } and ={1,2,3 }
Thus we obtain that = {{l1,2,3}}isa partition of X corresponding to o and
Al=1m

From the above calculations we have the following cases:

Casel:

a,,a,sand are ©-equivalent having the same partition {{l,2,3 }} and the same

rank 1
Case2:

Cf, ,a9,a,0 ,«i8 ,«i9 and a., are ©-equivalent having the same partition
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{{1}{2.,3 }} and the same rank 2.
Case3:
a7 and are O-equivalent having
{{2 } {1,3 }} and the same rank 2.
Case4:
a3,as,or3s,a,j and are 2)-equivalent having
{{3 }{l, 2 }} and the same rank 2.
Case5:

«i6 ,a2, and a., are O-equivalent having

{{1} {2 } {3 }} and the same rank 3

Part-2:

Chapter 4

the same partition

the same partition

the same partition

Since T{x ) contains an identity transformation. So, (7'(.Y),°) is a semigroup with

identity transformation.

We will construct all <£-classes of T{X) :

Since a, = {(I,1),(2,D),(3,1)}, so we have

(cr,=j{X)oa” ={a, °a, °a, ,073 ) errerreeeeene a.j

Now, we have

} and

a, 0a, = {11),(2.1).(3.N1<.{11),(2,1),(3,1)1= {(U).(2,0,(3,0)= a,

a, oa, ={(L1), (21), (3,2)!= {(1,0. (2.0. (3.0!= {(.O. (2.0. (3,0) = «,

& O = {(1,0(2,0.(3,3))0{(i,1),(2,1),(3.)}={(i.))-(2,1),(3.1))= o,

= {(1.),(2,2).(3,1)°((1.1).(2,1).(3,D)={(1.1),(2.0,(3.0)=a,
atoa = {(1,0(2.2).(3,2)}»{(1,1),(2,),(3,)}={(1,0,(2,0,{3.0)=a,

= {(11),(2,2) (3,3)). {(1,0,(2,0 (3,0) = {(1.0 (2,0 (3,01=

-, = {(1,0(2,3).(3,0)“{(U)(2,1)(3,0)={(1,0.(2,),(3,) =2,

373 = {(11),(2,3) (3,2)). {(1.D) (2.0 (3,1))= {(1,0 (2,0, (3, 1)}= «,
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1(M). (2.3), (3.3)3- {(L)), 1), B.1)1= {(1.l) 1), ( =0

a,,, Off, = {(1,2),(2,1),(3.))0 {(L1),(2.1),3.D)i= {(1LD,@.D.( =

c,, Off = ((1.2).(2,1),(3,2))o{(1,1),(2,1),(3,N}= {(1L.D.(2.).C =«

-a, = {(1,2),2.1),3.3)»{(1LD).2.D.3.))=j1D).2 . =«
ff...a, ={(1,2),(2,2).(3,N)o{(1.1)(2,1),(3,))={(1.1).(2.1).( =

«4 = ((1.2),(2,2),(3,2)|0)(u),(2.1).(3,) (= [(1.1),(2,1).(

a,5°a, = {(1,2)(2,2H3.3))o{(L.1),2.1>(3.)}= {A.0;@1)i (  =a,

={(1,2),(2,3),(3,1))"{(1,1),(2,1),(3,0!= {(1,1),(2,1).(3

r = {(12)(2.3),(3,2)1{(1,1),(2,1>(3.1))= {UM21).( = ¢
={(12.(2,3) B3)}o {11, (21). 3,0) = {(L), 21> ( = i
={(1.3)2.1),@3.Dlo{(1,1),(2,).(.3.))= {11). 21) B =«

ay, 0@, = {(1.3) (2.1) (3,2)jo {(1.1), (2,1), B,1))= {(1.1). (21). B =«

a., “a, ={(1,3),(2,1),(3,3)){(LD.(2,1).B.)={(1), D3 =«

~2 o ={(1,3),(2,2),(3,1)){(1,1),(2,)(3,1))= }1.D) (21), B =,

oa. ={(1,3),(2,2),(3,2))o{(1LN(2.NEB.D)= {(1LD2.1.3 =
e, = {(1,3),(2,2),(3,3))o{(1,D).(2,D),(8.0)= {(L,(2.),38 =«

a., *a. ={(1,3),(2,3)(3,2))o {(LDZNIE.N)= {1 NH(2.DHB =a,

odf, = {(1,3)(2,3)(3,2)).{(1.)(2,1);3.N)= {(1L,D,(2.NE@ =4,

a.j oa, = {(1,3),(2,3)(3,3)) {(1.N(2,1)(3,1)}= {(1L.N.(2.H(B.1  a,
Therefore we have (ff)* = T{x)oa" = {«, ),( from the above computation).
This implies that a, is <€-equivalent.

We know that
L{a) = Set of all elements of T{X) which are .-equivalent to a {a e T{x )).

Hence we conclude that

L{a) ={a, } i D).
Since a. ={(I,1), (2,1), (3,2)}, so we have
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(aj, =T{X)oa. =ja, oa,,cf, °a.,,a, 04;,,.ccceercrrurruus ,, a,, oa, .

Now, we have
a, ={(1.1).(2,1),(3.1))»{(1.1).(2.1).(3.2))= {(1.1).(2.1),(3,1))=a,
o, .a, ={(1LNH.(2,N.(3,2)}.{(1.1).(2,1).(3,2)j= {(1.D),(2.1).(3.N}= a,
{®iM2,i).(3.3)}7{(i,1).(2,1).(3,2)}= {(i.1).(2.1).(3,2)}= ff,
1(1.1).(2,2).(3,1))0j(u).(2,1),(3,2))={(1.1).(2.1),(3.1)) =0,

a, oOf, = {(1,1),(2,2),(3,2)).{(U),(2.1),(3,2)!= {(1,1).(2,1),(3,.)}= o,

[<3]
|

= 1(1,1).(2,2),(3.3)M(1,1).(2.1>(3.2)}= {(1,i),(2,1).(3,2)} = O;

{(1,1),(2,3),(3.1)). {(1,1),(2,1).(3,2)}= {(1.1).(2,2).(3,1))=a,

a, <mq, = j(UK2,3),(3,2)10 {(1,1).(2,1),(3,2))= {(1,1),(2.2).(3.1))= a,
{(1.1).(2,3).(3,3)}o {(1.1).(2.1).(3,2)}= {(1.1),(2,2),(3.,2)} = a,

a, = 1(1.2),(2,i),(3,1))0{(1,0,(2,|H3,2)}= {(,iM2,iM3,])}= a,
«,, “«r={(12),(2,1),(3,.2)}o {(1.1). (2,1), (3,2)} = {(1.1), (2.1), (38,1)) = cr,
«=»«l ={(1,2),(2,1).(3,3)}.{(1.1).(2,1).(3,2)}= {(1,1),(2,0,(3,2)}= a_
= {(1.2).(2,2),(3,)}o{(1.1).(2.,1).(3,2))= {(1.1).(2.1)(3.1)}= a,

= {(1.2),(2,2),(3,2)}o{(1.1),(2.1),(3,2))= {(u).(2.1).(3.1)}= «,

>a_ = {(1,2)i(2,2),(3,3)}={(1.1).(2,1).(3,2)}= {(1.).(2,1).(3,2)}= a,
“a. = {(1,2),(2,3), (3.1))o {(L.1), (2,1), (3,2)}= {(L.1), (2,2), (3.1))= a,
a.-a. = {(1,2),(2,3),(3,2))0{(1,1),(2,1),(3,2))= {(1.1),(2,2>(3,1)}= a,
= {(1,2),(2,3),(3.3)»{(1,),(2.)i (3,2)}= {(1.1),(2,2),(3,2)}= a,
oo; = {(1,3).(2,1),(3,N}o{(1,1),(2,1),(3,2)}= {(1.2).(2,1),(3,)}= a in
20 "0j = {(1,3K 2.1),(3,2)}"{(1,D(2,1)(3,2))= {(1,2),(2,1),(3,N}= a
a=, “a: = ((1,3),(2,1).(3.3)}>{(1,1).(2,1).(3,2)}={(1.2),(2,1).(3,2) }=a,,
a=: ° = {(U) (2,2) 1= {(1.D.(2.1), (3.2)} = {(1,2), (2,1), (3,1)}= a,,,
0;, = {(1,3)(2,2),(3,2)}o{(1,1),(2.1)(3,2)}= {(1,2)(2,1);(3.,1)}=a,,

“ = = {(1,3).(2,2),(3,3)}o{(1.1).(2.1).(3,2)}= {(1.2).(2,1),(3,2)}= a,
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a.oa ={(u), (2,3),(3,2)). ((LN(2,1),(3,2)!= {(1.2)(2,2),(3.N}= a,,
"0, ={(1,3).(2,3).(3,2)}. i0.1),(2.1),(3,2)1= {(1.2)(2,2).(3.))= a,,
Q: "0, = {(1,3)(2,3)(3,3)}.{(1.1)(2.D.(3.,2)}= {(1.2);(2,2);(3,2))=
Therefore we have (a,),, ={ai ,a, N4 ;| ,04 i
We see that and a ,3 are associates with a,, so we can easily say that
4y, y. (M0 -~ (Mly. ~ « {<M 702, ,Ofi, ,0Tj3 ,a" "}
This implies that a, ,«4, a , , a n d a,3 are <E-equivalent.
Therefore, we get L{a,)= {a2,a_*,a"a",,,a*,a"}.
Hence we conclude that
L{a,)=L(aJ =L(a,) = )=1.(«,,) =1.(«,, )={«,, a,,<,,,, a1 .(2)
Again, since a, ={(,1), (2,1), (3,3)}, so we have
={«! OB e, <7 °«3}

Now, we get

a, 0@ = {(1,D.(2.),(3,DFo{(u)(2.D).(3,3)}= {(.D.(2.D.(3.D}= «,
a, 0«3 = {(u),(2,),(3,2)Fo{(1,D),(2,).(3,3)}= ((1,D,(2.D,(3.N}= a.
«Bo0«@ = {11, (2,1), (38,3)}0 {LD), (2,1, (3,3)}= {11, 2,1), (3,3)}= "3

This implies that a. is an idempotent element of T(x).

a-a, ={0,1)(2,2)(3.1)).{(1,1)(2,1).,(3,3)}= ((1,1)(2,1.,(3.1))= o,
«, = {(1,1)(2,2)(3,2)}. {(1,0,(2,1)(3,3)}= {(1.1)(2,0,(3,)}= a,

= {(1,1).(2,2)(3,3)).{(1,1).(2,1)(3,3))= {(1.N(2.1.(3.3)}= o,
a,0«,={(U)(2.3)(3,D}.{(:.N(2.1H(3,3)}={(1,1).(2,3)(3,N}=a,
a. ={(1,D)(2,3);(3,2)).{(1.1)(2,Di(3,3)}= {(1.1)(2,3)(3.,1))= cr,

= {(1,1)(2.3)(3,3)}.{(1.1)(2,1)(3,3))= {(1.1)(2,3>(3.3)}= ct,
a,. ={(1.2),(2,1),(3,1)}.{(1,1)(2,0,(3,3)}= {(1.1)(2.1).(3.)}= a,
a. = ((>.2).(2,D1(3,2)).{(1.N.(2,0.(3,3)j= {(1.NH(2,1.(3.N}= a,

= {(1,2)(2.1)(3,3)).{(uH2,1)(3,3)}= {(1.1)(2,1)(3,2)}= o,

76



Dhaka University Institutional Repository Chapter 4

0, oa, = {(1,2),(2,2),(3.)}« ((I,;(2.0.(3.3)!= {(1,1),(2.1)(3.1)!= «,
oa, = {(i,2),(2,2U3,2)1°{(uU2.1).(3,3)!= {(1,iM2.0,(3.0!= a,
a, oa, = 1(].2),(2,2M3,3))"1(1.1).(2.1).(3.3)1= {(1,1),(2.1).(3,3))= a,
oa, = {(1.2), (2.3), (3.1)}. {(L), (2.1), (3,3)! = {(L.). (2,3) (3,1)} = a,
a, .a, = {(1,2)i(2,3);(3,2)t0 ((I.1),(2.1),(3,3)}= {(1.1),(2.3),(3.1)! = a,
oo, = {(1.2),(2,3),(3.3)[o{(I,1)i(2,1).(3.3))= {(I1.1), (2,3).(3,3)}= a,
a. = {(U)(2,1)(3,0)»{(1,0.(2,1)(3,3))= {(u)(2.1)(3,1)}= a.
«,, 0a, = {(1.3) (2.1) (3,2)1= {(1.1) (2.1) (3.3)) = {(1.3)(2.1) (3.1))=
a., = {(1,3)(2,1)(3,3))o {(1.1)(2.1)(3,3)}= {(1,3)(2.1)(3.3))= a,,
={(1,3)(2.2)(3.H}={(1.1)(2,1)(3,3)}={(1.3)(2.1)(3.1))=a,,
= {(U)(2,2)(3.2)to{(1,1)(2,1)(3,3))= {(1,3)(2.1)(3.1)}= a,
= {(U)(2,2)(3.3)»{(1.1)(2.1)(3.3)}= {(U)(2.1)(3.3))= a,,
= {(1,3)(2.3)(3,2))o{(1.1)(2,1)(3.3)}= {(1,3)(2,3)(3,2)}=a,,
= {(1,3)(2.3)(3.2))o{(1.1)(2.1)(3,3))= {(U)(2,3)(3.2)}= a,,
= {(U)(2,3)(3,3)}o{(1.){2,1)(3.3)}= {(1.3)(2.3)(3,3)}=

Thus we obtain that

Since and a., are associates with a ., so we can easily say that
(«7 ), = fa,\ = (a,5). = («2.)1 = («:5 )1 = {«!. «3 .«7 .«9 "«l19 ,«21 >«25 "«27 }
This implies that a, and a,, are X-equivalent.

Therefore, we get 1 (0:3)=
Hence we conclude that

L{a,)= L{a,)= L{a,)= L{a")) =L{a,,)" L{a,,) = {3,a , (3
Since a, = {(l), (2,2)>(3,3)j is an identity element of T{X), so we get

@)™ =T{X)oa" ={a, [ AT ,a,,

and for a, = {(1,1),(2,3),(3,2)), we have
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={a, B> a7 °«s}

Now, we get

«

c«, = {(UH2.0H3.) I {(1.1).(i3M 3.2)}= {(1,1),(2,1),(3,))= a,

a»«.={(I,IM2,1).(3.2).{(1,1),(2.3),(3,2)={(1,1)(2,1)(3,1))=a,

a, »o, = {(1.1).(2.1).(3,3)) o|(i,1),(2,3M 3,2))= {(],1).(2,1)(3,2)J= a,
a, oa, = {(1,1),(2,2U3.i)).{(1.1).(2.3M 3,2)}= {(1,1),(2,3M 3 1)1=a,
a, ={(l.IM2.2),(3.2)'o {(1.1),(2.3).(3,2))= {(1.IM2,3),(3,3)}= a,
= {(1,N(2,2),(3,3)!={(i,1)(2,3),(3,2))= {(1,1).(2,3);(3.2)!= «.
0,00, ={(1,i),(2.3).(3,))}o!(].1)i(2,3).(3,2)}= {(1.]).(2,2),(3,1)}=0,
o, "0, = {(1,1)(2,3),(3,2))o{(l.N(2.3)(3.2))= {(i,1)(2,2),(3,3)I=c.
a, oa, = {(L1), (2,3) (3,3)}. {(1.1) (2,3) (3,2)) = {(1.1) (2,2) (3,2)) = a,
a, = {(1,2)(2,1)(3,1)).{(1.1).,(2,3)(3,2))= {(1,3)(2,1)(3,1))=a,
01 °cr, = {(1,2), (2,1) (3,2))o {(I,1) (2,3) (3,2))= {(1,3)(2,1) (3,3)) = a,,
= {(1,2)(2,1);(3,3)}.{(1,1)(2,3)(3,2))= {(1.3X2,1)(3,2))=
a,, 00. = {(1,2)(2,2)(3,1))o ((1,1)(2,3)(3,2))= {(1,3)(2,3)(3,1))=
-0, ={(1,2) (2,2) (3,2))= {(1,1) (2,3) (3.2)) = {(1,3) (2,3) (8,3)) =
o,, »a. = {(1,2) (2,2) (3,3))o {(I1) (2,3) (3,2)) = {(1,3) (2,3) (3,2))= a,.
0, »a, = {(1,2)(2,3) (3.1))» {(I.1) (2,3) (3,2)) = {(1,3)(2,2)(3,1)) = a,,
-a.o= {(1,2)(2,3)(3,2))0{(1,1)(2,3)(3,2))= {(1.3)(2,2)(3,3))= a,,
a, .a. ={(1,2)(2,3) (3,3)). {(I.h (2,3) (3,2))= {(1,3) (2,2) (3,2))=
0.0~ ={(1.3)(2,1)(3.,1)).{(1.,1)(2,3)(3,2))={(1,2)(2,1)(3,1))=a,,
= {(1,3)(2,1),(3,2)) .{(1,1)(2,3).(3,2))= {(1,2)(2,1)(3,3))= a,,
a,, = {(1,3)(2,1)(3,3)).{(1.1)(2,3)(3,2))= {(1.2)(2,1)(3,2))=
O: “«, = {(U) (2,2) (3,0). {(L.1) (2.3) (3.2)) = {(1.2) (2.3) (3.1)) =

= {(1.3)(2,2)(3,2))o{(1,1)(2,3)(3,2)}= {(1,2) (2.3) (8.3))=

= {(1,3) (2,2) (3,3)). {(1.1) (2.,3) (3,2))= {(1.2) (2.3). (3,2))= a,,
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= 1(U).(2.3).(3.2))0 1(1,iU2,3).(3,2))= {(i-2)(2,2),(3.])!= a,,
«> = ((1.3),(2,3).(3,2)). {(1,1).(2,3).(3,2)}= {(1.2)(2.2).(3.3))= a,,
= {(1,3)(2,3).(3,3)J0{(1.).(2,3).(3,2)}= ((1.2);(2,2).(3,2))=
Thus we obtain that = {eC,a.,43, e a,j]= T{x ).
We observe that and are permutation groups, so every
principal left ideal of these elements gives T{x ).
Thus we obtain that =T{x ).
This implies that and are <£-equivalent.
Therefore, we get L{a")=
Hence we conclude that
lAa™)=1.(a,)= L(a,") =L(a,,,)=1.(a,,) = ) (4)
For = {(1.2). (2,2), (3,2)), we have
(a,4)1 = T{x)oan, = {a, 0a,,,0F, e, ,a,,

={a,4}, by (1) anda ,4 is a constant transformation.
This implies that is M-equivalent.

Hence we conclude that

[(«,)= {8, e (5)
Next, for «,, = {(1,2),(2,2U3,3)}, we have

(MOT =M (MN)°«ib = («i 0 08,5,C13 %8, , cerereeerieerieeseeeiane oanJ,
Now, we get

a, .c.., = {(1.0,(2.1) (8,1)). {(1,2),(2,2),(3,3))= {(i,2)(2.2M 3.2)}=

"O.s = {(1,1)(2,1).(3.2)).{(i,2);(2,2).,(3,3)}= {(i,2).(2,2).(3,2)}=
«3 = {(1.1):(2,1).(3.3)10 {(12), (2,2), (3,3))= {(12).(2.2).(3.3))= a.,
a, = {(1.N(2,2)(3.,1))0{(1,2),(2,2).(3,3))= {(1.2).(2,2)(8,2))= a ..

= {(1.) (2.2), (3.2))= {(12),(2,2). (3,3))= {(1.2).(2.2),(3.)}=

a. ter, = {(1,1) (2,2) (3.3)). {(1,2) (2,2), (3.3)} = {(12).(2.2) (3.3))= a,,
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a,oa, =((1,1),(2,3),(3.n*'{(1.2).(2,2),(1.3)}= {(1.2).(23),(3.2)) = a,,
={(1,1),{2,3),(3.1))0{(1.2).(2.2),(3,3)!={(1,2).(2,3) .(3,2)) =a,,
={(1.IM 2.3).(3.2)i.{(1.1),(2,2),(3,3))={(1,2),(2,3),(3,2))=a,,
a, = {(1,1), (2.3), (3.3)!. 1(1.2).(2,2).(3,3))= {(1,2),(2,3)(3.3)}= a,,
Oi,, 00, = {(1,2).(2,1),(3.1))o ((1.2)(2,2).(3,3)3= {(1,2).(2,2)(3,2)}=
a = {(1,2),(2,)(3.2)}o {(1.2)(2,2)(3.3)}= {(1.2).(2,2),(3,2))= a .
a., oa., = {(1,2),(2,1).(3,3)}0{(1.2).(2,2),(3,3))= {(1,2).(2,2),(3,3)}=
c,o0a, = {(1,2),(2,2),(3,)}{(1,2)(2.2M 3.3))={(1,2)(2,2)i(3,2))=c,,
«4 -a,, ={(1,2)(2,2),(3,2)}.{(1,2)(2,2),(3,3)1= {(1,2>(2,2)(3,2)1=
a, *a, = {(1,2),(2,2), (3,3)}o {(1,2), (2,2), (3,3)1= {0.2). (2,2) (3.3)1= «,5
This implies that is an idempotent element of T{x ).
«* ««i, = {(1.2)(2.3).(3.01. {(1.2)(2.2)(3,3)1= {(U),(2,3)(3,2)1 =
= {0.2M2,3),(3.2)}.{(1,2),(2,2)(3,3)1= {(1,2),(2,3),(3,2)1=
={12).€3.6)b{l2) € 2),EC A= {12).e 3B IL1=0,
0» ={@3).€ D.GHL1"{1DL 2).CG 3= {13)L2)B2)=
= {(1,3) (2.0 (3,2)1. {(1,2); (2,2) (3,3)1= {(1,3) (2,2), (3,2)1=
" «i5 = {(1.3), (2,0. (3.3)1- {(1.2) (2,2) (3,3)1 = {(1.3) (2,2) (3,3)1=
70,5 = {(1,3).(2,2).(3,1)1.{(1.2)(2,2),(3,3)1= {(1,3)(2,2),(3,2)1=
ca,, = {(1,3)(2.2).{3.2){. {(1,2), (2,2), (3,3)1 = {(1.3) (2.2). (3.2)1 =
= {(1.3).(2,2), (3,3)1. {(1,2), (2,2) (3.3)1= {0.3) (2.2> (3,3)1=
»«, ={(1,3)(2,3) (3,2)1. {(1,2) (2,2). (3.3)1= {(U).(2.3) (3,2)1=
ca,, = {(1,3) (2,3), (3,2)1. {(1.2). (2.2). (3,3)1 = {0,3), (2,3), (3,2)1 =
a,, . = {(1,3). (2,3) (3,3)}. {(1,2) (2,2) (3,3)1 = (0.3). (2,3) (3.3)1 = .
Thus we dotain tret: (,,)" = {al4,alj-al7-al3.a,5.G,3-a,.9,a,.1,
Since a,7,a,9,Gr,3,a," and are associates with a”s, so we can easily say that
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(2,?), =(«Ks), =(«:_,), =(«:4)/, ={("2X =

This implies that a\* and are X-equivalent.

Therefore we have /.(a,,)={»,,«,7,a,s,a;3,a,",axy}=,*-class containing a,,.

Hence we conclude that

)=/.(a,7)=/.(a,J =L{a,,)=L{a,,)=1.{a,,)={a,,a,,,«33,a,,, }...(6)
For, = {(1,3), (2 ,3), (3,3)}, we have
= K w27 > «2 w27 M« 3 P 2T 3 . D K 27 «?27 }

Since or,7 is a constant transformation, so from the similar argument of (1) we get

~ 107}
This implies that is an " ’-equivalent.
Therefore we have
N(n27) = {27} N -"-class containing at-, ... ().

Now, we will construct all .~-classes of 7'{X):
For «, ={(I,1).(2.1),(3.1)), we have

(« )il = Leocpa, o« 26

Now, we get
a, .a, = {(L1),2.1).(3.HI»{(U).(2.1),(3.)} = 111, (21); BL}=«,
< mxe = {(u),(2,1),3,)}1"{(1.1).(2,2),(3,2)!= {(U),(2,1).(3,1))=a,
af, »«, = {(1,)(2,D.(3,1))»{0.1).(2.1),(3,3)} = {(1,1),(2,1),(3,1)}=«,
a, 7«4 = {(1,1).(2,1),3,1)«{(i,1).2,2),(3.1)) = { 1), (2,1, 3, D}= o,
a, = {(1,iM2.1),(3.1))»{(M),(2.2M3.2)}= {(L.1).(2,1),(3.))|=a,
am-a. = {(11),(2,),3,)»{(1.IH2.2)i(3.3)1= {(L).(2,1).(3.))!=a,
a “«7 ={(i.1),(2,1U3,)" {(1.1),(2,3),(3,)) = {(1.1).(2,1U3,)}=a,
@ -a, =j(u),(2.1U3.)1"{(1.1).(2.3)I(3,2)i ={(U).(2,1)(3,1)|=«

ar,.«,={(UM2,1).{3,)).{(UU2,3M3.3)! = {(1.]) (21), 3, 1)!=a
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a, *«,,, = {(LD).(2,0),(3.0)}= {(1.2),(2,1),(3,1)|= {(1,272,2)(3,2))= a

Q
1

»
»
I

{(1LD).(2,1).(3,0)}-{(i,2).(2,1).(3,3)}= 1(1,2).(2,2).(3,2)}= a ,

a, »a,, = {{U),(2,iM3.1)1»{(1.2M 2.2).(3,1))= {(1,2).(2,2),(3,2)S=0,,

0, 0,4 = {(1.1),(2,1),(3.1)}«10.2).(2.2).(3.2))= {(],2),(2,2),(3,2))= a,
={(1.1).(2.1).(3,D}" 1(1.2).(2,2),(3,3)}={(1,2),(2,2),(3,2)) = a,,
a, = {(1.1),(2,1),(3,N]0{(1,2).(2,3),(3,1))= {(1,2),(2,2),(3,2)}=

={(1.0.(2,1).(3,D)I* {(1,2).(2,3),(3,2)1={(1,2).(2,2),(3,2)} = a ,

a, «a, = {(L1),(2.1), (3.1)!" {(U). (2.3), (3.3)} = ((1.2) (2,2) (3,2)| =

»
1

{(1,0.(2,1).(3. 1))« {(1.3)(2,1) (3. }= {(1.3),(2.3).(3,3)) = a,,

«, = {(1.D).(2,0)3.).{(1,3).(2,0,(3,2))= {(1,3)(2,3)(3,3))= a,,

QD
1

{(U). (2.1). .1} {(1.3).(2.1)(3,3)} = {(1.3) (2,3)(3.3)} = a,,
o, “ = {(1,1).2.1)E.1}" {(1.3).(2,2) (3.1)) = {(1,3),(2,3) (8.3)) =

o. " = {11, (2,1), (3,0)" {(1.3).(2.2) (3.2)} = {(1,3) (2.3) (8.3)) =

©
1

{(1.D).(2.1).(3.N}7 {(1.3)(2.2)(3.3))= [(1,3).(2,3)(8.,3))= a .
a, = {(LN(2.H(3.N}ro {(1.3)(2,3)(3.1))= {(1,3)(2,3)(3.3))= a,,

a, Off,.

{(1.1), (2,1) (3.1)}= {(1,3) (2,3) (3,2))= {(1,3).,(2,3)(3,3))=

ff, "a,,

{(1.N(2.1).(3.1)) .{(1.3)(2,3)(3.3))= [(1,3).(2.3)(3,3)}=
Therefore, we have (a,)" = }

Sincea,™ and a,j are associates with a,, so we can easily say that

This implies that and a,y are <5/l-equivalent.

Thus we obtain that /?(«,)= (or,,or,”,a,7 }="-class containinga, .

Hence we conclude that
R(a,)=R(a,,)= )= {or,,cr,,a,, }oenn. (8)

For a3 ={(u),(2,0),(3,2)}, we get
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o

=a, ° {«: °al,a, 0a,,0r, 0a-..ceeuu. ,a.’a.-,]
Now, we get
={(1.1).(2,1),(3,2))o((1,1),(2,1),(3,D}={(1,1).(2,1).(3,1)] = «,
a,-~a, = {(1.1),(2,1),(3,2))o{(1.1),(2,1),(3,2)}= ((1.1).(2.1),(3.1)} = a,
{(u).(2,1),(3.2))" {(M).(2,0).(3.3)!= {(1,1).(2,1),(3.1))= &,
{(1.1).(2.1).(83.2)1"* (M).(2,2).(3,D}= {(1.1.(2,1),(3,2)}= o.
«,00, ={(u).(2,),(3.2))o{(1,1),(2,2),(3,2))={(1.1),(2,1),(3,2))=a;
a, oa. = {(1,1),(2,1),(3,2)Jo {(1,1),(2,2),(3,3)1 = {(V), (2,1),(3,2)} =
a, = {L,N,(2,1)(3,2)toj(1,1),(2,3),(3,1)1= {(I,1),(2,1),(3,3))=aj
«: "O. = {0.1).(2.1).(3.2))»{(U).(2.3),(3.2)1= {(1,1),(2,1),(3,3)I=a,
«;o«, = {(L0D),(2,0),03,2)1«{(1,1),(2,3)(3,3)}= {(L]), (2,), (8,3)1 =
= {(L,1D,(2.1),(3,2)10{(1,2),(2,1),(3,D)1= ((1,2),(2,2),(3,)1 = 0,,
=((LD,2,1),03,2)10{(1,2),(2,1).(3,2)I={(1,2),(2,2),(3,1)I=a,

o} = {(1,1),(2,1),(3,2)10{(1,2),(2,1),(3,3)1= {(1,2),(2,2),(3,)1=0,]
a,-a,, = ((1,1)(2,1).(3,2)}.{(1,2),(2,2),(3,1)1= {(1,2).(2,2).(3,2)1= a,
a, = {(LN.(2.1).(3.2)}. }(1,2),(2,2),(3,2)1= {(1.2).(2,2),(3,2)} = a ,

a,_oa,, ={(11),(21),(3,2)1={(1,2), (2,2),(3,3)1= {(1,2),(2,2),(3,2)1 = o,,

oa,. = {(1,1),(2,1)(3,2)1.{(1,2),(2,3),(3,1)I= {(1,2),(2,2)(3,3)1= 0.,

{(U).(2.1).(3.2)1»{(1,2),(2,3),(3,2)I= {(1,2),(2,2),(3,3)}=

«=

a, = {(1L1),(2,1),(3,2)1= {(1,2),(2,3).(3,3)I= {(1,2),(2,2)(3.,3)I=a,,
={(1.1).(2.1).(3.2)M (1.3),(2,1),(3,1)1={(1,3),(2,3),(3,1)| = a,,
= {(1.1).(2.1).(3.2) I« {(1,3),(2,1),(3,2)1= {(1,3),(2,3),(3,01 =

c, " = {11, (1), (3,2)1» {(13), (2,1), (3,3)1 = {(1.3), (2,3), 3, 1)1 =

a, = {(1,1),(2,1),(3,2)10{(1,3),(2,2),(3,1)1 = {(1,3K2,3),(3,2)}= 0,

= {(U).(2,1),(3,2)1= {(1,3).(2,2)(3,2)1= {(1,3).(2,3),(3,2)I= a,5

= {(U),(2,1),(3,2)1= {(u),(2,2),(3,3)1 = {(1.3).(2,3),(3.2)1 = a.

83



Dhaka University Institutional Repository

Chapter 4
0; "0;, = {(1.N.(2.),(3:2))o{(i.3).(2,3).(3.1))= {(1.3).(2,3).(3,3)) = a;,
0;“0»=((U),(2.1),(3.2)}0{(1,3).(2,3),(3,2)!=((1.3).(2,3),(3.3))=cr:,
{(1,1),(2.1).(3.2)M(U),(2,3).(3,3)1= {(1,3),(2,3),(3.3)j = a,,
Therefore, we have }
Since the non-constant elements or,,a,3,a,5,0:33 and are associates with a,, so
we can easily say that
(«3)« =(«13)« =(«15)« =(«2.0fi =(«26)fi ={«,, «:, N or26. «27 Jm

This implies that and are <*/?-equivalent.

Thus we obtain that R{a,)={a,,«3,a,, <,5,a.,,a,0}="-class containinga, .
Hence we conclude that
R{a,) =R{a,) =R{a”®)=R{a",)=R{a.)=R{a,,)={«,,"3,a.j, ,a.,, x9)
Next, for a, = {(1,),(2,2),(3,)}, we get
(«dk =«4 °T{x)={a”oa,,a, 0a,,a” 0@, ...ccocerun.. ,a”oa.,].
Now, we get
a,oa, ={(1.1).(2,2),(3,0)}o{(1.h).(2.1).(3.H))={(1.1).(2,1),(3.)} = a,
={(1..(2,2),(3.0}o{(1.1.(2.1).(3,2))=)(11).(2,).(3.1)) = a,
{19.2.2),(30)" {11, (2,1, (3,3))= {(LD. (2.1, (3,0) = a,
a, oa™ = ((1.1).(2,2),(3,1).{(1.N(2.2).(3.1))= {(1.1).(2,2),(3.)}= a.
This implies that is an idempotent element of T{X) .
o, «a, ={(1D (2,2), (3,))o {(1D.,(2,2) (3.2)(= {(1D,(2,2) (3,1} = a,
a.-a.= {(LD.,(2,2)(3.0).{(1.1).(2,2).,(3,3))= {(1..(2,2)(3,)}= a,
0, = ((1,1D).(2,2)(3.0))<.{(1.1),(2,3).(3,))= {(1.1).(2,3).(3,))=a,
a,»a, = {(U),(2,2),(3,N}o{(1,1)i(2,3),(3,2))={(t.1),(2,3).(3,1))=a,
a."a.={(1,1),(2,2),(3,)(o{(I,1).(2,3).,(3,3)}={(1.1.(2,3),(3.)} = a,
a. = {(1.0.(2,2),(3,1))={(i,2).(2,1),(3,1))= {(1,2)(2,1)(3,2)) = a,,

a, = {(1.1),(2,2),(3.1)).{(1,2).(2,0,(3,2))= {(1.2).(2,1).(3,2))= a,,
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a, .o,, ={(11).(2,2).3.))»{(1,2),(2,1).(3,3)}= {(1.2),(2,).(3.2)} = a,,
a.-a,, ={(1LN.(2.2),3.N)«{(1,2),(2.2),(3,)] = {(1,2).,(2,2),(3.2))= a,
= {(U).(2.2),(8.))'0j(1,2).(2.2),(3,2)|= jO,2).(2,2).(3,2))= g,,
«,=«,,= {{11),(2,2), (3,N}o {(1.2), (2,2), (3.3)) = {(1.2). (2,2), (3,2)} = c,
a. “a.. = {(u).(2.2),3.0}={(1.2:i(2,3).(3.n} = {(1.2).(2,3).(3,2)) = a.,
«4 = {1D).(2.2). B.1)}" {(1.2), (2,3).(3,2)) = {(1,2).(2,3), (3,2)) = &,
a.-o0,, ={(1.N.(2.2).(3,))0{(1,2),(2,3),(3.3)) = {(1.2),(2,-3).(3,2)}= 0.,
a,oa, ={(1.D.(2.2).(3.1))«{(1.3).(2.1).(3.N)= {(1.3).(2.1).(3,3))= a;,
a. «a.. ={(1.1)(2,2) 3.0)" {(U).(2.1), (3,2)) - {(1.3),(2.),(8.3)}=0,,
a, = {(1,0,(2.2),(3,1))o{(w)i(2,1).(3,3)}= {(1.3).(2.).(3.3)} = 0.,
= {(1.D(2,2).(3.0}" {(1.3).(2,2),(3.D}= {(1,3)(2,2).(3,3)) = a.,
0. “0;, = {(1.1)(2,2)(3,1))"{(i,3),(2,2)(3,2))= {(1.3).(2,2),(3,3)} = a;,
a,-a,, ={(1LNh(2,2),(3.1)0{(1,3).(2,2),(3,3)}= {(1.3).(2,2).(3,3))= ¢,
{@D).(2,2) B1)}={(1.3) (2,3),(3.0) = {(u) (2.3) (3.3)) =
= {(1.1).(2.2).(3.1))0{(1,3)(2,3).(3,2))= {(1.3).(2.3)(3.3)}=
a, = {(U)(2,2),(3.)}= {(1.3)(2.3).(3.3)} = {(1.3),(2.3)(3.3)) = Q,.
Therefore, we have (al”j ),
Since the non-constant elements and 024 are associates with SO
we can easily say that
(M)t (MR —{~ TENPN QU NLLNLT A ALT Je
This implies that 7,0r, and a 4 are <9?-equivalent.
Thus we obtain that /" («4)= =<?l-classcontaining.
Hence we conclude that
R{a,)=R{a,) =/?(«,) =R{a")=R{a") =/?(«,,) ={a,,a,,a,, , , a,,a,J..(10)

Again, for a, = {(1,1),(2,2),(3,2)}, we get

(a)N ~a, oT{x )= can,a” oa.,a” °a..ceeienns, an °<m27}-
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Now, we get

a,

a,

a,

oa, = {(M).(2.2).(3,2)}o{(1L1).(2.1).(3.hi= {(1.1).(2.).(3.) = o,
= ((1N,(2,2),(3,2))0 {(1.1),(2,1).(3,2)) = {(1.1).(2,1).(3.N}= a,
ca = {(10.(2,2),(3,2)1{(1D),(2,D).(3.3)}= ((1.1).(2.1),(3.Di= a.
= {(1.1).(2,2),(3.2)10{(1,1).(2,2).(3.1))={(1.1).(2,2).(3,2)}=a,
-a, = {(1.1),(2,2),(3,2))o((1.1),(2,2),(3.2)) = {(11),(2,2),(3,2)] = a,

This implies that is an idempotent element of T{x).

a.

((1,1).(2,2),(3,2).{(1.1).(2,2),(3,3)j = ((1.1).(2,2).,(3.2))=a,

{(1,10).(2,2).(3.2)}o {(1.1),(2,3).(3.1))={(*.1.(2,3).(3,3)}=a,

o
Q
1

{(1.1).(2,2),(3,2) (o{(1,1),(2.3).(3,2))= ((1.1).(2,3).(3,3)I= a,

|
R
1

{(1,1),(2,2).(3,2)). {(1.1).(2.3),(3,3))= ((1,1),(2,3).,(3.3)) = 0,

{(1.1).(2,2),(3,2)}o{(1,2).(2,1).(3,N}= {(1,2),(2,1),(3.D)}=

- =0, = {(1.).(2.2),(3,2)M(i,2).(2,1),(3,2)}= {(1,.2),(2,1),(3.1))= o0.,,,

= {11, (2,2), (3,2)) 0{(1.2). (2,1), (3.3)}= {(1.2), (2,1), B.1)}= a |y

= {(1,0,(2,2),(3,2)}. {(i,2),(2,2),(3,1)}= {(1,2).(2,2)(3.2)) = « ,

a,00,={(1.1),(2,2),(3,2)).{(1.2).(2,2)(3,2))={(1.2).(2,2).(3.2) }=a ,

a,

o

[<})

a

= {(1.N(2,2),(3,2)}. {(1.2)(2,2).(3,3)}= {(1.2).(2,2),(8,2)}= a ,

coan = ((1L1).(2,2),(3,2)}. {(1,2).(2,3).(3.1))= {(1.2),(2.,3).(3,3)}= a g
coa, = {(1D).(2,2),(3,2)}o {(1.2),(2,3),(3,2))= {(1,.2),(2.3).(3.3)} =

ceas = {(1,1).(2,2),(8,2)}.{(1,2).(2,3).(3,3)}= {(1.2).(2,3)(3,3)) = a,,

= {(U).(2,2),(3,2)}o {(1,3).(2.1).(3.0} = {(u)(2.1),(3.)}= a.
-a = {(1L1),(2,2)(3,2)}. {(1,3).(2,1).(3,2)} = {(1.3).(2.1),(3.))= a,,

= {(1.1),(2,2),(3,2))” {(U).(2,1),(3,3)}= {(1,3).(2,1),(8.)}= a,,

c-an, = {(1,1),(2,2),(3,2))0 {(1,3),(2,2),(3,D)} = {(1,3),(2.2) (3,2)} = a,,

= {(1.D,(2,2),(3,2)}0 {(1.3),(2,2),(3,2)}= {(u).(2,2)(3,2)} = a,

cean, = {(1D).(2,2),(3,2)}o {(1,3),(2,2)(3,3)}= {(1.3)(2,2).(3,2)}= a".
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a, .o, =j(10,(2,2),(3,2))0)(1.3),(2.3),(3.1)1= {(1,3).(2,3).(3,3)) = a,,
a, = {(1.,(2,2).(3,2)}o0 {(1,3),(2,3).(3.2))= {(1.3).(2,3).(3,3)}=
a. = J(1.1),(2.2).(3.2)}"{(V).(2.3).,(3.3))= {(1.3).(2,3).(3,3)} = 0,
Therefore, we have (aj)™ ~ }
Since the non-constant elements and a,, are associates with S0
we can easily say that
(9" ~("o)r ~ (" B)r “ ("19)/; }

This implies that a, , « y , s, « i 9 and a., are equivalent.

Thus we obtain that R{a")= {aj,a0,Gri,, cf,5,a|p,a,3} = *-class containinga , .

Hence we conclude that

R{a)=R{a,)=  )=R{a")=R{a")=R{a_)={a, .a-2as.a,.a,}.(11)

Since a, ={(1,1), (2,2),(3,3)}is an identity element of T{x ), so we get
(«0)« =c(e°T{x)={a,0a,,a” °a,,a, °«3...ccc......
={a”*,a.,a.,a,,. ... ,a.j1=T{x).

Also, «,= {(1,1), (2,2), (3,3)} is an idempotent element of T(x ), since

«0 "«6 = {(11).(2.2), 3,3)!" {(11). (2,2).3,3)) = {(11),[2.2).(3.3)) = a , .
For Og = {(1,1), (2,3), (3,2)}, we have

(aj =a,0T{x) ={a, oa,”a,0a,,a, 0«,.cceren.... ots oa,,}.

Now, we get

a. 0«, = {(1,1).,(2,3).,(3,.2))={(1.D).(2,1).(38,N)= {(1.H.(2,1).(3.)) = a,

a, 00,

{(1,1).(2,3).(3.2)}» {(1.1),(2.1),(3,2))= {(1,1),(2,2).(3,1))=a,

a, "0, = {(u),(2,3).,(3,2))o ((1.1).(2,1),(3,3))= {(1.1),(2,3),(3,1)j = a.

{(1D.(2,3).(3.2))= {(1..(2.,2).(3,HH {(1.1).(2,1),(3.2)}= O;
{(1.1),(2,3).(3,2)).{(U).(2,2),(3,2))= {(1.1).(2,2),(3,2)}= a,
a,-a. ={(1.1.(2.3),(3,2))= {(1.1.(2,2),(3,3))= {(1.1).(2,3),(3,2)}= a.

a, .c, = {(1D.(2,3).(3,.2)}<. {(1.1).(2,3),(3.))= {(1..(2,1).(3,3))= a,
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a.oa. = {(1,1),(2,3),(3,2)i={(1,1).(2.3),(3,2)1= {(1,1),(2,2),(3,3)} = a.
= {(M).(2,3).(3,2)) {(1.1).(2,3).(3,3)!={(1.1).(2.3).(3,3)) = o,
a, .a,, ={(.1).(2,3).(3,2)}.{(1,2),(2,1).(38,)JI= {(1,2).(2,1.(3.))= a.,,
= {(1.1).(2.3).(3.2)1»{(1.2),(2,1).(3,2)J= {(1,2).(2,2),(3.))= a,,
a. = {(1.1).(2.3),(3.2)1»{(U).(2,1).(3.3))= {(1.2),(2.3).(3,N} = a,.
0, *«,, = {(i,1).(2,3).(3,2)).{(1,2).(2,2).(3.))= {(1.2).(2,1),(3,2))=a,,
“«4 ={(U).(2,3).3.2))= {(1,2).(2,2).3,2)}= ((1.2).(2,2),(3.2)} = 0,
0, = ((U), (23).(3,2)={(1.2), (2,2), (3.3))= ((1.2).(2,3),(3.2)) = a,,
a, .a.. = {(11.(23).(3,2). {(1.2),(2,3).(3.))= {(1.2).(2.1),(3.3)} = 0,,
= {0.1).(2,3),(3,2)}.{(1,2),(2,3),(3,2))= {(1,2),(2,2),(3,3)} = a,,
-a,. = {(M),(2,3),(3,2)!0{(1,2).(2,3)(3,3))= {(1.2).(2.3)(3.3)) = a,,
a. ««,, ={(1.1).(2,3),(3,2))= {(1,3).(2.).(3.0)= {(1.3).(2,1).(3.1))=
a, = {(1.D.(2,3).(3,2)).{(1,3).(2.)(3,2))= {(1.3).(2,2),8.1))= a,,
= {(1.D.(2,3).(3.2)}<. {(1,3)(2,1).(3,3))= {(1,3).,(2,3).(3,1)) = o-;,
= {(1.N.(2,3),(3,2))0{(1,3).(2,2),(3,N}= {(1,3)(2,1),(3.2)) = a,,
a. = {(1.1),(2,3)(8,2))0{(1,3).(2,2).(3,2))= {(1.3).(2,2).(3,2))=
a. a0 ={(11).(2,3) (3.2)}o {(1.3),(2,2), (3.3)}= {(1.3).(2,3), (3.,2)}= a;.
a, .a,, = {(1,1),(2,3),(3,2)}o {(1,3),(2,3),(3,1)} = {(1,3)(2,1)(3.3)}= a,,
a, oa,. ={(1,1),(2,3),(3,2)}.{(1.3),(2,3).(3.2)}= {(1.3).(2,2),(3,3)}=
¢, -a,, = {(1,1).,(2,3).(3,2)}»{(1,3).,(2,3).(3,3))= {(1.3).(2,3),(3.3)}=
Therefore, we have (ajp ={al.cr,.a),&,--- ,-- }=7"¢Q)
We observe that and a,, are permutation groups, So every

principal right ideal of these elements gives T{x ). Thus we obtain that

This implies that anda,, are “-equivalent.

Therefore, we get a,,, , a,,k
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Hence we conclude that
R{a™ = ) = R{o,) = )=R{a.)={a,.a,a,., ,or,or,}.,(12)
We can easily verify that ~ and  are idempotent elements, since

a,oa, ={(1.(2,3).(3,3))o{(i,1),(2,3).(3,3))= {(1.1).(2,3).(3,3)I= a, and

={(1,3).(2,2),(3.3)}.{(1.3).(2,2),(3.3)}={(1.3).(2.2).(3,3)} = a,,

Note: Every constant transformation on a finite set is an idempotent.

Finally, we will construct all *~-classes and Z)-classes of T{X):

We know that UE= c£nc7v. Obviously,  is an equivalence relation.
We denote the d”*-class containing a by H{a).
Clearly, H{a) =L{a)r\R{a) forany a g T{x ).

In our case, V'e get the following results:

)] H{a”)=L{a,)r"R{a,).
From (1) and (8), we get //(«,)= {a, }n ={a|.
(i) H[a.)

From (2) and (9), we get
/l(cr3)=(a;,a4,Gr3,a,,,a,,,cr,3}r{or,,a3,a,3,al5,a,,,Gr,g}= {a,, a,,}.
(iii) H{a.""L{a,)c*R{a,) .

Since cr, is in (3) and (9), so we get

(iv) H(a,) =L{a")r"*R{a,).
Since is in (2) and (10), we get

N«d) = {«2’«d4>«5’«10’ « 1M« 13} «d M« TN« 11>« 1T« 2P ;4= (O™aMul-
eY)] H[a,)= L{a")r"R{a,).
Since a, isin (2) and (11), so v/e get

Ha f{or, , a,, , a,,a,, ,or8,a,,,a.,}={or,a,,}
(vi) [l(ord =1(aJn/?(al.

From (4) and (12), we get
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= {a,a,,a,,,0f,,a,,,0r3,}.
(vii) H{a-,)= I.{aM)r*R{a").

Since a-, is in (3) and (10), so we get

Since is in H{a"), so we omit //(«s)
(viii) /1(ad =/.(Tg)n /?(«J .
Since ay is in (3) and (11), so we get
//(a,)={a, «7,Ch,a,9,a,,,a,, tn {a,,cfa,.,a,s,cf,,,a,, }= {o"
Since «,,, isin //(a,),a,, isin H{a,), a,, isin H{a”) anda,, isin //(a.), so we
omit //(a,,,) , //(a,,), and //(a,.).
<ix) H{a,,) =L{a,,)r*R{a,,).
Since is in (5) and (8), so we get
H(a,)={a,}n {a, crNa,, }= .
(x) H(«,,) =
Since a,, isin (s) and (9), so we get
/1(Gr,j)={a,,,a,7,a,8,a,3,a34,a.6}0{«,,a3,a,3,a,,,a33,0;,J= {a,5,cf,,}.
Since org isin //(aj, so we omit
(xi) H{a,,)= L{a,,)r*R{a,,).
Since «,7 isin (6) and (10), so we get
/l(a,7)={a,,,ai7,ais,cr,3,a,,,cr;,}0.{G4,cr7,a,,,a,7,a,,,a,)J= [a,7,a:4}.
(xii) H{a,,) =L{a,")r*R{a,,).

Since a,g isin (6) and (11), so we get

" («18 ) = («15 AAMLT7 >7AN18 L« ;3 >«24 N«26 («5 .«9 "ai.M «1S >Cf197r«:3 | = («1S >« :3 1}
Since a,, isin H{a"), a,, isin a_, isin H{a"), is in //(a™),cr,- isin
/l(a,J,cr;4isin isin H{a.) and isin //(a,,), sowe omit //(a,p).
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H{ayX M24)> N(«:?) “nd M{a.(,).
Next, we have
(xiii) H{a..j) =L{a.-,)r*R{a.j).
Since a.-, isin (7) and (8), so we get
//(a,J= {a,7}.0 a,,r = {cr,J,
We know that
d =j:olr
e denote the D-class of T{x ) by I){a), forany a g T{x ).
Clearly, D{a) =L{a)o R{a\ forany a g 7(A’).
In our case, we have
D{a,)=/.(a,)oR{a") = {«,}o{a,, <, 3= {a,,a,,
For or,, we get
D{a.) =L{a.)o R{a.).
= {a.,"4,Cf,a,,,a,,,a,, }o{a.,a,,a,,,a,,,a.,,a,,}.
a, °a, ,a, oa, ,«j °a~_,a¥,° a . occ ,0:, ;
a, °«3,a4 o«3,a5 °or3,«|,, °a3,a,, oa,\
a, oa,j] <oa,.oa,. °a,j ,a,, oor, ,a,30a,.;

«2 °«:6M«d °«26™«5°«26.«10 °«26 %11l ° OB >13 °«26 m

allffll L CTj'a’I ;ailallailolilallai;
<3M4,0M4,0M4,Cflj,0_(,Cf|4,Cf|_,,(7)j,0f],,,C?4,Gf|_.,C""
a.y,a.7,a",or7a,7a,7a.j,a,j,«,7,a.-,

= {a,,cf4,a,7}.
Next, for a,, we get Z)(a3)= L{a.Jo R{a.J.

= {or3,«7,a0.«i9,«2i’<"2%}° {G,,a3,3,3,Gr,,,or,,,Gr,g

91



Dhaka University Institutional Repository

Chapter 4

"3 ,ah °a. °a. o™ °a. ‘a,;
cr, oa, oa, cfy °a. «90 «j°«3 ,«,o0a,;

Ofjoa,, ,«7 o0«|3,0r, 0a,, ,of,, °cf,3,a3, °a,3,a;5 °a,3;

Qfj °a,3 ,«7 °a,50« ]|, ,or,,°a,joqt,. oa,,,;
g30a,, «7 oa., ,«y ocf,. 0,5 oa,, ,or,| <2, ;
1«3 °«:6>«7 °«267«9°M26"«19 ° ,Cf,, 0

= 2.0 Nii Qi 10M3 Cfj, 47,
ori9,a,i,Gr33,a,",«25,«2g.

azs31 -GG @, Cff|, &1, &3, &1, G, £4g, Glig , fti] 5023724 *125°A26 }

Note; In D, -table, every element of each <"-class where the ~-class contains an
idempotent element, the composition of o£-class and <"R-class of that element gives the
whole Z)-class/J>". Otherwise, it gives the 0-class 2)* ,, where the order of each 3-"-

class is /.

From the above results we get three D-classes /), ,D, and

a) D| contains 3 elements in which each cell contains an I}£-c\a.ss of order 1

We obtain that there are three .~-classes and one <9l-class in D,
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b) /J, contains 18 elements in which each cell contains an ~f'-class of order 2.
Wk obtain that there are three oC-classes and three <7i-classes in IX .

¢) 1), contains 6 elements in which each cell contains an IW-c\ciss of order 6.
Wk obtain that there is a one dC-class and one //i-class in

We know that in (/e =\X\), every row contains ~-classes and every column

contains ,E-classes, where the headings for rows are partitions of {I1,2,3| and the
headings for columns are subsets of {1,2,3 }.

In every table, we use the range of every element of T{x ).

Hence from Part-1 and Part-2, we construct the following tables:

401293

Table-1

{1} {2} {3}

{1,2,3} {«'} {«..} {«27 } 7?(a,)

1(«,)

Hence we conclude that

D, {1} {2} {3}
{1,2.3} (uUD* (22,2 (333)*

I(a,) AM«u) Z(«3,)
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Table-2
D {12 {13 (2.3)
{«l.«l(i {«il,a:i)
Qi7£jr4y —R{a")
{«;.“ N1 {ffj.«,<) {«l<,«26)
4, i
l.(aj /.(a.) i(«lj)
Hence
Dz {1.2} {1.3} {2,3}
(1.2.2)- (1.3,3)- (2,3,3)
(2.1,2) (3.11) (3.2,2)
: 2.3.2
2319 (1.2.1) (1,3.2) (2.3.2) > 1(Gi)
(2.1.2) (3,1,3) (3.2.3)-
3).{12) (11.2) (1,1,3)- (2.2.3)- _SR{dM)
(2,2,1) (3,3,1) (3.3.2)
i
l.{a)) i(a,)
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Table-3

Hence

A3 {U2,3}

(1,2 ,3),(1,3,2), (2,1,3)' A
{-U2us} <(2 3,1),(3,1,2),(3,2,0) A R

Note: the starred elements are idempotent.

Hence the following table gives the whole ©-picture of 7(3) which is called the

egg-hox picture of 7'(3), where A' =3.
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In this case, the total number of elements of T{X)

= ( No. of rows)-( No. of columns).( No. of elements of each

cell).
6
2 2 2
2 2 2 3.32 = 18
2 2 2
1 1 1 131 =
Total 3 = 27
Egg-box picture of 7 (3).
Conclusion:

On the basis of the above results, we get the following propositions:

Proposition:4.2.12

Let P'{X) be the set of all permutations on a set X and T{X) be the set of all
transformations on X, where |X| =n and |7°(A%)j = if . Then

forall a e P'{x\ {a), =T{x ) and («)* =r{X). ]
Proposition:4.2.13

Let C(A') be the set of all constant transformations on a set X and T{x ) be the set of

all transformations on A, where \X\ =n and |7’(A)j =//". Then

forall a e C("), (a). ={o}and (a), ={a ¥V =123,...... I}. [
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Now, we prove the following proposition:
Proposition: 4 2 14
The right zero elements of 7'(-'") JUSt the “constant transformations", mapping

every element of A" onto a single fixed element of A'. There are no left zero in
T[X) If |X] > 1
Proof
Let A'= {x,,.Y,,, X} be any finite set. The cardinality of T{x ) is n”. We know
that an element /? g T{x ) is a right zero of / (A*) ifevery a g T(X).
aop =p

Let X be a fixed element of X , where \<!<n and let /? be a transformation of
/’(X) defined by (x,)/? =x, , VI . Then we have

(x,)(a0/?) = (x,a) =xn?, for ;=1,2,3, ....

=X, =(x,)/?.
This implies that a>p =p , Vae T{X).
Thus we obtain that  is a right zero of T{x ).
Now, since a® P =P , Vae T{X), sowe have (x,\a° p)= (x,)/?.
This implies that (x,)/? = {x,a)p = (x.)p, V/
=X, V.
This implies that /? is a constant transformation of T{x ).
Let /? be a non constant transformation of /"(A'). Then
(M =X, where / varies as i varies .

Now, for any a e T(A'), we get

(x,\ao P)- {x,a)P = (x*)p = Xf., where k varies as / varies.
This implies that a° p " p , \fa &T[x ).
Hence P is not aright zero element of T[x ).
For example, let a = {(1,2),(2,2 ), (3,3 )} be any element of Z'(A") and

let P = {(1,1),(2,2), (3,1) } be any non constant transformation of T'(A),
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where X = {1,2,3 } Then we have
ao/J =j(1,2),(2,2),(3,I)!
This implies that a° P P, Vae / (-V).
Therefore P isnota right zeroelement of / (-V).
Hence we conclude that every constant transformation ofT[X) is a right zero

element of i{X).
Now, for / = 1, we get (x)/?, = v, , VI
This implies that /?, is a right zero element of T{X) andhence isa constant
transformation of T{X) .
By induction, we get (V*)/?, =, , for ~ = 1,2,3, ... n .
This implies that is a right zero element of T{x ) andhence isa constant
transformation of T{x ).
Thus we obtain that

K[X) = =12, . /Il 'and 1</ <"j,
the set of all right zero transformations on X .
2 part:
Let Y] = 1, Then A' = {v,}. Since X is a singleton set, it gives one transformation
such as (x,)a = X,. It is an identity transformation on X . In this case, there are both
left zero and right zero elements in T{x ) [ by the above hypothesis ].

Assume that \X\ >1 Let X = {X ,X, ,X, } Then |X|] = 3> 1

By (i), we caiylhat K{X) - {/?,,/?,,/?, }, the set of all right zero elements of
r(.Y)»
We know that an element /? g is called a left zero element of T{X) if
P°a - T{X) .
Wk have to show that P°a ~ P , Vae'r(.Y).

By (i), we get
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(.v,X/?0ar) = (x,")a = (,v>-.vN | I<j<3

This implies that /?0a 1?7, Va e T(A").
Hence we conclude that there are no left zero element in 7(X) when Ix1 > 1

This completes the proof. [
Proposition:4.2.15
An element a of T[x ) is an idempotent if and only if it is the identical

transformation when restricted to Xa .

Proof
Let a be an idempotent of T(A"). Then a°a - a.
Leta ={(x,>)Ix, >GA } Then Xa = {&'| (x y)ea ]

For mGX a,we have y = xa .

Now, ya ={xa)a =x{a °a) =xa =y .

This implies that a is the identical transformation of T{x ).

Conversely, assume that a\ y" is the identical transformation of T(x ). That is,
ya =y, VjgXa.

Sinceye Xa , soj = xa ,forany xe A

Now, we have ya - vy

=> {xa)a- xa
= x{aoa) = xa.
= (aoca)=a .

Hence we concludethat ais anidempotent element of f{Xx).

This completes the proof |
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Section 4.3: Full Transformation Semigroups
on a Finite Set Using Mathematica.

In this section, we investigate X-class, R-class,
and B5-class of T[X] , for
Also, we investigate the total left and right partitions,

-class
|X | =n =4using Matheinatica.

the total number of ideirpotents and permutations of T[n] forn= 4
using Mathematica.
Finally, we investigate some graphs of various properties

of T[4] using Mathematica.

In our program in Mathematica,

we use the following notations

List of Symbols and Abbreviation :

Symbols Abbreviation

X[n] n-Set ={1,2,3, ...... - n}
Length[X[n]] Cardinality of X[n]

X[n_] Range of n .

Tn_] Set of all Transformations of n - tuples

Length[T[n]]

of members of X [n] -
Cardinality of T[n]

opl[a_, b_] Composition of any two elements of T[n]
TEn1LLi1] ™ element of T[n] -
prod[A_, B_] Product of any two sets A and B of T[n] -
pli[a] Principal left ideal of T [n]
generated by a .
pri[a] Principal right ideal of T [n]
generatedby a.
Lla_] The X - class of T[n] containing a.
Rla_1 The R - class of T[n] containing a.
Hla_] Intersection of X -class and
R - class of T[n] containing a.
DCl[a_] The D - class of T[n] containing a.

Position[T[n] i]
LP [n_]

Position of r*“element inT[n] -
Set of all leftpartitions of T[n] .

RP [n_] Set of all right partitions of T[n] .
ee[n_] Set of all idenpotent elements of T [n] -
Length[ee[n]] Cardinality of ee[n].

GIn_] Set of all permutation groups of T[n].
Length[G[n]1] Cardinality of G[n] .
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In particular, we have taken n =4 for our program.
We define

mill m= clear[X ,n]
X[n_1 ;=Range [n]

to be then -set X[n]={1, 2,3, ...,n} and
In[31: =
Clear[T]
TIn_1 ;=Block[{B}, B= {{}}; k=1;
While[k <=n, B =Flatten[Table[
Join[BL[i11. {0}1. {i. Length[B]}. {i, n}1. 11
k =k +1] ;
Bl
to be the set T [n] of n - tuples of members of X [n] -
Thus , we get
In [5]:= X[4]

Oout[SI= (1, 2. 3. 2
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Inl6]:= T[4]

outlél= {{1, 1, 1, 1} {1, 1, 1 2 1,013y {1, 1.1, 4}y (1,
{1, v 2. v {1, 1, 2.« ti 3 1y 1. L3, o2y (1,
{1, +. + n {1, 1, + 2 s L4 3y (1, L4, 4y L0
{2 1.5 {1 2 1 o fo, 2. 1y (1, 2. 2, 2y 1,
{1, 2, 3, 1} {a, 2, 3, 23 v 20 3.0 3y (1, Ttaoa4y (g
{1, 2, 4, 3 {1, 2, 4, 4 fis, 1 1} {1- 3, 1, 2} (1,
{1, 3 2. 13 (1, 3 2, 2} ts. 2,3, (1. 3. 2, ay {1,
{1, 3, 3, 3} (1, 3, 3, 4} y 3, 4 1y (1o 3, 4, 2} (1,

{i, «. 1.1y .4 1,2 fa, 13y (1, 4 1, 4y g

{1, + 2. 3y (1. 4 2. 4 y 40 30 1y (1, 4.3, 2} {1,
il, ¢« 4 11 (1. 4 4 2 re. 4 3y (1, 414 4y (2,
£ : 1.5 [21, 14 4 s L2013 {2, 1. 2, 2} {2,
{£2,: 5.1 {2 1,: 2} fi o3 3y {2,035 4 12,
{21+ v {2, 1, +. o tz. 1oy {2, 2 1. 2 (2
{2, 2, 2, l} {2, 2, 2, 2} r 2. 0 3} {2, 2, 2, 4} {2,
[21 2, 3, 3} {2: 2, s, 4} L2, 4, 1y {2, a4 2y (2,
2,5, 1. v 2.3 1, 2} L3 1,31 [2, 30 1 4y (2,
[2,: 2. 3y [2, 3 2 4 fs, 3. 1) (2, 3, 3, 27 {2
{2, 5. 4. 1y (2. 3, 4, 2y fa, 4 3y (2. 38 4, 43 ({2,
{2, «. 1. 5y (2. 4 1, 4 C42 a1y (2, Yee, 2y {2,
{2, + 5. 1y (2. 4 3, 2} 4, 3, 3 [2, 4,3, 4 {2
{2,4 4. 3y (2. 4 4 n Ta,oto1y (3. 11, 2p (s,
3, U2, 1}y 3.1 2, 2%} 1, 2, 3} (3. 1,214} {3,
{3, 1, 3 3} {3, 1, 3, 4} 1, 4, 1} {3, 1, 4, 2} {3,
3.2, L, I} (3. 2 1, 2y 2, 1, 3} {3, 2, 1, 4} {3,
(3, 2, 2, 3} (3. 2, 2, 4) 2, 3, 13 {3, 2, 3. 2} {3,
(3, 2, 4, 1} {3, 2, 4, 2} 'ra, 4, 3y {3, 2. 4 %4y {3,
{3, 3, 1, 3} {3, 3, 1, 4} ls, 2, 1y (3. 3, 2, 2y s,
{3, 3, 3, 1) (3. 3, 3 2} 3,3, 3} {3, 3, 3, 4} (3,
(3, 3, 4, 3} {3, 3, 4, 4} 4, 1. 1} {3, 4, 1. 2} (3,
{3, 4, 2, 1} {3, 4, 2, 2} 4, 2, 3} {3, t 2, 4} {3,
(3, 4, 3, 3} (3. 4, 3, 4} 4. 4, 1y {3, ag 4, 2} (3,
o0 1,1, 3 4 1 1,2} 1.1, 3 (4 Y1, 4 {4
{4, 1, 2, 3} {4, 1, 2, 4} M1l,3 1 (4, 1,3, 2} {4,
(4, 1. 4, 1} {4, 1, 4, 2) W14, 3} {4, -1 o4, 4y (4,
{4, 2. 1. 3y (4. 2, 1, a4 ® 2, 2, 1) {4, 2. 2, 2} (4,
{4, 2. 3, 1y (e, 2, 3, 2} A2, 3, 3y (4. 2 3, 4y (s,
{4, 2, 4, 3} {4, 2, 4, 4} M3, 1, 1) {4, 3, 1, 2} {4,
(4, 3. 2, 13 (4, 3, 2, %} i 2 3} (4, 3, 2, 4} ({4,
(4, 3, 3, 3} (4, 3, 3, 4} 3. 4, 1y (4, 3, 4. 2} (4,
(4, 4, 1, 1} {4, 4, 1, 2} 4, 1.3} (4. 4, 1, 4} {4,
{4, 4, 2, 3} {4, 4, 2, 4} 4, 3, 1} {4, < 3, 2} {4,
{4, 4, 3, 4} {4, 4, 4, 1} 4, 4, 2} {4, 4, 3y {4,

We note that the cardinality of T[n] is t[n] =n"-

In[7]1:= t[n_] :=Length[T[n]]

Thus, forn =4, the cardinality of T[n] is
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In[Sl:= t[4]
Out[8]= 256
1. The composition of any two elements in T[n] isdefinedby

Inl9]:= Clear[a, b]
In[10]:= op[a_, b_] :=Table[b[[al[i11l1. {i, 1, Length[al}l
Thus in T[4], we get

In[I1]:= Clear [a, b, c]
a =T[4] L4511
b =T[4]1[[105]1]
c =op[a, b]

Out[1l2]= {1, 3, 4, 1}
out[131= {2, 3, 3, 1)

Oout[14]= {2, 3, :, 23

Therefore, the positionofcis :
In{15]:= Position[T[4] , c]

out[15]1= {{98}}

2. The product of any two subsets of T[n] is defined by

In[161:= Clear [A, B]
prod[A_, B_] :=Union[
Flatten[Table[op[A[L[i1] .BLLi111 . {i. 1, Length[A]>, {j. 1, Length[B]}] ., 111

3. The principal left ideal and principal right ideal of T [n] containing "a" are :
In[18!:= Clear [al
Inl19]:= pli[a_] ;:;=prod [T [Length[a]]., {a}]

In[20]:= pri[a_] :=prod[{a}, T[Length[al]l

4. The X - class of T [n] containing "a*

In!21]:= Clear[L]
L[a_1 :=Block [{TT, S}, TT =T[Length[al ]1;S = {3 ;Do[
If[pli[TTL [s] 1] ==pli[a] ,S=Union[S, {TTL[s]11}].S] . {s, 1, Length [TT] }] ; S]
In[23!1:= t10 =T[4] [[10]11

Out[23]= (1, 1, 3, 2}
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In[24]:= ListPlot3D[L [t10]]

Out[24]= - SurfaceGraphics -

This shows the graph of X - class of T[n] containing " tl0 ".

5. The R -class of T [n] containing "a " :

In[251:= R[a_] :=Block[{S, TT}, TT =T[Length[a] 1; S ={}; Do[
IF[pri[TT[[s]11] ==pri[al, S=0nion[{TT[[s11}, S1.,S]l., {s, 1, Length[TT]1}]1; Sl

In(26]:

ListPl1ot3D[R[t10]]

Out [261= - SurfaceGraphics -

This shows the graph of R - class of T[n] containing "tlO0 *

6. The 9Y - class of T[n] containing "a "is ;

In[27]:

H[a_] := Intersection[L[a] ,R[al ]

In[28]:

H[t10]

out[28]= {(, 1, 2, 3}, {1, 1, 3, 2], {2, 2, 1, 3}, {2, 2, 3, 1}, {3, 3, 1, 2}, {3, 3, 2, 1}}
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In[29]:= ListPlot3D[H[tI0]]

Out[29]= -SurfaceCGraphics-

This shows the grapho fH - class of T[n] containing "tlO *

7. The ® -class of T [n] containing "tl0 "is :

Tn[30]:= Clear[DC]
DC[a_] :=Table[prod[L[a] , R[alll

In[32]:= DC[tlO]

Out[32] {1, 1, 1, 23r {1, 1, 1, 3}, {1, Ir 1, 4}, {1, 1, 2,
{1, 1, 3, 3}, {1, 1, 4 13r {1, 1, 4 4}, {1, 2, 1,
{, 2, 2, 2%, {1, 3, 1, 1}, {1, 3, 1, 3}, {1, 3, 3,
{1, 4, 1, 4}, {1, 4, 4, 13, {1, 4, 4, 4, {2, 1, 1,
{2, 1, 2, 23r {2, 2, 1, 13, {2, 2, 1, 2}, {2, 2, 2,
{£, 2,3, 2}, {2, 2, 3, 3}, {2, 2, 4, 2}, {2, 2, 4,
{2, 3, 3, 23, {2, 3, 3, 3}, {2, 4, 2, 2}, {2, 4, 2,
3,1, 1, 13, 38 1, 1, 3} 8. 1, 3, 13, 8 1, 3,
{3. 2,3, 2} {8 2, 3,3} {38 3,1, 13, {8 3, 1,
{3. 3, 3, 13, 3. 3,3, 2}, {3, 3, 3, 4, {8, 3, 4
{3, 4, 3, 43, {3, 4, 4, 3}, {3, 4, 4, 4}, {4, 1, 1,
{4, 1, 4, 43, {4, 2, 2,23, {4, 2, 2, 43, {4, 2, 4,
{4, 3, 3, 4}, {4, 3, 4, 3}, {4, 3, 4, 43, {4, 4, 1,
{4, 4, 2, 4y, {4, 4, 3, 3}, {4, 4, 3, 4}, {4, 4, 4,

The cardinality of DC [a] is :

In [33]:

Length [DC [tlO] ]

out [33]= 84

According to [10] ,we get four D -classes in T[4] and
is one of them.

8 .The setof all leftpartitionsof T[n] is :
In[34]:= LP[n_] :=Union[Table[L[T[n] [[[111., {i. 1, n“}]

Thus, we get
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Jn[35] := LP[4]

Out[35] - (11,
{{4,
{1,

{2,

{1,
{1,
{3,

{1,
{3,
{3,
{4,
{4,
{2,
{2,
{3,
{3,
{4,
{4,
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1, 11y, {{2
4, 4}, {{1
WLoo2), {1,
2, 1y (2,
3}, {1,
23, 1), {1,
3, 3}, {3,
1, 4}, {1,
s o4 1) {1,
4, 4Y, {4
2, 3}, {2,
s 32}, {2,
3, 3}, {3,
L2 o4y, {2,
42}, {2,
A 4), {4,
23, 41, {3,
4,3}, (3,
4, 4) {4
3, 4}, {1,
3, 4Y, {2,
2, 4}, {3,
2, 3}, {4,
2, 3}, {1
3,3}, {1,
103}, {2
3. 1) {2,
12}, (s,
12}, {3,
2, 4} {1
A4, {1,
14y, {2
4 1) {2,
12}, {4,
12y, (4,
23, 4}, {1,
A4, {1
1,4, {3,
A1) {3,
1, 3}, (4,
W13}, {4,
3. 41, {2,
4 4Y, {2,
2,0 4}, {3,
4, 2y, {3,
2, 3}, {4,
2, 3}, {4,
we get all

w o~
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2, 2, 2}}
1, 1, 2}

2, 2, 1} (1
1.2, 2} (2,
1,3, 1} qqa
3, 3, 3} (3
3, 1, 1} (3
1,4, 1) (4
4, 4, 4} (4
4,1, 1} (4,
2, 3, 2} {2 s
3, 3, 3} {3,
3, 2, 2} (31
2, 4, 2} {2
4, 4, 4y (4t -
4, 2, 2} {4,
3 4, 3} {3,
4, 4, 4y (4,
4, 3, 3} {4,
2, 4, 3) (1.
1, 4, 3} {2
1,4, 2} (3,
1, 3, 2} (4
1,3, 2} q1
3.1, 2 (1.
o2, 3 {2
o1, 1 {2,
1, 2, 1} (3
2, 1, 3} (3
1, 4, 2} (1
401, 2 1,
1, 2, 4y {2,
4, 1, 1} {2,
1, 2, 1} (4,
2, 1, 4} (4,
1,4, 3} {1,
4,1, 3} 1,
1, 3, 4} (3,
4, 1, 1} g3,
1, 3, 1} (4,
3, 1, 4} {4,
2, 4, 3y {2,
4, 2, 3} {2,
2, 3, 4} (3,
4, 2, 2} g3,
2, 3, 2} (a4,
3, 2, 4} {4,

3
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N

-
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NN R @

3. 31},

2, 1}y, {1, 1,2, 2}, {1,

2 1, 1Y {2,
1 1- 2y, {2
3 1,1} (1,
1 1, 3}, {3,
3 3, 131 °f
4 1,13} (1,
1. 4}, {4,
4 4, 11y,
3 2,2} (2,
2 2, 3}, {3,
3 3, 2} ur
4 2,23} {2,
2 2, 4} , {4,
4 4, 2}
4 3, 3}, {3,
3 3, 4} - {4,
4 4, 3},
4 4, 2} g1,
4, 1}, {2,
4, 1}, {3,
3 3, 1}, {4,
3 2, 3} (1,
1 2, 2}, {1,
1 3, 2}, {2,
2 1, 3}, {2,
2 2, 3}, {3,
1 3, 1}, {3,
4 2, 4}, g1,
2,2}, {1,
4, 2}, {2,
_ o4y, {2
2 2, 4}, (4,
1 4, 13, (a4,
4 3, 4}, g1,
1 3, 3}, 1,
1 4, 3}, {3,
3 1, 4}, {3,
3 3, 4}, (4,
1 4, 1}, {4,
4 3, 41, {2,
2 3, 31, {2,
2 4, 3}, (s,
3 2, 4}, {3,
3 3, 4}, {4,
2 4, 2}, (4,

X -classes of T[4] -
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2, 1, 1y,
1, 1, 2y,
21 2’ 11},
3, 1, 3},
1.8, 13},
4, 1, 4}
1 4, 1}
3 2, 3}
2, 3
4, 2, 41,
2, 4, 2],
4 3, 4}
3, 4, 3)
4, 2, 3}, {1,
4, 1, 3%}, {2,
4, 1, 2}, {3,
3, 1, 2}, {4,
2, 3. 1}, {1,
3. 2, 3}, {1,
1.3, 3}, {2,
3, 2, 1}, {2,
1,3, 2}, (3,
3, 1, 2}, {3,
2. 4, 1}, {1,
4,20 4y, {1,
1, 4, 4}, {2,
4020 1), (2,
1 4, 21}, {4,
4, 1, 2}, {4,
3.4 1y, (1,
4,3, 4}, {1,
1, 4, 4}, {3,
4, s 1}, {3,
1, 4+, 33, (4,
4, 1, 3} c4,
3 4, 2}, {2,
4 3, 4} {2,
2, 4, 4}, {3,
4, 3, 2}, {3,
2. 4, 3y, (a4,
4 2, 3} {4,

4, 3, 217
4 3. 1}
4 2, 1}
8,2, 1)y
2, 3, 217
3, 3, 2}
2, 1, 3,
3 3. 1)
2,141
3.2 1y,
2, 4, 2},
4 4, 2],
2,1, 43,
40 41y,
2,1, 1y,
4020 1y,
3, 4, 3},
4, 4, 3},
3, 1, 43},
4 4, 1},
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40 8, 131y,
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4, 4, 3},
3.2, 4y,
4, 4, 2y
3, 2, 217,
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In[36] := Length[LP[4]]

Out[36] = 15

9. The set of all right partitions of T [n]

is :

In[37]:= RP[n ] :=Union[Table [R[T[n] [[i]11]., {i.l,n"}1]1]

Thus, we get

In[38] := RP[4]
out[3g8] = {{{1, 1, 1, 1} 4¢2,2,2,2} {3 3, 3, 3}
41, 1,1, 2} {1,1,1, 3 {1,1,1, 4
{3, 3, 3, 1} (s, s 3 23 {3 3, 3, 4}
{1, 1, 2, 1} {1,1,s 13 ¢1,1,4, 1}
{3, 3, 1, 3} 3 3 2, 3y {3, 3 3}
{1, 1,2, 2 {1, 1 s s {,1, 4
33,1, 1} 5.5 2 2y {33 4
{1, 2, 1, 1} . s 1, 1} {1, 4 1}
{3, 1, 3, 3} 3. 2 3, 33 {3, 4 3}
{1, 2, 1, 2 (. s, 1. 3 {1, 4, 4}
{3, 1, 3, 1} s, 2, 3, 2} {3 4 4}
{{1, 2, 2, 1} 1, 3, 3, 17 {1, 4, 4, 1}
{3, 1, 1, 3} (s. 2. 2, 3y {3, 4, 4, 3
{1, 2, 2,2} (1, 3 s 3 {1, 4, 4, 4}
{3, 1, 1, 1} 3. 2, 2, 2}y {3, 4, 4, 4}
{{1, 1, 2,3y 1,1,2, 4 {1, 1, 3. 2
{2, 2, 1, 3} {2,2,:1, « {2, 2,3 1y
3.3 1, 2 (s, 5. 1, 41 {3 3, 2, 1}
{4, 4, 1, 2y {4, 4, 1, 51 {4, 4, 2, 1}
{{1, 2, 1, 3}y {1,2,:, «+ {4, 3, 1,23
{2, 1, 2, 3y {2, 1,2. «» {2, 3, 2, 1}
{3, 1, 3, 2} (s, 1, 3, a3y {3, 2, 3, 13
{4, 1, 4, 2% {4, 1, + sy {4, 2, 4, 1,
{{1, 2, 2, 3}y 1.2,2. 4+ {1, 3, 3. 2)
2,11 3 {2,1, 1 4 2 3 5 1
{3, 1, 1, 2}y s, 1, 1. sy {3 2, 2, 1%
{4, 1, 1, 2y {4, 1, 1, sy {4, 2, 2, 1}
ML, 02,3 13 (1.2 4 1 {1, 3 2,1
2,13 20 {2,1, « 25 {2 3 1,2}
3,1, 2,3 .1, 3 {32 i s
4,1, 2 4 {4 1, 4 {4 2 1, 4
{{1, 2, 3, 23 {1, 2 2y {1, 3, 2. 3
{2, 1, 3, 1} 42, 1, 1y {2, 3, 1. 3
{3, 1, 2, 1} (s, 1, 1y {3, 2, 1, 23
{4, 1, 2, 1} {4, 1, 3, 1} {4, 2, 1,2}
{1, 2,3 3 {1,2 4 4 {3 2 2%
{2, 1,3 3 {2 1,4 4 [2 3 1,1}
31,2 2y 5,1, 4 4 {38 2 1,13
{4, 1, 2, 2y {4, 1, 3, 3+ {4 2, 1,1y
{1, 2,3 4 {1, 2 4 3 {1 3 2, 4
{2, 1, 3, 4} {2, 1, 4, 3+ {2 3, 1, 43
3.1 2, 4 .1, 4 2 {3 2 1, 4
{4, 1, 2, 3y {4, 1, 3, 2 {4, 2, 1 3

That is, weget all R -classes of T[4] -

107

{4,

{2,

{4,

[2,

{4,
{2,

{4,

{2.

{4,

{2,

{4,

{2,

{4,
(2,
{4,
{1,
{2,
{3
{4,
{1,
2,
{3
{4,
{1,
{2,
{3
{4,
{1,
{2,
{3
{4,
{1,

{3
{4,
{1,
2.
{3,
{4,
{1
{2,
{3
{4,

MNWWONNWONNWONNWWOWRNNWOWOWNNWWRARWNR R > " pre P B ANNAN RN N

WAPRDEWAADWAPRRAWARANNOWREWN: DNNWWR = » B ANBNFE BFP P &N A

4}},
1}

1}

4}
1}
1}

. 2}

4}
1}

1)

. 2}

4}
1}
1}
4}
4}
4}
3}
4}
4}
4}
3}
4}
4}
4}
3}
1}

3}
4}
3}
3}
2}
2}
4}
4}
4}
3}

1
1}
1

{2,
{4
{2,
{4,

{2,

{4,
{2,
{4,
{2,
{4,
{2,
{4,
{2,
{4,
{1,
{2,
{3,
{4,
{1,
2,
{3
{4,
{1,
{2,
{3
{4,
{1,
2,
{3
{4,
{1,
{2,
{3
{4,
{1,
{2,
{3
{4,
{1,
{2,
{3
{4,

B SN N

R I R I T Tl L I L

I N T T T T e N I R O L S S S SRR STV N )

b R | R

{4,

{2,

{4,

{2,

{4,
{2,

{2,
{4,
{2,
{4,
{2,
{4,
{1,
{2,
{3
{4,
{1
{2,
{3
{4,
{1,
{2,
{3,
{4,
{%
{2,
{3
{4,
{1,
{2,
{3
{4,
{1
{2,
{3,
{4,
{1,
{2,
{3
{4,

S

wbh#wbbhwbbbwhhhwbpbw-&hbhwl\)z—‘ WP WbhhowpkrhowbspDdD

#w#-hl\)-hl\)whwh-bl\)

NN ® @ NON® @ B v e w v N e o w s s s s o N P w

4}

2}
4}

3}
Zy
4}
4}
3}
2}

4}
3}

3}
2}
2)
3)
3)
2)
2)
3)
3)
2)
2)
1)
2)
3)
4)
4)
4)
4)
3)
3)
3)
%
2}
2)
1)
1}

» 13



Dhaka University Institutional Repository

In[39] := Length[RP[4]]

Out[39] = 15
10 .The set of idenpotent elements of T [n] may be computed with
In[40]:= ee[n_] := Block[{A, index, k, s},

A =T[n] ;s =Length [A] ; index = {};
For[k =1, k<=s, k=k+1,

IfLop[ALLK]]. ALLKI1l ==ALLk]11.
index =Append[index, A[[k]1]l. Nonel]l: index]

Thus, we have the set of idenpotent elements of T[4] :

In[41]:= ee[4]

out[41J= ¢f1, 1, 1, 1}, {1, 1, 1, 4}, {1, 1. 3 1}, {1, 1, 3, 3} {1, 3, 4}, 1, 4, 43,
{1, 2, 1, 1}, {1, 2, 1, 2}, {1, 2 1, 4}, {1, 2, 2, 1}, {1, 2, 2, 2], {1, 2, 2, 4},
{1, 2, 3, 1}, {1, 2, 3, 2}, {1- 2, 3, 3}, {1, 2, 3, 4}, {1, 2, 4, 4}, {1, 3, 3, l},
{1, 3, 3, 3}, {1, 3, 3, 4}, {1, 4, 1, 4%, {1, 4, 3, 4}, {1, 4, 4;4}, {2, 2, 2, 2},
{2, 2, 2, 4}, {2, 2, 3, 23, {2, 2, 3, 3}, {20 2 3, 4} {2, 2, 4 4}, {38 2, 3, 2},
{3, 2,3 3} {3 2 3, 4}, {3 3 3, 3} {3 3 3 4} {3 453 4} {4 2 2 a4}
{4, 2, 3, 4}, {4, 2, 4, 4}, {4, 3, 3, 4}, {4, 4, 3, 4}, {4, 4 4, 43}
The number of ideitpotent elements In T [4] is ;
In[42]:= Length[ee[4]]
Out[42]= 41
11.T [n] contains the symmetric group G [n] - This is the group of
permutations of members of X [n] and consists of n Imembers :
In [431:= G[n_] :=Permutations [X[n]]
In [44]:= G[4]
out[44]= {{1, 2, 3.4}, {1, 2, 4,3}, {1, 3, 2,4}, {1, 3, 4,2y, {1, 4,2, 3}, {1, 4, 3, 2},
2. 1, 3.4}, {2, 1, 4,3}, {2,3, 1,442, 3, 4,1}, {2, 4,1, 3}, {2, 4, 3, 1},
3. 1, 24} {38, 1,42} {3,2 1,4,{3 2, 41}, {3, 4,1, 2}, {8, 4, 2, 1},
4. 1, 23, {4, 1,32}y, {4, 2, 1,344, 2, 3,1}, {4, 3,1, 2}, {4, 3, 2, 1}}

In[45]:= Length[G[4]1]

Out[45]= 24
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CHAPTER 5

SEMIGROUPS WITH ADDITIONAL STRUCTURES

Section:5.1 Some Results on Near-rings in terms of Ideals.

Definition:5.1.1

Let N be any set and let '+'and'. be two operations called addition and
multiplication. Then (iV, +,-) is called a right near-ring if

()(A™,+) is a group ( not necessarily abelian).

(i) (yV, m) is a semigroup.

(i) (¢, +n,)-n» =& -n* +n, m”™, \/n*.n..n, e N .

And {N ,+,°) is called a left near-ring if it satisfy the conditions (i), (ii) and

(i) A -(«2 ¥V3)= +M-«3, V«|,;72,«3 e N

We shall use right near-ring as a near-ring.

Example:5.1.2

i) Let A/be the set of all n*n matrices over Z, where Z is the set of all integers. Then

{M ,+,m) is a near-ring.

Defmition:5.1.3

Let (yV,+,-) be a near-ringand let / bea normal subgroup of (A',+). Then 1 is
called aright ideal of N if (i) INc /

and | is called a left ideal of N if (ii) n-(«, +i)-nn® e/ ,Vn" e W,V/el.

A normal subgroup /of(iV,4-)is called an ideal if it is both a left and rightideal of A

Theorem:5.L4

If / is an ideal of a near-ring N and f :N is a near-ring epimorphism, then

is a homomorphic image of A.
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Froof:
The mapping f \N given by (/?)/ =R+ ,Va?e V.
i) /is homomorphism:
For n ,e ,we have {n+n")f ={n+n)+1={n+1)+[n"+1)= («)/ + («")/

and {n-n")f ={n-nY)+ 1 = («+/).(«" +/)=(,,)/

This implies that/is a homomorphism.

ii) /is onto:

For any there exists an element ri&N such that {n)f=x=n+/.
This implies that/is onto.

Since/is epimorphism, so/is one-one.

Thus we obtain that/is an isomorphism of iVonto

Hence is @ homomorphic image of A.

This completes the proof [
Definition:5.1.5
Let N and N' be two near-rings and let/be a homomorphism from N into A" . Then
the kernel of/is defined as

ker/= e A" {n)f =0}, where 0'is the zero of N".
Lemma:5.1.6
If/is a homomorphism of a near-ring A‘into a near-ring N ', then the kernel of/is an
ideal of N.

Proof:
Let K- ker/= [ne N {n)f - 0}, where 0'isthe zero of N '.
Let a,be K be two elements such that {a)f = 0' and {b)f =0'. Then, we have
{a- b)f =[«+ (- b)\f ={a)f + (- b)f ={a)f- {b)f=0"-0' =0
This implies that {a-b) &K .
Also, for x& N ,vjQ have {ax)f = (a)/ M(x)/ =0"¢[x)f =0".

This implies that ax e K .

10
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Next, for oe K and x,x' e N , we have
{Xe(V+a)- xV'}H = [xe(V +fl)+ (- xx")\f

= XV +a)\f +(- xx")f
=(x)fix"+a)f +(-xx")f
=(W/TGVH + (@) T-(xv')/

= (V)/-(V) + (-v)/-(a)/-W /-(x")/

=0"+W/.(<,)/ =0+ (Vv)/.0'

=0'+0=0"
This implies that {xe¢@"+a)-xy }e K.
Thus we obtain that is a left ideal ofwV.
Hence K is an ideal of M

This completes the proof ]

Theorem:5.17
Let N and N' be two near-rings. If k \N-> N' is an epimorphism with kernel of k,

then K is an ideal of yand AN', where K = ker;r.

Proof:

Given that n\N -~N" is an epimorphism with kernel of k. Then K= Kker;r is an

ideal of N, by the lemma:5.1.6 and hence is a quotient near-ring. Consider the

mapping / : -> N' such that [n+ K)f = {n)n: ,\/ne N .

i) /is homomorphism:

Let nMri2eN .Then [(n, + A)+(«2 +M)1/ = [(«i +72)+ "1/
= {m +n,"K = {P"K +{n"K
= (¢ +K)J +(«, +K)f

and Qi+ (rn2 +M1 = [(A"2)+ L)
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={n,n")n ={m")7z-{n")7t

={n,+K)f.{n,+K)f
Thus wc obtain that/is a homomorphism.
iii)/is onto:
Clearly,/is onto as n is onto.

iv)/is one-one:

Let (2 + K)f ={nj + K)/, for .Then (2,)r= k.
=> [n.)n-{n,)n =Q".
=> )+ (- =0
" [7A + (- =0
=> (n,- )r=0.
N [n,-nM)eK.
e ri2+K .
= m+nN=m2+

Therefore/is one-one.

Thus we obtain that/is an isomorphism.

Hence we conclude that =N".

This completes the proof. |

Defmition:5.1.8

A near-ring N is called simple if it has no non-trivial ideals.

Dcfinition:5.1.9

Let be a near-ring and let M be an ideal of N.Then M iscalled a maximal ideal of
N if there is an ideal U\nN such that M czU (~N theneither M =Uov U=N.
Proposition:5.1.10

Let (A" +,-) be a near-ring. If N is simple, then all homomorphic images are

isomorphic to {0} or N.
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Proof:

Let f :N ~ N' be a homomorphism, where N' is any near-ring. Since N is simple,
so ker/= {0} ovN. When ker /= {0}, then/is one-one.

This implies that /(A”)s N .

Or, when ker/ =N, then f{N) = {0}.

Hence we conclude that all homomorphic images are isomorphic to {0} or A

This completes the proof. ]

Proposition:5.1.11

Let (yV, +,-) be a near-ring and let / be an ideal of N. Then / is maximal in N if and
only if is simple.
Proof:

Suppose that / is maximal in N. Assume that ~ is not simple.

Let N' = be a proper ideal of .Then 1 N'cz N which contradicts the

fact that / is maximal in N.

Hence is simple.

Conversely, assume that * is simple. Let be an ideal of N such that
lczN* (z N .Then is an ideal of »

But MyJj is simple, so =1or =N.

This implies that =/ or =

Hence 1is maximal in N.
This completes the proof. ]

Definition:5.1.12
Let (tV, +,-) be a near-ring and let Pbe an ideal of N. Then P is called aprime ideal

of// if for all ideals 1, JeNJJ " P=IcPor J"P.
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Dcfinition:5.1.13

Let (AM +,-) be a near-ring and let / be an ideal of N. Then | is called a direct
summand of N if there exists an ideal .1 of N such that N =/+ ,/and ./ is called a
direct complement of / in N.

Theorem:5.1.14
Let {N,+,m) be a near-ring and let / be an ideal ofN. If/ is a direct summand o fN,

then each ideal of/ is an ideal of N.
The proof can be found in [40] |
Proposition:5.1.15

Let (  + ) be anear-ring and let/ be an ideal of N. If/ isa direct summand of N

and Pisa prime ideal of N, then P n / is a prime ideal of N.

Proof:

Since / is a direct summand of N, so there exists an ideal /' in A"such that N =1-71".
Let ./, ,~2 be two ideals of/. If JAJj Pc\l, then ¢ P and JyJ* c I.Since |
is an ideal ofN, so ./, ,Jj are also ideals ofM

This implies that J*Jj ¢ / implies that J, ¢ / or I .

Now JAJj e P impliesthat QP or ~ P,since P is prime.

Therefore, we have ¢ PQI or c nl.

Thus we obtain that Jp/j P implies that ANPnl ovJjQPn .

Hence n [/ isa prime ideal of N.

I'his completes the proof [

Proposition:5.1.16

If / and P are ideals of a near-ring N such that 1 Q P and f \N # is the
canonical epimorphism, then P is prime ifand only if {P)f is prime.

The proof can be found in [40] ]

Proposition :5.1.17

Let (A" +,-) be a near-ring and let / be an ideal of jV. Then / is prime if and only if

N% IS prmie.
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Proof:

Let f :N A ~ beamapping defined by {n)f- n+1 \/ne N .
Assume that / is prime. Let /, ,12 be two ideals of sucli tiiat

[=f,+ ) =(@)mand /,'=1,+1=(/)].

L f/,'11 c(/)/,tlienlet /, -f//)/”" and Vo,
It [
r . .1t
vVooy Voo \ /

'Lhis shows that 1Jj ¢ 7 implies /, ¢ /for/jc /.

So, = (g1, I.r'|/:(/,)/:(/)/.

/
This implies that /, ¢ (/)/.

r
Similarly, we can show that NN e

Thus we obtain that 7, c (/)/ impliesthat /, e (/)/ or I ¢ (/)] .
This shows that (/)/' is prime.
Thus every homomorphic image is prime.

Hence is prime.

Conversely, assume that ~  is prime.

If /,/, ¢/ ,then (/,)I(131 =(/,13]c (/)] .

N (/1)lc(/)l or (I2)lc(/)].
L=, +1)-" =)= e (().m)- A+ 1)1 =]
[/, c7 .

Or, similarly, we can show that ¢ /.

This implies that / is prime.

This completes the proof
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Section:5.2 Lattice Ordered Near-rings.

Definition 5.2.1
A partially ordered set (I, <) is called a lattice if for everya, h&L, siipja,/?}
and inf(a,/!)}exist in L . The lattice operations join and meet will be denoted by
V and A respectively, where av 7=supja,/; }and aa6=inf{a,b}.
Lemma:5.2.2
Let (G,+ ) be agroup and H be a subset of G .'fhen // is a subgroup of G
ifand only if «/>e // => {a- b)e H, \fa,he H . u
Definition5.2.3
Let (//, +,*) be a near-ring and let /I be a subset of N . Then A is called a subnear-
ringo® N if (A, +) isasubgroup of N and {A,-) isasubsemigroup of N .
Example:5.2.4
Let T{g) be the set of all transformations on O, where G is a non empty set. Let
AN(g) be the set of all zero transformations on G . Then (r,,(G), +,-) is a subnear-
ring of (r(G),+,-).
DetlInition:5.2.5
Let G be any set. Then (G,+,< ) is called a lattice-ordered group or simply an L-
group if i) (G,+ ) isagroup.

i) (G, <) is a lattice.

iii) a<b=i>a+c<b +c, d+a<d +b,\/a,b,c,deO .
Example:5.2.6
The set (J,-, <), where / = (0,cc ) isanZ-group.
Definition:5.2.7
Let (AN +,-) be any set. Then {N,+,-,<) is called a lattice-ordered near-ring or
simply an L- near-ring if
i) (AM +,-) isa [right] near-ring.

ii) (AN <) isa lattice.
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iil) a<h=>a+c<h+c aj->cGN.

iv) a<h and ¢>0" am <hm ,Vc/,hce N.

Note: \i* a> 1), then aAc>b ac and u'vc>bv c,'ia,b,ce N .

Deflnition:5.2.8

Let (tv,+,-,<) be an L- near-ring and A"oand N\ be subsetsofN . Then the set

Ao = {/?7e AM«-0 =0} is called a zero symmetric pari of N andthe set

={7e n <0 = « | is called the conslant part of N .
DeFinition:5.2.9
Let {N,<) be any lattice and let A be a subset of N . Then A is called a sublattice
of N iffora,beN,aeA and beA”*avbeA and aAhe A.
Example:5.2.1Q
If N is any lattice and a e A" is any element, then {a} is a sublattice of N .
Definition:5.2. i 1
Let (A" +,-,<) bean Z- near-ring and let A be a subset of A™. Then A is called an

L-subnear-ring O A* if ~ is a subnear-ring and a sublattice of N .

Proposition:5.2.12

Let (AM,-!1-m<) be an L- near-ring. Then the set Ag=|«e TV/20=0}is an L-

subnear-ring of N .

Proof

Let /1, /22 e Aij, be two elements such that «, 0=0 and -0 =0. Then we have
@] -«2)-0 = (f7,%0)-(«2 0)=0-0 = 0.

This implies that «, -nj e Nqg

and (n,m )e0=/ «O)=/-0=0.

This implies that TV,

Thus we obtain that (Aq,+,m) is a subnear-ring of N .

Next, we have
{Mv e0=(« s OV{M +O)=0v 0=0.

This implies that (77, v Wjje TV,
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and («, A )e0=( «O)a {M +0)=0a 0= 0.

I'llis implies that (2, /\rij)e

Thus wc obtain that is a sublattice of N .
Hcnce =|/fe |»0=0] isan L-subnear-ring of jV.
Hence the proof is complete. ]

Corollarv:5.2.13

Let (//, +,-,<) be an Z- near-ring. Then the set WV} = {«e A*|s0=n}isan L-
subnear-ring of N .

Proof:

1’he proof is similar to proposition;5.2.12. [
Detlnition:5.2.14

Let (A" +,-,<) bean Z- near-ring and let A be a sublattice of . Then A is called
a convex sublatlice o' N if Va,6 e A and\fxe N, a<x<h="xeA.

Example:5.2.15
Any closed interval in a lattice A* is a convcx sublattice of N .

Defmition:5.2.16
Let (A™+,-,<) be anl - near-ring and let / be a subset of N . Then / is called

an L -right ideal of X' if / is aright ideal of N and a convex sublattice of N .

Proposition 5.2.17

Let (A" +,+,<) be anZ,- near-ring. Then the set A" ={«e Ay« 0=0}is an L-
right ideal of N .

Proof:

Wec have to show that A3, an /--right ideal of N . For this reason, we need to show
that:

i) Xo isan z,-subnear-ring of N .

i) N,-NAN,

iii) A, is aconvex sublattice of N .

i) It has already been shown in proposition:5.2.12.



Dhaka University Institutional Repository

Chapter 5

i) Let Hm e N (/;, e ,ne N) bean element such that
=0and n-0=0.
Now, («0 ¢/?)¢s0= ¢(7¢0Q)= +0=00=0.
no-neN”.
N,-N~N,

Thus Ao is a right ideal of N .

iii) Let ebe two elements such that /?.0=0 and a”20=0.
Then, V 2~ Vive N, if <n< , then
<< =>m0<R0< 7] 0.
== 0</7-0<0.
= Am) >0 and 2<0<0
> /7-0 = 0.
Thus neNg.

Therefore 7\, is a convex sublattice of N .
Hence we conclude that Nqgisan L -right ideal of N .

This completes the proof |

Definition:5.2.18

Let N, N' be two near-rings and let f :N N' be a mapping.Then / s called a
{near-ring) homomorphism if [a+b)f={a)f + (/?)/' and {amh)f = (a)/ «{h)f,
\fa,beN.

Definition: 5.2.19
l.et N, M' be two lattices and let f :N ~ N' be a mapping. Then / s called a

lattice homomorphism if \K7,Ae , (av b)f =(@)f v (*)/

and {aa b)f - {a)fa (/).

Definition:5.2.20

Let N, N' be two Z,-ncar-rings and let f: N N' be a mapping. Then / is called

an L- homomorphism if / is a (near-ring) homomorphism and a lattice,

homomorphism. The kernel of / is defined by
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kcr/={/?e | (/?)/ =0, 0'= zero of A* .
Proposition:5.2.21
Let N, N' betwo L -near-rings and let f :N N' he an L - homomorphism. Then
ker/ isan L -right ideal of N .
Proof:
Let K =kerf ={ne N («)/ =0'}.
Let a,be K be two elementssuch that {a)f =0O', {b)f =0O'. Then, we have

for a,heK, {a-h)f =[a)f- {h)f=0"-0"=0"
This implies that a-heK.
Also, we have Vae Kand Vxe N, {a-x)f =(a)/ «(x)/ =0"+(x)/'=0".
This implies that a xeK.
Thus we obtain that K is aright ideal of N .
Now, forall a, be K and\/xe N, ifa <x<b, then
a<x<b {a)f <{x)f <{b)f

= {xX)f >{u)f and (x),/’< {b)f

=> (x)/ >0"and (x)/ <0
= W/ =o0"

Therefore x e K .

Thus we obtain thatis a convcx sublattice of N .

Hence isan | -right ideal of N .

Hence the proof is complete. ]

Proposition:5.2.22
Let /1, +,-,<) be an Z--near-ring and let
|/,,]« e A, where Aisa finite index set } be a finite family of Z,-rightideals of Vv

Then the intersection of a finite family of L-right ideals is also an/.-right ideal of
N .

Proof:

Let 1 e a}, where Ais a finite index set. Let a,beAl” and xe N .
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Then a,bel” foreach aeA. Since each is an Z--right ideal, so the convex
property holds for each /,, ,ie a<x <h = xe ,foreach a and \/xe N .

This implies that x € =1/.

a
Thus we obtain that 1 isan L-right ideal of N .
Hence the proof is complete. |
Theorems.2.23
Let (y?, +,-) bea near-ring and let P be an I-idealofT? . Then the following
conditions are equivalent:
@ /,nlj=M~= 1 =P or 12=P for anyL -ideals/, ,/j of R
(i/i C\I2rP A or 12~ P l'or anyL - ideals of R .
(iii) (a)n(6)c P=>aeP or Aefor any al?e 7
Proof:
Let /p/2 be two /,-idealsof/? such that /, n/j ¢ P. Then
(/,nld +"=1"=>(, +P)r*{I2+P)" P
= I,+P =P or 12+P =P.
= /[, c Porljc I~
Thus we obtain that (i)=> (ii).
(i)~ (iii):
Suppose that a e and be lj. Then (a)c /,and (A c /".

= (a)n{h)c 127 P
= (a)n(/?)cP.

4> {a)"P ov {b)"P.

= aeP orbeP.

Thus we obtain that (ii)=i>(iii).

(iii)=n(i):

Suppose that /,, are L-ideals of R containing P.
Let ae If\ Pand be P . 1hen

a™/,andb€lj =
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=> (c)c2 /, and (b)cz: Ij .

= (cHhn{hy@/,n/, c I'.

= cP.

But c /,and PI* » P . Thus we have
/,nlj =P~ |/, =P or A=T

Thus wc obtain that (iii)=>(i).

Hence the proof is complete. |
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FUZZY IDEALS IN SEMIGROUPS

Secion:6.1 Preliminaries.

Dcrinition:6.1.1

Lei X be aset. A mapping a\ X ~ /,where / =]o,l ], the unit closed interval, is
called a fuzzy subset on X . We denote the set of all fuzzy subsets on X by
[t ie-N ={a:X -*].

A binary composition m{x,y)\-* xw/ in a set X induces a binary composition
o:{a,/])h*ao p in ,Where x,y e X anda,/"e/".

The product of « and is defined by

V  [«(«)a [?(v).
,Where u,ve X
0 , otherwise

Moreover, fora e /' and Acz X, xeX,Aoa”*l”*oa,a0A =aol”
and xoQr=:I" o« , aox =aol”*., Where 1* denotes the characteristic function of
Aand 1=1 fy,
The characteristic function I, of A is defined by

1 if xe A

0 if xfr*A
We also denote 1 (corresponding to X) the fuzzy subset on X and we write

I,.(x)=I , VxeX.

Definition:6.1.2
Let X be aset. Then

i) Fora,pe/",a iscontainedinp ie.a<p o a{x)<p{x), \Ixe A

ii) Fora,Pel'\ a=P < a{x)~ p{x), Vxe X .
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iii) Forae/ ', thecomplementa'of a isdefmed bya'(x)= 1-a(x), Vxe X.
iv) Fora,yOe/' ,a a/? isdefined by (a a y3)(X) = a(a:)a y5(X), Vxe A"
v) For«,y5e/" ,a\f/3 isdefined by {a\/ 13){x)-a{x)\/ p{x),\fx e X .

Definition:6.1.3

Let A’ be a set and let el .Then
a\'p =pw a .
i) commutativity.
aAp ~p Aa

) {a/p)yy=a\/{pyy) associativity
) {aAp) Ay =aa{PAy) |

awa =a :
iii) idempotence.
ahAa =a

: (avp)Ay ={aAy)v (p Ay) o
iv) distributivity.
{faAp)vy-{avy)A{pvy)

aaW =a
V)

«V 1 =1
vi) {a) "a.

. {avp) =a'AP’
vii) De-Morgan’s Law.

{aAp) -a'v P

Section:6.2 Fuzzy semigroups.

Dcfinition:6.2.1
Let (-S,-) be a semigroup and /" be the set of all fuzzy subsets in S . Then a e /"is

called &uzzy semigroupon S ifa°a<a.

Proposition:6.2.2

If {S,m) isasemigroup and a e 1" ,then a isa fuzzy semigroup in S if and only if

Vx,y e 5, a{xy) >{a{x)a a{y) }
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Proof:
Assume that a is a fuzzy semigroup in S . Let x,y,a,heS be elements of S such

that xy =ab . Since a is a fuzzy semigroup of iV, so a®a <a . Then, we have

a{xy)>{aoa){xy)" V
Xeh

> a{x)Aa{y)
This implies that a{xy)> (a(x)Aa(y)}.
Conversely, assume that a(xy) > {a(jc) a } VX, y&S.
Let x e S . Then, we have

(aoa)(x)= V {a{y)Aa{z)}

=z

This implies that a°a <a .

Thus we obtain that a is a fuzzysemigroup of\V .

Hence the proof is complete. [

Proposition:6.2.3 [7]

If (5,-) isasemigroup and A c. S,then A is asubsemigroup of5 ifand only if
is a fuzzy semigroup of 5 . [

Proposition:6.2.4

Let S ={a,b,c } and the binary operation  be defined by

a-a =b-b =c-c-a,

a-b =b-u =b,
a-c =c-a =c and
b =cm=c
Let e | be such that t*> 12> 1}- Let a e 1" such that

af{a) =/,, a{b)» ,«(c) =
Then a is a fuzzy semigroup on S .
Proof:

Let X be any element of S . Then
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{ao0a){x)

y [a(v)a a{z)], for vze S

Vi ‘2~3
x=yz

= V["3.
AV=53

= VvV ["™M " V ["y"] >since b-c =c .

X=yz v=>z

Thus we obtain that a °a <a .
Hcnec« is a fuzzy semigroup on S .

This completes the proof.
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Section:6.3 Fuzzy ideals of Semigroups.

Dcrinition:6.3.1

Let (5',¢) be asemigroup and let a e / " be a fuzzy subsetof 5”. Then
i) a is called afuzzy left ideal of S if 1 o« <« .
ii) a iscalled afuzzy right ideal of 5 if a 0ol"<a.

lii) a is callcd afuzzy two-sided ideal or simply an ideal ofS if it is both a fuzzy
left and a fuzzy right ideal of S .
Lemma:6.3.2
Let F be a non-empty subset of a semigroup S . Then F is a left (right) ideal of S if
and only if ¥ is a fuzzy left (right) ideal of S .
Proof:
Suppose that F is a left ideal of 5 . Let a be any element of 5”and let e 5”.

Then a =xyeS .

Now, (lo W (@=~" (x)AL (y)

=V la 1”(>A)]: Xy [I

ci=xy

This implies that \2° 1, < 1.

Thus we obtain that |,, is a fuzzy left ideal of S .

Conversely, assume that 13 is a fuzzy left ideal of S. Let x,yeS .1hen xy e S . Let
aeSw . 7hen a=xy,hvxeS,yeF.

Now, since e s o X2(;;)=1 If xe F then I/,(x)=I.

So, 1 (xN> L(X)ALl (V)= 1A1= 1|

=> Y, (xv)> |. But Y(x>M< 1

= MW(E&)=1.

127



Dhaka University Institutional Repository

Chapter 6
= Xy eF
= aeF
= S-F<F.

Thus we obtain that Fisa left ideal of S .
Hence the proof is complete. |

Lcinma:6.3.3

Let (i’,-) be a semigroup and let a e /'’. Then ais a fuzzy left [right] ideal of S if
) afxy)> min (a(x),«(;)}, S.

i) a{xy)>a{y) [a{xy)>a{x) .

The proof can be found in [24], ]

Theorem:6.3.4

Let a and /? be two fuzzy left [right, two-sided ] idealsofasemigroup5.Then
a a /] isa fuzzy left [right, two-sided] ideal of S .

Proof:

Let x,yeS. Then from lemma 6.3.3, we have
[a Ap){xy) =min{«(a7) ,p{xy)}
> min min{a(x),«(;;)}, min{/7(x)
> min a{x).fi{x)I, mm[a{y) . p{y)]
=min {a Ap){x).{a Ap){y)
This implies that {a a p){xy)> min {(« a y?)(x),(0: a Y?)( V)}.
Thus we obtain that a a p is a fuzzy subsemigroup of S .
Since a{xy)> a{y) and p{xy)> p{y) ,so we have
{a Ap){xy) = min {a{xy),p{xy)]
>minW{y)"P{y)] ={oc"I3)[y)
This implies that {a a P){xy) >{a a p){y)
Thus a Ap isa fuzzy left ideal of S .

iiencc the proof is complete. [
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Lemma:6.3.5

Let -) be a semigroup and let a ,/:?e /*' be two fuzzy subset of .9. Then
(i) If a isa fuzzy right ideal of V, then a° [i<a,

(i) 1f y? is a fuzzy left ideal of S, then [i< (.

Proof:

i) Let Xe .Then thereexist y,zmS such that x =yz .

Now, we have

{aofi){x)=\y [a{y)Aj3{z)

V=>T

Since a is a fuzzy right ideal of 5, so a{yz}> a(y).

Therefore, we have {a °J3){x) = [a(;M) a 1?(2)]
a{yz)A/"{z)

-v a(x)Aly(z)

X=yz

<V Ja(x)] = a{x)

X=y:
Thus we obtain that a° /3<a .

(ii) Let a be any element of S . Then, forall b,c e S, we have

(ao/?)(a)=  [a{b)A(}{c)

a=h

- \{t \a{b)Ap{hc)]l,sinceis a fuzzy left ideal of S .
altc

= V[« (")An(a).
a=hc
i
Thus we obtain that a° [5<[i.
Hence the lemma is proved. [
Theorem 6.3.6

Let (S,-) be a semigroup and let a , e | \ If « isa fuzzy right ideal and/? is a

fuzzy left ideal of S , then a of] <a a B.
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Proof:

For X6 S, wc have {a °P){x) = \/ [«00a /?(z)], where y,z e S.

X=yz

Sincea isa fuzzy right ideal of Sand \s a fuzzy left ideal of S, so we have
a{x) =a{yz)>a{y) » a{x)>a{y) and J3{x) =/3{yz)> J3{2) p{x)>p{z).

Therefore {a°P){x) =\/ [«(>)a (3{2) .

X=yz

<V [«(@)Al3{x) .
By

<V [(« AI?)(x)]=(aA;5)(x)
Yy

Thus we obtain that a° fi <a f\fi .

This completes the proof. ]

Theorcm:6.3.7

Suppose that  is a regular semigroup. Let a,/? e / .Then

i) Ifa isa fuzzy right ideal of S ,then a° P >a a f5.

ii) If P \safuzzy left ideal of S,then aop>a ap .

iii) If a is a fuzzy right ideal of S and if p is a fuzzy left ideal of S, then
a°P=aAP.

Proof:

Let a be any element of S . Since S is regular, so there exists an element xinS

such that a = axa.

i) Wehave (a°p){a) =V [a(M)A;5(c)] = V
Ht

axa=hc
>a{ax a(a) A/?(«), sincea is a fuzzy right ideal.
= (« AI?7X«).
This implies that a° p >a ap .

(ii)Let p beatlizzy left ideal of 5. Then we have (ao/?)(a)= \y[a{b)Ap{c)

a-hc
>a{u) Ap{xu),smcc a=axa,\/aeS.
>a{a)Ap{a), since isa fuzzy left ideal of S .

={aAp\a).
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This implies that a° [3>a f\[i .
ill) Let ~ be a fuzzy right ideal of .S and let  be a fuzzy left ideal of .S. Since S
is regular, so there exists an element x in S such that a =axa,\Jae S .

Now, we have {aop)[a)= [a{h) a f3{c)\
P10
<a\:(|K[cc{bc)Ap[bc)\ - Y [a{a)A /?(a)

= Yy [{aAp){a)] ={a Ap){a)
This implies that ao /3<a a /3.

And {ccop){a)= s [a{b)Ap{c)] = v [«(M)a/?(c)
<=he

axa=hc
= af{ax)A/3{a)] >[a{a)Ap{a)] "{aA/3){a).
This implies that a° [}>a a G .
Thus we obtain that a° p =aap .

This completes the proof. |
Theorem:6.3.8
Let ) be a semigroup with zero such that x«0=0¢jc=0, Vxe 5. If « isa fuzzy
ideal of S, then a(x) <a(o), VxeS.
Proof: WalL
Since a is a fuzzy righj/~Mf S, so a(o) =a(x-0)> a(x),vxeS.
This implies that a{x) <«(0), Vxe 5 and since a isa fuzzy left ideal of 5* so
a(0) =a{0 &) >a{x), Vxe S .
This implies that a(x)< a(0).
Hence we conclude that a{x) <«(0), \/x e S .

This completes the proof. |
Definition:6.3.9

Let (5’,-) be a semigroup and let® be a nonempty set and let« be a fuzzy subset of

S.Let 0</ <1l Then a, ={xe S|a(x) >/} is called a level sel of S with respcct

02 .
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Theorem:6.3.10
Lei « be a luzzy ideal of a semigroup S. Then the level set
a, ={xe S\a{x)>t, te [0,1]} is an ideal of V.
Proof:
Let x,y™a,. Then a{x) >t and a{y) >t.
Now, min{«(x),«(>;)}, since a is a fuzzy ideal of 5 .
A «(@)> min{/,/}=/. => xy&a,.
Thus we obtain that a, is a semigroup of S .
Also, for X6a,, ae 5 ,we havea{ux) >«(x) >/, since a isa fuzzy left ideal of S .
= a(ax)>/ == axea,.
And a(xa) >a(x) >t,since or isafuzzy right ideal of S .
= a{xa) >t = Xxa ea,
Hence a, isan ideal of S . ]
Definition:6.3.1 1
A semigroup (i', ¢) is called a k-semigroup if forany a,b e S, there exists a
unique element x in S such that either b =ax or a =bx but not both.
Definition:6.3.12
Let (5°’,-) be a semigroup with zero and let a be a fuzzy ideal of S. Then
a iscalled a fuzzy k-ideal of S if
a{xy) =«(0) and a{y) =a(0) a{x) =a{0), Vx,yeS .
Theorem:6.3.13
Let a bea " - ideal of a semigroup (5,-,0). Then the characteristic function 1" is a
fuzzy k - ideal of S .
Proof:
Let \Wxy)=1,0) and I,>"=1,0),Vx, eS. Then xyea andyea , by
definition.

Sincea isa /:-ideal of 5, so xea and hence I,,(x)=I"(0).

Thus we obtain that 1,,(x;.)= 1,(0) and 1,,(0)=> 1,,(x)= 1,,(0).
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Hence is a fuzzy k -ideal of S . m
Theorem:6.3.14 [17]

Let « be a fuzzy ideal of a semigroup(5,-,0). If a,is a A-ideal of S for each
t <a(0), then « is a fuzzy k - ideal of 5.

Proof:

The proof is similar to theorem;6.3.13. []

Detlnition:6.3.15

Let a be a fuzzy subset of a semigroup (5°,-) and f: S-S be a homomorphism.

Then the fuzzy subset /? in/(.S’) defined by J3{y)" Na{x) ,Vye f{s) .

is called the image of or under/ and the fuzzy subseta =f o j3in S ,(i.e. the fuzzy
subset defined by a{x) ={f op\x)” p{f{x)), for all xe 5) is called ihc preimage
of /3 under /.

Theorem :6.3.16

Let and 5' be two semigroups with zero. Let f: S A S'be an epimorphism and

let or be a fuzzy ideal of 5'. Then or is a fuzzy A-ideal of 5' ifand only if/ “'(a) is

a fuzzy k -ideal of S .
Proof:

Suppose that or is a fuzzy k -ideal of S".
Let [-" @Xj") =7-"(a)(0) and /™" («(;;)) - /- («(0)), "X,y e i’
N or(/(x>;)) = a(/(0)) and a{f{y)) =or(/(0)).
«(I(-") = «(./ (Q)) >since or is a fuzzy k -ideal of S"'.

r'{fa{x)) =.r{a{0).

r'{a){x)=f-'{a){0).
Thus we obtain that / “'(or) is a fuzzy k -ideal of S .
Conversely, assume that /''(a) is a fuzzy /t-ideal of S. If
a{xy) =a{0)anda{y) =a{0), then there exist a,besS such that

f (a)=xand f{h) =y, forx,>'e5" .
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Also, for a,b e 5, wchave /-'{afah))=/""'(a(o)) and /"' (a{y)) =/ “(a(0))
Since / *‘(a) is a fuzzy A--ideal of so fA'{a{a))= f-'{a{0))

=> «(/(") = «(/(0)).

> a(x) =a(o).

Thus we obtain that a isa fuzzy k -ideal of S*.

This completes the proof. ]
Derinition:6.3.17

Let f:S-~S" be ahomomorphism of semigroups and let a be a fuzzy subset of 5.

Then the fuzzy subset /(a) is defined by

fv{«(/)|/67,1(0 =>}, if

fw)ly) ="
.0 , if
Definition:6.3.18

Let S and 5' be two semigroups and letf: S~ S ' be a homomorphism.
Letor be a fuzzy subset of S . Then a is called f-invariant if
IW  f{y) = o{x)=a{y), \Ix,yeS.

Theorem:6.3.19

Let / ;5 ->5" be aepimorphism of semigroups. Let a bean / -invariant fuzzy ideal
of S.Then /(a) isa fuzzy ideal of S”.

Proof:

Let x,ye S'. Then there exist a,beS such that f{a) =x and f{b) =y .
This implies that a =/ *'(x) and b =f~"{y).

Now, x -y~ f{a) W(/;) = f{a m), since/is a homomorphism.

This implies that a-b =/ “'(x-_y).

Since a is an /- invariant fuzzy ideal o f5, so we have

ffa){xm =a(/" {x+")=a{am)>min[a{a),a{b) }

-min{«(/-'(x)),«(/-'(;;))}
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= min {j\a){x), f{a){y)]
" J(@)(x ¢y) > min{/(a)(A-), f{a){y)}.
Thus we obtain that f{a) is a fuzzy semigroup of S".
Also, for x,;;e5",wehave f{a){xy)=:a(f-'{xy))=a{ab).
f{a){xy) =a{ab)> max{«(a), a{b)], sincea is a fuzzy ideal of S .
= max{a(/-'(A-)),«(/-'(:™))}
-max {/(«)(x),/(a)(>")}.
Therefore /(a)(x>;)> max{/(a)(x), f{a){y)].
Hence f{a) isa fuzzy ideal of.V".

This completes the proof [
Theorem:6.3.20

Let S and S' be two semigroups with zero. Let f :S”* S' be a homomorphism of
semigroups and leta be an / -invariant fuzzy ideal of5’. Then « is a fuzzy A:-ideal
of S ifand only if f{a) isa fuzzy k -ideal of S"'.

Proof:

Suppose that a is a fuzzy k -ideal of 5". We need to show that /(a) is a fuzzy k -

ideal of 5'. Let f{a){xy) =f{a){o) and f{a){y)= f{a){o).

For x,;"6 5" ,thereexista,6e5" such that f{a)”x and f{b) =vy.

Now, / («)(a7)=f{cx){ f{a)- f[b)] =/(«) (/[ab)) ,since/is a homomorphism.
=/-' {f{a){ab)) =r\f{a){ab) - a{ab)

This implies that f{a){xy)~ a{ab).

and .flcc){y) =f{a){f{b)} =f'"f{a){b) =a{b), sincea is/ - invariant.

Thus a{ab) =a{0) and a(b) =a(0), since /(a)(o) = a(o). .

Now, since a isa fuzzy k -ideal of S, so a{a) =a(o0).

Thus fiaXx) =f{a)f{a) =,/(a)(0) ,

This implies that /(«) is a fuzzy A:-ideal of S".

Conversely, assume that /(a) is a fuzzy k-ideal of S'.Then forany xe S,
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Im{I(«)IW = /(«)/(x) =V {a{t)\teS,f{t) = f{x)]

=V AS a{t)ra{x)}

a{x).

This implies that f~\f{a)) =a.
Thus wc obtain that a is a fuzzy k-ideai of 5.

This completes the proof.
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Scctioii:6.4 Fuzzy Semi-ideals and Bi-ideals of a Semigroup.

Derinition:6.4.1

Let(.S',-) be a semigroup and leta be a fuzzy subset of 5. Then

i) a is called afuzzy left semi-ideal of S if 17°1 oa < « .

ii) a iscalled afuzzy right semi-ideal ofs ifa ol o|a<a.

iii) a iscalled a fuzzy semi-ideal of iS'if \*°\*°a<a and a 0j 0l <a.
Definition:6.4.2

Let (5',-) be a semigroup and let a be a fuzzy subset of S. Then

i) a iscalled dfuzzy generalized left semi-ideal of S oa <a ,\/xeS

ii) «iscalled afuzzy generalized right semi-ideal of 5" if a®x” <a ,va*e S .
i) a \s afuzzy generalized semi-ideal O"S'xi
ao x* <a and a°x" <a ,VxeS
Proposition:6.4.3
Let S be an idempotent semigroup and F be a non-empty subset of S. Then the following
conditions are equivalent:
i) Fisa left ideal ofS .

ii) The characteristic function 1,, of F is a fuzzy generalized left semi-ideal of 5.

Proof:

The proof is easy and is omitted. [

Proposition:6.4.4

A non-empty subset A of a semigroup S is a semi-ideal of S if and only if the

characteristic function of” is a fuzzy semi-ideal of S .

Proof:
The proof is easy and is omitted. [
Lemma:6.4.5

Every fuzzy left [right] ideal of a semigroup S is a fuzzy left [right] semi-ideal of.S'.

Proof:

Leta be a fuzzy left ideal of .S Since a isa fuzzy left ideal of5, so \"oa<a.
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Let a be any element oFS. Then

(I, o1no0a)(E))= [1,(x)a(q,

anxy

N

V [Fs(®) <N=V ~<y]>sincel (x)- \,\/xeS .

a=xy a=xy

V [*(M]- V[« since a{y)<a{xy).

a=xy

VO =) .
This implies that % o\*oa<a .

Thus we obtain thator is a fuzzy left semi-ideal of 5.

By a similar argument, we can show that ao\* o\ <a .

Hence the lemma is proved. |

Lemma:6.4.6

Every left [right] ideal of a semigroup S is a generalized left [right] semi-ideal of.S.
Proof:

The proof can be found in [19] |

Lemma:6.4.7

Every fuzzy left [right] ideal of a semigroup S is a fuzzy generalized left [right] semi-
ideal of5.

Proof:

Leta be a fuzzy left ideal of S. Let a be any element of S. Then, \/x e S ,vc have

[x*oala)" V where x* oa =\>,)°a .

a=hc

Now, lj*2je)Aa(c)=0 x»~ b and ljjj(ft)aa(c) =a(c) if x» =6, since lj2j(x")=I.

Therefore, we have {x”*°al\a)=\y Ilijj(6)Aa(c-) =

- a\=/hc [«(</\l)] " a\-ﬁc - a\:/hv [" (/\)] -

This implies that x* °a< a .
Thus we obtain that a is a fuzzy generalized left semi-ideal of S.
Similarly, we can show that every fuzzy right ideal of Sis a fuzzy generalized right semi-

ideal ofS.
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Hence the lemma is proved. |

Lcmma:6.4.8 [19]

Every fuzzy ideal of a semigroup S is a fuzzy generalized semi-ideal of S.
Proof:

The proof is similar to lemma:6.4.7. ]

It is clear that every fuzzy semi-ideal of a semigroup S is a fuzzy generalized semi-ideal

of S but not conversely.

Definition:6.4.9

Let (.S, ) be a semigroup and let a be a fuzzy subset 0 f.9 Then

i) a iscalled afuzzy generalized bi-ideal of5 li'a °\*oa <a .

ii) a iscalled afuzzy bi-ideal of5ifa ° <a and ao\“oa <a .

Lemma:6.4.10

A fuzzy subsemigroup a of a semigroup 5 is a fuzzy bi-ideal of S if and only if
a{xyz}> min{a(x),a(z)}, Vx,y,z e S.

Proof:

The proof is straightforward and is omitted. ]

Proposition:6.4.11

Every fuzzy bi-ideal of a semigroup S is a fuzzy generalized bi-ideal of S but not

conversely.

Proof:

Let {S,-) be asemigroup of four elements {a,c,i/}with the following table;

a b ¢ d

o 9
QD
QD

o
@
@
o o 9 o
@

Let« be a fuzzy subset of 5”such that a(a)= 0.5, a{b)-Q ,a{c) =0.2 ,a{d)= 0.

Wec iiave only to show that a °a .Let he S.Then
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{aca){b)= \/ [«(/;>)A«(cy)] , where p,qeS .
h=u/

1a(c) A a(c)}A {a(c) a «(c)}[aid)a a @QI1A {«(./HAa (cor
Vv
h=
" Ta[d)n a{dy® A (e a «(c}

vy 0.2,0,0] =0.2=a(c);ia(6):"a(b).
h=pq

This implies that a°a i a .
Hence a is not a fuzzy subsemigroiip of S.
This completes the proof ]

Lemma:6.4.12
Let a be a fuzzy subset of a semigroup S and let ft be any fuzzy bi-ideal of S. Then the
products ao P and ftoa are both fuzzy bi-ideals of 5.

Proof:

Since /? is a fuzzy bi-ideal of .S, so we have
(ao/o(ao/?)=«0 oooWw) <a °ffi ‘\“o p),\fae.
<a°®° P ,sincepo\fop < p.
This implies that {a°p)° <a°p.
Thus we obtain that a°® P is a fuzzy subsemigroup of S.
Again, we have {a°p)°\* °{aop)- aop o oa)op
<a° P°a°p , since \"oa <a.
<a°{j3o0\"° P),Mae
<a° P.
This implies that {a op)o\” o{a op) <a oP .
Thus we obtain that a° P is a fuzzy bi-idael of S.

Similarly, we can show that/? oa is a fuzzy bi-idael of5”

llcnce the lemma is proved. ]

Lcmma:6.4.13 1201

Every left [right, two-sided] ideal of a semigroup Sis a bi-ideal of 5.
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Every fuzzy left [right, two-sided] ideal of a semigroup 5 is a fuzzy bi-ideal of S.

Proof:
Let« be a fuzzy left ideal of a semigroup S and let a be any element of 5. Then

(aolso«)(«)=V [a(™) A(l, °a){y)

a=xy

<\y [a(x)Aa(j)] , since \"oa <a .

< a(x)a , since a{y)<a{xy).
= a\=/Xy AMxy)] = a\=/xy [M(<MN ().

=V [«(«)] = «(«)e

a=xy

This implies that «o ! oa <a

Hence a is a fuzzy bi-ideal ofi’. [
Lemma:6.4.15 f241

A semigroup S is regular ifand only if for all bi-ideals B of S,B = BSB.

Proof:

The proof is omitted. |

Now, we shall give a characterization of a regular semigroup by fuzzy bi-ideals.

Theorem:6.4.16

Let 5 be a semigroup and or be a fuzzy bi-ideal of S. Then the following conditions are

equivalent:

(i) 5 is regular.

(i) a=ao\oa.
Proof:

Assume that (i) holds. Let a be any element of i'. Since S is regular, so there

element x in S such that a = axa. Then, we have
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{aol oa){a)=" [(«°*5)(>) «(2)
274

= V ]

uxa=yz

>(aol J(aA-)Aa(a) = V [«(/MN Iv(™M)]r«(")-

ax=pq

> a(a)Al (x)JAa(a)

a(a)A IA«(a), since 1M(x)= 1L, Vxe 5.

af{a) Aaf{a) - a{a).

This implies that ao]” oa>a .

But by definition of fuzzy bi-ideal, we have ao\*oa<a.

Thus we obtain that a=aol>,. °a,Va ofS.

Conversely, assume that (ii) holds. Let A be any bi-ideal of S and let ae A. Then the
characteristic function of 4 is 1

Now, we have

VO[O/L o s)W AA(A)] = [(A

a=yz
=(l,] olv I"(a)=1, sincea "ao\*oa.
This implies that there exist elements b and c of S such that (I" o] land

with a = be. Also, we have \y [I"(p)a 1s(ty)] = @] ° Is)(")=<*
r=ph

This implies that there exist elements d and e of 5 such that 1*(c/) =1 and 1,5(<?)= 1 with
b=de. Then, we have I*(j) =1, I".(e)=1and (I,,)(c)= 1

This impliesthat de A,ee S and ce A.

Thus we obtain that a =bc- {de)c e ASA .

This implies that A c ASA .

Since Axsa bi-ideal ofS, so ASAc A.

Therefore, we have A = ASA .

Hence from lemma:6.4.15, we can say that.V is regular.

This completes the proof. ]
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1~hcorcm:6.4.17
Let S be a regular semigroup and a be a fuzzy subset of .S. Then the following conditions
are equivalent:
(i) or is a fuzzy bi-ideal of S.
(i) a- pay,where is a fuzzy right ideal of S and 7 is a fuzzy left ideal of S.
Proof:
Assume that (i) holds. Then we have
(aol>)(lyoa)<aol”oa-a, since lv® ~ ¥ and S is regular.
This implies that (aol*.)o(I*. oa)< a.

Thus we obtain that a = (« °1MN)° (N ° e *)

ao(iy oa) oayoa) <(a°ly)o(I*. oq;).

Also, we have (a°lLv)°(lv®a)=a °(v° .

Now, since (aol™.)ol”. =ao(I*. ol”))<aol”., so we can say that«ol”®, is a fuzzy right
ideal of S and let fi =a° ' .

Similarly, we have 1*°a isa fuzzy left ideal of Sand let * = Is °®

Thus from (*), we obtain that a~13°y, where is a fuzzy right ideal of S and 7 is a
fuzzy left ideal of”.

Conversely, assume that (ii) holds. We know that every fuzzy left [ right ] ideal of S is a
fuzzy bi-ideal of 5. So, P and y are fuzzy bi-ideals of 5. Thus from lemma:6.4.12, we
can say that the product P °y is a fuzzy bi-ideal ofS.

Hence a is a fuzzy bi-ideal of 5.

This completes the proof. |

Lemma:6.4.18 [201

For a regular semigroup S the following conditions are equivalent:

(i) Every bi-ideal of5 is a left [right] ideal of S.

(i) Every fuzzy bi-ideal of S is a fuzzy left [right] ideal of S.

Proof:

The proof is omitted. |
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Thcorcm:6.4.19

For a semigroup S the following conditions are equivalent:

(i) S is regular.

(i) aAp =a° poa holds for every fuzzy bi-ideal a of S and every fuzzy two-sided
ideal of S.

The proof can be found in [24] ]

TheoreiTi:6.4.20

Let / : S, ~ ~2 beahomomorphism. If a isa fuzzy bi-ideal of S,, then /(a) is a fuzzy
bi-ideal of

Proof:

Let a,b,c e .Sincea isa fuzzy bi-ideal of S,, then there exist x,y,z e Sj such
that f{a) =X, f{b) =y and /(c) =z.
Now, we have f{a){xyz) = a{f{xyz)) =a[f{x)f{y)f{z)
> v[a(fl/?c)] >v[a{a)Aa{c)
= V{«(m" @)N}tAI[v {«(/-'(2))}
=V A-TONFA LY L« (/-1(2))}
= v{U(axXji*")NIAlv{U(a)(z))};
= f{a\x)Af{a){z).
This implies that f{ay~xyz)> f{a){x)Af{a){z).
Hence f{a) is a fuzzy bi-ideal of

This completes the proof |

Theorem:6.4.21
Let/ :8§ -> be a homomorphism. If ~ isa fuzzy bi-ideal of ,then /"'(/?) isa
fuzzy bi-ideal of S,.

The proof can be found in [47]. ]
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Section:6.5 Fuzzy Quasi-ideals of Semigroups.

Definition:6.5.1
A non empty subset Qof'a. semigroups' is called a quasi-ideal of S if QSn SO c¢ Q.
Defmition:6.5.2
Let 5 be a semigroup and let a e I ", where /" is the set of all fuzzysubsets of S .
Then a is called afuzzy quasi-ideal of S if {a°lv)a (Is°a)<a .
Proposition:6.5.3
Let S be a semigroup and let a e ! , where /" is the set of all fuzzy subsets of S .
Then a is a fuzzy ideal of S ifand only if (a °l,v)v(lv °a)<a .
Proof:
Assume that a is a fuzzy ideal of S . Let x be any element ofS". Then, since ais a
fuzzy ideal of S,so0 a°1 <a and W °a <a .
Now, [(aolJv(l,. oa)](x)r=(aol J(A:)v(i,. °a)(x)
<a{x)'" a{x) =a{x).
This implies that {ao1™)v (N oa)<a .
Conversely, assume that (a °I?M)v (N o«)< a . Since (a®°1 v (loa) <« , so

<a and '°a <a .

This implies that a is a fuzzy right ideal and a fuzzy left ideal of S .
Thus we obtain that a is a fuzzy ideal of S .
This completes the proof |

Proposition 6.5.4

Let 5 be a semigroup. Then

i) Every fuzzy left [right] ideal of 5 is a fuzzy quasi-ideal of S.
ii) Every fuzzy quasi-ideal of 5 is a fuzzy bi-ideal of S .

Proof:

i) Let a be a fuzzy left ideal of S and let a beany element of S. Then

(ly oa)A(ao I")](@)< [(* oa)v(ao 1J](a) <a(a), by prop.6.5.3
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This implies that (Iy°a)a (aol

That is, a is a fuzzy quasi-ideal of S.

Thus we obtain that every fuzzy left ideal of S is a fuzzy quasi-ideal of S.
Similarly, we can show that every fuzzy right ideal of S is a fuzzy quasi-ideal of S.

(i) Let a be a fuzzy quasi-ideal of S . Since a is fuzzy quasi-ideal, so we have
(a0j™.)A(ly ca)<a .

This implies that  (aol”*.)<o; and (1"oa)<a.

Let a be any element of S . Then

(aolyoa){a)=(a°1%0j oa){a).

- *Q]() *
= ¥ [(«9)(Ma tv o) |

A b)A :
¥h:a{ )Aa{c)

<V [a{bc)Aa{bc” ,since a{bc)>a{b), a{bc)>a{c).

a-bv

=V [a{a)Aa{a)] = [a(a)] = a{a).
&t atc

This implies that a°\"°a<a .

Thus we obtain that a is a fuzzy bi-ideal of S .

Hence every fuzzy quasi-ideal of 5 is a fuzzy bi-ideal of S .

This completes the proof. ]

Theorem: 6.5.4

Let ('S',-) be a semigroup. Then the following conditions are equivalent:

i) S isregular.

(ii) a o\* oa =a for any fuzzy quasi-ideal a of S.

(iii) ar\P =a'~(5°a for any fuzzy quasi-ideal a and any fuzzy ideal /? of S.
Proof:

Suppose that (i) holds. Since S is regular, so there existsxin such that

a=axa,\/a e S.

Now, (aolve = (°1S° *y° ®XN) .
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= @01 )o(l oa)fa) =y, [(«*v  ('5°9)

>(« o0l )(@xX)Aa (1 o«)(<:/),siiicc a- axa .
>(aollJ(a)A (I, oa)(a) - [(a° il a (1, o«)](«)
=af{a), siiicc <a.

This implies that ao\*oa>a.

Again, we have {a°1 °«)(<") = [(«°Lv)° Qv °M](")

V [(«°’KsXM)"O.v °« X 4

a=bc

=V [(« )M 00

= V.  K«Is)("MNOVe«)W

a=axa=hc

=V 'S °«)(«).

a=axa

, oa){a)

a=axa

< a\:/bc [«(0)] = «(«)e

This impliesthat a °1 o« <a .
Thus we obtain that a ° ! oa =a , for any fuzzy quasi-ideal a of S.
Next, we assume that (ii) holds. From the theorem:2.7 of [24], we can say that
a°p°a<a°\"°a, Vfuzzy ideals/?0f 5.
This implies that a°P°a<a.
And we have ao o« <1 o0 °1%forall a oi S.
- Qs°P)° 'V- P” is a fuzzy ideal of S.
This implies that Pea< fi.
Therefore we have [a°P °a) /\{a of}oa) <aap .

This implies that a° P °<x<a \P .

By a similar argument, we can say that a° P°a>a \P .
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Thus wc obtain that a°(i°a=a/\p.

Next, assume that (iii) holds. From the theorem:3 4 of [24], we can easily say that S is
regular.

This completes the proof. ]

Section:6.6 Fuzzy Prime ideals of a Semigroup.
Definition:6.6.1
Let S be a semigroup and let P be a fuzzy ideal of S. Then P is called dfuzzy
prime ideal of 5 if
(i) P is not a constant function .
(ii) For any fuzzy ideals a, (3 of S ,\*a °/3<P, theneither a <P or (i<P.
Proposition:6.6.2 [36]
An ideal Pof asemigroup S is a prime ideal of .S ifand only if the characteristic
function of P is a fuzzy prime ideal of S'. [
Theorem :6.6.3
Let {S,-) be a semigroup with zero and a be a fuzzy prime ideal of S . Let us
define a,, = (x| x e 5',a(x) = «(0)}. Then isa prime ideal of S .
Proof:
For x,y we have
la(x) A«(;N}., since a isa fuzzy subsemigroup of 5
= or(0) Aa(o) = a(o)
This implies that a{xy)
Also, we have
a(0) =«{0 }> a{xy) ,since a isa fuzzy leftideal of S
This implies that a{xy)< a{0).
Thus we obtain that a{xy) =a(0).
This implies that = x,y e S,a{xy) =a (0)1

This implies that xyea™".
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UaeS,xea,,then a(av) >a(.v) =a(o) and a(o) = a(0 +ax) >a{ax).
Therefore, a(ax) =a(o).

Also, we have a(xa) >a(x) =a(0).

This implies that a(xa) >a(o) =a(0 xa) >a{xa).

This implies that a{xa) =a{o).

Therefore, we have a{ax)- a(o) and a{xa) - a{0).

This implies that ax, xae a”ya eS,xea”.

Hence isan ideal of S.

Next,let A,Bhe two ideals in S such that A° B <a”.

Let a,,a, betwo fuzzy ideals of S defined by a, = a(0)A”" and

where A, and are characteristic functions of A and B respectively.
Claim: (a, o«J(x) <a(x) , \/xeS.

We have (a, °a,)(X)=y [«i(v)aa,{z) .

Consider only the case a, (;;)a  (2)0. Since «, (;;) =a{0) and  (z) = «(0),
so aXy) =a,{z) =a{0)

= A((v)=1and IN(z)=1
=> yeAand ze B.
= yze A° B

Xe AB ¢ ,

Thus we obtain that a{x) =a(0).
Hence (a, oa”jlx) <a(x), for x e S.

Since a is fuzzy prime ideal and a,,a, are fuzzy ideals, so it follows that either

o, <a ora, <a.
Suppose that a, <a .Then we have a, =a(0)/L" <a .

We need to show that A<ag.

Suppose that A*a”. Then there exists an element ae A such that a
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This means that a(a) a(0).

Now, a(o) =a{0 m) >a(a).

= afa) <a(0)..

Then for a e S, we have a, {a) =«(Q)/L" {a) - 0;(0) > a{a).
Contradicts the assumption that a, <a .

Hence we conclude that A <ag.

Similarly, we can show that a, <a implies that B <aQ.
Hence is a prime ideal of S.

This completes the proof. ]

Theorem:6.6.4
Let .S be a semigroup and let {a, } be the family of fuzzy prime ideals of S . Then

(i) \/a, is fuzzy prime ideal of 5.

/eA

(i) is a fuzzy prime ideal of 5.

Proof:

Let a ,/? be any two fuzzy ideals of S such that a °p <\y
/eA

Assume that \/a, is not a fuzzy prime ideal of S.

ie,\

Then, for some x,y eS have

a{x) >(va,)(@) and p{y) >(va,)(y) .

Therefore, (v«, )(A-)?tl and (va, )(v);*l, so that x,y*yI~

/eA

where /,, - {xe («,)(x) =1} is prime.
Hence xy 1* , whence v o« (xy)

feA V/en V<eA

Thus we obtain that
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/ \ ( \

Which is a contradiction.

Hence a, is fuzzy prime ideal of .S.
A

(ii) the proof is easy and is omitted.

Hence the theorem is proved.
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