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ABSTRACT

In this dissertation, we have investigated some results of different types o f  ideals in 

semigroups. Some results on the semigroup 3 ^ { X )  o f  binary relations on a set X  and 

the semigroup T { x )  o f  transformations on X  are also investigated. We have 

computed the O-classes o f  T{X)  for I  X \  = 3 and | X \  = 4 and presented an egg-bo\ 

picture of T { x )  for | J f |  = 3. Computer Algebra Mathematica is used for 

computational purpose.

The study of semigroups is extended to near-rings and lattice ordered near-rings. 

Fuzzification of different types o f  ideals is also considered.
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CHAPTER 1 

INTRODUCTION

The object o f  this dissertation is to study “Ideals in Semigroups and their 

Fuzzification”

The concept o f  semigroups has been used in different branches o f  Mathematics 

including Algebra, Topological Algebra, The Theory o f  Automata, Tram form atiom  

on a Linear Space etc. Some Authors have studied different types o f  ideals in 

semigroups. Fuzzy ideals were first introduced by Liu[30] and the concept was 

fruitfully used for significant introduction of flizzy bi-ideals by N .Kuroki [19] ,[20]. 

In this dissertation we have studied different types o f  ideals and fuzzy ideals and their 

properties in semigroups.

We have investigated some results of different types o f  ideals in semigroups. Some

results on the semigroup o f  binary relations on a set X  and the semigroup

T{x ) of  transformations on X  are also investigated. We have computed the O-classes

of T{X)  for I A '1 = 3 and | ^ 1  = 4 and presented an egg-box picture o f  T{x ) for

A" 1 = 3 . Computer Algebra Mathematica is used for computational purpose.

The study of semigroups is extended to near-rings and lattice ordered near-rings. 

Fuzzification o f  different types o f  ideals is also considered.

In Chapter 2, we have discussed some results o f  semigroups and homomorphisms of 

semigroups. Also, we have established some results o f  congruences.

In Chapter 3, we have investigated some results o f  different types o f  ideals, such as 

semi-ideals, generalized semi-ideals, bi-ideals and prime ideals in semigroups. We 

have proved that:
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(i) An ideal of a semigroup S  is normal if  and only if  (x)^ ■ A = A- ( x ) ^ ,  

where (x)g is the principal bi-ideal o f  S  generated by x.

(ii) A semigroup S  is regular if and only if  BC.V) is regular, where BCi") is the 

set of all bi-ideals o f  S.

VVe have also discussed some results of simple semigroups.

In Chapter 4, we have presented some results on the semigroup 3 ^ { X )  of  binary 

relations on a set X  and the semigroup T{x ) o f  transformations on X.  VVe have also 

discussed how an equivalence classes, partitions, ranks, principal left ideals, principal 

right ideals, X-classes, ^ -c lasses, ^ -c la s s e s  and ©-classes o f  transformation 

semigroups T{X)  are found out. Here, we have also discussed the total number o f  £>- 

classes of T{x ) for X  = {1,2,3}. Specially, in this chapter we have constructed an 

egg-box picture of T{x ),  for X  =3.  Also, we have calculated the set of all right

zero transformations on a finite set X . Finally, we have used Mathematica package 

for the computational purpose for X  = { 1,2 ,3,4}.

In Chapter 5, we have presented some results o f  near-rings, lattice-ordered near-rings 

in terms o f  ideals, lattice-ordered ideals. Here, we have proved that the zero 

symmetric part and the constant part of a near-ring are lattice ordered ideals o f  a 

lattice ordered near-ring.

In Chapter 6 , we have discussed some results o f  fuzzy ideals, fuzzy semi-ideals and 

fuzzy bi-ideals in semigroups. We have proved that:

(i) If a  is a fuzzy right ideal and \s a fuzzy left ideal o f  a semigroup S,

then a °  P  = a  /\ P  .

(ii) Let S, S'  be two semigroups and f  : S  S '  be an epimorphism. Let a  

be a fuzzy right ideal o f  S ' . Then or is a fiazzy k- ideal o f  S '  if and only 

if /  '(or) is a flizzy k- ideal o f i .
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(iii) A semigroup .V is regular if and only if a  = a o \ ^  o a , (or all bi-ideals a  

o f  5.

Here, we have also discussed some results o f  fuzzy quasi-ideals and fuzzy prime 

ideals o f  a semigroup.

Notations and Terminology

We follow the book [10] for concepts and symbolism, not explicitly mentioned in this 

thesis. We shall use the following notations:

A'

V 

3

A

V

3B{X)

T{X)

C{X)

P'{X)

I { X )

P.

E{S)

b(S)

6 {X)

P{G)

r ( a )

W { a )

The cardinality o f  a set X.

For all.

There exists.

Meet.

Join.

Set of all binary relations on a set X  .

Set of all transformations on a set X.

Set of all constant transformations on a set X.

Set o f  all permutations on a set X  

Set of all identity rel ati on on a set X.

Equivalence class of x.

Set of all idempotent elements o f  a semigroup S.

Set of all bi-ideals of S.

Semigroups with identity element 1.

Semigroups with zero element 0.

Set of all equivalence relations on a set X  .

Set of all generalized semi-ideals o f  a commutative group G 

with identity e.

ZaretskiJ union lattice o f  a  on a set X  

Zaretskil intersection lattice o f  a  on X.
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£ ,  3 i Equivalence relations on a semigroup S.

L{a) c£-class containing a.

R{a) Ji-c\ass containing a.

H{ o) .^/^-class containing a

D{o) D -dass  containing a.

K{ x ) Set o f  all right zero transformations on a set X.

A'l, Zero symmetric part o f  a near-ring N.

Constant part of a near-ring N.

/  ■' Set o f  all fijzzy subsets on a set X.

\ y Fuzzy subset corresponding to A".

1 , Characteristic function on a set .
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CH APTER 2 

SE M IG RO U PS

Section:2.1 The Basics.

DeFinition:2.1.1

Let^’be a non empty set and be a binary operation defined on S . Then ( 5 ,  *) is 

called a semigroup if

i) \ f a , h € S ^ a * h s S

ii) y  a ,h ,c  e S  a* {h* c) = (a*  h)* c .

When the operation is understood from the context, it is usual to write ah for a*b and 

refer to S  as the semigroup.

Defmition:2.1.2

In a semigroup S, AB  = \^ah a g A and i> e  B }, where A ,B  S .

Example: 2.1.3

Let X  be a nonempty set and iB (X )  be the set o f  all binary relations on X , that is 

3 i { X ): = [ a \ a  (z X  X X  }. Then ( S (  A") . o ) is a semigroup on X  , where ‘ o ’ is the

composition of relations defined by

a o  p  = {(.Y,>')| 3 r  e  X  such that ( x , z ) g  a  and (2,>’) e  P  }

To see that o is associative, we consider a , /3,y e ^ { X ). Let {a ,b )e

Then there exists x in X such that ( a ,x )e  <2 ° and (x,h ) e y  . But then there exists>■

in X  such that (a, y )  e  a  and (>’, x) e p .

Thus we have (>’, b ) ^  P ° y , and hence { a , b ) e a °  i P ° r ) -  

Thus we obtain that {a°  p ) ° y  <^a°

Similarly, we can show that a o [ p  oy')(^ [ a o p ) o y .

Therefore, we have {a°  p ) ° y  = a  o { p o y ) .
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C hapter 2

DeFinition: 2.1.4

Let S  be a semigroup and let ^  be a nonempty subset o f  S . Then A is called a 

subsemigroup of S li' A *  A c: A .

Definition 2.1.5

For a  G A ') and x g A ', let

x a  : = {>’ G A" j (x, >’) e  a  }

Then a  g B { X  ) \s called a transformation o f  X  if Vx g A", x a  = 1.

The set o f  all transformations on X  will be denoted by T { X ) .

VVe note that for each x g X ,  x a  is a singleton, that is there exists a unique x„ g X  

such that x a  -  {x^ }. This x^ is called the image of x under a  g T{x ),  will also be 

denoted by x a .

Now consider a , /?  g T{X) ,  and x ^  X . Then

x[a o y9) = (>' G A"| B z G A' such that (x, z ) ^ a  and (r, >') g /? }

= {>’ G A"| G A" such that z ^ x a  and >■ g zf i  }.

But x a  = {x^ } and x^/? = {x„^}.

So, x{a ° 0 ) =  |x^^ I and hence | x{a  ° /?)| = 1.

Thus a °  e  T{x \  and x{a ° p )  = (-va)/?.

It follows that T{ X)  is a subsemigroup ofSB{X) .

Definition:2.1.6

An element a  of a semigroup (S,*)  is called an idempotent if  a * a  = a .  A 

semigroup 5  is called an idempotent semigroup  if every element of S  is an 

idempotent. The set of all idempotents of S  is denoted by E { S ) .

Example:2.1.7

Let A'= { 1, 2, 3 } and | 7'(A')| = 27 . Then there are 10 idempotent elements in T { X ) . 

Definition:2.1.8

Let (5,*) be a semigroup. An element r  o f  5  is called a left zero element if

z * a  = z , \ f a G S  and a right zero element if a * z  = z y a e S .
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DeFinition: 2.1.9

Let (.S',*) be a semigroup. Then an element t? o f  5” is called a left identity element of 

S \ f  e* a -  a & S  and a right identity element oT S  i f  a*  e = a , \ f  a g S  and e 

is called an identity element of 5 if it is both a left identity element and a right 

identity element of S  .

Definition: 2.1.10

Let S  be a semigroup with identity element e . L qX a  and b be two elements o f  S  

such that a * h  = e . Then a  is called a left inverse o f  b and b is called a right inverse 

of  a .

Definition: 2.1.11

Let S  be any semigroup and let 1 be a symbol not representing any element o f  S. We

extend the given binary operation in S  to one in i ’u l  by defining 1 * 1  = 1 and

\*  a = a * l  = a for every a  in S. VVe can easily say that 5  >^1 is a semigroup with

identity element 1. Similarly, we adjoin a zero element 0 to 6 ” by defining 0 * 0  = 0

and 0 *a  = a *0 = 0 for all a  in 5.

Throughout the thesis we shall use the following notation:

S  if S  has an identity element,

S  u  1 otherwise;

C hapter 2

=

5'’ =
S  if S  has a zero element, and S  > 1 

S  0  otherwise.

Definition: 2.1.12

A one-to-one mapping of a set X  onto itself is called a perrjiutation o f  X  .

Theorem: 2.1.13

A non-empty subset T of a semigroup S  is a group if and only if 

^ a e T , a r  = Ta = T .

Proof

Suppose that T is a group. Then clearly aZ' e  7', for all a g T . Since T is a group, it
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has the identity element e and T = eT  c  a T  . Therefore o T  = T.

Similarly, we can show that Ta = l \ \ f  a g T .

Hence a T  =^ra = T , \ / a e  7'.

Conversely, suppose that a T  = Ta = T , \ / a  g 'T . We need to show only the existence 

of identity and existence o f  inverse.

i) Existence o f  identity:

We need to show that there exists an element e ^ T  such that xe = ex = x , \ /  x  & T . 

Let -V be a fixed element in T . Then there exist elements and such that

e^x = xe^ = X, since xT  = Tx = T . Let y  ( different from x ) be any element o f  T. 

Then there exist elements a = a{x,y)  and b = h (x , y )  in T  such that xa = y - h x ,  

since x T  = Tx = T .

Now ye^^ = {bx)ej^ = ) = bx = and e.^y = {xa) = {e^x)a = xa = y  .

Thus = y  and e^y = y , y  y  & T.

In particular, taking y  = and respectively, we have and .

Therefore . Hence xe = ex -  x , \ /  x  e  T  and e is the identity element in T .

ii)Existence of inverse:

We need to show that there exists x' g T such that xx' = x'x = e , \ f  x g T, t? is the 

identity element of T .

Let x g T . Then e e  x T , since T  = xT.

This implies that there exists x ' e T  such that e = xx'. So x' is a right inverse o f  x .

Similarly, there exists a left inverse x" g T such that e = x"x, since T -  Tx .

Finally, we have to show that x' = x " .

Here, we have xx' = e .

=> x"(xx') = x"(?.

(x"x)x' = x''e .

=> ex' -  x"e .

=> x ' = x " .

Therefore, xx' = x'x = e , \ f  x e T  and x' is the inverse of x .

Hence T is a group.

C hapter 2
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■<

This completes the proof. ■

Definition: 2.1.14

A semigroup S  with a zero element is called a zero semigroup  or null semigroup  if

h = 0, \ /a ,h  & S.

Defmition:2.1.15

The order of a semigroup S  is the number o f  elements o f  S  if  S  is finite. The order 

of S  is denoted by |5 .

Defmition: 2.1 16

Let 5  be a semigroup. An element ‘ a ’ o f  S  is called a left [right] cancellable if for 

any x ,y  e  S, ax = ay x  = y  [xa = ya  => x = >>]

A semigroup S  is called a left [right] cancellative if every element o f  S  is left [right] 

cancellable and S  is called cancellative if it is both a left and right cancellative 

Lemma:2.1.17

If a is an idempotent element o f  a left cancellative semigroup S , then a  is a left 

identity element of the semigroup S  .

Proof

Given that a ' = a . Therefore, ax = a"x = {a ■ a)x = a ( a x ) . By left cancellative law, 

we have x  = a x . This implies that a is a left identity element o f  S  .

Lemma: 2.1.18

A cancellative semigroup can contain at most one idempotent element, namely an 

identity element.

Proof:

Let ê  and e, be two idempotent elements o f  a semigroup S , then e," =e^ and

-  ^2 ■

Now, for all x e  S, xe^ = xt?,' = (xe^)e^. Thus x = xt?, , by right cancellative law. 

Similarly, using the left cancellative law, we have e^x = x.

By a similar arguments we can show that xe.  = e^x == x, Vx g 5'.

Therefore from xe  ̂ = x  and xe.  = x, we have xe^ = xe _̂, i.e. ê  = e . .

Also, from e,x = x and e . x  = x , we have e.x -  e . x ,  i.e. ê  =

C liapter 2
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This completes the proof. ■

Proposition:2.1.19

Let be a semigroup such that if ah = c c / ,\ /a ,h ,c ,d  e S , then either a = c or

h = J  . Then S  is either a left zero semigroup or a right zero semigroup.

Proof

Given that if ah = cd, \ /a ,b ,c ,d  g S  , then either a = c ox h = d  .

Now, for all x ,y  e S, (.v>’)̂ v = x (> x ) .

This implies that either xy = x or x = yx.

Hence .S' is either a left zero semigroup or a right zero semigroup.

Hence the proof is complete. ■

Defmition:2.1.20

A left [right\ unit in S  is said to be an element of S  having a left [right] inverse in 

5’ .

Thus if ab = e, a is a right unit and is a left unit. By a unit in S  we mean an

element of S  having both a right and a left inverse in S  .

Theorem:2.1.21

Let 5' be a semigroup with identity element e . Then

i) The set A[B]  of  all right [left] units of S  is a right [left] cancellative subsemigroup 

of S  containing e .

ii) The set U  o f  all units of S  is a subgroup o f  S  and LI = A n ,  B . Each unit has a 

unique two-sided inverse in U  and has no other left or right inverse in S  .

iii) Every subgroup of S  containing e is contained in U .

The proof can be found in [10]. ■

Theorem:2.1.22

Let A{B] be the right [left] unity subsemigroup o f  a semigroup S  with identity 

element e and let U  be the group of units o f  S  . Then the following conditions on S  

are equivalent:

i) x.y = ^(x, >> G 5 ) y.x -  e .

ii) A = U .

iii) B = U .

Chapter 2

10
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Proof:

( i ) ^ ( i i ) :

Given that is a right unit subsemigroup o f  S  with e . Since U  is a group o f  units

of S , it is clear that [/ ^  A . We have to show that A<^IJ  . Let a & A.  Then there 

exists b \n S  such that ah = e . 

zi5> ba = e

=> a e U .

Thus A q U .

Hence A = U .

( i i )^ ( i i i ) :

Let b € B . Then there exists a in S  such that ab = \.

=> a e  A = U .

=> ah = ba = e .

=> h e l l .

^  .

Clearly, U < z B .

Hence B = U .

(iii)=>(i):

We have to show that x>' = e ^  y x  = e , for x,_y e  S  . Given that xy  = e .

=> >’ G 5, y  has a left inverse.

=> >’ G , since B =  U.

=> xy = yx  = e ^  yx  = e .

Hence xy = e ^  y x  = t?, for x , y  g S .

This completes the proof ■

C hapter 2
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Section:2.2 Homomorphisms and Congruences.

Definition: 2.2 1

Let S  and S ' be two semigroups. A mapping cp :S S ' is called a homomorphism

if {a"^h)(p = \ /a ,h  e S .

If  a homomorphism cp is one-one, then it is called a monomorphism  or embedding. A

homomorphism of  S  into itself is called an endomorphism.

A homomorphism ^  of 5" onto S ' is called an epimorphism  and S '  is called a

homomorphic image o f  S  .

A homomorphism q> o f  S  onto S ' is called an isomorphism  if cp is one-one and 

onto.

Defmition:2.2.2

Let X  be any set. A relation p  on A'is called

i) reflexive if (x,x ) e  p  , \fx e  X  .

ii) symmetric if (-V,>’) g  p  => 0-’, x ) e  p  , Vx,>’ g X  .

iii) transitive if p  and (>’, z ) e  p  => (jc,2 ) g  p  , Vx,_y,z g X  .

and p  is called an equivalence relation  on X  if it is reflexive, symmetric and 

transitive.The set of all equivalence relations on A' is denoted by £ (A'). 

Proposition:4.1.3

Let a ,P  e & { x ) .  If a °  (3 = P ° a , then cr ° is an equivalence relation on X  .

The proof can be found in [ 1 0 ]. ■

Definition:2.2.4

Let 5' be a semigroup. An equivalence relation p  is called a left congruence on S  if 

for any a ,b ,c  g 6’, a p t  => capcb and p  is called right congruence on 5  if for any 

a ,b ,c  G S, apb => a c p b c .

An equivalence relation p  is called a congruence on S  if it is a left and right 

congruence. If p  is any relation on a semigroup S  and a  g 5 ,  we set 

a p - { y ^ S - .  apy]  and p a  = {x g S  . xpa)  If p  is an equivalence relation, then

Chapter 2

12
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i) a & a p  for every a & S  and ii) if a p r \h p  ^  (p, then a p  = b p .

Thus the family o f  sets a p  with a  in S  is a partition o f  S. That is, they are mutually

disjoint and their union is S . We denote this family by ^  and a p  is the

equivalence class of S  modulo p  containing a .

Definition: 2.2.5

A mapping p* : S  is called a natural homomorphism  if

a p  = a p \ y a e S  and {ap")(hp*) = {ah)p* \/a ,b  g S.

If p  is a congaience on S  . Then the set y ^  = {ap \ a G S }  o f  all p  -classes with the

multiplication {ap){hp) = (a b )p \la ^h  g S. is a semigroup and this is the quotient 

semigroup induced by p  .

Lemma: 2.2.6

An equivalence relation p  on a semigroup S  is congruence if  and only if 

'^a ,h ,c ,d  G S, aph  and c p d  => acpbd  .

Proof

Suppose that p  is a congruence on S . We have for any \ fa ,b ,c ,d  g S, apb  = acpbc  

and c p d  b cp b d , since p  is a congruence.

Therefore, for any \ fa ,b ,c ,d  g S, aph  and c p d  => acpbc m d  b c p b d .

This implies that a c p b d , by transitivity o f  p  .

Conversely, suppose that for any \ /a ,b ,c ,d  e  S, apb  and cp d  => a cp b d  .

Since p  is an equivalence relation, so c p c , by reflexive property o f  p  .

Then by the hypothesis, we have

apb  and cpc  => acpbc  

Similarly, we have cpc  and apb ca p cb .

Thus for any \ /a ,b ,c ,d  g S , apb  ^  acpbc  and capcb .

Thus we obtain that p  is a congruence on S .

Hence the lemma is proved. ■

C hapter 2
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Theorem: 2.2.5

Let (9 be a homomorphism o f  a semigroup S  to a semigroup i ’' . Let p  = 0 o 0 \  

i.e., a p h { a , h s  S)  if and only if o0  = hO. Then p  is a congruence on >S'and there 

exists an isomorphism y/ o f  ^  into S ' such that p  V  = where p"  is the natural

homomorphism of S  into .

Proof

Let 6 . S  S ' be the homomorphism. First, we have to show that p  is an 

equivalence relation.

i) p  is reflexive, since Va g S, o p a  ^  aO -  a O .

ii) p  is symmetric, since \/a ,h  g S, aph  => a 6 = bO .

^  bO = ci6 .

=> b p a .

iii) p  is transitive, since \ /a ,b ,c  e  S, aph and bpc ^ a O  = bO and bO - c 6 .

=> aO = c 9 .

=> a p e .

Therefore, p  is an equivalence relation.

Now, if apb  and c g 5 , then

{ac)6 = a 9 - c 6 , since 6  ̂ is a homomorphism.

= bO -cO = {bc)6 , since aO = b 9 .

This implies that acpbc, \fa ,b ,c  g  S.

Similarly, we can show that capcb, \fa ,b ,c  g  S.

Hence p  is a congruence on S  .

Next, we have to show that y/ is an isomorphism.

Consider the mapping y/ : -> S ' such that = a d  , '^ a  g S  .

i) is homomorphism:

F o r a / 7,A/9 G ^ ,  we have {ap ■ b p ) y / -  {{ah)p}y/= {ab)6

= a 6 -he

C hapter 2
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= {cip)y^ ■ {hp)if/

Thus /̂/ a is homomorphism

ii) yy is one-one;

Let {ap)ii/ = {bp)y/, \/a ,h  e S  . Then {ap)if/ = {hp)y/ .

That is, ad  = hO .

This imphes that a p h .

Thus we obtain that a p - h p .

Therefore ^  is one-one,

iii) ^  is onto:

ij/ is onto, since for each element o f  S ' is of the form 06  for some S  and there 

exists ap  £ such that {cip)y/ = aO .

Hence ^  is an isomorphism.

Again, if ap  e ^ , then a p ^ a p \

Now, we have aO = {ap)y/ = {ap'’)y/ = a { p “(f/).

This imphes that 9 = p ’̂ y/ .

This comphtes the proof ■

Theorem: 2.2.6

If  ^  is a homomorphism o f  a semigroup (-S',-) into a semigroup { S \ - ) , then the 

homomorphic image Sep is a subsemigroup of S ' .

Proof

We have only to show that the subset Sep o f  S'  is closed under multiplication. Let 

x' and >■' be any two elements of Sep. Then there exist x , y ^ S  such that 

x(p -  x'  and yep = y ' .

Since ^  is a homomorphism of S  into S ' , so we have x' ■ y '  -  x(p-yep -  {x-y)cp . 

Since x • >< e 5 , it follows that x' • y '  e  Sep . Thus S(p is closed under multiplication. 

Hence S ^  is a subsemigroup of 5 ' .  ■

Chapter 2
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Theorem: 2.2.7

If ( S , - )  is a semigroup with identity e and if ^  is a homomorphism of S  into a 

semigroup S ' , then the homomorphic image o f  e under ^  namely ecp, is an identity 

element of the subsemigroup S(p of  S ' .

Proof

Since ^  is a homomorphism of S  into S ' and .S' has an identity element e , then 

ecp^ Sep, since e s S .

Now, for -v' G S(p , there exists an element x g S  such that xcp = x ' , by theorem 2 .2 .6 . 

Then, we have e<p ■ x ' = ecp- xcp = (e ■ x)cp = xcp = x ' .

Thus ecp is a left identity element of S(p.

Similarly, we can show that x' • e<p = x', Vx' e  Sep, 

i.e., ecp is the right identity element of Sep.

Thus we obtain that ecp is an identity element o f  the subsemigroup S(p of S ' .

Hence the theorem is proved. ■

Corollary: 2.2.8

If ^  is a homomorphism of  a semigroup S  into a semigroup S '  and if / /  is a 

subsemigroup of S , then the homomorphic image o f  / / ,

H<p-{h(p  /? e / / ) ,  is a subsemigroup o f  . ■

C hapter 2
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CHAPTER 3 

IDEALS IN SEMIGROUPS

r

Section:3.1 Different types of Ideals.

Definition 3.1.1

Let { S , •) be a semigroup and let A he a non-empty subset o f  S  . Then

i) A is called a left ideal o f  if SA cz A .

ii) A is called a ngh/ idea! o f  S  if A S cz A .

iii) A is called a two-sided ideal or simply an ideal o f  ^  i f  SA c: A and A S cz A . 

Example:3.1.2

Let T{x ) be the set of all transformations on a set X  and let ( ’(A') be the set of all 

constant transformations of T{x ). Then (C(A'),°) is an ideal o f  (T’( x ) ,  o).

For g  G 7'(A')oC(A'), g  = f  ° k  , where /  e  7’(A')and k  g C{x ).

For X e X , we have (x)^ = (-^X/ ° ^ ) = ( ^ /  X  = (>')'  ̂ = c , for e  A" .

This implies that g G C { x )

Thus we obtain that T{x ) ° C { x )  c  C { x ) .

Similarly, we can show that C { X ) o J ' {X) q C \X )

Hence C { x )  is an ideal of T{x ) .

Theorem: 3.1.3

Let (5 ,- )  be a semigroup and let /, and be two ideals o f  S . Then /, vj / ,  and 

/, n / ,  are ideals o f  S .

Proof

Let p  G /, u  / ,  . Then g / ,  or g / , .

This implies that px  g /, or p x  g / , ,  for x  &S .

Since /, and / ,  are ideals of S  , so px  g /, .

Similarly, we can show that x/; g /, / ,  , V x g 5  .

Hence /, u  L  is an ideal of S .

17
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Next, let x e / ,  n / , .  Then x e  /, and x g / . .  Since /, and L  are ideals of .S', so 

rx , X/- e  / , ,  V X G /| and V r  e  S  .

Similarly, we can show that rx , xr g 1, , V x g / ,  and V r  g i ’.

Thus, from rx g /, and rx e  / , ,  we have rx and from xr  g  /,  and xr e  L  ,

we have xr g /, r ^ / , .

Therefore, / ,  n  / ,  is an ideal o f  S  .

This completes the proof ■

DeFmition:3.I.4

Let { S , ) be a semigroup. An ideal of .S' generated by a single element is called a 

principal right {left) ideal o f  6’; i.e. Va g 5, (a)^ =S^a  is a left ideal, called the 

principal left ideal generated by a  and Va g S, {a)^ = aS ' is a right ideal, called the 

principal right ideal generated by a.

An ideal o f  S  is called a principal ideal o f  S  if  it is a principal right ideal and a 

principal left ideal of S .

A semigroup S  is called a principal ideal semigroup  if every ideal o f  S  is a principal 

ideal.

Proposition:3.1.5

Suppose that S  is a semigroup and x g 5 .  Then the set Sx = {ax| a  g 6'} is a left 

ideal o f  S .

Proof

Since 5” is a semigroup, so we can say that Sx  c  .S'.

Now, for a, g 5 ,  we have aXciy)=  (a,a)xG S x , since S  is associative.

This implies that Sx is a left ideal o f  S .

Hence Sx  is a left ideal o f  S. ■

Proposition:3.1.6

Let S  be a semigroup with identity 1 and let x g S. Then Sx  = {av| a g 6 '} is a 

principal left ideal of S  generated by x .

Chapter 3
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Proof:

From proposition:3.1.5, we can say that Sx is a left ideal o f  S  . Now, since 1 g i ' ,  so

I . X = .V e i x  . Therefore Sx is a left ideal of S  containing x .

Let A be any ideal of S  containing x . For a e S  and x g A, we have

ax G A , since A is an ideal containing x .

But ax G S x . So, Sx c  A .

Thus, Sx is contained in every ideal of S  containing x and therefore it is the 

smallest ideal o f  S  containing x .

Hence Sx is a principal left ideal o f  S  generated by x . ■

Defmition:3.1.7

The nonempty intersection of all ideals o f  a semigroup S  is called the kernel o f  S  . 

Lemma 3.1.8

Every finite semigroup has a kernel.

Proof:

Let {/^ I a  = 1 ,2 , ........... //} be the set of all ideals o f  a semigroup 6’ and let

n
/  = P i { .  We have to show that I  is an ideal o f  S.

a = \

n
Let a  G /  = P) {/„} and x g S. Then « g 4  , for each a .

a = l

This implies that ax g 1 ^ , for each a .

Since each 1^ is an ideal o f  S, so xa& I

n n
This implies that av g p |  {/ ^ } and xa  g

n
Therefore /  = p |  { / ^ } is an ideal of S.

Chapter 3

a = \

c t= l

Thus we obtain that /  is the kernel of S. 

Hence every finite semigroup has a kernel.
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T'

DeFinition:3 1.9

Let S  be a semigroup and /  be an ideal o f  S. Then the set ^  = {.v/| .v e ,S’} is a

semigroup if V x , y s S ,  {xl) {y l )= {xy)l and this is called the quotient semigroup  

induced by /

Theorem: 3.1.10

Let (5 ,- )  be a semigroup with identity e .  Let /, and / ,  be two ideals o f  a 

semigroup S . Then

/ [ / ,  n / ,  ] =  ̂ j

Proof

Let (p : /, be a mapping given by (.v)^ = xL  , Vx g / , .

i) (p is homomorphism:

Let XpX, e  / , .  Then we have (x, ■ x.)(p = {x x̂ .)L_ = ( - v , / J ( x , / J  = (x ,)^  • (x ,)^  .

This implies that 9? is a homomorphism.

ii) (p is onto:

Let y l ,  e  with >' e /,

If _y G /, , then (y)^ = y l , , by definition.

If ^ , then >' G / ,  and y l ,  = / ,  . This means that y  -  e . That is, e g /, and

hence {e)(p = / ,  = >7, .

Therefore, cp is onto, 

ii't) kernel o f  ^  :

ke r^  = (x G /; I {x)(p = /:>}= { ^ g /, | x / ,  = / ,}

= [x G /, I X G / ;}  = /, .

By the 3'̂ ‘* isomorphism theorem, we have

k e r^

20
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Thus we obtain that -  / / ,  ■[/, n A -

This completes the proof. ■

Theorem: 3.111

Let S  be a semigroup and / , ,  / ,  be two ideals o f  S  such that /,  e  / , .  Then

Proof

Consider the mapping ^  ^  ^  such that (,v/, )^  = x /,  , Vx g .S’ .

i) (p is homomorphism:

Let X,, X, G S . Then we have

.(^1 )](P = [(^, Vi k  = (>̂ 1 •’f: V:

= (x , / , ) (x . /3 )  = ( x , / , ) ^ - ( x 3 / ,V  

Therefore ^  is a homomorphism.

ii) (p is onto:

(p is onto, since for all x/. e ^  , there exists x/, g ^  such that (x /,)^  = xU

iii) kernel of (p :

ker (p = | x / ,  G ^ J  ( x / >  = / 3 |

= <! x/, G I x/, G

= I xL & ^ -

/ ,
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Hence by the 3'̂ ‘' isomorphism theorem, we have,

That is,

This completes the proof.
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Section:3.2 Generalized Semi-ideals of a Semigroup.

Definition 3.2.1

Let S  be a semigroup and A he & non-empty subset o f  S  . Then

i) A is called generalized left sem i-ideal (g.l.s. ideal) o f  S  if x 'A  c  A ,  V x e  S  .

ii) A is called z. generalized right sem i-ideal (g.r.s. ideal) o f  S  if  Ax~ c: A , Vx g S

iii) A is called a generalized semi-ideal (g.s. ideal) o f  S  if x 'A  a  A and A x ' a  A , 

V x e S .

Example:3.2.2

Let S  be the set of all positive integers, where 5 is a semigroup with respect to 

multiplication. Let ^  = {.v | x g i ’, x > 3}. Then /I is a generalized semi-ideal o f  S  . 

Defmition:3.2.3

Let (S,-) be a semigroup and let /I be a non-empty subset o f  S  . Then

i) A is called a left semi-ideal of  S  if SSA  c  A .

ii) A h  Qdi\\Q<i z. right semi-ideal S  if A SS  cz A .

iii) A is called a semi-ideal of  S  if SSA e  A and ASS a  A .

The following example shows that not all generalized semi-ideals are semi-ideals. 

Example:3.2.4

Let Z* be the set of all non-zero integers, where Z* is a semigroup with respect to 

multiplication. Let A = [x x e  Z \  x > 5^. Then A is not a semi-ideal o f  Z* but A

is a generalized left semi-ideal o f  Z * .

Proof

We have to show that Z ' Z ' A ^ A  Let t e Z ' Z ' A  Then 

t = x^x^a for some x , , e  Z* and a  e  A .

If  X, < 0 and x, > 0 , then t = X|X,a < a 

This implies that t ^  A .

Therefore Z ' Z ' A ^  A .

Similarly, we can show that A Z ' Z ' ^ A .

Chapter 3
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Hence A is not a semi-ideal o f  Z \

Now, let / G x ' A  . Then I = x - a , for c/ g /4 .

^  t = x ' o > a > 5  , since .v " > 0 , V x g Z * .

t e  A

T h u s  we obtain that x ' A ( z . A .

Hence is a generalized left semi-ideal o f  Z * .

Proposition:3.2.5

In an idempotent semigroup and for c  , the following statements are 

equivalent:

i) ^  is a left ideal o f  5  .

ii) /I is a generalized left semi-ideal o f  S  .

Proof

Let S  be an idempotent semigroup. Then x- = x , Vx  ^  S  .

(i)=>(ii);

Assume that ^  is a left ideal of S . Since ^  is a left ideal of 5 ,  so e  / I .

This implies that xA<^A,  \ f x s S  .

That is, since x '  = x ,  \Zx g S .

Thus we obtain that / l i s a  generalized left semi-ideal o f  S .

(i):

Suppose that /4 is a generalized left semi-ideal o f  S  . Then x ' A  A . V x g S  

zo xA cz A , V  x g S ,  since x '  = x , Vx  g S  .

ẑ > SA cz A .

Thus we obtain that ^  is a left ideal o f  S  .

Hence the proof is complete. ■

Example:3.2.6

Let Z be the set o f  all integers and let A be the set o f  all even integers. Then >1 is a 

generalized semi-ideal ofZ. Also, >1 is a proper subset ofZ.

To show that x ' A  c: A ,  V x e Z  .

Let X be any element of Z and let x ' o  e  x ' A  , for a g A .

Chapter 3
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If X is o d d , then x" is odd. So, x~a is even , since a e  A is even ,

This implies that x ' o e A .

If X is even, then clearly x~a is even and so x ' a ^ A .

Thus we obtain that x ' A  c: A , V x  g Z.

Consequently, A is a generalized left semi-ideal ofZ.

^  Similarly, we can show that A x ' a  A , V x g Z.

Thus we obtain that ^  is a generalized right semi-ideal o f  Z.

Hence is a generalized semi-ideal o f  Z.

Clearly, is a proper subset o f  Z, since Z contains an odd integers.

Note: if we take A = set o f  all odd integers, then A is not a generalized semi-ideal 

o f  Z, because in particular, 2 e  Z, 3 g A but 2 ' - 3 ^  A .

Proposition:3.2.7 [44]

^  A generalized left semi-ideal o f  a group is a subgroup iff it is a groupoid.

P ro o f :

Let (G,- ) be a group and let A he a generalized left semi-ideal o f  G .

Since ^  is a subgroup of G , so ^  is closed under multiplication.

Hence /I is a groupoid ofG  .

Conversely, assume that is a groupoid o f  G . Since is a groupoid, so AA cz A .

If x e  A ,  then taking >’ = x ' '  g G , y ' x  e  A , since ^  is a generalized left semi-ideal 

o f  G i.e. y ' x  = x"‘ • x = x “‘ e  A .

This implies that A~' a  A .

Hence 4̂ is a subgroup of G . ■

Any subgroup of a group need not be a generalized left semi-ideal. We prove the 

following proposition:

Proposition:3.2.8

Let G be a group and let A = {e'} , t? = identity of G , be a subgroup of G Then A 

is not a generalized left semi-ideal of G .

^  Chapter 3
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ProoF:

VVe know that /4 is a generalized left semi-ideal o f  G if x~A A , V x g G .

Claim: x 'A  (Z A , V x e G  .

Since A = so the elements o f  x 'A  are of the form x ' e .

Now, x ' e  = x “ g y4 if x '  , since A = {t'} .

This implies that x ' A  Qi A ,  V x e G  .

Hence A is not a generalized left semi-ideal o f  G if x~ e , \ /x g G .

This completes the proof ■

Proposition:3.2.9

Let G be a group and let ^  be a subgroup of G consisting solely o f  the identity 

element of G . Then is a generalized left semi-ideal o f  G if and only if every 

element of G other than the identity element is of order 2 .

Proof

L qX A = {e} ,  e = identity element of G .

Now, ^  is a generalized left semi-ideal o f  G o  x ' A  e  /4, Vx e  G .

<=> X'e G A -  { e ]

<=> X'e = e

<=> X- = e

o  \x\  = 2 .

Hence the proof is complete. ■

Proposition:3.2.10 [44]

A subgroupoid ^  of a group G is a generalized left semi-ideal o f  G if and only 

if  ̂  is a normal subgroup and gAg  e  , for every g  g G .

Proof

Assume that /4 is a generalized left semi-ideal o f  G . By prop.3.2.7, we can say that 

^  is a subgroup ofG  .

Let g  e G  and x e  A . Then x"‘ g A .

Now, (g ’'x ) 'x “' e A  , since A is g.l.s. ideal, and (^''x)" e G  .

Chapter 3
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But g - ( g  'x)'  x ' = g '  (g -'x)(g ' x y '  = g (g g  ' )xg -' (xx ' )  = gxg '. 

^  g-(g 'x) X ' G/I .

=> g x g ^ s A .

This implies that /4 is a normal subgroup o f  G .

Also, ( ^ ) ' x  ‘ € A ,  . since g x ^ G  and A isg.l.s. ideal.

A .

^  gxg(xx ' )  = g X g G ^ ,

Hence gAg  c  / I , for every g  e G  .

Conversely, assume that /I is a normal subgroup o f  G and gAg  c  A , 

for every g  g G . We have to show that ^  is a g.l.s.ideal o f  G .

Let g  G G and X G . Then g ' x - g ( g x ) .

But gx = x ,g , for some x̂  e A , since A is normal in G .

Hence g"x  = g(gx) = g (x ,g )  g A , since gAg  c  A .

Therefore /I is a generalized left semi-ideal o f  G .

Hence the proof is complete. ■

We note that any generalized semi-ideal o f  a group need not be a subgroup. This is 

shown by the following example:

Example:3.2.11

Let O* be the set o f  all non-zero rational numbers and let

A = [ l a ' ,  3 b \  /■' a , b , r G O ' ‘j.

Then ^  is a generalized semi-ideal of O'  but not a subgroup o f  O *.

' P_

I ^

and A =  2 a ~ , 3b~ , r~ a , b , r G O *  |

Claim: x ' A  c  A and Ax '  a  A , \f x  e  O ' .

Suppose that t & A . Then

Here, O'  = \ — p  ^ 0 ,  cj ^ 0 ^ 0  , O -  seio^^ a\\ rational numbers .
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i) If / = le i' , then vvehave x ' f  = x- ■ 2cr -  2x~cr = 2{xa)' e  A

=> x ' t e A  x ' A c z A

By symmetry, we have A x '  cz A .

ii) If r = 3/)^  then we have x “/ = x - - ( 3 A ' )  = 3 x~b~ = 3{xhY g A

=> x ' A c z A .

Similarly, we can show that A x '  c: A .

iii) If t = r , then we have x ' t  = x '  r '  = (.vr)' g A .

=> x ' A c ^ A .

Similarly, we can show that A x '  e  A

Thus we obtain that x ' A  c  A and Ax '  a  A , Vx  g 0* .

Hence /4 is a generalized semi-ideal of 0*.

^  is not a subgroup of O ’ , because 2 = 2 - 1 ' g A , 3  = 3 - 1 ' g A b u t 2 - 3  = 6 g / i .  

Hence /4 is a generalized semi-ideal of 0* but not a subgroup o f  O *.

This completes the proof ■

Definition:3.2.12

A semigroup S  is called commutative if for all a, b in S, ah = ha.

Theorem:3.2.13

Let G be a commutative group and let

P{G) = { ^ ] i s  a g.s. ideal with identity of G } and let G* = | a  e G }. Then

G* is contained in every member o f  P{G) .

Proof

We have to show that G ’ is a generalized semi-ideal o f  G with identity e o f G 

Let t e x ‘G * . Then t = x 'a ' , for some a ' g G" , x  g G .

=> t = {xx){aa)

=> t -  x{xa)a = x{ax)a, since G is commutative

=> t = (xa)' G G*

t g G \

Chapter 3
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^  X'Cj czCj .

This implies that G* is a generalized left semi-ideal o f  G .

Next, let / ' G G \ x ' . Then / '  = , for some a '  g G \ x g G .

Now, we get t' = a ' x~  = (aa)(.vx) = a{ax)x = a (x a )x , since G  is commutative.

= (ax)(ax) = (ax)' g  G * .

This implies that / ' g G*.

Therefore G* is a generalized right semi-ideal o f  G .

Hence G* is a generalized semi-ideal o f  G .

Trivially, e = e~ implies that e s G ' .

Hence G* is a generalized semi-ideal of G with identity e o f  G .

Next, let A g  P(G) . VVe have to show that G" c: A .

By definition, we have x ' a  g  A and ax~ € A , V x g  G .

But Vx‘ G G* and a g A , we have x ' a  g  A and ax '  g  A .

In particular, a = e e  A . Therefore x ' e  g A and ex '  e  A .

This implies that x '  g A . Thus we obtain that G'  c: A .

Hence we conclude that G* is contained in every member o f  P(G)  .

This completes the proof ■

Lemma:3.2.14

Let G be a commutative group and let

P ( G ) = { ^ |  is a g.s. ideal o f  G with identity }.

If A,  B g P{G),  then A B g P[G).

P ro o f :

Let AB = {ab\a G A,  b G B &. A , B  G P[G) \̂ .

If x g G ,  then we have = (x‘ /1)j9 (z , since c .

Therefore AB  is a generalized left semi-ideal o f  G .

Similarly, we can show that AB  is a generalized right semi-ideal o f  G .

Since A , B g P{G) and e g A, eG B, so e e  A B .

2 9
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That is, e - e '  e  A B .

Hence we conclude that AB e  B(G).

This completes the proof. ■

Proposition:3.2.15

Let G be a commutative group and let

P (G )= { .4  I is a g.s. ideal with identity e o f  G }.

Then P(G)  is a commutative semigroup with identity and zero element.

P ro o f :

Trivially, P(G)  is a commutative semigroup.

Claim; G* identity of P(G),  where G* = | x ‘ x g G }.

Since A is g.l.s. ideal and x ‘ g G ‘, so G*A c  A ,

Again, since t? e  G*, so a = e - a  e  G ’A .

=> A G*A .

Thus G*A = A.

Therefore G*A = A -  A G \  since G is commutative.

Hence G ’ is the identity element of P(G).

Claim: G - z e r o  of  P(G).

Let A € P{G) . Then GA <^G,  since G is a group. Also, G clGjA , since e ^  A . 

Thus we obtain that GA = G^

Since G is commutative, so GA = AG .

Therefore we have GA = AG  = G .

This implies that G is the zero o f  P{G) .

Hence P{G) is a commutative semigroup with identity and zero element.

This completes the proof ■

Proposition:3.2.16

Let G be a commutative group and let

P{G) = (.-41 is a g.s. ideal with identity e o f  G  i

Then in P(G), AB = G ' if and only if /I = 5  = G \
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Proof:

Suppose that A = B  = G \  “lor A ,B  g P{G).  Then we have A B  = G ' G ' = G \  

because G'  is the identity in P{G).

This implies that AB = G \

Conversely, suppose that AB = G \  AB  g P(G).  If b g B , then vve have

(h-' )-h = h-^ e B ,  since B  is g . s. ideal.

Thus B ' c  B  Also, B~' e  P{G),  since P{G)  is a commutative group.

Now, h 'b  ' = b G B ' . This implies that B  c  B '.

Thus we obtain that B -  B ~\

Similarly, we can show that A = A '.

Again, i f  ab e A B  = G* , for a g A , b g B , then we have

ab = X ' , for some x" g G" .

This shows that a = x'b~' g B  , since B is g . s. ideal.

This implies that A cz B .

But G* = AB = BA , since G is commutative.

By symmetry, we have B cz A and hence A = B .

Since = 5 ,  so we have AA = G \

We know that G* is contained in every member of P(G) .

That is, G* (z A ,  for all A g P(G) .

Now, G" czA => X- G A , V x g G .

X" = <7 , for some o g  A.

=> a = X' G G* .

^  A ( z G \

Hence A = G \  for A g P(G) .

Similarly, we can show that B = G \  for B g P{G) .

Thus we obtain that A = G ' = B ^ A  = B = G ’ .

Hence the proof is complete. ■
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Section:3.3 Regular Semigroups and Bi-ideals of Semigroups.

neFinition:3,3.1

An element a  o f  a semigroup^’ is called regular if  « = axa, for some x ^ S  and S  is

called regular if every element o f  S  is regular.

Defmition:3.3.2

Let S  be a semigroup and let a g S . Then a  is called completely regular if there

exists X G S  such that a = axa and ax = x a .

Proposition:3.3.3 [18]

A semigroup S  is left [right] regular if and only if for all a  e  5, there exists an 

element x e  5 ,  a - x a '  [a = a-x] ,  ■

Defmition:3.3.4

A semigroup 5  is called intra-regular if, for any a e  S  , there exist x,>' e  S  such that 

a = xa^^y.

Proposition:3.3.5 [38]

For a semigroup (5’,•), the following conditions hold:

i) S  is regular if and only if « e  aSa, \ f a e  S  .

ii) S  is left [right] regular if and only if a  g Sa '  [a e a'S] ,  Va g S.

iii) S  is intra- regular if and only if a e S a ~ S , V<7 e  S. ■

Lemma:3.3.6

A semigroup S  is regular if and only if RL = R r ^ L  for every right ideal R  and every 

left ideal I  of 5  .

Proof

Suppose that 6" is regular. Since R is right ideal o f  S , so RS <^R.  But we have 

/if, c  R S , since L c z S  .

This implies that R L q  R .

Again, since L is left ideal o f  5', so SL c  L .

But we have RL ^  SL , since R c z S  .

This implies that Rl^ L .
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Therefore we have R L < ^ R r \ L  ....................  (i)

Now, let a  G R r ^ L  . Then a  s  R  and a  g L .

Since R r > L  a  S  , so a  g R r ^ L  .

This implies that a & S .

Since S  is regular and a  g S , so there exists x g  S  such that a  = a x a .

Therefore we have a = {ax)a e  RI^ , since 7? is a right ideal, so for a  e  R ,x  e  S  .

This implies that g g  RL .

Thus v^e obtain that R r ^ L < ^ R L ......................  (ii)

From (i) and (ii), we get RI. = R r ^ L .

Conversely, assume that Rl.  = R r ^ L  .

Let GG R r ^ L .  Then g g R  and g g L and a  g RL .

Since is a right ideal o f  S  , s o g x g R,  f o v a  g R  and x g  S  . 

and since L is a left ideal o f  5 , so xa g L ,  for a  e  Z, and x g  S  .

Since g g  R  and g x g  R ,  so a  = gx and since a  g L and xa g L ,  so a  = xg .

Now, we haveg  = g g = ax-  xg = g (x ■ x)a = a xa  .

This implies that R r ^ L  \s regular.

Since R r , L  is any subset o f  S  and R r \ L  is regular, so every subset o f  S  is regular 

and hence S  is regular.

This completes the proof ■

Lemma:3.3.7

For a semigroup5’the following conditions are equivalent:

i) S is completely regular.

ii) a G a ~ S a '  for any a e S  .

iii) S  is left and right regular.

Proof

(i) (ii):

Assume that 5 is completely regular. Since S  is completely regular, so every element 

<7 of 5  is regular. So a  = x a ' and a = a ' f o r  some x , y  g S  ,h y  prop.3.3.3 

This implies that a g S a ' and a g a 'S ,  \ /a g S  .
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That is a e  c r S  t^ S a '  c  a 'S c r  .

Thus we obtain that a e  a~Sa~ , for all a g S  .

(ii)-> (iii):

Assume that a e a ' S a -  , \f a e S . Since a e a ' S a -  , \ / a e S ,  so 

a - a ~ x a ~  , for some x g Ŝ'.

This implies that a = (a'xjt?" e  Scr .

Similarly, we can show that a  e  a 'S  . Thus5' is left and right regular.

( i i i ) ^  (i):

Suppose that 5  is left and right regular. Since S  is left and right regular, so 

a = XQ- = c r y  , for some x, y  g S .

Now, axa = ax{a'y^  = a[xa~)y = a-a-  y  = a ^y  -  a .

Therefore we have axa = a

and ax  = (xa“)v = x(a\v), since5 is right regular, that is a  = a ' x  .

= x a .

Therefore, ax  = x a , for some x & S .

Hence S  is completely regular.

This completes the proof ■

Proposition:3.3.8

An element ‘ a  ’ of a semigroup S  is completely regular if and only if a  g n  a ' S . 

P ro o f :

Assume that a is completely regular. Since a  is completely regular, so a -  x<7 “ and 

a = a~y,  for some x , y & S .

This implies that a g Sa~ and a  g a ' S , Va e  S

Therefore a  g  Sa~ n  a ' S , V a s  S  .

Conversely, assume that a  g  So- n a ' S . We need to show that a g  a ' S a ' , Va g  S  .

Since a G S a - n  a ' S , so a g a 'S a '  , by the lemma:3.3.8(ii)

Thus by lemma:3.3.8(i), we can say that a  is completely regular.

This completes the proof ■
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Chapter 3

DeFinition:3.3.9

Let S  be a semigroup and A be a nonempty subset o f  S  . Then A is called a bi-ideal 

o f  .S' i f  AA<^ A and ASA c  A . The set o f  all bi-ideals o f  S  is denoted by B(.S').

We denote by (x)^ , (.v)  ̂ and (.v)  ̂ the principal left ideal, principal right ideal and 

principal bi-ideal o f  S  generated by x in S  and can be written as:

(x); = X Sx , (x)^ = X X . V  and (x)^ = x ^ x '  ^ x S x .

Example 3.3.10

Let S  be the set of all positive integers, where .S’ is a semigroup with respect to 

multiplication. Let A = (x | x e  x > 6 }. Then /I is a bi-ideal o f  S  .

Defmition:3.3.11

An ideal A o f  a semigroup S  is called norma/ if xA = A x, V x e  S  .

Example:3.3.12

Let M .  be the multiplicative semigroup o f  all 2x2 matrices over the set o f  all integers 

and let A =
' fa 0 ^

a  G Z
Oy

a g Z>,  where Z is the set of all integers. Then is a bi-ideal

of  h/L_ but not a generalized semi-ideal o f  M , .

a,, 0 ^ o'

0  O ’ 0 0 ,
Let G A . Then, we have

0 ^ ^̂ 22 0 " ^̂ \\̂ 22 0 " o''= = G A ,
t o  0 , vO Oy K 0 oj vO 0 ;

G A , where ^ ,3  = a^^a^^ g A

This implies that AA cz A .

Let p  G AM^_A . Then p  = axh , where a ,h  ^  A and x g M^

Now, p  =
fl,, OYx,, x,,Y /),, O'l , (a, ,  0 '̂  . ( h,, 0 ''‘11 

0 0 0 0
, where a  = , b = 1̂1 

0 0

and X =
 ̂V X  ^■ M l

' a „  0 ^ o ' ^a,,x,,^,, 0 ^
t o  oJ V 0 0 .

G A .
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Chapter

This implies that p  & A . 

Therefore we have A M .  A c  A . 

Hence / l i s a  bi-ideal o f  M -..

Next, let X =
/  \ 

•V,, X,,
and a =

a„ O' 

0 0

Let / = x 'a  G x 'A  . Then we have

t = X 'a  = xxa = ■'̂ 12
 ̂/  rv\ /«i, 0

-'̂ 22 y 0 0

.V,, X,.

V^2. -^22 7

X„«,, 0

Oj

x,,Y/,,+.Y,2.V2,a„ 0
^x2, x , , a , , +X22X;,a„ 0 ^

Hence we see that / is in .4 if and only if x,jx,,a |, - rx ,.x ,,a , ,  = 0, but in general this 

is not zero.

This implies that t ^  A .

Therefore, we have x 'A  ct A .

Thus we obtain that A is not a generalized left semi-ideal of M ,  and hence A is not 

a generalized semi-ideal of A-/..

This completes the proof ■

Theorem 3.3.13

An i d e a l o f  a semigroup 5  is normal if  and only if (x)g • /I = •  (x)^ , Vx g  .V , 

where (x)^ is the principal bi-ideal of S  generated by x .

Proof

Suppose that A is normal. We know that (x)^ = x u  x ‘ u  xSx  , Vx e  S .

Then we have A ■ (x)^ = ^  • (x u  x" x5x) = A x ^  A x ' ^  /i(x^x)

= Ax ^  (/4x)x ^  ( A x S ) x  e  ^ x  ,

since (.4x5')x = (.4xX^'.v)e ^ ( i 'x ) e  (.46’)x e  Ax

This implies that A ■ (x)g c  Ax  

Trivially, A x Q A - ( x ) g .

Therefore, we have A • (x)^ = Ax  .......................... ( i )
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Again, we have (.v)  ̂ • /4 = (x w x '  u  x6’.v),4 = x A ' u x ' A  u  (x>,Vx)̂

= xA ^  x ( A x ) ^  x (SxA )c xA  [•.■ SxA = .S’(x.4) c  5/  ̂ e  . 

This implies that (x)^ • A e  xA .

Obviously, xA e  (x)^ ■ A .

Thus we obtain that (r)g-A = x A . Since A is normal, so w'e have Ax  = x A , Vx g  S

Therefore (x)^ ■ A = Ax  ................................(ii).

From (i) and (ii), we have A ■ (x)g = Ax = (x)^ ■ A .

This implies that A ■ (x)g = (x)^ • A

Conversely, assume that A ■ (x)^ = (x)^ • , Vx e  5' . We need to that A is normal

We have (x)g • /I = (x x '  x.S'x)- A = xA i j x ' A  u  (xSx )A

= xA ^  X'A ^  x (SxA)  c  xA 

This implies that (x)^ • e  X/4 .

Obviously, xA c  (x)g • A .

Therefore, we have (x)^ ■ A = xA , Vx g S  . Since (x)g -A = A-  (x)^ , Vx e S ,

we have A ■ ^v)g = xA .................................... (iii)

Similarly, we can show that A ■ (x)^ = Ax  ..........  (iv)

From (iii) and (iv), we have Ax  = xA , Vx g  S  .

Hence A is normal.

This completes the proof ■

Lemma: 3.3.14

Let A and 5  be any normal ideals of a semigroup.V . Then the products/15 and BA 

are also normal ideals of S  and AB = BA holds.

The proof can be found in [ 18]. ■

If S  is a regular semigroup then we prove the following proposition:

Proposition:3.3.15

An ideal A of  a regular semigroup is normal if and only if  eA -  Ae  holds, for all 

idempotents £? of ^ .

Chapter 3
Dhaka University Institutional Repository



ProoF:

Suppose that A is normal. Let ea g eA , where e g S , a  g A . Then ea  g A e , since A 

is normal, so eA q  A e .

Similarly, we can show that Ae  c  eA .

Hence eA = Ae , V idempotents e o f  S  .

Conversely, assume that eA = A e , Ve e  S . Let a be any element o f  .S’ . Then, 

since 5' is regular, there exists an element .v in .S’ such that a = a x a .

Claim: xa  is an idempotent.

VVe have (xa)' = (xa)(.ra) = x(av<7 ) = x a .

Therefore, xa  is an idempotent.

Now, aA = (axa)A = a((xa)A) = a(A(xa)), since Ae = eA .

= (aAx)a c  Aa  

This implies that aA<^ A a .

Similarly, we can show that Aa  e  aA .

Thus we obtain that aA = Aa  and hence A is normal.

This completes the proof ■

Lemma: 3.3.16

Let A be any normal ideal o f  a semigroup S . Then, for any element x o f  S , A x  is 

an ideal o f  S  .

Proof:

We see that (^x)^  = (x/l)5’ = x(/i6 ') c  xA = A x , since A S ^  A and A is normal .

This implies that (/lx).S c  A x  and 5 (^x )  = (5'.-i)x c  A x , sinceSA  e  A .

Thus 5 ( / i x ) c ^ x .

Similarly, we can show that (/lx).S’ c  Ax  .

Hence Ax  is an ideal o f  5’ . ■

Lemma:3.3.17

The product of a bi-ideal and a nonempty subset of a semigroup S  is also a bi-ideal 

of S .
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Proof:

Let A he a bi-ideal o f  S  and X  be any nonempty subset o f  S  We have to show that 

A X  and X4  are both bi-ideals o f  S  .

i) Let t s { A X ) { A X ) .  Then t = {ax^ )(/j.vJ,for a , h e  A & e A'.

= e  A X , since is a bi - ideal o f  i ’.

This implies that { A X ) { A X ) ^  A X  .

ii) Let / G {a x  ).V( .̂-V ), Then we have / = (ax, ).s(/?,v.) ,  where a , h e  A ,  .v,, x, e  A'

= a(.v,.v)(/)X3 )  ̂ since S  is associative.

= a{x^sh)x.

= {ax^sb)x. e  A X ,  s ince^  is a bi - ideal o f i ’. 

This implies that [AX)s {AX)  A X  .

Thus we obtain that A X  is a bi-ideal of .S’ .

Similarly, we can show that XA is a bi-ideal o f  S  .

Hence A X  and XA are both bi - ideals o f  S .

This completes the proof ■

Theorem 3.3.18

A semigroup .S’ is normal if and only if B (i’) is normal.

Proof:

Suppose that S  is normal. Let A and B be any two elements o f  B (5) 5  and let x be 

any element of A . Let xB & AB{S) .

Then xB  c  xS = Sx,  since 6 ' is normal.

This implies that xB q  Sx e  SA , V x e  A .

q B ( S ) A .

This implies that xB e B( S ) A .

Thus we obtain that A B (*S’) c B  (5) A .

By symmetry, we have B (5) e  .4 B (5).

Thus we obtain that A B(.S’) = B(5’) /}.
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<

Hence B(.V) is normal.

Conversely, assume that B(.S') is normal. For a  g S, we have

aS  c  a  B (.S') = B (.S’) a , since x B (.S') = B(.S') x . 

c  So

This implies that aS  c  S a .

By symmetry, we have Sa  c  aS

Therefore, we have aS = Sa , V a  g .V

Hence S  is normal.

This completes the proof. ■

Coroliarv:3.3 .l9ri81

Every one-sided ideal o f  a normal semigroup is a two-sided ideal. ■

Defmition:3.3.20

Let S  be a semigroup and A be a nonempty subset o f  . Then A is called a

semiprime ideal of  5' if for any x & S , x~ e  A => x g A .

Theorem:3.3.21

A semigroup 5  is regular if and only if every ideal of S  is semiprime.

The proof can be found in [18]. ■

Theorem:3.3.22

A semigroup 6 ' is completely regular if and only if  every bi-ideal o f  S  is semiprime. 

Proof

Suppose that S  is completely regular. Let A be any bi-ideal o f  S  .

Let fl" G ^ , for a  G 5’ . Then, we have a g a '~Sa', by (ii) of lemma 3.3.8

This implies that a g a 'S a -  c  ASA c  A .

This implies that a s  A ,

Therefore A is semiprime.

Conversely, suppose that every bi-ideal o f  S  is semiprime. Since any one-sided ideal 

of .S’ is a bi-ideal, so every left and right ideal o f  S  is semiprime. From the 

lemma:4.1 o f [1 0 ]w e can  say that S  is completely regular.

This completes the proof ■
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Lemma:3 3.23

For a semigroup S  the following conditions are equivalent:

i) S  is regular.

n) BCV) is regular.

Proof:

Assume that .S’ is regular. Let A be any bi-ideal o f  .V and let c i g A.  Since S  is 

regular, so for any a g S  , o g  aSa c  ASA .

This implies that A e  ASA .

But ASA c  A , since ^  is a bi - ideal o f  S .

Therefore, vve have ASA = A .

From lemma 4.2 of [24], we can say that A is regular.

Thus every bi-ideal A of  S  is regular. Hence E{S)  is regular.

Conversely, assume that B(.S') is regular.

Since B (^’) is regular, so A is regular. Then ASA = A .

Let a G A = A S A . Then a g  ASA => a  g  aSa  for any a g  A .

This implies that a = axa , for some x g  S  .

Therefore, « is a regular element of S  .

Thus every element o f  S  is regular and hence S  is regular.

This completes the proof ■

Defmition:3.3.24

Let { S ,■) be a semigroup and let be a bi-ideal o f  S  . Then

(i) A is called a left B -pure bi-ideal o f  S  if  n  xS  = xA , Vx g  S  .

(ii) A is called a right B  -pure bi-ideal o f  5  i f  A r] Sx = A x , Vx g  S  .

(iii) A is called a B -pure bi-ideal o f S  if

A n  xS  = xA and A r^ Sx = A x , \/x  g S  .

A semigroup 5 is called B* -pure if every bi-ideal of S  is Z?-pure.

Note: A normal regular semigroup is B* -pure.

Lemma:3.3.25 [22]

Let 5  be a 5 * -pure semigroup. Then the following conditions hold:

Chapter 3

41

Dhaka University Institutional Repository



(i) aS = a 'S  and So = S a \  \fa  g S.

(ii) For every a  of 5 ,  a '  is completely regular.

(iii) S  is normal.

(iv) E{S)  is contained in the center o f  S.

Proof

(i) Let a be any element of .S'. Since S  is B" -pure, the bi-ideal aS  is B  -pure.

Then, we have aS  n  aS  = a{aS) = {a ■ a)S = c rS  . But aS  n  aS = aS  

Thus we obtain that aS  = c rS  , \fa  g S  .

Similarly, we can show that Sa -  S a ~ y a  e  S.

ii) Let a be any element of S  . Then, we have

aS = c rS  and Sa = S c r , Va e  5  , by (i).

Now, O' -  a - a  G aS  and o ' = a ■ a s  Sci, V a  g S  . Then 

a '  G aS r \S a

This implies that cr  g  c rS  n  S c r , since aS = a ' S ,  Sa = S a ' .

This implies that a '  G [ a ' ) ' S  r ^ S [ a ' ) ' .

From prop.3.3.11, we can say that a '  is completely regular.

Hence o" is completely regular for all a s  S  .

(iii) Let a be any element of S. From (i), we have Sa  = Sa'  and aS  = a ' S y a  g  S. 

Now, since a- e  S a , h y  (ii) and S a n xS  e  S a n SS, Vx g  5”, so we have

aS = a ' S  ^  {Sa)S = Sa SS ^  Sa  , since is B ’ -pure.

This implies that aS q  S a .

Similarly, we can show that Sa e  a S , for all a e  S  .

Thus we obtain that aS = Sa , \/a  e  S  and hence6’ is normal.

(iv) We have to show that E{S)<^ where E{S)  is the set o f  all idempotents of 

S  and Z{S)  is the set of all center of S  .

Let t G E{S)  and let a&S .  Then, since is B'  -pure, the bi-ideal tSt is B  -pure 

So, a/ = «(/■)= «(/■)’ , since r  = t .
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= a{llt)l  G a{lSl)l  c  a{St )r^{ lSt )<^ t S t .

=> at G iSl.

al = t x t , for some x & S  .

Similarly, we can show that ta = ly t , for some >’ e  5  .

Now, at = txt =t - {x t )  = t{txt) = t{at) = {ta)t, since S  is associative and /- = / .

= {tyt)t = lyt- =tyt = ta .

Therefore, at = t a , Vc? e  5.

^  / s  Z(.V)

This implies that E{S) q  Z{S).

Hence £'(.V) is contained in the center of S  .

This completes the proof ■

Defmition:3.3.26

A semigroup S  is called Archimedean  if for a,h  g S  , there exists a positive integer 

n such that a" g ShS  and S  is called weakly commutative if for a ,h  & S  , there exists 

a positive integer m  such that {ab)"' g bSa .

Theorem:3.3.27 [22]

For a j9*-pure semigroup S the following conditions are equivalent:

(i) S  is Archimedean.

(ii) SaS  = SbS  , \ f a , b s S  .

(iii) aS = bS  , Va,Z> s S  .

(iv) aSa = b S b , \ f a , b ^  S .

(v) S  has an exactly one idempotent.

(vi) Every bi-ideal o f  S  is Archimedean.

P ro o f :

Assume that S  is Archimedean. Let a  and b be any elements o f  S . Since S  is 

Archimedean, so there exists a positive integer n such that a" e  SbS . From (i) of 

lemma 3.3.25, we have
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aS = aS r^aS  = a{aS)= {aa)S = c r S  

and c rS  -  a ' S  a ' S  = a '[ a \s )  = a^S

and so on.

=> aS  = a ”S  .

=> .S’(aS’) = 6’(a ’'.S').

Since a ’' e  S h S , so SaS = S a ”S  = S{ShS)S = {SS)li{SS) c  SbS .

Thus obtain that SaS  c  ShS .

Similarly, vve can show that ShS  c  SaS , for all a , h s  S  .

Hence SaS = S h S , for all a, h g S  .

Assume that (ii) holds. Since SaS = S b S , so by left cancellation, we have aS = h S . 

Hence aS = h S , for all a,h g S  .

(iii)=>(iv);

Suppose that aS = h S , for all a , h e S  . First, we have to show that aS  = S o , for all

a £ S .

Let a G S . Then, since S i s  B" - pure, the bi-ideal aS  is i?-pure.

Then, we get aS  = aS r^aS  = a{aS) = [aa)S = a 'S  , by definition o f  5 -p u re ,

Now, aS -  a -S  {Sa)S = Sa SS  c  S a , since a~ =aaG Sa .

=> aS  e  Sa .

Similarly, we can show that S a < ^ a S .

Thus aS = S a , for all a & S  .

Since aS = h S , for all a,b  g S  . So, we have

{aS)a = {hS)a = h{Sa) = b{aS),  since aS = S a .

This implies that aSa = b h S , since aS = h S .

= hSh , since bS = Sh .

Hence aSa = bSb , for all a,h g  S  .

Chapter
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( iv )^ (v ) :

Suppose that aSa = h S h , for all a . h ^ S  . Let and e.  be two idempotents of S  . 

Then e^Se^=e.Se , .  There exist elements x , y e S  such that 

= e^xe^ and e. = e^ye^ .

Now, e?, = (e .e .)xe . = e . ( e . x e j  = e.e, = e,}’(e,e,) = e^ye, = e . .

Hence S  has an exactly one idempotent.

(v)=>(vi):

Suppose that S  has exactly one idempotent. Let A be any bi-ideal o f  S  and let 

a , b & A.

First, we have to show that o ' , h '  are regular. Since S i s  B* -  pure, the bi-ideals 

aS  and bS  are B  -pure.

Then, we have a S  = a S  r^aS  = a{ aS)  = a~S .

By symmetry, we have Sa = Scr .

Therefore, we have a-  e  aS  and a-  s  Sa , since a '  = aa e  aS  , cr  = act ^  S a .

This implies that a" g aS  o Sa = a ' S  o Sa '  = [a- ) ' S  i ' ( « ' ) ' .

Thus a-  is completely regular, by (ii) of lemma 3.3.25.

Thus we obtain that a '  is regular, for every a s  S  .

Similarly, we can show that b ' is regular, for every b e  S  .

Since a~ and are regular, so there exist elements x,  y e S  such that

a~ = a 'xa~  and h ' = b ' y b ~ .

Claim: and b̂ '’y  are idempotents.

We have (a \v ) ' = («-x)(a‘x)=  [a~xa-)v = a 'x  , since a~ = a ' x a ~ .

This implies that a ' x  is an idempotent.

Similarly, we can show that b ' y  is an idempotent.

Since S  has exactly one idempotent, we must have a ' x  = b ' y .

Now, a^ = a  a '  =a[a ' xa ' ) ,  since a'  = a ' x a ' .

= a (a 'x )a ' = a ( b ' } j a '  -  ab{hy)a '
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= ab{hya-)^  Ah{ASA)(^ AhA .

This implies that e  AbA .

Similarly, vve have g AhA  and so on.

Thus we obtain that a ” g AhA , for a,b& A and a positive integer n . 

Hence A is Archimedean.

This shows that every bi-ideal o f  S  is Archimedean.

(vi)=>(i):

Since every bi-ideal of S  is Archimedean, so S  is Archimedean.

Hence the proof is complete. ■
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Section:3.4 Prime ideals of Semigroups.

Definition 3 4.1

Let be a semigroup and let P  be an ideal o f  S .  Then P is called a

{completely^ prime ideal o f  S  if for any ideals 

A ,  B o ^  S ,  A B ^ P ^  either A q  P or B P .

Lemma 3.4.2

Let (iV) be a semigroup and let P be an ideal of S  . Then P i s a  completely prime 

ideal o f  5 if for a ,/ ;  g  S, ab e P => either a g P or b & P . ■

Proposition:3.4.3 [12]

If P  is any subset of a simegroup ), then P  is a prime ideal o f  S  if and only if

lm{P)  = {l, (7 }, where a g S  and the ideal Ip = {.v g {x)P = 1 } is prime, ■

Theorem:3.4.4

Let (5 ’, •, 1) be a semigroup and [Pi} be the family o f  prime ideals o f  S  . Then

(i) U -P, is a prime ideal o f  S .

(ii) n  is a prime ideal o f  S .

Proof

From prop.3.4.3, we have 1 g Im(/^ ), V/ g  A and the ideal Ip = {x g S  (x)P, = 1 }is 

prime, V/ g  A, where A is the arbitrary index set.

Let X G 5  and x ^ /p . Then there exists g  5  such that (x)P, = a , , V/ g  A

Since P, c  P, e  P, c ....... e  P„ c ., therefore Ip̂  Q ̂  ^  ^ p, .............

This implies that U Ip̂  is prime.

Hence we conclude that U P, is prime.

Similarly, we can show that fl P̂  is prime.

This completes the proof ■
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Proposition:3.4.5

Let ( ,  • )be a semigroup and let K = {0 ,1}  be the set o f  two elements 0 and 1.

Then a function ( p \ S — is a hom omorphism  if and only if  (o )^ " ‘ is a 

completely prime ideal o f  S  .

Proof

Suppose that ^  is a homomorphism. Let

I  = {0)(p-' = { , r G . S ' | ( . Y ) ^  =  o } .

VVe need to show that for any x, v e  .S', xy  e  1 => either x  g !  or y  g !  .

Let xy  G /  . Then {xy)(p = 0 . But [xy)(p = {x)(p ■ { } )  cp .

This implies that {x)(p ■ {y)(p = 0.

If  {x)(p ^  0 i.e. if X g /  , then (x)^  = 1.

^  (>'V  = 0 •

=> y  ^  J ■

Also, if  {y)(p ^  0 i.e. if >' g /  , then {y)(p -  1.

(.vV = 0 .

=> X G /  .

Thus we see that for x , y  g S , x j  g /  => either x g  /  or >’ g /  .

From lemma3.4,2, we can say that /  is a completely prime ideal o f  S  .

Conversely, assume that /  is a completely prime ideal o f  S  . Let x , y  g S  . Then

xy  G S  and {xy)(p = 0 or (x^)^  = 1 .

Suppose that {xy)(p = 0 . Then x j  g  (o )^^' .

This implies that x g (o) ^ ' '  or g ( o ) ^ ' ' , i.e. (x)^ = 0 or = 0,

Therefore, {xy)cp = 0 = {x)(p ■ {y)(p.

This implies that {xy)(p -  {x)(p ■ [y)(p.

Again, suppose that {xy)(p = 1. I f  {x)(p ^  1, then (x)^ = 0.

=> X G (0)^3”'

=> xy  G (0)̂ 9-' , for G 5’ .
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Therefore = 0 , a contradiction.

Hence {x)(p -  1.

Similarly, we can show that {y^(p = 1.

Thus {xy)(p = 1 = M  = ( x ^  ■ (>• V

This implies that (x> V  = C’̂ V  ‘ i}’)v

Thus we obtain that ^  is a homomorphism.

Hence the proof is complete. ■

Section:3.5 Simple Semigroups.

Definition:3.5.1

A semigroup S  is called simple if it has no proper ideals 

Lemma:3.5.2

Let S  be a semigroup. Then S  is left [right] simple if and only if

Sa = S ,  y a e S  [ « 5  = 5 ] .

The proof can be found in [38]. ■

Lemma:3.5.3

A semigroup.S' is simple if and only if SaS  = S , \/a e S  .

Proof:

Assume that .S' is simple. Since S  is simple, so it is left and right simple.

That is, \ /a e S  , Sa = S  and aS = S  , by lemma:3.5.2 

Therefore, SaS -  {Sa)S = SS = S  , since S  is simple.

This implies that SaS = S  , '^a  & S .

Conversely, assume that SaS = S .V a G  S  .

Let /  be an ideal of S  and let a e  1. Then S  = SaS c  I ,

since 6’/  e  / ,  /5’ c  /  &  c  / ,  e  /  , V a e  I  => SaS  e  /  .

This implies that S Q I .

But /  is an ideal of , so /  c  5 .

This implies that S = I .

49

Dhaka University Institutional Repository



Therefore, S  has no proper ideal.

Hence S  is simple.

This completes the proof. ■

Defmition:3.5.4

Let ( ‘-S’,-) be a semigroup. T hen5 is called a left [right] zero semigroup  if every

element of S  is a left [right] zero o f  S  .

Lemma:3.5.5

A left zero semigroup^’ is left simple and each element o f  S  forms by itself a right 

ideal of S .

Proof

Since 5  is left zero semigroup, so every element o f  S  is left zero.

Now, V<7, X e S  , xa = x , since x is a left zero.

This implies that Sa = S y a  e S .

Therefore S  is left simple.

Next, we have to show that each element o f  S  forms by itself a right ideal o f  S  .

Let ^  e  5'. Then A is left zero, since 5’ is left zero.

To show; AS ^  A . Let a g A S  . Then a tx, for some t e  A,  x g S  .

This implies that a = tx - t , since A is left zero, i.e. a - t G A .

Thus we obtain that AS Q A .

Hence /I is a right ideal of S .

This completes the proof ■

Lemma:3.5.6

Every idempotent element of a left simple semigroup S  is a right identity element of 

S .

Proof

Let e be an idempotent element o f  S  and let a  be any element o f  S  .

Since 5” is left simple, so there exists x in S  such that xe = a .

Now, we have ae = {xe)e = xe'  = x e = a , since e~ = e .

Thus we obtain that is a right identity element of S  .

Hence the proof is complete. ■
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Lemma:3.5.7

Every idempotent element of a right simple semigroup S  is a left identity element of 

6’ .

T h e  proof can be found in [10], ■

Proposition:3.5.8

Let G be the set of positive integers with a ordinary multiplication and (+) meaning 

least common multiple. Let A = G x G  and let a product \nA  be 

{a,b){c\d) -  {ac, hc + ci), for a ,h ,c \d  g G . Then ^  is a simple semigroup.

Proof

Clearly .4 is a semigroup. Given that (a,^)(c',c/) = {ac, bc + d ) ,  for a , b , c , d  g G .

Let B be an ideal of A .We need to show that B = A .

By definition o f  ideal, we have B ^ A .  Let { a , b ) & A .  Choose any element

( ct b
(x, y) G B such that y  <b . Then {a, b )~  — , -----^  ^  ^  ■

X J

This implies that A B .

Thus B = A and hence is a simple semigroup. ■

Definition 3.5.9

A semigroup S  with zero ‘0 ’ is called a 0-simple semigroup if S '  and .V has no 

proper ideals.

Lemma:3.5.10

Let 5  be a semigroup with 0, S  ^  0 . Then 5 is 0-simple if and only if

SaS = S ,  V a e  S \  a ^ 0 , where S* = S \0 .

Proof:

Suppose that S  is 0-simple. Let I  = [a g 5’| = 0 }.

Then /  is an ideal o f  S  and hence either /  =0 or /  = 5 , since S  is simple.

Assume that I  = S , so we have I  = S  = {a e  .S'| = 0 }.

=> SSS  = 0 .

^  = 0 .

Now, we have to show that 5'' is an ideal o f  S  .
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Let S -  = {a,t7,1 a , , a .  G S  }. For all a  e  S,  we have a ( a , a . ) = {aa^ )ci. = g S \  

where = aa^ e S .

This implies that a(rt,a, ) e  S ' .

Similarly, we can show that {a^a^)ci £ S ' .

From lemma:3.5.13, we can say that Ms an ideal o f  5’ .

Since .S’- 0 , so we must have S '  = S , since S  is 0-simple,

But A’ = 5 '  = S - S  = S - S '  = .V-’ = 0 .

Which is a contradiction. Therefore, 1 = 0.

Thus for any a s  S \  SaS  is a non-zero ideal o f  S  .

Hence SaS = S .

Conversely, suppose that SaS = S , Va g S* . Since a € S \  a , we  have

S = SaS c S S  = S ' , since aS  e  S  and Sa  e  S  => SaS  e  SS .

This implies that S I . But /  is an ideal o f  S , i.e. I  ^ S .

=> I  = S .

Therefore S  is 0-simple.

Hence the theorem is proved. ■
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CHAPTER 4 

SEMIGROUPS ON A FINITE SET

In chapter 2, T , { X )  and T {X)  have been studied and shown that ( 2 { X ) , o  ) is a 

semigroup on a set A'and (7 '(A '),o) is a sub semigroup o f (  3̂ { X ) , o  ),

Section:4.1 Binary Relations on a Finite Set.
Definition 4 1.1

Let a  e ^ { X ). Then the set a  ' = {Cv,.v)| e  a  } is called the inverse of  a  .

The set l { X ) =  {(x,x)|,vg A' } is known as an identity relation on X.

The relation a  e  /? means that or is a subset o f  (3. Then we prove the following 

lemma:

Lemma:4.1.2

Let « ,/?  G 5^(A'). Then (i) = a  and (ii) ( a  o ' o ,

Proof

VVe know that cr'' = (x,>’) g  a ,  for x , y  e  A" }.

i) Let x , y €  X  and let (x,>')Gor. Then ( > ' , x ) e a ’‘ .

This implies that (x ,>’) g  ( a " ' )  ‘ .

Thus we obtain that a  c  ( a ' ' ) '.

Again, let (.y,>-)g (a " ')  ‘ . Then (v ,x )e  a  ’ .

This implies that (.y,_>') e a , by definition.

Thus we obtain that («■') ' c  (2 ,

Hence we conclude that ( a “‘) ' = a  .

ii) Let (v,>') e (or o ' Then, by definition of inverse we have ( j \  x ) ^ { a o  0 ) .

Now, since (v,x) g (a o /?), so there exists r  e A' such that { \ \ z ) ^ a  and ( - ,x )g  (3 

This implies that (r,>') 6 a " '  and ( x ,z ) g / ? ’'.
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That is, (.v,>’) g ' o a  '.

Thus we obtain that (a  o ' c  /? ' o « ' ' .

Similarly, we can show that /? ' o a ' e  ( a  o /?) ‘

Hence we conclude that ( a o / j )  ' = /? ' 0 ^  ' .

Hence the proof is complete. ■

Let A' and A" be two sets and let cp ■ X  X '  be a mapping. Then cp may be 

regarded as a relation on For each x 'g A " ,  x ’(p = [ x & X \x (p  = x '}.  The

relation (po(p~^ is contained in A' x and hence can be regarded as a relation on A'.

We see that (x,>') g ^  o if and only if xcp = yep , for x , y  g A". We can prove the 

following proposition:

Proposition:4.1.3

Let 0 'G iB(A  ) and let cc be an inverse o f  a .  Then cz°cc ' is an equivalence 

relation on X.

Proof

Let us define g  a  ° if and only if  x a  = y a  , for x,_y g  A".

i) cf ° a “‘ is reflexive , since for x g x a =  x a  o  (x ,x )g  a  o a ~ ' .

ii) a ° a ~ '  is symmetric, since for x , y  g X  , x a  -  y a  <=> (x,>')g a ° a ~ ' .

This implies that >’«  = x a  o  (>',x)g a  o(2 “'

Thus we obtain that (x,>')g a  o « “‘ => {}\ x)  s  a  o a~^ , \ / x , y s X .

iii) a o a ~ '  is transitive, since for x,_>’, r  e  X  ,

x a  = y a  and y a  = z a  o  (x,_>)g a  0 0 ; ^ ' and { y , z ) e a o a ~ \

This implies that x a  = z a  <=> (x ,z ) a o a ~ \

Thus we obtain that

{ x , y ) G a o a ~ '  and(>’,z )G G r° a ' '  = > { x , z ) s a o a ~ '  , y x , y , z s X .

Hence we conclude that or °cr"' is an equivalence relation on X.

Hence the proof is complete. ■
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DeFinition:4.1.4

Let p  be an equivalence relation on a set A'and let x g  A' be any element. Then

the set = ( v| (x,>’) g  } is called the equivalence class ofx.

DeFinition:4 1.5

Let A" be a set and let a  g 5? [ X ). Let ,v be an element o f  A", Then the set

.va = {>’G A |(x ,> ’) G a }  

is called a row of  a and the set

ax = { V G A j (^, G a  }

is called a column o f  a .

Example:4.1.6

Let A' = {x , , X , , X, } and let a  = { (x;, x , ), (x , , x , ), (x , , x , ), (x j , Xj)}. Then the row

x ,a  is the set {-v,,X3 } and the column ax.  is the set ' .

Since a  ' is an inverse o f  « ,  so it satisfies x a ^ '  = a x .

Definition:4 1.7

Let A"be a finite set. Let x g X ,  A X  and let a  g 3^ ( x ) .  Then we use the notation: 

A a  = {>'1 (x ,> )g  a , f o r  som ex e a ], oA = Aa~'  and = {(x,x)jx  g a ] 

Definition:4.1.8

Let A'be a set and let ^  c  A" and let the set A a  = [j x a  and A a ^ '  =oA .  Then the
.-J

set F ( a ) =  { A a \ A ^ x ]  is called the Zaretskfi union lattice o f  a  on A' and the set

M^(a) = |((x4) 1̂  c  y\" I is called the Zaretskfi intersection lattice o f  a  on X. 

Definition:4.L9

Let a  g B { x )  and A Q X  . Let X be an element o f  A". Then a  is called row reduced  if

x a  = A a  implies x g A,  x a ^  (j> and a  is called column reduced i f  ax = aA implies 

X G A ,a x  ^  <f).

A relation on X  is called reduced if it is both row and column reduced on X  .

55

Dhaka University Institutional Repository



Chapter 4

Let X  = {1,2 ,3 ,..............,//} be a finite set. Then a relation a  g f i [ X )  is an n x//

• f 1 if 0 ’ y) ^ ^Boolean matrix/I, where A , .  = <̂ ; ‘ :
jo  i f ( / , . / ) ^ a

For example, let A' = { l ,2 ,3  }and let a  = {(l,2),(2,3),(3,l),(3,3)}.

Then the relation matrix for a  is 0 0 1 

1 0 1

Now, for a  G IB ( X ) , we define two additional relations and as follows:

4  =  {(-^^>0! 3  >'« and =  { ( .v , j ) |  cor e  , o r  ^

Then we prove the following lemma:

Lemma:4.1.10 [9]

Let a  G S  (X ) and let A = , p -  p ^ .  Then

i) I{ox) q  a  and / ( A 'a ) c  p  ;

ii) X' -  A and p-  = p \

iii) Aa = a  and a p - a  \

iv) a X  -  aA' and X a  = X p ,

Proof

Let x & X  and let [x,x)& l [aX ) .  Then x g a X  .

=> x a ^ x a , x a  ^ ( f ) .

(x, x) g ^ = ; .  .

Hence we conclude that / (oY ) c  A .

Next, let x & X  and let (x, x) g l { a X ). Then x g a X  .

=> QXCQX,QX9t^.

=> = P -

Hence we conclude that l { X a )  e  p  .

i i) Let (x, v) G ?} = /I • i  . Then (x, z) g A and (r, >’) e  . for some r  g X  .
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This implies that x a  ^  z a  , z a  ^  ^ , z a  ^  (p and z a  3  y a  , y a  (j).

=:> x a ^ z a  ^ y a  , y a  ^  <f>.

=> x a  3  y a  , y a  -t- (j).

r̂ > (x,> ')g A.

Thus we obtain that A' c  A .

Conversely, let (x,>') g  A . Then x a  3  y a  . This shows that y a ^ ( { > .

But by(i).

Now, from (x, v) e A and {y\y)  g  A , we have (x, >’) g  /i • A = Ac .

Thus we obtain that A <^Aj .

Hence we conclude that A' = A .

Next, let (x , j )  ^  p '  -  p  - p . Then (x, z ) ^  p  and (z,_y) g  , for some z e X  . 

=> ax az , ax ^  (j) and az <zccy , az ^<f>.

=> ax ( ^ a z  ( ^ a y  ,ax ^  <j).

=> ax ay , ax ^  (j).

^  (x,>’) e p .

Thus we obtain that p -  p  .

Conversely, let (-v ,> ')g  p  . Then a x < ^ a y . This shows that ax ^  (f>.

But (x ,x )g  p  , by (i).

Now, from (x ,x)g  p  and (x,>’)g  p  , we have (x,>’)g  p  - p  -  p ' .

Thus we obtain that p ^  p ' .

Hence we conclude that p ' - p .

(iii) Let (x,_>')G^a .Then (x ,z )g /1  and (r,>’)G a  , for some z e X .

This implies that x a  ^  z a  , z a  ^  (j), z a  ̂  (f> and y  & z a  ,

since x a  = {y & X \ { x , y ) G  a],

=> y  e z a  x a  .

=> (x,>’)GGr.

Thus we obtain that Aa (z a  .
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Conversely, assume that { x , y ) e a .  Then, since A = /l„ is an idempotent, so 

(x , x ) g A ,

Now, from (.v, x )  e  A and (x, >■) g  a  , we have (x, y ) e  A a  .

Thus we obtain that a  c  /m  

Hence we conclude that = a .

Next, let ( x ,>’) g  a p  . Then (x, z ) s  a  and ( z ,y )  g p ,  for some z e  X  .

This implies that x g cc  and az ^ a y  , cxz ^  (f>.

=> X G O } '.

=> ( x , a .

Thus we obtain that a p c ^ a  .

Conversely, assume that (x , j ) g  a  . Then, since p  = p^  is an idempotent, so

i y \ y ) ^ p

Now, from (x, _>■) g  a  and (>■, y )  & p ,  we have (x, y)  g  a p .

Thus we obtain that a < ^ a p .

Hence we conclude that a p - a .

(iv) From (iii), we have a - X a .

=> a X  -  ?<.aX e  AA'.

Again, let x  g  A X .  Then (x, y)  e A , for some y  e X , where A = A^.

=> x a  ^  y a  , y a  ^  (f>.

=> X s a X .

AX Q o X .

Thus we obtain that a X  = AX .

By a similar argument, we can show that X a  = X p .

This completes the proof ■

Lemma:4.1 11

Let a , P  e T , { X )  and let A -  A^ , p  -  p^  . l f  a  is row reduced and P a  = a , then 

PA = A and if a  is column reduced and a P  -  p , then pP  = p .

Chapter 4
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Proof:

Let (x,>') e  /?/l. Then (x, z)^ (3 and {z,y) g  A , for some z e  X  .

Now, from e A , we have za  3  ya  , ya  ̂<}>.

Let u G ya  c  za . Then 11 g z a ,  i.e. { z j i ) e a  .

From (x, z)e  and (2,») g  a , we have (x, ii)e Pa = a .

Therefore, we have (x,//) g a  implies u g  xa  .

^  ya<  ̂xa  , ya  ̂ <t>.

r=>

Thus w e obtain that /?/l c  A .

Again, let (x, >■) g a . Then, w e have xa  3  ya  , ya (j).

Since a = pa  , so xa  = x^a .

^  X G x/?, since a  is row reduced.

^  (x ,x) q P .

Now, from (x, x) g P and (x, >') g  X , we have (x, >’) g P?. .

This implies that pX .

Hence w e conclude that pX = X .

2'“' part:

Let (x ,>■)G pp . Then ( x ,z ) g  p  and (z ,y)& p  . for some z g A ' . 

From (x, z) g p , we have ox c  az , ax^ ((> .

Let >t' G ox c  a z . Then vr g  az , i.e. (h’, z ) e a  .

Again, from (v̂ ', z) g a  and (z,>’) g /?, we have (h',>’) &aP = p  .

=> {^v,y)^p.

o  w G py .

Since w is an arbitrary element and Pc = { vj C>',-v)g P  }, so w e have

Px Q P}\ Px  ̂ (j) .

^  (x,>') G p , since p = p, = {(x, >)1 <t>^ax<^ay].

^  PP<^P-
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Again, let (x,>') e  p  . Then (p^^ax <^ay .

Since = /?, so we have Py = aPy , \ f y  e  X  .

=> y  & P y , sincecr is column reduced.

Now, from (-v,>’)g  p  and {}\y)& P , we have (-v,>’)g  p p  

Thus we obtain that p  p P  .

Hence we conclude that pP = p .

This completes the proof. ■
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Section:4.2. Full Transformation Semigroups on a Finite Set.

Let A'be any non-empty set. Then the set o f  all full transformations on X  is T[x ).

Clearly, T{x )<^T>[x ) .Then we prove the following proposition:

Proposition 4.2.1

is a semigroup.

Proof

The proof is easy and is omitted. ■

Now we obtain characterizations o f  the Green’s relations on I \ X )  on a set A'that will 

be used in later work.

Defmition:4.2.2

Let ( ‘S’, - , ! )  be a semigroup and let JL and Si  be subsets of S  x  S  consisting o f  all 

pairs { a , b ) ,  for a , h £ S  . Then two elements a, b S  are said to be £  [ ^ ] -  

eqiiivalent if they generate the same principal left [right] ideal in S.

Also, a and b are <£[^]-equivalent means that a Ji b [aSi /?>].

That is, a £  b o  Sa = Sb [ a3i b o  aS = bS  ].

Thus we prove the following lemma:

Lemma:4.2.3

For a semigroup (6 ' , - , l ) ,  £  and 3i  are equivalence relations and also =£ is a right

congruence and 31 is a left congruence on S  .

P ro o f :

Let a,b G S . Then a £  b o  So = Sb .

i) £  is reflexive, since a £  a o  Sa = Sa .

ii) £ i s  symmetric, since a £  b o  Sa = Sb .

Chapter 4
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o  Sh = Sa . 

o  h £  a.

iii) X  is transitive, since for all a,h,c  e  S ,

a £  h and hXc  o  Sa = Sh and Sa = Sc .

<=> Sa  = Sc 

<=> a £ c .

Also, £ , \ s  a right congruence on S, since for all a,b,c  g S  ,

a £  b o  Sa = Sb 

o  Sac  = Sbc 

<=> ac £hc .

Similarly, we can show that ^  is an equivalence relation on S  and it is a left 

congruence on S.

This completes the proof ■
(

We denote the relation £ r \ 3 i  hy ^  and £ o  3 l h y  D.  The relations £ ,  Ji ,  cJf and D  

play an important role in the study of semigroups. We denote the set o f  all elements 

of S  which are £ [  3 i  ]-equivalent to a by L{a) R{a) . That is, is the £ [

< /̂ ]̂-class containing a. Since = £ n 31, so clearly, ^  is an equivalence relation on 

S. We denote the ^ - c la s s  containing a by H { a ) . It is clear that H{a)  = L{a)r\  R{a).  

Lemma:4.2.4

Let be a semigroup. Then the relations £  and 3 i  are commute and so the

relation D  = £ o = 3 i o £  is a.n equivalence relation containing both £  and 3i.

The proof can be found in [10]. ■

We now describe the various properties o f  full transformation semigroups r(.Y') on a 

finite set X. In T’(A'), for each a  e T {X) ,  we associate

i) the range of a  is X a  and the rank o f  a  is | X a  \.
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ii) the partition = a o a ~ '  o f X  corresponding to a .

From proposition:4.1,4, we can say that = a  °a~'  is an equivalence relation. 

Lemma:4.2.5

Let a , / ?  G T{X)  and there exists// in 7'(A")such that r joa  = P  if and only if

X p  e  X a  . Then a  and P  are oC-equivalent, \.q a P  if and only if X a  = X p  .

The proof can be found in [ 10], ■

Lemma: 4.2.6

Let a , P  e T{X)  and there exists rj in T { X )  such that = P  if  and only if

Then a 3 i  P x'i and only if;r^ = np .

The proof can be found in [10], ■

Lemma:4.2.7

Let be a partition o f  X  and let 7  e  X  such that \ X  I n  - \ Y  \. Then there exists a

in T { X ) such that n  and X a  =■ Y .

The proof can be found in [10] ■

Lemma:4.2.8 [10]

Let a , P  & T{x ). Then a  and P  are ©-equivalent if and only if they have the same 

rank.

Proof

Suppose that a  and P  are ©-equivalent, i.e. a T ) P . We need to show that a  and 

P  have the same rank. I f  a T )  p , then a £ . y  and y 3 1 P  for some y  g T{X ).  From 

lemma:4.2.5, we have a f - y  implies that a and y  are J i -  equivalent and they have 

the same range. That is, X a  = X y  X a  \ ~ \ X y \ .

This implies that a and /  have the same rank.

By lemma:4.2.6, y and P  have the same partition, i.e. n  

This implies that \ X y \  = \ X P \ .
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Thus we obtain that y [5 have the same rank.

Conversely, assume that a  and /? have the same rank.

Then I A 'a | = | A7?|=| V  |.
/ ^ P

There exists /  g T[x ) such that X a  = X y  and n., = n ^ .

Therefore, from lemma:4.2.5 and 4.2.6, we have a £ y  and y  31 p  .

=> a i-£o 3i)  p  .

=r> a D p  .

Thus we obtain that a  and p  are O-equivalent.

Hence the lemma is proved. ■

Theorem:4.2.9

Let T{x ) be the transformation semigroups on a set X. Then

(i) There is a one-to-one correspondence between the set o f  all principal ideals of 

T{x ) and the set o f  all cardinal numbers r< X  such that the principal ideal 

corresponding to r consists o f  all elements of T {X)  o f  rank < r .

ii) There is a one-to-one correspondence between the set o f  all D-classes ofZ’(A") and 

the set of all cardinal numbers r < X\ such that the 2)-class corresponding to r 

consists of all elements o f  T{x ) of  rank r.

ill) Let r be a cardinal number < \ X \ . Then there is a one-to-one correspondence 

between the set of all cf-classes in Z),. and the set o f  all subsets Y o^ X  of  cardinal 

numbers r such that the o£-class corresponding to F  consists o f  all elements of T{X)  

having range Y .

(iv) Let r be a cardinal number<|A'[. Then there is a one-to-one correspondence 

between the set of all <9?-classes in D,. and the set of all partitions/T o f  X  for which
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=/• such that c7{-class corresponding to/r consists of all elements of T{x )

having partitions .

(v) Let r be a cardinal number<|A '|. Then there is a one-to-one correspondence 

between the set o f  all -classes inD^ and the set of all pairs ( ; r , r ) ,  where ;r is a

y  = r , such that the ^ - c l a s sy/ npartition o f  X  and F i s a  subset o f  X  such that 

corresponding to(;r,y’) consists of all elements o f  T{x ) having partition ;r and range

The proof can be found in [10], ■

Theorem:4.2.10

Let Fbe a subset of the set A" and let be a partition o f  X  such that |K 

Let H  be the ^ - c l a s s  determined by the pair ( ;r , ?’). Then

i) H  contains an idempotent if and only if Y meets each equivalence class of X  mod 

n  in exactly one element.

ii) If  H  contains an idempotent, then H  induces and is isomorphic with the symmetric 

group G (F) on Y.

The proof can be found in [10], ■

Applying the above results, we can fmd out all D-classes of T { X ) .  Then we prove 

the following theorem:

Theorem. 4.2.11

Let A" = {1 , 2 , 3 } be a set and let T'(A') = { a : X X  } be the set all 

transformations on X  . Then there exist three ©-classes in T {X )  .

Proof:

By the following way, we can fmd out all ©-classes:
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Part:l

Assume that ( 7’(A"),o ) is a semigroup. Here, |.Y[ = 3 and | 7 '(x)[ = 27 .

Since 7'(.V') e  5̂  ( x ) , so every element of T{x ) is a relation.

So, for every a, e  T { X ),  / = 1 ,2 ,3 , ........... , 27 , we have:

Let a , = (( l , l ) , (2 ,l ) ,(3 , l)}and  a , ' = {(l,l),(l,2),(l,3) }.

We see that the range of a^ is Xa^  = {1} and the rank o f  a , is 1.

Then we have a , o a , ' ’ = {(l,l),(l,2),(l,3),(2,l),(2,2),(2,3),(3,l),(3,2),(3,3)}.

By the definition of equivalence class on A ', we have p, = { l , 2 ,3 } ,  p._ = { l ,2 ,3 }

and p j  = {1,2 ,3  } are three equivalence classes on X  .

Thus we obtain that the partition is ={{ 1 ,2 ,3  }} and so = 1.

Let = {(1,1),(2,1),(3,2)} and a ,  ' = {(l,l) ,( l ,2 ),(2 ,3)}.

The range of a-, is A'a, = {1,2 } and the rank of a ,  is 2.

Then we have a ,  ° = {(l,l), (l,2), (2,l), (2,2), (3,3) }

So the equivalence classes are p, = { l ,2  }, p,  = ( l , 2  } and Pj = (3 }.

Thus we obtain that = {{3}, (l,2)} is a partition o f  X  corresponding to a ,  and

Let = {(U),(2,l),(3,3)}. Then « 3-' = {(l,l),(l,2),(3,3)}.

The range of a ,  is X a ,  = ( l ,  3 } and the rank o f  a ,  is 2.

Then we have a.  o = {(l,l), (l,2), (2,l), (2,2), (3,3) }.

So the equivalence classes are p^ = {1,2 }, p ,  = {1,2 } and pj = {3 }.

Thus we obtain that ={{3}, {l,2}} is a partition o f  X  corresponding to a ,  and

K =  2 .

Let a ,  = {(l,l),(2 ,2),(3 ,l)l and a / '  = {(l,l),(2,2),(l,3)}. 

The range o f  is Xa_^ = {1,2 } and the rank o f  is 2. 

Then we have a_^oa^''  = { ( l , l) , (l,3), (2,2), (3,l), (3,3) }.
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So the equivalence classes are p, ={  1,3 } , / ? , =  {2 } and = ( l  ,3 }.

Thus we obtain that ={{2 }, { l ,3 } }  is a partition o f  X  corresponding to and

Chapter 4

n “4 = 2

Let a ,  = {(U),(2,2),(3,2)}. Then = {(l,l) ,(2 ,2),(2,3)},

The range of a ,  is Xa^  = {1,2 } and the rank o f  a ,  is 2,

Then we have a ,  o«^“' = {(l,l) ,(2,2),(2,3), (3,2), (3,3)}.

So the equivalence classes are p, = {i }, p ,  = {2,3 } and p ,  = {2,3 },

Thus we obtain that -  {{l},{2,3}} is a partition o f  X  corresponding to and

n . . =  2 .

Let = {(1,1) ,(2 ,2 ) ,(3 ,3 )}. Then a ,  ' = {(l,l),(2,2),(3,3)}.

The range of is = {1,2,3 } and the rank o f  is 3.

Then we have o = { ( i j) ,  (2 ,2 ), (3,3)}

So the equivalence classes are p , = { l }, p ,  = {2 } and p ,  = {3 }.

Thus we obtain that = {{l}, {2 }, {3 }} is a partition o f  X  corresponding to and

= 3

Let a ,  = {(1,1),(2,3),(3,1)}. Then a / '  = {(l,l),(3 ,2),(l,3)}.

The range of a j  is Xa^  = { l,3  } and the rank of is 2.

Then we have a ,  o « / '  = {(l,l),(l,3),(2,2),(3,l),(3,3)}.

So the equivalence classes are p, = {1,3 }, p ,  = {2 } and Pj = {l, 3 }.

Thus we obtain that ;r^. = {{2 },{l,3}} is a partition o f  X  corresponding to and

=  2 .

L et a .  =  { ( U ) . ( 2 . 3 ) , ( 3 , 2 ) ) ,  T h en  a / '  =  { ( l . l ) . ( 3 , 2 ) , ( 2 , 3 ) ) .

The range of is Xa^  = {1,2,3 } and the rank of is 3. 

Then we have = {(l,l),(2,2),(3,3)}.
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So the equivalence classes are /?, = {l }, p ,  = {2 } and = {3 }.

Thus we obtain that = {{l}, {2 }, {3}} is a partition o f  X  corresponding to and

Chapter 4

n. = 3

Let a ,  = {(U),(2,3),(3,3)}. Then a / '  = {(l,l),(3,2),(3,3)}.

The range o f  is Xa^  = {1,3 } and the rank o f  is 2.

Then we have = {(i,i),(2,2),(2,3),(3,2),(3,3)}.

So the equivalence classes are p, = {l }, p .  = {2,3  } and

Thus we obtain that = {{l},{2,3 }} is a partition o f  ^  corresponding to and

K.. =  2 .

Lei a , .  =  { ( 1 , 2 ) , ( 2 , 1 ) , ( 3 , | ) } .  T h en  a , ; '  =  { ( 2 , l ) . ( l , 2 ) , ( l , 3 ) )

The range of a,„ is Xa^^, = {  1,2 } and the rank of is 2.

Then we have a,o°aio" ' = {(l,l),(2,2),(2,3),(3,2),(3,3)}.

So the equivalence classes are p, = {1 }, p ,  = {2 ,3  } and p , = {2 ,3  }.

Thus we obtain that = {{i},{2,3 }} is a partition o f  X  corresponding to a,oand

7T. =  2 .

Let a „  = {(1,2),(2,1),(3,2)}. Then « , / '  = {(2,l),(l,2),(2,3)}.

The range of a,, is A'a,, = { l ,2  } and the rank of â  ̂ is 2.

Then we have = { (l , l) ,(u ) ,(2 ,2),(3 ,l) ,(3 ,3)} .

So the equivalence classes are p, = {l,3  }, p ,  = {2 } and P j = {l, 3 }.

Thus we obtain that = { {2 }, {i,3 }} is a partition o f  X  corresponding to a,, and

71. =  2 .

Let ={(1,2),(2,1),(3,3)}. Then = {(2,l),(l,2),(3,3) }.

The range of a , ,  is Xa^.  = {l ,2 ,3  } and the rank of cr,, is 3. 

Then we have = {(l,l), (2,2), (3,3) }.

So the equivalence classes are p, = {1 }, p ,  = {2 } and P 3 = {3 }.
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Thus we obtain that = {{l }, (2 }, {3 }} is a partition of A" corresponding to a , .

and

Let a , ,  =  { ( l , 2 ) , ( 2 . 2 ) , ( 3 . l ) ) T h e n  ' =  { ( 2 , l ) , ( 2 ,2 ) , ( 1 ,3 ) 1

The range o f  a , ,  is Xa^.  = {  1,2 } and the rank o f  a ,3 is 2.

Then we have a , 3 ° a , 3"' = { 0 ’lM>^2),(2,l),(2,2),(3,3)}.

So the equivalence classes are p^ = | l  ,2 }, = { l ,2  } and p.  = {3 }.

Thus v/e obtain that = {{3}, { l , 2 }} is a partition o f  X  corresponding to a ,,  and 

=  2 .

Let = { ( 1,2 ),(2,2),(3,2)}. Then a , / '  = {(2,l) ,(2 ,2),(2 ,3)}.

The range of a^^ is = (2  } and the rank o f  is 1.

Then we have a , ,  ° = {(l,l), (i,2), (l,3), (2,l), (2,2), (2,3), (3,l), (3,2), (3,3)}

So, the equivalence classes are p^ = { l ,2 ,3  }, p ,  ={ l,2 ,3}  and p ,  = ( l ,2 ,3  }.

Thus v^e obtain that = ( { l , 2 , 3 } } i s a  partition o f  X  corresponding toa,^ and

Chapter 4

Let a .3 ={(l,2),(2,2),(3,3)}. Then a , ,  ' = {(2,l),(2,2),(3,3)}.

The range of is A'a,, = (2 ,3  } and the rank of a , ,  is 2.

Then we have a , 3 ° a , . r ‘ = {(l,l),(l,2),(2,l),(2,2),(3,3)}.

So the equivalence classes are p, = {1,2 }, p ,  = {1,2 } and p,  = {3 }.

Thus we obtain that = { {3 } ,{ l,2  } } is a partition o f  X  corresponding to a , ,  

and

Lei a „  = {(L 2),(2 ,3 ),(3 ,0 ). Then a ,.'' = {(2 ,l),(3 ,2),(L 3))

The range o f  cc,5 is = {1,2 ,3  } and the rank of a ,5 is 1.

Then we have = {(l,l),(2,2),(3,3)}.

So, the equivalence classes are = (l ), yO, = (2 } and p,  = {3 }.
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Thus we obtain that = { ( l } ,  ( 2 }, { 3 } } i s a  partition o f  A' corresponding to

and = 3.

Let a „  =  { ( l . 2 ) , ( 2 , 3 ) , (3.2 ) )  T h en  « „  ' =  { ( 2 , l ) , ( 3 , 2 ) , ( 2 . 3 ) )

The range o f  a ,7 is Xa^-i = {2,3 } and the rank o f  is 2.

Then we have = {(l,l),(l,3),(2 ,2),(3,l),(3,3)}.

So the equivalence classes are p, = {1,3 }, /?, = { 2 } and p .  = {1 , 3  }.

Thus we obtain that = { { 2 }, { l , 3 } }  is a partition o f  X  corresponding to a

and =  2 ,

Let a ,. = { ( 1.2 ) ,(2 .3 ),(3 ,3)), Then a , .- ’ = {(2 ,l),(3 ,2 ),(3 ,3 )).

The range of a,s is = {2,3 } and the rank of a , ,  is 2.

Then we have cr,  ̂ ' = {(i,i ),(2,2),(2,3),(3,2),(3,3)}.

So the equivalence classes are /?, = { l }, p ,  = { 2 ,3  } and p ,  = {2 ,3  }.

Thus we obtain that = {{ i} ,  { 2 ,3 } }  is a partition o f  X  corresponding to a

and =  2 .

Let = {(1,3),(2,1),(3,1)}. Then ' = {(3 ,l),(l,2),(l,3)}.

The range of is Xa^^ = {l,3  } and the rank o f a,g is 2.

Then we have ' = {(l,l), (2,2), (2,3),(3,2),(3,3)}.

So the equivalence classes are p, = {1 }, p ,  = { 2 ,3  } and /^ 3 = { 2 ,3 } .

Thus we obtain that = { { l} ,  { 2 , 3 } } i s a  partition o f  X  corresponding to a .

and =  2 .

Let ={(U),(2,1),(3,2)}. Then « 3, ; '  = {(3,l),(l,2),(2,3)}.

The range of is Xa.j, ={  1,2,3  } and the rank of is 3. 

Then we have = {(l,l),(2,2),(3,3)}.

So the equivalence classes are p, = {l }, p ,  = { 2 } and P 3 = {3 :.
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Thus we obtain that = { { l} ,  {2 }, ( 3 } } i s a  partition o f  X  corresponding to a,,, 

and =

Let = }(|,3 ),(2 .0 .(3 ,3 )). Then a , ; '  = {(3,l).(l,2),(3,3)}

The range of a , ,  is A'a,, = {1, 3 } and the rank o f  a , ,  is 2.

Then we have a . ,  oa . ,  ' = {(l,l),(l,3),(2,2),(3,l),(3,3)}.

So the equivalence classes are p, = {l,3  }, p .  = { 2 } and p , = ( 2 ,3  }.

Thus we obtain that = { {2 }, {1,3 } } is a partition o f  X  corresponding to cr,,

Chapter 4

and n a.\ = 2,

Let a , .  = {(1,3 ) , ( 2 ,2 ) , ( 3 ,1)}. Then = {(3,l),(2,2),(l,3)}.

The range of or,, is X a , ,  = {  1 ,2 ,3  } and the rank of a , ,  is 3.

Then we have ' = ( 0 . 0 ’(2>2),(3,3)}.

So the equivalence classes are p, = ( l }, p ,  = { 2 } and p , = {3 }.

Thus we obtain that = {2 }, { 3 } j i s a  partition o f  X  corresponding to or..

and 71̂

Let Of;, ={(1 .3).(2 ,2),(3 ,2)). Then = {(3 .l).(2 ,2 ),{2 ,3 )}

The range of cr,, is Xa-,_. = {2,3 } and the rank of a , ,  is 2.

Then we have (2,2),(2,3),(3,2), (3,3)}.

So the equivalence classes are p, = ( l }, p ,  = { 2 ,3  } and P 3 = ( 2 ,3  }.

Thus we obtain that = { { l ) ,  { 2 ,3 } }  is a partition o f  X  corresponding to a , ,

and - 2 .

Let a , ,  ={(l,3),(2,2),(3,3)}.Then a , / ’ = {(3,l),(2,2),(3,3)}.

The range of is Xa.j^ = {2,3 } and the rank of is 2.

Then we have a , ,  o a , / '  = {(l,l),(l,3),(2,2),(3,l),(3,3)}.

So the equivalence classes are p, = {1,3 }, p ,  = { 2 } and p ,  = {1,3 }.

Thus we obtain that = { { 2 }, { l , 3 } }  is a partition o f  A' corresponding to a , j
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and n.. = 2

Let = {(l,3),(2,3),(3,l)}. Then a , ,  ' = {(3,l),(3,2),( l ,3 )}.

The range of a , ,  is Xa^_^ = { l,3  } and the rank o f  a , ,  is 2.

Then we have a , ,  oa , ." '  = {(l,l),(l ,2),(2 ,l) ,(2 ,2),(3 ,3)}.

So, the equivalence classes are p, = {1,2 }, /?, = { 1,2 } and P j = { 3 }.

Thus we obtain that = { (3 }, { i ,2  } } is a partition o f  X  corresponding to a . ,

and =  2 .

Let a , .  = {(1,3),(2,3),(3,2)) Then o ,, ' = {(3 ,l),(3 ,2 ),(2 ,3 ))

The range of is = {2,3 ) and the rank of a-,  ̂ is 2.

Then we have = {(l,l),(l,2),(2,l),(2,2),(3,3)}.

So, the equivalence classes are p, = { l ,2  }, p ,  = { 1,2 } and P 3 = { 3 }.

Thus we obtain that /r^ = { {3 }, {1,2 } } is a partition o f  X  corresponding to a

and =  2 .

Let = { ( 1,3) , ( 2 ,3 ) , ( 3 ,3 )}. Then = {(3,l),(3,2),(3,3)}.

The range of is = {3 } and the rank of a.,-, is 1.

Then we have o (1,2 ), (l,3), (2,l), (2,2), (2,3), (3,l), (3,2), (3,3) }.

So, the equivalence classes are p, = {1,2 ,3  }, p^ = {1 ,2 ,3  } and = {1 ,2 ,3  }.

Thus we obtain that = { { l , 2 , 3 } } i s a  partition o f  X  corresponding to a■,■̂ and

^-,1 = 1 ■

From the above calculations we have the following cases:

C a se l :

a , , a ,4 and are ©-equivalent having the same partition { { l ,2 ,3  }} and the same

rank 1.

Case2:

Cf, , a 9 ,a,o ,«i8 ,« i9 and a .,  are ©-equivalent having the same partition
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{{1 }, {2 ,3 }} and the same rank 2 .

Case3:

, a ,7 and are O-equivalent having the same partition

{{2 }, { l ,3  }} and the same rank 2.

Case4:

a 3 , a 3 ,or,3 , a , j  and are 2 )-equivalent having the same partition

{{3 }, {l, 2 }} and the same rank 2.

Case5:

,«i6 , a 2„ and a . ,  are O-equivalent having the same partition

{{1 }, {2 }, {3 }} and the same rank 3.

Part-2:

Since T{x ) contains an identity transformation. So, (7 '( .Y ),° )  is a semigroup with 

identity transformation.

VVe will construct all <£-classes of T{X) :

Since a , = {(l,l) ,(2 ,l) ,(3 ,l)}, so we have

( c r , = j { X ) o a ^  = {a, ° a ,  ° a ,  ,o ’3 , ................ , a . j  } and

Now, we have

a , oa, = {(1, 1),(2,l).(3.l)l<.{(1,1),(2 ,1),(3,1)1= {(U).(2 ,0 ,(3 ,0 )=  a , 

a ,  o a, = {(1,1), (2,1), (3,2)!= {(l,0. (2.0. (3 .0!=  {(l.O. (2.0. (3,0) = «,

a .  OQT

a ^ o a

a - , ° a  

a.  ° a

= {(1,0(2,0.(3,3))o{(i,1),(2,1),(3,i)}={(i,|).(2,1),(3,1))= o, 

= {(l,l),(2 ,2 ).(3 ,l))°((l,]),(2 ,l),(3 ,l))= {(l,l),(2 .0 ,(3 .0 )= a , 

= {(l,0 (2 .2 ).(3 ,2 )}»{(l,l),(2 ,l),(3 ,l)}= {(l,0 ,(2 ,0 ,{3 .0 )= a , 

= {(1,1), (2,2) (3,3)). {(1,0, (2 ,0  (3,0) = {(1.0 (2 ,0  (3,01=

= {(l,0(2 ,3).(3 ,l))“ {(U )(2 ,l)(3 ,0 )= {(l,0 .(2 ,l) ,(3 ,l))  = a, 

= {(1,1), (2,3) (3,2)). {(1,1) (2 .0  (3,1))= {(1,0 (2,0, (3,1)}= «,
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!(M). (2.3), (3,3)J- {(l.l), (2,1), (3,1)!= {(I.I) (2,1), ( 

a,„ Off, = {(l,2),(2,l),(3.l))o {(l,l),(2.l),(3,l)i=  {(l.l),(2,l),( 

c „  Off, = ((l.2).(2,l),(3,2))o{(l,l),(2,l),(3,l)}= {(l,l),(2,l).(

-a ,  = {(l,2),(2,l),(3.3))»{(l,l).(2.l).(3.l))= j(l,l).(2,l).( 

f f „ . a ,  = {(l,2 ),(2 ,2).(3 ,l))o{(l,l)(2 ,l),(3 ,l))={(l,l),(2 ,l),(

«,4 = ((l.2),(2 ,2),(3 ,2)|o)(u ),(2 .l).(3 ,l)(=  |(l,l),(2 ,l),(

,, = {(l,2)(2,2H 3.3))o{(l.l),(2,l>(3,l)}=  {(l,l);(2,l)i (

= {(1,2),(2,3),(3,I))"{(1,1),(2,1),(3,0!= {(1,I),(2,I).(3 

r, = {(|,2)(2.3),(3,2)!.{(1,1),(2,1>(3,1))= {(u M 2,l).(

= {(1,2). (2,3) (3,3)}o {(1,1), (2,1). (3,0) = {(l,l), (2,1> (

= {(l.3)(2.l),(3,l)lo{(l,l),(2,l).(,3,l))= {(1,1). (2,1) (3 

= {(1.3) (2.1) (3,2)jo {(1,1), (2,1), (3,1))= {(1,1), (2,1), (3 

!, ={(l,3),(2 ,l),(3 ,3)).{(l,l),(2 ,l),(3 ,l))={(l,l),(2 ,l),(3  

r, = {(1,3),(2,2),(3,1)).{(1,1),(2,|)(3,1))= }(l,l) (2,l), (3 

= {(l,3),(2,2),(3,2))o{(l,l)(2,l)(3,l))=  {(l,l)(2 ,l),(3  

r, = {(l,3),(2,2),(3,3))o{(l,l),(2,l),(3,l))= {(l,l),(2.l),(3 

= {(l,3),(2,3)(3,2))o {(l,l)(2 ,l)l(3 ,l))=  { ( ] ,l) (2 ,l) (3 

= {(l,3 )(2 ,3 )(3 ,2 )).{(l.l)(2 ,l);(3 ,l))=  {(l,l),(2 ,l)(3  

= {(I,3),(2,3)(3,3)).{(1,|)(2,1)(3,1)}= {(l,l),(2.l)(3.1  

Therefore we have (ff,);  ̂ = T {x)oa^  = {«, ) , (  from the above computation).

This implies that a , is <£-equivalent.

We know that

L{a) = Set o f  all elements of T {X )  which are .^-equivalent to a  {a e T{x )). 

Hence we conclude that

L{a) = {a, }.................(1).

Since a .  = {(l,l), (2,l), (3,2)}, so we have

a ,5 ° a,

ay,  o cr,

a . ,  ° a,

2̂2 ° 1̂ 

o a.

° a,

a . ,  °a.

oCf,

a . j  o or,

= cr,

= «i 

= «: 

= «, 

= «: 

= a,

= «i 

= «i 

= «, 

= «, 

= «i 

= a ,

= «i 

= «, 

= a, 

= a ,  

a,
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( a j ,  = T { X ) o a .  = j a ,  o a , ,c f ,  °a .„ a ,  oq;,,................. ,, a , ,  o a ,  .

Now, we have

a ,  = {(1 .1 ) .(2 ,1 ) ,(3 , |) )» { ( | ,1 ) ,(2 .1 ) .(3 .2 ) )=  { ( l , l ) . ( 2 . l ) , ( 3 , l ) ) = a ,  

o ,  . a ,  =  { ( l , l ) . ( 2 , l ) , ( 3 ,2 ) } . { ( l , l ) , ( 2 , l ) . ( 3 ,2 ) j =  { ( l , l ) , ( 2 . l ) , ( 3 , l ) } =  a ,  

{(1, iM 2 , i ) . (3 .3 )}” {(i,1 ) .(2 ,1 ) .(3 ,2 )}=  {(i , I ) , (2 .I ) . ( 3 ,2 ) } =  ff, 

1(1.1),(2,2 ) . ( 3 , l ) ) o j ( u ) . ( 2 , l ) , ( 3 , 2 ) ) = { ( l , l ) . ( 2 . l ) , ( 3 , l ) ) = o ,  

a ,  oOf, = { (1 ,1 ) , (2 ,2 ) , (3 ,2 ) ) . { (U ) , (2 .1 ) , (3 ,2 ) !=  { ( l , l ) . ( 2 , l ) , ( 3 , l ) } =  o ,  

a .  =  ! ( I ,I ) . (2 ,2 ) ,(3 .3 )M (1 ,1 ) .(2 .1 > (3 .2 )}=  {(1, i) , (2 ,1 ) .(3 ,2 )}  = 0 ;

{(1,1),(2,3),(3.1)). { (1 ,1) ,(2 ,!) .(3 ,2)}=  { ( l , l ) . ( 2 , 2 ) . ( 3 , l ) ) = a ,  

a ,  <■«, =  j ( u K 2 ,3 ) , ( 3 ,2 ) ! o  {(1,1).(2 ,1),(3 ,2))=  { ( l , l ) , ( 2 ,2 ) , ( 3 , l ) ) =  a ,  

{(l . l) .(2 ,3) .(3 ,3)}o  { ( l , l ) , (2 , l ) , (3 ,2 ) } =  { ( l , l ) , (2 ,2 ) ,(3 ,2 )}  = a ,  

a „  = ! ( I .2 ) , (2 , i ) , (3 ,1 ) )o { (1 ,0 , (2 , |H 3 ,2 )} =  { ( | , i M 2 , i M 3 , | ) } =  a ,  

« „ “ « : =  {(1,2), (2,1), (3 ,2)}o  {(1,1). (2,1), (3 ,2)}  = {(l,l), (2 ,l) ,  (3 ,l) )  =  cr, 

«,= » « !  = { (1 ,2 ) ,(2 ,1 ) .(3 ,3 )} .{ (1 , |) . (2 ,1 ) ,(3 ,2 )}=  { ( l , l ) , ( 2 ,0 , ( 3 ,2 ) } =  a,_ 

= { ( l .2 ) . (2 ,2 ) , (3 , l ) } o { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) )=  { ( l , l ) , ( 2 . l ) ( 3 . l ) } =  a ,  

= { ( l .2 ) , (2 ,2 ) , (3 ,2 ) } o { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) )=  { ( u ) . ( 2 , l ) , ( 3 , l ) } =  « ,  

->a,_ = { ( l ,2 ) i (2 ,2 ) , (3 ,3 )}= { ( l , l ) . (2 , l ) , (3 ,2 )}=  { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) } =  a ,

° a ,  =  {(1,2), (2 ,3) ,  ( 3 , l ) ) o  {(l,l),  (2,1), ( 3 ,2 ) } =  {(l.l),  (2 ,2 ) ,  ( 3 , l ) ) =  a ,  

a „ - a ,  =  { ( l , 2 ) , ( 2 , 3 ) , ( 3 , 2 ) ) o { ( l , l ) , ( 2 , l ) , ( 3 , 2 ) ) =  { ( l , l ) , ( 2 , 2 > ( 3 , l ) } =  a ,  

=  { ( l ,2 ) , ( 2 ,3 ) , (3 ,3 ) } » { ( l , l ) , ( 2 , l ) i  ( 3 , 2 ) } =  { ( l , l ) , ( 2 , 2 ) , ( 3 , 2 ) } =  a ,  

o o ;  =  { ( l , 3 ) . ( 2 , l ) , ( 3 , l ) } o { ( l , l ) , ( 2 , l ) , ( 3 , 2 ) } =  { ( l , 2 ) , ( 2 , l ) , ( 3 , l ) } =  a  

"20 "O j =  { ( l , 3 K 2 . l ) , ( 3 , 2 ) } " { ( l , l ) ( 2 , l ) ( 3 , 2 ) ) =  { ( l , 2 ) , ( 2 , l ) , ( 3 , l ) } =  a  

a=, ° a :  =  ( ( l , 3 ) , ( 2 , l ) . ( 3 . 3 ) } ' > { ( l , l ) , ( 2 , l ) , ( 3 , 2 ) } = { ( l , 2 ) , ( 2 , l ) . ( 3 , 2 ) } = a „  

a=: ° =  { ( U )  ( 2 , 2 )  (3,1)}= { ( l , l ) , (2 , l ) ,  ( 3 ,2 ) }  =  {(1,2), (2,1), ( 3 ,1 ) } =  a ,„

O ;, =  { ( l , 3 ) ( 2 , 2 ) , ( 3 , 2 ) } o { ( l , l ) , ( 2 . l ) ( 3 , 2 ) } =  { ( l , 2 ) ( 2 , l ) ; ( 3 , l ) } = a „

“ =4 =  { ( l , 3 ) , ( 2 , 2 ) , ( 3 , 3 ) } o { ( l , l ) , ( 2 , l ) , ( 3 , 2 ) } =  { ( l , 2 ) , ( 2 , l ) , ( 3 , 2 ) } =  a ,
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a , , . a ,  = { ( u ) ,  (2,3), ( 3 , 2 ) ) .  ( ( l , l ) ( 2 , l ) , ( 3 , 2 ) ! =  { ( l , 2 ) ( 2 , 2 ) , ( 3 , l ) } =  a , ,

" O ,  =  { ( 1 ,3 ) , ( 2 ,3 ) , ( 3 ,2 )} .  iO . l ) , ( 2 .1 ) , ( 3 ,2 ) 1 =  { ( l , 2 ) ( 2 , 2 ) , ( 3 , l ) ) =  a , ,

Q ; ,  " O ,  =  { ( 1 , 3 ) ( 2 , 3 ) ( 3 , 3 ) } . { ( | , 1 ) ( 2 , | ) , ( 3 , 2 ) } =  { ( l , 2 ) ; ( 2 , 2 ) ; ( 3 , 2 ) ) =  ,

T h e r e f o r e  w e  h a v e  ( a , ) , ,  = { a i  , a ,  ,^4 ,c ; | |  , 0,4 i

We see that and a ,3 are associates with a , , so we can easily say that

(^ 4)', “  )/. “  ( 1̂0 ) l  ~ (̂ 11 )/. ~ “  {<̂ 1 7 0̂ 2 , , Ofi, , 0Tj3 , a^_^}

This implies that a ,  , « 4 , a , , a n d  a ,3 are <£-equivalent.

Therefore, we get L{a ,)=  {a2,a_^,a^,a^„,a^^,a^,}.

Hence we conclude that

L{a, ) = L ( a J  = L(a , ) = ) = / . ( « , , )  = /.(«,, ) = { « , ,  a , ,«,,,, , a , ,} . (2 )

Again, since a,  = {(l,l), (2,l), (3,3)}, so we have

={«! °« 3 . ....................,«;7 °«3}

Now, we get

a ,  o «3 = { ( l, l) , (2 , l) , ( 3 , l) } o { (u ) (2 , l) , (3 ,3 )} =  { ( l, l) ,(2 , l) ,(3 , l)} =  « , 

a ,  o «3 = { (u ) ,(2 ,l) ,(3 ,2 )} o { ( l, l) ,(2 ,l) ,(3 ,3 )} =  ( ( l, l) ,(2 , l) ,(3 , l)} =  a .

«3 o «3 = {(1,1), (2,1), (3,3)}o {(1,1), (2 ,1), (3,3)}= {(1,1), (2,1), (3,3)}=  3̂ 

This implies that a.  is an idempotent element o f  T ( x ) .

a , - a ,  = { 0 , 1 ) ( 2 , 2 ) ( 3 , I ) ) . { ( | , 1 ) ( 2 , 1 ) , ( 3 , 3 ) } =  ( ( l , l ) ( 2 , l ) , ( 3 , l ) ) =  o ,

« ,  =  { ( 1 , 1 ) ( 2 , 2 ) ( 3 , 2 ) } .  { ( 1 ,0 , ( 2 , 1 ) ( 3 ,3 ) } =  { ( l , l ) ( 2 , 0 , ( 3 , l ) } =  a ,

=  { ( 1 ,1 ) , ( 2 ,2 ) ( 3 ,3 ) ) . { ( 1 , 1 ) , ( 2 ,1 ) ( 3 , 3 ) ) =  { ( l , l ) ( 2 , l ) , ( 3 , 3 ) } =  o ,  

a , o « , = { ( U ) ( 2 . 3 ) ( 3 , l ) } . { ( : , l ) ( 2 , l ) ( 3 , 3 ) } = { ( l , l ) , ( 2 , 3 ) ( 3 , l ) } = a ,  

a .  =  { ( l , l ) ( 2 , 3 ) ; ( 3 , 2 ) ) . { ( l , l ) ( 2 , l ) i ( 3 , 3 ) } =  { ( l , l ) ( 2 , 3 ) ( 3 , l ) ) =  cr,

=  { ( I , 1 ) ( 2 . 3 ) ( 3 , 3 ) } . { ( 1 , 1 ) ( 2 , 1 ) ( 3 , 3 ) ) =  { ( l , l ) ( 2 , 3 > ( 3 , 3 ) } =  ct,  

a , .  =  { ( 1 .2 ) , ( 2 ,1 ) , ( 3 ,1 ) } . { ( 1 ,1 ) ( 2 ,0 , ( 3 ,3 ) } =  { ( l , l ) ( 2 , l ) , ( 3 , l ) } =  a ,

a „  =  ( ( > . 2 ) . ( 2 , l ) l ( 3 , 2 ) ) . { ( l , l ) , ( 2 , 0 . ( 3 , 3 ) j =  { ( l , l ) ( 2 , l ) , ( 3 , l ) } =  a ,

=  { ( i , 2 ) ( 2 , l ) ( 3 , 3 ) ) . { ( u H 2 , l ) ( 3 , 3 ) } =  { ( l , l ) ( 2 , l ) ( 3 , 2 ) } =  o ,

Chapter 4
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o „  o a ,  =  { ( l ,2 ) , ( 2 ,2 ) , ( 3 . l ) } «  ( ( l , l ) ; ( 2 . 0 . ( 3 .3 ) ! =  { ( l , l ) , ( 2 . l ) ( 3 . l ) ! =  « ,  

o a ,  =  { ( i , 2 ) , ( 2 , 2 U 3 , 2 ) ! ° { ( u U 2 . 1 ) . ( 3 , 3 ) ! =  { ( I , i M 2 . 0 , ( 3 . 0 ! =  a ,  

a „  o a ,  =  ! ( | . 2 ) , ( 2 ,2 M 3 ,3 ) ) " ! ( 1 . I ) . ( 2 .1 ) . ( 3 .3 ) 1 =  { ( l , l ) , ( 2 . l ) . ( 3 , 3 ) ) =  a ,  

o a ,  =  {(1.2), (2 .3) ,  (3 .1 )} .  {(l.l),  (2.1), ( 3 ,3 ) !  = {( l .l) .  ( 2 , 3 )  (3 , l ) }  =  a ,  

a „  . a ,  =  { ( l ,2 ) i ( 2 ,3 ) ; (3 ,2 ) ! o  ( ( l . l ) , ( 2 . l ) , ( 3 , 3 ) } =  { ( l , l ) , ( 2 .3 ) , ( 3 , l ) !  =  a ,  

o o ,  =  { ( l .2 ) , ( 2 , 3 ) , ( 3 . 3 ) | o { ( l , l ) i ( 2 , l ) . ( 3 . 3 ) ) =  {(l.l),  (2 ,3 ) .  ( 3 ,3 ) } =  a ,  

a „  =  { ( U ) ( 2 , 1 ) ( 3 , 0 ) » { ( 1 , 0 . ( 2 , 1 ) ( 3 , 3 ) ) =  { ( u ) ( 2 , l ) ( 3 , l ) } =  a „

« , , ,  o a ,  =  {(1.3) ( 2 .1 )  (3 ,2)1= {(1.1) ( 2 .1 )  (3 .3 ) )  =  { ( l . 3 ) ( 2 . l )  ( 3 , l ) ) =  

a „  =  { ( l , 3 ) ( 2 , l ) ( 3 , 3 ) ) o  { ( l . l ) ( 2 . l ) ( 3 , 3 ) } =  { ( l , 3 ) ( 2 . l ) ( 3 . 3 ) ) =  a , ,  

= { ( l , 3 ) ( 2 . 2 ) ( 3 . l ) } = { ( l . l ) ( 2 , l ) ( 3 , 3 ) } = { ( l , 3 ) ( 2 . l ) ( 3 . l ) ) = a „

=  { ( U ) ( 2 , 2 ) ( 3 . 2 ) ! o { ( l , l ) ( 2 , l ) ( 3 , 3 ) ) =  { ( l , 3 ) ( 2 , l ) ( 3 . l ) } =  a „

=  { ( U ) ( 2 , 2 ) ( 3 . 3 ) } » { ( l . l ) ( 2 , l ) ( 3 . 3 ) } =  { ( U ) ( 2 . l ) ( 3 . 3 ) ) =  a „

=  { ( l , 3 ) ( 2 . 3 ) ( 3 , 2 ) ) o { ( l . l ) ( 2 , l ) ( 3 . 3 ) } =  { ( l , 3 ) ( 2 , 3 ) ( 3 , 2 ) } = a , ,

=  { ( l , 3 ) ( 2 . 3 ) ( 3 . 2 ) ) o { ( l , l ) ( 2 . l ) ( 3 , 3 ) ) =  { ( U ) ( 2 , 3 ) ( 3 . 2 ) } =  a , ,

=  { ( U ) ( 2 , 3 ) ( 3 , 3 ) } o { ( l . l ) { 2 , l ) ( 3 . 3 ) } =  { ( l , 3 ) ( 2 . 3 ) ( 3 , 3 ) } =

Thus we obtain that

Since and a. ,  are associates with a . , so we can easily say that

( « 7  ) ,  =  { a ,  \  =  ( a , 5  ) / .  =  ( « 2 .  ) l  =  ( « : 5  ) l  =  { « ! .  « 3  .  « 7  .  « 9   ̂ « 1 9  ,  « 2 1  > « 2 5  ^ « 2 7  }

This implies that a,  and a , ,  are X-equivalent.

Therefore, we get 1 (0:3)=

Hence we conclude that

L{a , )=  L{a ,)=  L{a ,)=  L{a^,) = L { a , , ) ^  L{a, ,)  = {2:3 , a , . (3)

Since a ,  = {(l,l), (2 ,2 )> (3,3)j is an identity element of T{X) ,  so we get 

(a,)  ̂ = T {X )oa^  = {a, o ^ . , ............, a , ,

= 03 ,a , , ................. > « : 7 } =

and for a ,  = {(l,l),(2,3),(3,2)), we have

Chapter 4
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= {a, °«8>................... ,a:7 °« s}

Now, we get

« , “ « ,  =  { ( U H 2 . l H 3 . l ) ! " { ( l . l ) . ( i 3 M 3 . 2 ) } =  { ( l , l ) , ( 2 , l ) , ( 3 , l ) ) =  a ,  

a , » « . = { ( l , l M 2 , l ) . ( 3 . 2 ) ! . { ( l , l ) , ( 2 . 3 ) , ( 3 , 2 ) ! = { ( l , l ) ( 2 , l ) ( 3 , l ) ) = a ,  

a ,  » o ,  =  { (I .1 ) .(2 .I ) . (3 ,3 ) ) o | ( i , i) , ( 2 , 3 M 3 , 2 ) ) =  { ( | , 1 ) , ( 2 , 1 ) ( 3 ,2 ) J =  a ,  

a ,  o a ,  =  { ( l , l ) , ( 2 , 2 U 3 . i ) ) . { ( l . l ) . ( 2 . 3 M 3 , 2 ) } =  { ( l , l ) , ( 2 , 3 M 3 , l ) ! = a ,

a ,  = { ( | . |M 2 . 2 ) , ( 3 .2 ) ! o  { ( l . l ) , ( 2 . 3 ) . ( 3 ,2 ) ) =  { ( l , l M 2 , 3 ) , ( 3 , 3 ) } =  a ,  

=  { ( I , l ) ( 2 , 2 ) , ( 3 , 3 ) ! = { ( i , l ) ( 2 , 3 ) , ( 3 , 2 ) ) =  { ( l , l ) . ( 2 , 3 ) ; ( 3 .2 ) ! =  « .  

0 , 0 0 ,  =  { ( 1 , i ) , ( 2 . 3 ) . ( 3 , i ) } o ! ( | , | ) i ( 2 ,3 ) . ( 3 ,2 ) } =  { ( 1 , | ) , ( 2 , 2 ) , ( 3 , I ) } = o ,  

o ,  "O , =  { ( I , 1 ) ( 2 , 3 ) , ( 3 , 2 ) ) o { ( | , | ) ( 2 . 3 ) ( 3 . 2 ) ) =  { ( i , 1 ) ( 2 ,2 ) , ( 3 ,3 ) J =  c .  

a ,  o a ,  =  {(l.l),  ( 2 ,3 )  ( 3 ,3 ) } .  { ( l . l )  ( 2 ,3 )  ( 3 ,2 ) )  =  { ( l , l )  ( 2 , 2 )  ( 3 ,2 ) )  =  a ,  

a ,„  =  { ( 1 , 2 ) ( 2 , 1 ) ( 3 , 1 ) ) . { ( 1 , | ) , ( 2 , 3 ) ( 3 , 2 ) ) =  { ( l , 3 ) ( 2 , l ) ( 3 , l ) ) = a „

0,1 ° cr, =  {(1,2), ( 2 ,1 )  (3 ,2 ) )o  { ( l , l )  ( 2 , 3 )  ( 3 , 2 ) ) =  { ( l , 3 ) ( 2 , l )  ( 3 ,3 ) )  =  a , ,  

=  { ( 1 , 2 ) ( 2 , 1 ) ; ( 3 , 3 ) } . { ( 1 , 1 ) ( 2 , 3 ) ( 3 , 2 ) ) =  { ( l , 3 X 2 , l ) ( 3 , 2 ) ) =  

a , ,  o o .  =  { ( l , 2 ) ( 2 , 2 ) ( 3 , l ) ) o  ( ( l , l ) ( 2 , 3 ) ( 3 , 2 ) ) =  { ( l , 3 ) ( 2 , 3 ) ( 3 , l ) ) =

.  o ,  =  {(1 ,2)  ( 2 , 2 )  (3 ,2 ) )=  {(1,1) ( 2 , 3 )  ( 3 ,2 ) )  =  {(1,3) ( 2 ,3 )  (3 ,3 ) )  =  

o , ,  » a .  =  {(1 ,2)  ( 2 , 2 )  (3 ,3 ) )o  { ( l , l )  ( 2 ,3 )  ( 3 ,2 ) )  =  { ( l ,3 )  ( 2 ,3 )  ( 3 , 2 ) ) =  a , .  

o „  » a ,  =  { ( 1 ,2 ) ( 2 ,3 )  (3 ,1))»  { ( l . l )  ( 2 , 3 )  ( 3 ,2 ) )  =  { ( 1 ,3 ) ( 2 , 2 ) ( 3 , 1 ) )  =  a , ,  

- a ,  =  { ( l , 2 ) ( 2 , 3 ) ( 3 , 2 ) ) o { ( l , l ) ( 2 , 3 ) ( 3 , 2 ) ) =  { ( l , 3 ) ( 2 , 2 ) ( 3 , 3 ) ) =  a „  

a , .  .  a .  =  {(1 ,2)  ( 2 ,3 )  ( 3 ,3 ) ) .  { ( l . l )  ( 2 ,3 )  ( 3 , 2 ) ) =  {(1 ,3)  ( 2 , 2 )  ( 3 , 2 ) ) =  

O . , " 0 ^ . = { ( l . 3 ) ( 2 , l ) ( 3 , l ) ) . { ( l , l ) ( 2 , 3 ) ( 3 , 2 ) ) = { ( l , 2 ) ( 2 , l ) ( 3 , l ) ) = a , „

=  { ( l , 3 ) ( 2 , l ) , ( 3 , 2 ) ) . { ( l , l ) ( 2 , 3 ) , ( 3 , 2 ) ) =  { ( l , 2 ) ( 2 , l ) ( 3 , 3 ) ) =  a , ,  

a , ,  =  { ( l , 3 ) ( 2 , l ) ( 3 , 3 ) ) . { ( l , l ) ( 2 , 3 ) ( 3 , 2 ) ) =  { ( l , 2 ) ( 2 , l ) ( 3 , 2 ) ) =

O':: “ « , = { (U ) (2,2) (3 ,0 ). {(1.1) (2.3) (3.2)) = {(1.2) (2.3) (3.1)) =

= { ( l . 3 ) ( 2 , 2 ) ( 3 , 2 ) ) o { ( l , l ) ( 2 , 3 ) ( 3 , 2 ) } =  {(1 ,2 )  ( 2 .3 )  ( 3 .3 ) ) =

=  {(1,3) ( 2 , 2 )  ( 3 ,3 ) ) .  {(1,1) ( 2 ,3 )  ( 3 , 2 ) ) =  {(1 .2 )  (2.3). ( 3 , 2 ) ) =  a „
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=  ! ( U ) . ( 2 . 3 ) . ( 3 . 2 ) ) o !(I,i U 2 , 3 ) . ( 3 , 2 ) ) =  {(i . 2 ) ( 2 , 2 ) , ( 3 . | ) ! =  a , ,

« >  =  ( (1 .3 ) , (2 ,3 ) , ( 3 ,2 ) ) .  { (1 ,1 ) , (2 ,3 ) , (3 ,2 )}=  { ( l , 2 ) ( 2 , 2 ) . ( 3 , 3 ) ) =  a „

=  { ( l , 3 ) ( 2 ,3 ) , ( 3 ,3 ) J o { ( l , | ) , ( 2 , 3 ) , ( 3 ,2 ) } =  ( ( l , 2 ) ; ( 2 , 2 ) , ( 3 , 2 ) ) =  .

Thus we obtain that = {cc,, a . , « 3 , ....................,a , j ] =  T{x ).

We observe that and are permutation groups, so every

principal left ideal o f  these elements gives T{x ).

Thus we obtain that = T{x ).

This implies that and are <£-equivalent.

Therefore, we get L{a^)=

Hence we conclude that

lAa^)= I .(a ,)= L(a,^) = L(a,„)= I .(a„) = ) (4)

For =  {(1.2). (2 ,2 ) ,  (3 ,2 ) )  , we have

(a,4)1 = T { x ) o a ^ ,  = {a, oa„ ,o r ,  ..................., a , ,

= {a,4 }, by ( 1) and a ,4 is a constant transformation.

This implies that is ^-equivalen t.

Hence we conclude that

/ . ( « „ ) =  {a, J ....................(5)

Next, for « „  = {(l,2),(2,2U3,3)}, we have

(^lOi = ^ '(^ )°« i5  = («i o a , 5 ,cr3 ° a „ , ............................. o a ^ J ,

Now, we get

a ,  . c . . ,  =  {(1.0, (2 .1 )  ( 3 ,1 ) ) .  { ( 1 ,2 ) , ( 2 ,2 ) , ( 3 ,3 ) ) =  {(i , 2 ) ( 2 . 2 M 3 . 2 ) } =

"O.s =  {(1 ,1 )(2 , i ) . ( 3 . 2 ) ) . { ( i , 2 ) ; ( 2 , 2 ) , ( 3 ,3 ) } =  {(i , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) } =

«3 =  { ( I .1 ) ;(2 , i ) . (3 .3 ) !o  {(1,2), (2 ,2), ( 3 ,3 ) ) =  {(1.2 ). (2 .2 ). (3. 3) ) =  a „

a ,  =  { ( l . l ) ( 2 , 2 ) ( 3 , l ) ) o { ( l , 2 ) , ( 2 , 2 ) , ( 3 , 3 ) ) =  { ( l , 2 ) , ( 2 , 2 ) ( 3 , 2 ) ) =  a , ,

=  { ( l . l )  (2 .2), (3 .2 ) )=  {(1.2 ), (2 ,2 ) .  ( 3 ,3 ) ) =  { ( l . 2 ) . ( 2 . 2 ) , ( 3 , ) } =  

a ,  " cr,, =  {(1,1) ( 2 , 2 )  ( 3 . 3 ) ) .  {(1 ,2)  (2 ,2 ) ,  (3 .3 )}  =  {(1. 2 ). ( 2 . 2 )  ( 3 . 3 ) ) =  a „

Chapter 4
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a , o a „  = ( (1 ,1 ) , ( 2 ,3 ) , ( 3 . | ) ! . { ( | , 2 ) , ( 2 ,2 ) , ( j ,3 ) } =  {(1,2). (2,3), (3 .2 ) )  = a „  

= { ( l , i ) , { 2 ,3 ) , ( 3 , l ) ) o { ( l , 2 ) . ( 2 .2 ) , ( 3 ,3 ) ! = { ( l , 2 ) , ( 2 ,3 ) . ( 3 ,2 ) ) = a „  

= { ( l . l M 2 . 3 ) . ( 3 . 2 ) i . { ( l . l ) , ( 2 , 2 ) , ( 3 , 3 ) ) = { ( l , 2 ) , ( 2 , 3 ) , ( 3 , 2 ) ) = a „  

a ,  =  {(1,1), (2.3), ( 3 .3 ) ! .  ! ( l .2 ) . (2 ,2 ) . (3 ,3 ) )=  { ( l ,2 ) , ( 2 ,3 ) ( 3 .3 ) } =  a „

Oi„ o o „  = { ( l ,2 ) , ( 2 , l ) , ( 3 , l ) ) o  ( ( | , 2 ) ( 2 , 2 ) , ( 3 , 3 ) J =  { ( l , 2 ) , ( 2 , 2 ) ( 3 , 2 ) } =  

a „  =  { ( l , 2 ) , ( 2 , l ) ( 3 , 2 ) } o  { ( l , 2 ) ( 2 , 2 ) ( 3 , 3 ) } =  { ( l , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) ) =  a „  

a , ,  o a „  =  { ( l ,2 ) , ( 2 , l ) . ( 3 ,3 ) } o { ( l . 2 ) . ( 2 ,2 ) , ( 3 ,3 ) ) =  { ( l , 2 ) , ( 2 , 2 ) , ( 3 , 3 ) } =  

c „ o a „  =  { ( l , 2 ) , ( 2 , 2 ) , ( 3 , l ) } . { ( l , 2 ) ( 2 . 2 M 3 . 3 ) ) = { ( l , 2 ) ( 2 , 2 ) i ( 3 , 2 ) ) = c „

«,4 - a , ,  =  { (1 ,2 ) (2 ,2 ) , (3 ,2 ) } . { (1 ,2 ) (2 ,2 ) , (3 ,3 )1 =  { ( l ,2 > ( 2 ,2 ) ( 3 ,2 ) 1 =  

a „  •  a „  = {(1,2), (2,2), (3,3)}o {(l,2), (2,2), (3 ,3 )1=  {0 .2) . ( 2 ,2 )  (3 .3)1=  «,5  

This implies that is an idempotent element o f  T{x ).

«,* « « i ,  = { (1 .2 ) (2 .3 ) . (3 .0 1 .  { ( 1 .2 ) ( 2 .2 ) ( 3 ,3 ) 1 =  { ( U ) , (2 ,3 ) (3 ,2 )1  =

=  { 0 .2 M 2 ,3 ) , (3 .2 ) } . { (1 ,2 ) , (2 ,2 ) (3 ,3 )1 =  { ( l ,2 ) ,(2 ,3 ) ,(3 ,2 )1=

= {(1.2), (2,3), (3.3)lo {(1,2) (2.2), (3,3)1= {(1.2), (2,3), (3,3)1 = o„ 
o» = {(1,3),(2.1),(3,01"{(1,2).(2,2),(3,3)1= {(1.3).(2.2)(3,2)1=

= {(1,3) ( 2 . 0  (3 ,2 )1 .  {(1,2); ( 2 ,2 )  (3 ,3 )1=  { ( l ,3 )  (2 ,2), (3 ,2 )1=

” «i5 = {(1.3), (2 ,0 .  (3 .3)1- {(1.2) ( 2 ,2 )  (3,3)1 = { ( l .3 )  ( 2 ,2 )  (3 ,3 )1=

” 0,5 = { (1 ,3 ) .(2 ,2 ) .(3 ,1 )1 .{ (1 .2 )(2 ,2 ) ,(3 ,3 )1 =  { ( l , 3 ) (2 ,2 ) , (3 ,2 )1 =

.  a „  = {(1,3) (2.2). { 3 .2 ) { .  {(l,2), (2 ,2), (3,3)1 =  { ( l .3 )  (2.2). (3.2)1 =

=  {(1.3). (2,2), (3 ,3 )1 . {(1,2), ( 2 , 2 )  (3 .3)1=  { 0 .3 )  (2 .2>  (3 ,3 )1=

» « „  = {(1,3) (2 ,3 )  (3 ,2 )1 .  {(1,2) (2 ,2). (3 .3 )1=  { (U ) .  ( 2 .3 )  (3 ,2 )1=

.  a „  = {(1,3) (2,3), (3 ,2 )1 .  {(1.2). (2 .2). (3,3)1 =  {0,3), (2,3), (3,2)1 = 

a , ,  .  =  {(1,3). (2 ,3 )  (3 ,3 )} .  { ( l ,2 )  ( 2 ,2 )  (3,3)1 = (0 .3) .  ( 2 ,3 )  (3.3)1 = ■

Thus we obtain that (a,,)̂ = {a|4,a|j.a|7.a|3.a,5.G,j.a,g,a,,l,
Since a , 7 ,a,g,Gr,3 ,a ,^ and are associates with a =̂,, so we can easily say that
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(a,?), =(«Ks), =(«:_,), =(«:4)/, ={(^2, X  =

This implies that a^^ and are X-equivalent.

Therefore we have / . ( a , , ) = { » „ , « , 7 , a , s , a ; 3 , a , ^ , a 3g}= ,^-class containing a , , . 

Hence we conclude that

)= /.(a,7) = /.(a, J  = L { a , , ) = L { a , , ) = l . { a , , ) = {a, ,, a , , , «33, a , , , }... (6)

For, = {(1,3 ), (2 ,3 ), (3 ,3 )}, we have

=  K  ° « 2 7 > « 2  ° « 2 7 ^ « 3  ° « 2 7 > ....................................... > « 2 7  °  « 2 7  }

Since or,7 is a constant transformation, so from the similar argument o f  (1) we get

~ 1̂ 27 }•

This implies that is an ^ ’-equivalent.

Therefore we have

^ ( ^ 27) = {' 2̂7} ^  -^-class containing a^-,.................(7).

Now, we will construct all .^-classes of 7'{X):

For «, ={(l,l).(2.l),(3.l)), we have

( « l ) f l  =  {«1 ° « p a ,  ....................... ° « 27}

«!

a^

a,

a,

a^

a,

or,

a.

Now, we get

a, . a ,  = {(l,l),(2.l).(3.l)l»{(U ).(2.l),(3.l)} = 

>, ■>«= = {(u),(2,1),(3,i)}"{(|,1),(2,1),(3,2)!= 

t , »« ,  = {(l,l)(2,l).(3,l))»{0.l).(2.l),(3,3)} = 

” «4 = {(1,I).(2,1),(3,1))«{(i,1).(2,2),(3.1)) =

= {(1,iM2.1),(3.1))»{(M),(2.2M3.2)}= 

'■ - a .  = {(l,l),(2,l),(3,l)}»{(l.lH2.2)i(3.3)!=  

>, “«7 ={(i.l),(2,lU 3,l))"{(l.l),(2,3),(3,l)) = 

- a ,  = j(u),(2.lU 3.l)!"{(l.l).(2.3)l(3,2)i = 

r ,.« ,= {(U M 2 ,l) .{3 ,l)) .{ (U U 2 ,3 M 3 .3 )! =

1(1,1), (2,1); (3,1)} = « ,  

{(U ),(2 ,l).(3 ,l))=a, 

{(1,1),(2,1),(3,1)}=«, 

{(1,1), (2 ,1), (3,1)}= or, 

{(l,l),(2 ,l),(3 ,l)|=a , 

{(l,l),(2 ,l),(3 ,l)!=a, 

{(l,l).(2 ,lU 3 ,l)}= a , 

:{(U ).(2 ,1 )(3 ,1 )|= «  

{(1,1) (2,1), (3,1)!= a
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14

14

14

a ,  • « , „  =  { ( l , l ) . ( 2 , l ) , ( 3 . l ) } =  { ( l . 2 ) , ( 2 , l ) , ( 3 , l ) |=  { ( 1 , 2 ^ 2 , 2 ) ( 3 , 2 ) ) =  a  

a ,  =  { ( 1 . 0 . ( 2 . i ) . ( 3 . 1 ) M i . 2 ) . ( 2 . i ) . ( 3 . 2 ) ) =  { ( l , 2 ) . ( 2 , 2 ) , ( 3 . 2 ) ) =  «  

a , - a , ,  =  { ( | , i ) , ( 2 , | ) , ( 3 , i ) } - { ( i , 2 ) , ( 2 , | ) , ( 3 , 3 ) } =  | ( | , 2 ) , ( 2 , 2 ) . ( 3 , 2 ) } =  a  

a ,  » a , ,  = { { U ) , ( 2 , i M 3 .1 ) ! » { ( 1 .2 M 2 .2 ) . ( 3 , 1 ) ) =  { ( I , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) S = o „  

o ,  " 0 ,4  =  { ( 1 . I ) , ( 2 , I ) , ( 3 .1 ) } « ! 0 .2 ) . ( 2 .2 ) . ( 3 .2 ) ) =  { ( | , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) ) =  a ,  

= { ( l . l ) . ( 2 . l ) . ( 3 , l ) } “ ! ( l . 2 ) . ( 2 , 2 ) , ( 3 , 3 ) } = { ( l , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) )  =  a , ,  

a , =  { ( l . l ) , ( 2 , l ) , ( 3 , l ) | o { ( l , 2 ) . ( 2 , 3 ) , ( 3 , l ) ) =  { ( l , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) } =

= { ( l . 0 . ( 2 , l ) . ( 3 , l ) l “ { ( l , 2 ) . ( 2 , 3 ) , ( 3 , 2 ) l = { ( l , 2 ) . ( 2 , 2 ) , ( 3 , 2 ) }  =  a  

a ,  « a „  =  {(l.l), (2.1), (3.1)!" { ( U ) .  (2.3), (3 .3)}  =  ( ( l .2)  ( 2 ,2 )  ( 3 ,2 ) |  =  

a ,  =  { ( l , 0 . ( 2 , l ) . ( 3 , l ) ) «  { ( l . 3 ) ( 2 , l ) ( 3 , l ) } =  { ( l ,3 ) , (2 ,3 ) , (3 ,3 ) )  =  a „  

« ,  =  { ( l . l ) . ( 2 , l ) ( 3 . l ) ! . { ( l , 3 ) . ( 2 , 0 , ( 3 , 2 ) ) =  { ( l , 3 ) ( 2 , 3 ) ( 3 , 3 ) ) =  a , ,

a ,  =  { (U ) .  (2.1). (3.1)}" { ( l .3 ) . ( 2 . l ) ( 3 ,3 ) }  =  { ( l ,3 )  ( 2 ,3 ) ( 3 , 3 ) }  =  a „  

o ,  “ =  {(1 ,1) .(2 .1)(3 ,1)}"  { (1 ,3 ) ,(2 ,2 )  (3.1)) =  { (1 ,3 ) ,(2 ,3 )  (3 .3 ) )  =  

o .  " =  {(1,1), (2,1), ( 3 ,0 ) "  {(1.3). ( 2 . 2 )  (3 .2 ) }  =  {(1 ,3)  ( 2 .3 )  (3 .3 ) )  =

a ,  =  { ( l , l ) , ( 2 . l ) . ( 3 , l ) } ” { ( 1 . 3 ) ( 2 . 2 ) ( 3 . 3 ) ) =  | ( l , 3 ) , ( 2 , 3 ) ( 3 , 3 ) ) =  a „  

a ,  =  { ( l , l ) ( 2 , l ) ( 3 , l ) } o  { ( l , 3 ) ( 2 , 3 ) ( 3 , l ) ) =  { ( 1 , 3 ) ( 2 , 3 ) ( 3 , 3 ) ) =  a , ,  

a ,  O ff, .  =  {(1,1), (2 ,1 )  (3,1)}= {(1,3) ( 2 ,3 )  ( 3 , 2 ) ) =  { ( l , 3 ) , ( 2 , 3 ) ( 3 , 3 ) ) =  

ff, " a „  =  { ( 1 , | ) ( 2 . 1 ) . ( 3 . 1 ) ) . { ( 1 . 3 ) ( 2 , 3 ) ( 3 . 3 ) ) =  | ( l , 3 ) . ( 2 . 3 ) ( 3 , 3 ) } =

Therefore, we have (a,)^ = }.

Since a,^ and a , j  are associates with a , , so we can easily say that

This implies that and a,y are <5/l-equivalent.

Thus we obtain that /? (« ,)=  (or,, or,^,a ,7 }= ^ - c l a s s  containing a , .

Hence we conclude that

R ( a , ) = R ( a „ ) = ) = {or,, cr„, a , ,  } ...............(8)

For a 3 = { (u ) , ( 2 ,l),(3 ,2 )}, we get
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= a ,  ° {«: ° a | , a ,  o a , ,o r ,  o a - ............... , a . ° a . - , ]

Now, we get

= { ( l . l ) . ( 2 , l ) , ( 3 ,2 ) ) o ( ( l , l ) , ( 2 , l ) , ( 3 , l ) } = { ( l , l ) . ( 2 , l ) . ( 3 , l ) |  = « ,  

a , - ^ a ,  = { ( l . l ) , ( 2 , l ) , (3 ,2 ) )o { ( l , l ) , (2 , l ) , (3 ,2 ) } =  ( ( l , l ) . (2 . l ) , (3 . l )}  = a ,  

{ ( u ) . ( 2 , i ) , ( 3 .2 ) ) ” { (M ).(2 , i ) . (3 .3 )!=  { ( l , l ) . ( 2 , l ) , ( 3 , l ) )=  a ,  

{(1.I).(2.1).(3.2)1'‘ ( (M ) . (2 ,2 ) . (3 , | ) } =  { ( l , l ) , (2 , l ) , (3 ,2 ) } =  o .  

« , o o ,  = { ( u ) . ( 2 , l ) , ( 3 . 2 ) ) o { ( l , l ) , ( 2 , 2 ) , ( 3 , 2 ) ) = { ( l . l ) , ( 2 , l ) , ( 3 , 2 ) ) = a ;  

a ,  o a .  = {(1,1),(2,1),(3,2)Jo { ( l , l) ,(2 ,2),(3 ,3)1 = { (U ), (2 , l ) , (3 ,2)} = 

a ,  =  { ( l , l ) , ( 2 , l ) ( 3 ,2 ) ! o j ( l , l ) , ( 2 ,3 ) , (3,1)1= { ( l , l ) , ( 2 , l ) , ( 3 ,3 ) ) = a j  

« :  "O. = { 0 . l ) . ( 2 . l ) . ( 3 .2 ) ) » { (U ) . ( 2 .3 ) , (3 .2 )1 =  { ( l , l ) , ( 2 , l ) , ( 3 , 3 ) l = a ,  

« ; . « , =  { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) l« { ( l , l ) , ( 2 ,3 ) (3 ,3 ) } =  {(l.l), (2,l), (3,3)1 =

= { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) lo { ( l ,2 ) , (2 , l ) , ( 3 , l ) l=  ( ( l ,2 ) , (2 ,2 ) , (3 , l ) l  = o „  

= ( ( l , l ) , ( 2 , l ) , ( 3 , 2 ) l o { ( l , 2 ) , ( 2 , l ) . ( 3 , 2 ) l = { ( l , 2 ) , ( 2 , 2 ) , ( 3 , l ) l = a ,  

O; = { ( l , l ) , ( 2 , l ) , (3 ,2 ) lo { ( l ,2 ) , (2 , l ) , (3 ,3 ) l=  { ( l ,2 ) , (2 ,2 ) , (3 ,1)1 = 0 , j 

a , - a , ,  = ((1 ,1)(2 ,1 ) ,(3 ,2 )} .{(1 ,2 ) ,(2 ,2 ) ,(3 ,1 )1=  { ( l ,2 ) , (2 ,2 ) , (3 ,2 ) l=  a  

a ,  =  { ( l , l ) . (2 , l ) , (3 ,2 )} .  }( l ,2 ) ,(2 ,2 ) , (3 ,2 )1 =  { ( l .2 ) ,(2 ,2 ) ,(3 ,2 )}  =  a

a , _ o a , ,  = {(1,1), (2,1), (3,2)1= {(1,2), (2 ,2), (3 ,3)1=  {(1,2), (2 ,2), (3,2)1 = o „

o a , .  = { ( l , l ) , ( 2 , l ) ( 3 ,2 ) l . { ( l ,2 ) , ( 2 ,3 ) , ( 3 , l ) l=  { (1 ,2 ) , (2 ,2 ) (3 ,3 )1 =  o „  

«= = { (U ) . (2 . l ) . ( 3 .2 ) l» { ( l ,2 ) , (2 ,3 ) , (3 ,2 ) l=  { ( l ,2 ) , (2 ,2 ) , (3 ,3 )}=

a ,  = {( l , l ) ,(2 ,l) ,(3 ,2 ) l=  { ( l ,2 ) , (2 ,3 ) , (3 ,3 ) l=  { ( l , 2 ) , ( 2 , 2 ) ( 3 , 3 ) l = a „

= { ( l . l ) . ( 2 . l ) . ( 3 .2 ) M ( l .3 ) , ( 2 , l ) , ( 3 , l ) l= { ( l ,3 ) , ( 2 ,3 ) , ( 3 , l ) l  = a , ,

= { ( l . l ) . (2 . l) . (3 .2 ) l«  {(1,3),(2,1),(3,2)1= {(1,3),(2 ,3),(3 ,01 = 

c ,  " = {(1,1), (2,1), (3,2)1» {(1,3), (2,1), (3,3)1 = {(1,3), (2,3), (3,1)1 =

a ,  = { ( l , l ) , (2 , l ) , (3 ,2 ) lo { ( l ,3 ) , (2 ,2 ) , (3 , l ) l  =  { ( l ,3 K 2 ,3 ) , (3 ,2 ) } =  o ,

= { (U ) .(2 , l ) , (3 ,2 ) l=  { ( l ,3 ) , ( 2 ,2 ) ( 3 ,2 ) l=  { ( l ,3 ) , (2 ,3 ) , (3 ,2 ) l=  a , ,  

= { (U ) ,(2 , l ) , (3 ,2 ) l=  { ( u ) , (2,2),(3 ,3)1 = {(l ,3 ) ,(2 ,3),(3 ,2)1 = a .
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O; "O;, = {(I,I),(2,|),(3,2))o {(i,3),(2,3),(3,|))= {(l,3),(2,3),(3,3)) = a ; ,  

0 ; “ 0»=((U),(2.l),(3.2)}o{(l,3).(2,3),(3,2)!=((l.3).(2,3),(3.3))=cr:, 

{(1,1),(2.1).(3.2)M(U),(2,3).(3,3)1= {(1,3),(2,3),(3.3)j = a „

Therefore, we have }

Since the non-constant elements o r ,,a ,3 , a , 5 , 0:33 and are associates with a , ,  so 

we can easily say that

(« 3 )«  = ( « 1 3 ) «  = ( « 1 5 ) «  = ( « 2 .0 f i  = (« 2 6 ) f i  = { « , , « : ,  0̂ 3̂  or 26. «27 }■

This implies that and are <^/?-equivalent.

Thus we obtain that R {a , ) = { a , , « 3 , a , ,  ,<2 ,5 , a . , , a ,g } = ^ - c l a s s  containing a , .

Hence we conclude that 

R{a , ) = R { a , ) = R{a^,) = R{a^,) = R {a ._,) = R{a, ,  ) = { « , , ^ 3 , a . j , , a . , , ■ (9)

Next, for a ,  = {(l,l),(2,2),(3,l)}, we get

(«4)k = «4  ° T { x ) = { a ^ o a , , a ,  o a , , a ^  o a , ..............., a ^ o a . , ] .

Now, we get

a , o a ,  ={(l,l),(2,2),(3,l)}o{(l,l).(2,l),(3,l))={(l,l),(2,l),(3,l)} = a , 

={(l,l).(2,2),(3,l)}o{(l,l),(2.l),(3,2))=)(l,l),(2,l).(3,l)) = a,

{(1.1). (2 .2 ), (3,1))" {(1,1), (2 ,1), (3,3))=  {(1.1), (2 .1), (3,0) = a, 

a ,  oa^ = ((l,l),(2 ,2),(3 ,l)).{(l,l)(2 .2),(3 ,l))=  {(l,l),(2,2),(3,l)}= a .

This implies that is an idempotent element o f  T {X )  .

o ,  « a_, = {(1,1)  ( 2 ,2), (3 , l ) )o  {(1, 1), (2 , 2 )  ( 3 ,2 ) (  =  {(1, 1), ( 2 ,2 )  (3,1)} =  a ,  

a , - a , =  { ( l , l ) , ( 2 , 2 ) ( 3 , l ) ) . { ( l , l ) , ( 2 , 2 ) , ( 3 , 3 ) ) =  { ( l , l ) , ( 2 , 2 ) ( 3 , l ) } =  a ,  

o ,  =  ( ( I , l ) , ( 2 ,2 ) ( 3 , l ) ) < . { ( l , l ) , ( 2 , 3 ) , ( 3 , l ) ) =  { ( l , l ) , ( 2 , 3 ) , ( 3 , l ) ) = a ,

a , » a ,  =  { ( U ) , ( 2 , 2 ) , ( 3 , l ) } o { ( l , l ) i ( 2 , 3 ) , ( 3 , 2 ) ) = { ( t , l ) , ( 2 , 3 ) , ( 3 , l ) ) = a ,  

a . " a . = { ( l , l ) , ( 2 , 2 ) , ( 3 , l ) ( o { ( l , l ) , ( 2 , 3 ) , ( 3 , 3 ) } = { ( l , l ) , ( 2 , 3 ) , ( 3 , l ) }  =  a ,  

a .  =  {(1 ,I ) ,(2 ,2 ) , (3 , i) ) = { ( i, 2 ) , ( 2 , i) , ( 3 , i) ) =  { ( l , 2 ) ( 2 , l ) (3 ,2 ) )  =  a „

a ,  =  { ( l , l ) , ( 2 , 2 ) , ( 3 , l ) ) . { ( l , 2 ) , ( 2 , 0 , ( 3 , 2 ) ) =  { ( l . 2 ) , ( 2 , l ) , ( 3 ,2 ) ) =  a „

Chapter 4

84

Dhaka University Institutional Repository



M 4

“ 17

M 7

■•17

a ,  . o , ,  = {(|,1).(2,2),(3,|))»{(|,2),(2,1).(3,3)}= {(l,2),(2,l).(3,2)} = a „  

a . - a , ,  = {(l,l),(2.2),(3,l))« {(l,2),(2.2),(3,l)| = {(l,2),(2 ,2),(3 .2))=  a ,

= {(U ),(2 .2),(3 ,|)!o j(l,2 ).(2 .2 ),(3 ,2 )|=  jO ,2),(2 ,2).(3 ,2))=  a ,

« , = « , , =  {(1,1), (2,2), (3,l)}o {(1,2), (2,2), (3.3)) = {(l,2). (2,2), (3,2)} = c ,  

a .  “a . .  = { (u ) .(2 .2),(3,l)}= {(l,2;i(2 ,3),(3,l)} = {(l,2),(2,3),(3,2)) = a ,

«4 = {(1.1). (2.2). (3.1)}" {(1,2), (2,3),(3,2)) = {(l,2),(2,3), (3,2)) = a,

a .  - o , ,  = {(l.l).(2.2).(3,l))o{(l,2),(2,3),(3,3)) = {(l,2),(2,-3),(3,2)}= o , 

a , o a „  = {(l,l).(2 .2),(3 ,l))«{(l,3),(2 .l),(3 ,l))=  {(l,3),(2,l),(3,3))= a ; , 

a .  « a . .  = {(l.l) (2 ,2 ) (3.l))" {(U ). (2.l), (3,2)) -  {(l,3), (2,l), (3,3)} = o „  

a ,  = {(l,0 ,(2 .2 ),(3 ,l))o {(u )i(2 ,l),(3 ,3 )}=  {(l,3),(2,l),(3,3)} = o „

= {(l.l)(2,2).(3,l)}" {(l,3),(2,2),(3,l)}= {(l,3)(2,2),(3,3)) = a . ,  

o .  “ O;:, = {(1 .1)(2,2)(3,1))"{(i,3),(2 ,2)(3,2))=  {(l,3),(2,2),(3,3)} = a ; ,  

a , - a , ,  = {(l,l)(2 ,2),(3 ,l))o{(l,3),(2 ,2),(3 ,3)}=  {(l,3),(2,2),(3,3))= c „

{(1,1). (2 ,2) (3,1)}= {(1,3) (2,3), (3 .0) = { ( u )  (2.3) (3.3)) =

= {(l.l).(2 .2).(3 ,l))o{(l,3 )(2 ,3),(3 ,2))=  {(l.3).(2 .3)(3 .3)}=  

a ,  = {(U )(2,2),(3 ,l)}=  {(l.3)(2.3).(3.3)} = {(l.3),(2.3)(3.3)) = a, .

T h er e fo re ,  w e  h a v e  (a J ^ j  ),

Since the non-constant elements and 024 are associates with so

we can easily say that

“ (^Ii)r “ (^ 17)/? “  — {^1  ’ *̂ 7’^ 11’^14’^17 ’ *̂ 21 ’ *̂ 24 ’ ^27 }•

This implies that 7 , or,, and a .4 are <9?-equivalent.

Thus we obtain that /^(«4 )=  = <?l-class c o n t a i n i n g .

Hence we conclude that

R { a , ) = R { a , ) = /?(«„) = R{a^,) = R{a .^) = /? (« ,,)  = { a , , a , , a , , , ,  a ,,, a , J .. . (10) 

Again, for a ,  = {(l,l),(2,2),(3,2)}, we get

(a ,)^  ~ a ,  oT{x )= °a^ ,a^  o a . , a ^  ° a . ...............,a^ °<^27}-
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Now, vve get

a ,  o a ,  =  { ( M ) . ( 2 . 2 ) , ( 3 , 2 ) } o { ( l , i ) , ( 2 , l ) , ( 3 . l ) i =  { ( l , l ) , ( 2 , l ) , ( 3 . l ) )  =  o ,  

a ,  =  ( ( l , l ) , ( 2 ,2 ) , ( 3 ,2 ) ) o  { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) )  = { ( l . l ) . ( 2 , l ) , ( 3 . l ) } =  a ,  

a , - a ,  =  { ( l , l ) , ( 2 , 2 ) , ( 3 , 2 ) j . { ( l , l ) , ( 2 , l ) . ( 3 . 3 ) } =  ( ( l , l ) , ( 2 . l ) , ( 3 , l ) i =  a .

= {(l,l).(2,2),(3 .2)lo{(l,l),(2 ,2).(3 .l))={(l,l),(2 ,2),(3 ,2)}=a, 

a,  . a ,  = {(l.l),(2,2),(3,2))o((l,l),(2,2),(3.2)) = {(l,l),(2,2),(3,2)j = a ,  

This implies that is an idempotent element of T { x ) .

=  ( ( l , l ) . ( 2 , 2 ) , ( 3 , 2 ) | . { ( l , l ) . ( 2 , 2 ) , ( 3 , 3 ) j  =  ( ( l , l ) . ( 2 , 2 ) , ( 3 . 2 ) ) = a ,  

= { ( l , l ) , ( 2 , 2 ) . ( 3 . 2 ) } o { ( l . l ) , ( 2 , 3 ) , ( 3 , l ) ) = { ( ! , l ) , ( 2 , 3 ) , ( 3 , 3 ) } = a ,  

a ,  o a ,  =  { ( l , l ) . ( 2 , 2 ) , ( 3 ,2 ) ( o { ( l , l ) , ( 2 .3 ) , ( 3 ,2 ) ) =  ( ( l , l ) . ( 2 ,3 ) , ( 3 , 3 ) l =  a ,  

a ,  = « ,  =  { ( l , l ) , ( 2 , 2 ) . ( 3 ,2 ) ) .  { ( | , | ) , ( 2 .3 ) , ( 3 ,3 ) ) =  ( ( l , l ) , ( 2 ,3 ) , (3 .3 ) )  =  o ,  

a ,  =  { ( l . l ) . ( 2 , 2 ) , ( 3 ,2 ) } o { ( l , 2 ) . ( 2 , l ) . ( 3 , l ) } =  { ( l ,2 ) , ( 2 , l ) , ( 3 , l ) } =  

a .  = o „  =  { ( 1 , | ) . ( 2 . 2 ) , ( 3 , 2 ) M ( i , 2 ) . ( 2 , i ) , ( 3 , 2 ) } =  { ( l , 2 ) , ( 2 , l ) , ( 3 . l ) ) =  o „ ,

=  {(1,1), (2 ,2 ) ,  (3 ,2 ) )  o {(1,2). (2,1), ( 3 .3 ) } =  {(1,2), (2,1), ( 3 .1 )}=  a  

a .  =  { ( I , 0 , ( 2 , 2 ) , ( 3 ,2 ) } .  { ( i ,2 ) , ( 2 ,2 ) , ( 3 ,1 ) } =  { ( 1 ,2 ) , ( 2 ,2 ) ( 3 ,2 ) )  =  «  

a , o o „ = { ( l . l ) , ( 2 , 2 ) , ( 3 , 2 ) ) . { ( l , 2 ) , ( 2 , 2 ) ( 3 , 2 ) ) = { ( l , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) } = a  

a ,  =  { ( l , l ) ( 2 , 2 ) , ( 3 , 2 ) } .  { ( l , 2 ) ( 2 , 2 ) , ( 3 , 3 ) } =  { ( l , 2 ) , ( 2 , 2 ) , ( 3 , 2 ) } =  a  

a , o a „  =  ( ( l , l ) , ( 2 ,2 ) , ( 3 , 2 ) } .  { ( l , 2 ) , ( 2 , 3 ) , ( 3 , l ) ) =  { ( l ,2 ) , ( 2 ,3 ) , ( 3 ,3 ) } =  a  

a ,  o a „  =  { ( l , l ) , (2 ,2 ) , ( 3 ,2 ) } o  { ( l , 2 ) , ( 2 , 3 ) , ( 3 , 2 ) ) =  { ( l ,2 ) , (2 ,3 ) , (3 ,3 )}  =  

a:, . a „  =  { ( 1 ,1 ) , ( 2 ,2 ) , ( 3 ,2 ) } . { (1 ,2 ) , (2 ,3 ) , ( 3 ,3 ) } =  { ( l , 2 ) , ( 2 , 3 ) ( 3 ,3 ) )  =  a „  

o ,  =  { ( U ) , ( 2 ,2 ) , ( 3 ,2 ) } o  { ( l ,3 ) , ( 2 , l ) , ( 3 , l ) }  =  { ( u ) ( 2 , l ) , ( 3 , l ) } =  a „  

a , - a „  =  { ( l , l ) , ( 2 , 2 ) ( 3 , 2 ) } .  { ( l ,3 ) , ( 2 , l ) , ( 3 ,2 ) }  =  { ( l , 3 ) , ( 2 , l ) , ( 3 , l ) ) =  a „  

=  { ( l . l ) , ( 2 ,2 ) , ( 3 ,2 ) ) ” { ( U ) , ( 2 , l ) , ( 3 , 3 ) } =  { ( l , 3 ) , ( 2 , l ) , ( 3 , l ) } =  a „  

a ,  . a . ,  =  { (1 ,1 ) ,(2 ,2 ) , (3 ,2 ) )o { (1 ,3 ) ,(2 ,2 ) , (3 , l ) }  =  { (1 ,3 ) , (2 ,2 )  (3 ,2 )}  =  a , ,  

a,.  =  { ( l , l ) , (2 ,2 ) , ( 3 ,2 ) } o  { (1 ,3 ) , ( 2 ,2 ) , ( 3 ,2 ) } =  { ( u ) , ( 2 , 2 ) ( 3 , 2 ) }  =  a ,

a ,  . a , ,  =  { ( l , l ) , (2 ,2 ) , ( 3 ,2 ) } o  { ( l , 3 ) , ( 2 , 2 ) ( 3 , 3 ) } =  { ( l , 3 ) ( 2 , 2 ) , ( 3 , 2 ) } =  a ^ .
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a ,  . o „  =  j ( l , l ) , ( 2 , 2 ) , ( 3 , 2 ) ) o ) ( l . 3 ) , ( 2 . 3 ) , (3 .1)1= { ( l ,3 ) . ( 2 ,3 ) , (3 ,3 ) )  =  a „  

a ,  =  { ( l . l ) , ( 2 ,2 ) , ( 3 ,2 ) } o  { ( l ,3 ) , ( 2 ,3 ) , ( 3 .2 ) ) =  { ( l ,3 ) , ( 2 ,3 ) , ( 3 ,3 ) } =

a .  =  j ( l . l ) , ( 2 . 2 ) . ( 3 . 2 ) } " { ( U ) , ( 2 , 3 ) , ( 3 . 3 ) ) =  { ( l ,3 ) . (2 ,3 ) , (3 ,3 ) }  =  o , ,

Therefore, we have (a j)^  ~ }

Since the non-constant elements and a , ,  are associates with so

we can easily say that

(^9)^ ~( '^1o)r ~ ( ^ 1s)r “ (^19)/; }

This implies that a ,  , « y , s , « i 9 and a . ,  are equivalent.

Thus we obtain that R{a^)=  {aj,ao,Gri„,cf,5 , a |p , a , 3 } = ^ - c l a s s  containing a , .

Hence we conclude that 

R{a , )=R {a , ) = ) = R{a^,) = R{a ^̂ ) = R{a ._,) = { a , , , a,.-,, a , s , a , , , a , , }...(11)

Since a ,  = {(1,1), (2 ,2 ),(3 ,3 )} is an identity element of T{x ),  so we get

(«o)« = c ( e ° T { x ) = { a , o a , , a ^  ° a , , a ,  ° « 3 ............

= { a ^ , a . , a . , a , , .......... , a . j } = T { x ) .

Also, « , =  {(1,1), (2 ,2 ), (3 ,3 )} is an idempotent element o f  T(x ) ,  since

«0 " «6 = {(1.1). (2 .2 ), (3 ,3)!" {(1,1), (2 ,2 ), (3,3)) = {(1,1), [2 .2 ). (3,3)) = a , .

For OTg = {(1,1), (2 ,3 ), (3 ,2 )}, we have

( a j ^  = a , o T { x )  = {a, o a , ^ a , o a , , a ,  o « , ............... ,gts o a , , } .

Now, we get

a ,  o « ,  =  { ( 1 ,1 ) , (2 ,3 ) , (3 ,2 ) )= { (1 , | ) , (2 ,1 ) , (3 , | ) )=  { ( l , l ) . ( 2 , l ) , ( 3 , l ) )  =  a ,  

a ,  0 0 , =  { ( l , l ) , (2 ,3 ) , ( 3 ,2 ) } »  { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) ) =  { ( l , l ) , ( 2 , 2 ) , ( 3 , l ) ) = a ,  

a ,  " O ,  =  { ( u ) , ( 2 ,3 ) , ( 3 , 2 ) ) o  ( ( l , l ) , ( 2 , l ) , ( 3 , 3 ) ) =  { ( l , l ) , (2 ,3 ) , ( 3 , l ) j  =  a ,

{(1, 1) , ( 2 ,3) , (3,2 ))= { ( l , l ) , ( 2 , 2 ) , ( 3 , l ) H  { ( l , l ) , ( 2 , l ) , ( 3 ,2 ) } =  O;  

{ ( 1 .1 ) , ( 2 ,3 ) , ( 3 , 2 ) ) . { ( U ) , ( 2 , 2 ) , ( 3 ,2 ) ) =  { ( l , l ) , ( 2 , 2 ) , ( 3 ,2 ) } =  a ,  

a , - a ,  =  { ( l , l ) , (2 .3 ) , (3 ,2 ) )=  { ( l , l ) , ( 2 ,2 ) , ( 3 ,3 ) ) =  { ( l , l ) , ( 2 , 3 ) , ( 3 ,2 ) } =  a .  

a ,  . c ,  =  { ( l , l ) , (2 ,3 ) , (3 ,2 )}< .  { ( l , l ) , ( 2 ,3 ) , ( 3 , l ) ) =  { ( l . l ) . ( 2 , l ) . ( 3 ,3 ) ) =  a ,
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a . o a ,  =  { ( l , l ) , ( 2 , 3 ) , ( 3 ,2 ) i = { ( l , l ) . ( 2 . 3 ) , ( 3 , 2 ) l =  { ( l , l ) , (2 ,2 ) , ( 3 ,3 ) }  =  a .

=  { ( M ) , ( 2 ,3 ) , ( 3 ,2 ) ) . { ( 1 , | ) , ( 2 , 3 ) , ( 3 ,3 ) ! = { ( | , | ) , ( 2 ,3 ) , ( 3 , 3 ) )  =  o ,  

a ,  . a , „  =  { ( | ,1 ) , ( 2 ,3 ) , ( 3 ,2 ) } . { ( 1 ,2 ) , ( 2 ,1 ) , ( 3 , | ) J =  { ( l , 2 ) , ( 2 , l ) , ( 3 , l ) ) =  a .„

=  { ( I .1 ) . ( 2 .3 ) . (3 .2 ) ! » { ( I ,2 ) , ( 2 ,I ) . (3 ,2 )J =  { ( l , 2 ) . ( 2 , 2 ) , ( 3 . l ) ) =  a „  

a .  =  { ( I .1 ) . ( 2 .3 ) , ( 3 . 2 ) ! » { ( U ) . ( 2 , I ) . ( 3 . 3 ) ) =  { ( l .2 ) , ( 2 ,3 ) . (3 , l ) }  = a , .  

o ,  • « , ,  =  {(i, i ) , ( 2 , 3 ) . ( 3 , 2 ) ) . { ( 1 , 2 ) , ( 2 , 2 ) , ( 3 . | ) ) =  { ( l , 2 ) , ( 2 , l ) , ( 3 , 2 ) ) = a „

“«,4 = {(U),(2,3),(3.2))= {(1,2),(2,2),(3,2)}= ((l,2),(2,2),(3,2)} = o „  

o , = ((U), (2,3), (3,2))= {(1,2), (2,2), (3,3))= ((l,2),(2,3),(3,2)) = a „  

a , . a . .  = {(l,l),(2,3),(3,2)). {(l,2),(2,3),(3,l))= {(l,2),(2,l),(3,3)} = o ,,

=  { 0 . I ) . ( 2 , 3 ) , ( 3 ,2 ) } . { ( 1 ,2 ) , ( 2 , 3 ) , ( 3 , 2 ) ) =  { ( l ,2 ) , ( 2 ,2 ) , (3 ,3 ) }  =  a „

- a , .  = {(M),(2,3),(3,2)!o {(1,2),(2,3)(3,3))= {(l.2),(2,3)(3,3)) = a „  

a .  • « „  = {(l.l),(2,3),(3,2))= {(l,3),(2,l),(3,l))= {(l,3),(2,l),(3,l))=  

a ,  = {(l,l),(2,3),(3,2)).{(l,3),(2,l)(3,2))=  {(l,3),(2,2),(3,l))= a „

=  {( l , l ) , (2 ,3 ) , (3 ,2 )}< .  { ( 1 ,3 ) (2 ,1 ) , ( 3 ,3 ) )=  { (1 ,3) ,(2 ,3) ,(3 ,1))  =  o-;,

=  { ( l , l ) , ( 2 , 3 ) , ( 3 ,2 ) ) o { ( l , 3 ) , ( 2 , 2 ) , ( 3 , l ) } =  { ( l , 3 ) ( 2 , l ) , ( 3 , 2 ) )  =  a „  

a .  =  { ( l , l ) , ( 2 , 3 ) ( 3 , 2 ) ) o { ( l , 3 ) , ( 2 , 2 ) , ( 3 , 2 ) ) =  { ( l , 3 ) , ( 2 , 2 ) , ( 3 , 2 ) ) =  

a , ,  a , ,  = {(1,1), ( 2 , 3 )  (3 ,2 )}o  {(1,3), (2 ,2 ) ,  ( 3 ,3 ) } =  {(1,3), (2 ,3) ,  ( 3 ,2 ) } =  a ; .  

a ,  . a , ,  =  {(1 ,1),(2 ,3),(3 ,2 )}o  {(1 ,3) ,(2 ,3) ,(3 ,1)}  =  { ( 1 , 3 ) ( 2 , 1 ) ( 3 , 3 ) } =  a , ,  

a ,  o a , .  =  { (1 ,1 ) , (2 ,3 ) , ( 3 ,2 ) } . { (1 .3 ) , (2 ,3 ) , ( 3 ,2 ) } =  { ( l ,3 ) . ( 2 ,2 ) , ( 3 ,3 ) } =  

c ,  - a , ,  =  { (1 ,1 ) , (2 ,3 ) , (3 ,2 )}» { (1 ,3 ) , (2 ,3 ) , (3 ,3 ) )=  { ( l ,3 ) , ( 2 ,3 ) , ( 3 ,3 ) } =

Therefore, we have (ajp = {a|,cr,,aj,a4,... ,..}=7'(A')
We observe that and a , ,  are permutation groups, so every

principal right ideal o f  these elements gives T{x ) . Thus vve obtain that

~

This implies that a n d a , ,  are ^ -equ iva len t.

Therefore, we get , a , , , , a , , }.
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Hence we conclude that

R{a ^̂) = ) = R{cc,, ) = ) = R{a .._) = { a , , a , , a , . , , or,,,, or„ }.., ( 1 2 )

We can easily verify that and are idempotent elements, since

a , o a ,  = {(|,|),(2,3),(3,3))o{(i,i),(2,3),(3,3))= {(l,l),(2,3).(3,3)l= a ,  and 

={(l,3).(2,2),(3.3)}.{(l,3),(2,2),(3,3)}={(l,3).(2.2).(3,3)} = a „

Note: Every constant transformation on a finite set is an idempotent.

Finally, we will construct all ^^-classes and Z)-classes of T{X ):

We know that U£= c£nc7v. Obviously, ^  is an equivalence relation.

W'e denote the d^-c lass  containing a  by H{a).

Clearly, H{a)  = L {a ) r \R {a )  for any a  g T{x ) .

In our case, v̂ 'e get the following results:

(i) H { a ^ ) = L { a , ) r ^ R { a , ) .

From (1) and (8 ), we get / / ( « , ) =  {a, } n  }= {a, | .

(ii) H [ a . )  .

From (2) and (9), we get

//(cr3) = (a;,a4,Gr3,a„,,a ,,,cr,3}r^{or,,a3,a,3 ,a |5 ,a,,,G r,g}= {a,, a , ,} .

(iii) H { a . ^ ^ L { a , ) c ^ R { a , )  .

Since cr, is in (3) and (9), so we get

(iv) H ( a , )  = L{a^)r^R {a , ) .

Since is in (2) and (10), we get

^ (« 4 )  = {«2’«4>«5’«10’«1M«13}^{«4^«7^«1I>«17^«2P«;4}= (O^a^^ul-

CV) H [ a , ) =  L{a^)r^R{a ,) .

Since a ,  is in (2) and (11), so v/e get

H (a {or,, , a , , ,  a , ,, a , , ,or,8, a , , , a . , } = {or,, a , „ }.

(vi) / / ( o r J  = l ( a J n / ? ( a J .

From (4) and (12), we get
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= {a„a , ,a ,, ,o f„ ,a ,„ ,o r3 ,} .

(vii) H{a-,)= I .{a^)r^R{a^).

Since a-, is in (3) and (10), so we get

Since is in H{a^) ,  so we omit / / (« s )

(viii) / / (a J  = /.(oTg) n /?(«J .

Since a,y is in (3) and (11), so we get

/ / (a , )= {a , , « 7 , Cf9 , a , 9 , a , , , a , ,  } n  { a , , cf^, a,,.,, a , 8 , cf,,, a , , } = {or ,̂ .

Since «,,, is in / / ( a , ) , a , ,  is in H { a , ) ,  a , ,  is in H {a^)  anda , ,  is in / / ( a . ) ,  so we 

omit / / (a ,, ,)  , / / ( a , , ) ,  and / / ( a , . ) .

<ix) H {a , , )  = L {a , , ) r^R{a , , ) .

Since is in (5) and (8 ), so we get

H  ( a „ ) = { a „ } n  {a,, cr,^, a , , } = •.

(x) / / ( « , , )  =

Since a , ,  is in (6 ) and (9), so we get

/ / (G r , j )= { a „ ,a ,7 ,a ,8 ,a ,3 ,a 3 4 ,a .6 } o { « , ,a 3 ,a ,3 ,a „ ,a 3 3 ,o ; ,J =  {a,5 ,cf,,}.

Since or,g is in / / ( a j ,  so we omit

(xi) H {a , , )=  L{a , , ) r^R{a , , ) .

Since « ,7  is in (6 ) and (10), so we get

/ / ( a ,7 )= { a , , ,a i7 ,a is ,c r ,3 ,a , , ,c r ; ,} o .{ G 4 ,c r7 ,a , , ,a ,7 ,a , , ,a ,J =  [a,7,a:4}.

(xii) H {a , , )  = L{a ,^)r^R{a, ,) .

Since a,g is in (6 ) and (11), so we get

^  ( « 1 8  ) =  ( « 1 5  ^ ^ ^ 1 7  > ^ ^ 1 8  .  « ; 3  > « 2 4  ^ « 2 6  ( « 5  .  « 9   ̂ a i . M  « 1 S  > C f  19  ̂ « : 3  I  =  ( « 1 S  > « : 3  }

Since a , ,  is in H{a^) ,  a,„ is in a_, is in H {a^) ,  is in / / (a^) ,c r ,-  is in

/ / ( a , J , c r ;,4 is in is in H { a . )  and is in / / ( a , , ), so we omit / / ( a ,p ) .
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H { a y X  ^ (̂<̂ 24)> ^ (« : ? )  ^nd M{a.(,).

Next, we have

(xiii) H{a..j) = L{a.- , )r^R{a.j) .

Since a.-, is in (7) and (8), so we get

/ / ( a , J =  {a,7}.o a , ,}  = {cr,J,

VVe know that

d  = j: oIr

VVe denote the D-cIass of T{x ) by I){a),  for any a  g  T{x ) .

Clearly, D{a) = L{a)o R { a \  for any a  g 7’(A') .

In our case, we have

D{a , ) = / . ( a , ) o R{a^ ) = {«,} o {a, , , « , , } =  {a,, a , ,

For or,, we get

D {a .)  = L{a .)o  R { a . ) .

= { a . ,^ 4 ,Gf,, a ,„ , a , , , a , ,  } o { a . , a , , a , , , a , , , a . , , a , , } .

a ,  ° a ,  ,a_, o a ,  ,« j  °a^_ ,a f̂, ° a . occ, ,0:,, ;

a ,  ° « 3 ,a 4  o«3 ,a5  °or3,«|,, ° a 3 , a „  o a , \

° « 1 3  ° a , 3 . « 5  ° G ^ 1 3  ^ « 1 1  °  « 1 3  ^ « ! 3  °  C ? , ,  ;

a .  oa^, ,«4 °a^,  , a ,  o a , , o a ^,;

a ,  o a , j  ,<2̂  o a , . o a , .  ° a , j  ,a , ,  oor,, ,a,3 o a , . ;

«2 °«:6^«4 °«26^«5 °«26.«I0 ° «26  ̂«11 ° OT26 >«13 ° «26 ■

a , , ff,, ,  CTj. a , , ; a , , a , , a , , O',, a , , a , ;

<3̂ 14,0̂ 14,0̂ 14,Cf|j,0|_(,Cf|4,Cf|_,,(7|j,Of],,,C?|4,Gf|_.,C!’_,,
a . y , a . 7,Ci",,, or,7, a , 7, a , 7 , a . j ,  a , j , « ,7 , a.-,

= {a,,cf,4,a,7}.

Next, for a , ,  we get Z)(a3 )=  L{a.Jo R{a.J.

= {or3,«7,ao.«i9,«2i’<^25}° {G,,a3,a,3,Gr,,,or,,,Gr,g
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^3 ,a^ ° a .  ° a .  oa^_ ° a .  ° a , ;

cr, o a ,  o a ,  ,cfy ° a .  ,«,9 o « j ° « 3 , «. ,  o a , ; 

Ofjoa,, ,«7 o«|3,or, o a , ,  ,of,, °cf,3,a3, ° a ,3 ,a ;5  °a ,3 ;  

Qfj °a ,3  ,«7 ° a , 5 o « | ,  ,or,„ ° a , j o q t , .  o a , , ;

gt3 o a , ,  ,«7 o a . ,  ,«y ocf,. ,c);,5, o a , ,  ,or,| ,<2,. ;

l«3 °«:6>«7 °«26^«9°^^26^«19 ° , Cf,, o .

= 2.^ ^lii iQ̂ ii 1 C)f|3, Cf,j , Gf|7 , ,
ori9,a,i,Gr33,a,^,«25,«2g.

a 2 5 ^3 1 , Cf j -,CC-j, CĈ , Cf]|,, Gf] ] , Gf|3 , Cf 1̂ , Ofj-̂  , £Z|g , Gfjg , fti] 5 Ĉ23 ’ ^24 ’ ^25 ’ ̂ 26 }

Note; In D, -table, every element of each <^-class  where the ^ - c l a s s  contains an

idempotent element, the composition o f  o£-class and <^R-class o f  that element gives the 

whole Z)-class/J>^. Otherwise, it gives the 0 -c lass  Z)^_,, where the order o f  each 3-^- 

class is /•.

From the above results vve get three D-classes /), ,D , and :

a) D| contains 3 elements in which each cell contains an l}£-c\a.ss of  order 1.

We obtain that there are three .^-classes and one <9l-class in D, .
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b) /J, contains 18 elements in which each cell contains an ^ f '-c lass  o f  order 2.

VVe obtain that there are three oC-classes and three <7i-classes in IX  .

c) I), contains 6 elements in which each cell contains an lW-c\ciss o f  order 6.

VVe obtain that there is a one dC-class and one //i-class in .

We know that in (/• = \X \ ), every row contains ^ -c la s se s  and every column

contains ,£-classes, where the headings for rows are partitions o f  { l , 2 , 3 |  and the 

headings for columns are subsets o f  {1,2,3 }.

In every table, we use the range o f  every element of T{x ) .

Hence from Part-1 and Part-2, vve construct the following tables:

401293
Table-1

Hence we conclude that

{1} {2} {3}

{1,2 ,3} {«! } { « . .} {«27 } 7?(a,)

! ( « , )

i

D, {1} {2} {3}

{1,2 .3} (U,1)* (2,2,2)' (3,3,3)*

l ( a , ) ^ ( « u ) Z(«3,)

[ m
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Chapter 4

Table-2

I), {1.2) {1,3) (2,3)

{«!.«l(i {« i! ,a :i)

(Q'i7,£jr,4} —> R{a^)

{« ; .“ !) I {ffj.«,<) {«l<,«26)

A.

Hence

Dz

4.

/ . ( a j

{1.2}

/ .(a .)

{1.3}

i

i ( « l j )

{2,3}

(1.2.2)-

(2.1,1)

(1.3,3)-

(3,1,1)

(2,3,3)
(3,2,2)

{2}. {1.3) (1.2.1)'
(2.1.2)

(1,3,1)
(3,1,3)

(2.3.2)

(3.2.3)-
->  /?(Gj )

{3), {1.2)
(1.1.2)
(2,2,1)

(1,1,3)-
(3,3,1)

(2.2.3)-
(3.3.2)

—> R{c(̂  )

l.{a,)
i

i ( a „ )
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Table-3

f l . 2 . 3 )

a , . , a , , )

Hence

^3 {U2,3}

{•U2U3} <
(1,2 ,3 )’ , (1,3,2), (2 ,1,3 )' 

(2 ,3 ,1),(3 ,1,2 ),(3 ,2 ,1) ^
-> R{a^)

V

Note: the starred elements are idempotent.

Hence the following table gives the whole ©-picture o f  7(3) which is called the 

egg-hox picture of  7'(3), where A" = 3 .
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In this case, the total number o f  elements o f  T {X)

= ( No. o f  ro w s )-( No. o f  co lum ns).( No. o f  elements of each

c e l l).

6

2 2 2

2 2 2

2 2 2

1 1 1

3.3.2 = 18

1.3.1 =

Total 3" = 27

Egg-box picture of 7 (3).

Conclusion:

On the basis of the above results, we get the following propositions:

Proposition:4.2.12

Let P ' { X ) be the set o f  all permutations on a set X  and T { X ) be the set of all

transformations on X, where |X| = n and |7’(A")j = i f  . Then

for all a  e  P ' { x \  {a), = T{x ) and («)^ = r { X ) . ■

Proposition:4.2.13

Let C(A') be the set of all constant transformations on a set X  and T{x ) be the set of

all transformations on A', where \X\ = n and |7’(A')j = //". Then

for all a  e  C (^ ) ,  (a). = {or} and (a ) ,  = {a, 1 / = 1,2,3,............ //}. ■
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Now, we prove the following proposition:

Proposition: 4 2 14

The right zero elements o f  7'(-' '̂) J’-'St the “constant transformations", mapping 

every element of A' onto a single fixed element of A ' . There are no left zero in 

T[X)  If |X| > 1.

Proof

Let A" = {x,,.Y,,., X,,} be any finite set. The cardinality o f  T{x ) is n ”. We know

that an element /? g T{x ) is a right zero o f  /  (A‘) if every a  g T ( X ) .

a o  p  = p

Let X, be a fixed element o f  X , where \ < ! < n  and let /? be a transformation o f  

/ ’(X) defined by (x,)/? = x, , V/ . Then we have

(x ,)(ao /?)  = (x ,a )^  = x^/?, for .; = 1 , 2 , 3 ,  .......

= x, = (x ,) /? .

This implies that a<> p  = p  , V a e  T{X  ).

Thus we obtain that is a right zero of T{x ).

Now, since a °  P  = P  , V a e  T{X  ), so we have (x, \ a °  p ) =  (x ,)/?.

This implies that (x,)/? = {x ,a )p  = (x. ) p , V/

= X; , V/ .

This implies that /? is a constant transformation o f  T{x ) .

Let /? be a non constant transformation o f  /"(A'). Then 

(.V, = X, , where / varies as i varies .

Now, for any a  e T’(A'), we get

(x, \ a o  P ) -  {x,a)P = (x  ̂)p  = Xf. , where k  varies as / varies.

This implies that a °  p ^  p , \f a  &T[x ).

Hence P  is not a right zero element of T[x ).

For example, let a  = {(1,2 ) , ( 2 , 2  ), (3,3 )} be any element o f  Z'(A') and 

let P  = {(1,1),  ( 2 , 2  ), ( 3 ,1 )  } be any non constant transformation o f  T'(A') ,

Chapter 4
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where X  = {1,2,3 }. Then we have

a o / J  = j ( l , 2 ) , ( 2 , 2 ) , ( 3 , l ) !

This implies that a °  P  P , V a e  /  (-V).

Therefore P  is not a right zero element o f  /  (-V).

Hence we conclude that every constant transformation o f  T [ X)  is a right zero

element o f  i { X ).

Now, for / = 1, we get (x,)/?, = .v, , V/'

This implies that /?, is a right zero element o f  T{ X)  and hence is a constant

transformation of T{X)  .

By induction, we get (.v .̂)/?„ = -V„ , for ^ = 1 , 2 , 3 ,  ....... , n  .

This implies that is a right zero element o f  T{x ) and hence is a constant

transformation of T{x ).

Thus we obtain that

K[ X)  = . / = 1, 2 ,  ....... // and 1 < / < ?̂ j,

the set of all right zero transformations on X  .

2"“ part:

Let |.Y| = 1, Then A" = {.v,}. Since X  is a singleton set, it gives one transformation 

such as (x, )a = x , . It is an identity transformation on X  . In this case, there are both 

left zero and right zero elements in T{x ) [ by the above hypothesis ].

Assume that \X\ > 1. Let X  = { x, , x, , x, }. Then |X| = 3 > 1.

By (i), we caiylhat K{ X )  -  { / ? , , / ? , , / ? ,  }, the set of all right zero elements of 

r(.Y)^

VVe know that an element /? g is called a left zero element o f  T{ X)  if 

P ° a  -  T{ X)  .

VVe have to show that P ° a  ^  P  , V a e ' r ( . Y ) .

By (i), we get

Chapter 4
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(.v,X/?oar) = (x ,^ )a  = ( , v > - .v ^  , l < j < 3

This implies that / ? o a  /? , V a  e 7’(A').

Hence we conclude that there are no left zero element in 7( X)  when 1x1 > 1.

This completes the proof. ■

Proposition:4.2.15

An element a  of T[x ) is an idempotent if and only if it is the identical 

transformation when restricted to X a  .

Proof

Let a  be an idempotent o f  T’(A') . Then a ° a  -  a .

Let a  = { (X , >’) I X , >' G A' }. Then X a  = {>' | ( x y ) e a  ].

For >■ G X a , we have y  = x a  .

Now, y a  = {xa)a  = x { a  ° a )  = x a  = y  .

This implies that a  is the identical transformation o f  T{x ) .

Conversely, assume that a\ y  ̂ is the identical transformation o f  T( x ).  That is, 

y a  = y  , V j g X a .

Since y  e  X a  , so j  = x a  , for any x e  A ' .

Now, we have y a  -  y  

=> {xa)a  -  x a

=> x{a oa )  = x a .

=> ( a o a )  = a  .

Hence we conclude that a  is an idempotent element of f { x ) .

This completes the proof ■
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Section 4.3: Full Transformation Semigroups 
on a Finite Set Using Mathematica.

In this section, we investigate X-class, R-class, - class 
and 25 - class of T [X] , for | X | = n = 4 using Matheinatica.

Also, we investigate the total left and right partitions , 
the total number of ideirpotents and permutations of T[n] forn= 4 
using Mathematica.

Finally, we investigate some graphs of various properties 
of T[4] using Mathematica.

In our program in Mathematica, we use the following notations

List of Symbols and Abbreviation :
Symbols Abbreviation

X[n]
Length[X[n]] 
X[n_]
T[n_]

Length[ T [n] ] 
op[a_, b_] 
T[n][[i]]

prod[A_, B_] 
pli[a]

pri[a]

L[a_]
R[a_]
H[a_]

DC[a_]
Position[T[n] 
LP [n_]
RP [n_] 
ee[n_]
Length[ee[n]] 
G[n_]
Length[G[n]]

i]

n - Set ={1,2,3, ...... . n}
Cardinality of X[n]

Range of n .
Set of all Transformations of n - tuples 
of members of X [n] .
Cardinality of T[n] .
Composition of any two elements of T[n] 
i*'*’ element of T[n] .

Product of any two sets A and B of T [n] . 
Principal left ideal of T [n] 
generated by a .
Principal right ideal of T [n] 
generated by a .
The X  - class of T [n] containing a .
The R - class of T[n] containing a. 
Intersection of X - class and 
R - class of T[n] containing a.
The D - class of T [n] containing a . 
Position of i"*' element in T [n] .
Set of all left partitions of T[n] .
Set of all right partitions of T [n] .
Set of all idenpotent elements of T [n] . 
Cardinality of ee[n].
Set of all permutation groups of T[n]. 
Cardinality of G[n] .

1 0 0
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In particular, we have taken n = 4 for our program.

We define

m i l l  ■■= clear[X , n ]
X[n_] ;= Range [n]

to be the n - set X[n]={l, 2,3, ...,n} and

I n [ 3 I :  =

Clear[T]
T[n_] ; = Block[{B}, B =  {{}}; k = l;

While[k <= n, B = Flatten[Table[
Join[B[[i]], {j}], {i, Length[B]}, {j, n}], 1]

k = k + 1] ;
B]

to be the set T [n] of n - tuples of members of X [n] .

Thus , we get

I n  [ 5 ] : = X[4]

Out[5]= { 1 ,  2 ,  3 ,  4 }
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O u t l 6 I = {{1, 
{1, 
{1, 
{1, 
{1, 
{1, 
{1, 
{1, 
{i, 
{1, 
i l ,  
{2, 
{2, 
{2, 
{2, 
[2, 
{2, 
[2, 
{2, 
{2, 
{2, 
{2, 
{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 3 ,  

{ 4 ,  

{ 4 ,  

{ 4 ,  

{4, 
{ 4 ,  

{ 4 ,  

{ 4 ,  

{ 4 ,  

{ 4 ,  

{ 4 ,  

{ 4 ,

I n l 6 ] : =  T[4]

1, 1, 1} 
1 ,  2 ,  3 }

1 ,  4 ,  1 }

2 ,  1 ,  3 }  

2 ,  3 ,  1 }

2, 4 ,  3 }

3 ,  2 ,  1 }

3 ,  3 ,  3 }

4 ,  1 ,  1 }  

4 ,  2 ,  3 }  

4 ,  4 ,  1 }  

1 ,  1 ,  3 }  

1 ,  3 ,  1 }

1, 4 ,  3 }

2, 2, 1}
2 ,  3 ,  3 }

3 ,  1 ,  1 }  

3 ,  2 ,  3 }

3 ,  4 ,  1 }

4 ,  1 ,  3 }  

4 ,  3 ,  1 }  

4 ,  4 ,  3 }  

1/ 2, 1}
1 ,  3 ,  3 }

2, 1, 1} 
2 ,  2 ,  3 }

2 ,  4 ,  1 }

3 ,  1 ,  3 }  

3 ,  3 ,  1 }

3 ,  4 ,  3 }

4 ,  2 ,  1 }  

4 ,  3 ,  3 }  

1, 1, 1} 
1 ,  2 ,  3 }

1 ,  4 ,  1 }

2 ,  1 ,  3 }  

2 ,  3 ,  1 }

2 ,  4 ,  3 }

3 ,  2 ,  1 }

3 ,  3 ,  3 }

4 ,  1 ,  1 }  

4 ,  2 ,  3 }  

4 ,  3 ,  4 }

{1, 1, 
{1, 1, 
{1, 1, 
{1, 2, 
{a, 2, 
{1, 2, 
{ 1 ,  3 ,  

{ 1 ,  3 ,  

{ 1 ,  4 ,  

{ 1 ,  4 ,  

{ 1 ,  4 ,  

[2, 1 , 
{2, 1 , 
{2, I, 
{2, 2, 
{2, 2, 
{ 2 ,  3 ,  

[2, 3 ,  

{ 2 ,  3 ,  

{ 2 ,  4 ,  

{ 2 ,  4 ,  

{ 2 ,  4 ,  

{ 3 ,  1 ,  

{ 3 ,  1 ,  

{ 3 ,  2 ,  

{ 3 ,  2 ,  

{ 3 ,  2 ,  

{ 3 ,  3 ,  

{ 3 ,  3 ,  

{ 3 ,  3 ,  

{ 3 ,  4 ,  

{ 3 ,  4 ,  

{ 4 ,  1 ,  

{ 4 ,  1 ,  

{ 4 ,  1 ,  

{ 4 ,  2 ,  

{ 4 ,  2 ,  

{ 4 ,  2 ,  

{ 4 ,  3 ,  

{ 4 ,  3 ,  

{ 4 ,  4 ,  

{ 4 ,  4 ,  

{ 4 ,  4 ,

1, 2}
2 ,  4 }  

4 ,  2 }

1 ,  4 }

3 ,  2 }

4 ,  4 }

2, 2}
3 ,  4 }  

1, 2}
2 ,  4 }

4 ,  2 }  

1 /  4 }

3 ,  2}
4 ,  4 }  

2, 2}
3 ,  4 }  

1, 2}
2 ,  4 }

4 ,  2 }

1 ,  4 }

3 ,  2}
4 ,  4 }

2, 2}
3 ,  4 }  

1 ,  2 }

2 ,  4 }

4 ,  2 }

1 ,  4 }

3 ,  2}
4 ,  4 }

2, 2}
3 ,  4 }  

1 , 2}
2 ,  4 }

4 ,  2 }

1 ,  4 }

3, 2}
4 ,  4 }

2, 2}
3 ,  4 }  

1 ,  2 }  

2 ,  4 }

4 ,  1 }

1 , 1 , 3 } { 1 , 1 , 1 , 4 } { 1 , 1 , 2 , 1 } , { 1 , 1 , 2 , 2 }

t 1 , 3 , 1 } { 1 , 1 , 3 , 2 } { 1 , 1 , 3 , 3 } , { 1 , 1 , 3 , 4 }

, 1 , 4 , 3 } { 1 , 1 , 4 , 4 } {  i . 2, 1 , 1 } , { 1 , 2 , 1 , 2 }

f 2 , 2 , 1 } { 1 , 2 , 2 , 2 } { 1 , 2 , 2 , 3 } , { 1 , 2 , 2 , 4 }

, 2 , 3 , 3 } { 1 ,
o  
“  t 3 , 4 } {  ^  / 2 ,4 , 1 } , { 1 , 2 , 4 , 2 }

f 3 , 1, 1 } { 1 - 3 , 1 , 2 } { 1 , 3 , 1 , 3 } , { 1 , 3 , 1 , 4 }

t 3 , 2, 3 } { 1 , 3 , 2 , 4 } { 1 , 3 , 3 , 1 } , { 1 , 3 , 3 , 2 }

, 3 , 4 , 1 } { 1 - 3 , 4 , 2 } { 1 , 3 , 4 , 3 } , { 1 , 3 , 4 , 4 }

f 4 , 1 , 3 } { 1 , 4 , 1 , 4 } { 4 , 2 , 1 } , { 1 , 4 , 2 , 2 }

, 4 , 3 , 1 } { 1 , 4 , 3 , 2 } { 1 , 4 , 3 , 3 } , { 1 , 4 , 3 , 4 }

r 4 , 4 , 3 } { 1 , 4 , 4 , 4 } { 2 , 1  , 1 , 1 } , {2, 1 , 1 , 2 }

, 1 , 2 , 1 } { 2 , 1 , 2 , 2 } { 2 , 1 , 2 , 3 } , {2, 1 , 2 , 4 }

f 1 , 3 , 3 } {2, i .  , 3 , 4 } { 2 , 1  , 4 , 1 } , { 2 , 1, 4 , 2 }

t 2 , 1 , 1 } {2, 2, 1 , 2 } { 2 , 2, 1 , 3 } , { 2 , 2 , 1 , 4 }

r 2 , O
3 } {2, 2 , 2 , 4 } { 2 , 2 , 3 , 1 } , { 2 , 2 , 3 , 2 }

, 2 , 4 , 1 } { 2 , ^  / 4 , 2 } { 2 , 2 , 4 , 3 } , { 2 , 2 , 4 , 4 }

, 3 , 1, 3 } [2, 3 , 1 , 4 } { 2 , 3 , 2 , 1 } , { 2 , 3 , 2 , 2 }

f 3 , 3 , 1 ) { 2 , 3 , 3 , 2 } { 2 , 3 , 3 , 3 } , { 2 , 3 , 3 , 4 }

f 3 , 4 , 3 } { 2 , 3 , 4 , 4 } { 2 , 4 , 1 , 1 } , { 2 , 4 , 1 , 2 }

, 4 , 2 , 1 } { 2 , 4 ,2 , 2 } {2, 4 , 2 , 3 } , { 2 , 4 , 2 , 4 }

4 , 3 , 3 } [2, 4 , 3 , 4 } {2, 4 , 4 , 1 } , {2, 4 , 4 , 2 }

' ! 1 , 1 , 1 } { 3 , 1 , 1 , 2 } { 3 , 1 , 1 , 3 } , { 3 , 1 , 1, 4 }

1 , 2 , 3 } { 3 , 1 , 2 , 4 } { 3 , 1 , 3 , 1 } , { 3 , 1 , 3 , 2 }

1 , 4 , 1 } { 3 , 1 , 4 , 2 } { 3 , 1 , 4 , 3 } , { 3 , 1 , 4 , 4 }

2 , 1 , 3 } { 3 , 2 , 1 , 4 } { 3 , 2 , 2 , 1 } , { 3 , 2 , 2 , 2 }

2 , 3 , 1 } { 3 , 2 , 3 , 2 } { 3 , 2 , 3 , 3 } , { 3 , 2 , 3 , 4 }

' r 2 , 4 , 3 } { 3 , 2 , 4 ,4 } { 3 , 3 , 1 , 1 } , { 3 , 3 , 1 , 2 }

' ! 3 , 2 , 1 } { 3 , 3 , 2 , 2 } { 3 , 3 , 2 , 3 } , { 3 , 3 , 2 , 4 }

3 , 3 , 3 } { 3 , 3 , 3 , 4 } { 3 , 3 , 4 , 1 } , { 3 , 3 , 4 , 2 }

4 , 1 , 1 } { 3 , 4 , 1 , 2 } { 3 , 4 , 1 , 3 } , { 3 , 4 , 1 , 4 }

4 , 2 , 3 } { 3 , t 2 , 4 } { 3 , 4 , 3 , 1 } , { 3 , 4 , 3 , 2 }

4 , 4 , 1 } { 3 , ^  / 4 , 2 } { 3 , 4 , 4 , 3 } , { 3 , 4 , 4 , 4 }

1, 1 , 3 } { 4 , 1 — / 1, 4 } { 4 f 1, 2 , 1 }  ^ { 4 , 1 , 2 , 2}
■■ t 1, 3 , 1 } { 4 , 1  , 3 , 2 } { 4 , 1 , 3 , 3 } , { 4 , 1 , 3 , 4 }

■ ! 1 , 4 , 3 } { 4 , -  / 4 , 4 } { 4 , 2 , 1 , 1 } , { 4 , 2 , 1 , 2 }

• / 2 , 2 , 1 } { 4 , 2 , 2 , 2 } { 4 , 2 , 2 , 3 } , { 4 , 2 , 2 , 4 }

: ! 2 , 3 , 3 } { 4 , 2 3 , 4 } { 4 , 2 , 4 , 1 } , { 4 , 2 , 4 , 2 }

■■ r 3 , 1 , 1 } { 4 , 3 , 1 , 2 } { 4 , 3 , 1 , 3 } , { 4 , 3 , 1 , 4 }

■ f 3 , 2 , 3 } { 4 , 3 , 2 , 4 } { 4 , 3 , 3 , 1 } , { 4 , 3 , 3 , 2 }

i / 3 , 4 , 1 } { 4 , 3 , 4 , 2 } { 4 , 3 , 4 , 3 } , { 4 , 3 , 4 , 4 }

4 , 1 , 3 } { 4 , 4 , 1 , 4 } { 4 , 4 , 2 , 1 } , { 4 , 4 , 2 , 2 }

4 , 3 , 1 } { 4 , “  / 3 , 2 } { 4 , 4 , 3 , 3 } ,

4 , 4 , 2 } { 4 , 4 , 3 } { 4 , 4 , 4 , 4 }  }

We note that the cardinality of T [n] is t[n] = n"- 

I n  [ 7 ] : = t[n_] := Length[T[n]]

Thus, for n = 4 , the cardinality of T [n] is

1 0 2
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Ou t [ 8 ] = 2 5 6

1. The composition of any two elements in T [n] isdefinedby 

I n l 9 ] := Clear[a, b]

l n [ 1 0 ] : = op[a_, b_] : = Table[b[[a[[i]]] ] , {i , 1, Length[a]}]

Thus in T[4], we get

I n [ l l ] : =  Clear [a, b, c] 
a = T[4] [[45]] 
b = T[4][[105]] 
c = op[a, b]

Ou t [ 1 2 ] = { 1 ,  3 ,  4 ,  1 }

Out [ 131= {2, 3 ,  3 ,  1 }

Out[14]= {2, 3, 1 ,  2 }

Therefore, the position of c is :

I n { 1 5 ] : = Position[T[4] , c]

Ou t [ 1 5 ] = {{98}}

. 2 . The product of any two subsets of T [n] is defined by

I n  [161: = Clear [A, B]
prod[A_, B_] :=Union[

Flatten[Table[op[A[[i]] , B[[j]]] , {i, 1, Length[A]>, {j, 1, Length[B]}] , 1]]

3. The principal left ideal and principal right ideal of T [n] containing ' a' are :

I n  [ 1 8 ! : = Clear [a]

I n l l 9 ] : =  pli[a_] ;= prod [T [Length [a] ] , {a}]

I n [ 2 0 ] : = pri[a_] : = prod[{a}, T[Length[a]]]

4. The X - class of T [n] containing ' a' :

I n !  2 1 ] : = Clear[L]
L[a_] : = Block [{TT, S}, TT = T [Length [a] ] ; S = {} ; Do[

If [pli[TT[ [s] ] ] == pli[a] , S = Union [S, {TT[ [s] ] }] , S] , {s, 1, Length [TT] }] ; S]

l n [ 2 3 ! : = tlO = T[4] [[10]]

Ou t [ 2 3 ] = { 1 ,  1 ,  3 ,  2 }

I n [ S l : =  t[4]
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I n  [ 2 4 ] : = ListPlot3D[L [tlO] ]

Ou t [ 2 4 ] =  - SurfaceGraphics -

This shows the graph of X - class of T[n] containing ' tlO ' .

5. The R - class of T [n] containing ' a ' :

l n [ 2 5 1 : = R[a_] : = Block [{S, TT} , TT = T[Length[a] ]; S ={}; Do[
If[pri[TT[[s]]] ==pri[a], S = Onion[{TT[[s]]}, S] , S] , {s, 1, Length[TT]}]; S]

I n ( 2 6 ] : = ListPlot3D[R[tlO]]

Out  [261= - SurfaceGraphics -

This shows the graph of R - class of T[n] containing ' tlO '

6. The 9Y - class of T[n] containing ' a ' is ; 

l n [ 2 7 ] : = H[a_] := Intersection[L[a] , R[a] ]

I n [ 2 8 ] : = H[tlO]

Ou t [ 2 8 ] = {(1, 1, 2, 3}, {1, 1, 3, 2 ] ,  {2, 2, 1, 3}, { 2 , 2, 3, 1}, {3, 3, 1, 2}, {3, 3, 2, 1}}
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I n  [ 2 9 ] : = ListPlot3D[H[tlO]]

O u t [ 2 9 ] = - SurfaceGraphics-

This shows the graph o f H -  class of T [n] containing ' tlO '

7. The ® - class of T [n] containing ' tlO ' is :

T n[ 3 0 ] : = Clear[DC]
DC[a_] : = Table[prod[L[a] , R[a]]]

I n [ 3 2 ] : = DC[tlO]
O u t [32] {{1, 1, 1, 2 } r {1, 1 , 1, 3}, {1, I r 1, 4}, {1, 1, 2, 1}, {1, 1, 2, 2 ) , {1, 1, 3, 1},

{1, 1, 3, 3}, {1, 1, 4, l } r {1, 1, 4, 4}, {1, 2, 1, 1}, {1, 2, 1, 2}, {1, 2, 2, 1},
{1, 2, 2, 2}, {1, 3, 1, 1}, {1, 3, 1, 3}, {1, 3, 3, 1), {1, 3, 3, 3}, {1, 4, 1, 1},
{1, 4, 1, 4}, {1, 4, 4, 1}, {1, 4, 4, 4}, {2, 1, 1, 1}, {2, 1, 1, 2}, {2, 1, 2, 1},
{2, 1, 2, 2 } r {2, 2, 1, 1}, {2, 2, 1, 2}, {2, 2, 2, 1}, {2, 2, 2, 3}, {2, 2, 2, 4},
{2, 2, 3, 2}, {2, 2, 3, 3}, {2, 2, 4, 2}, {2, 2, 4, 4}, {2, 3, 2, 2}, {2, 3, 2, 3),
{2, 3, 3, 2}, {2, 3, 3, 3}, {2, 4, 2, 2}, {2, 4, 2, 4}, {2, 4, 4, 2}, {2, 4, 4, 4},
{3, 1, 1, 1}, {3, 1, 1, 3}, {3, 1, 3, 1}, {3, 1, 3, 3}, {3, 2, 2, 2}, {3, 2, 2, 3},
{3, 2, 3, 2}, {3, 2, 3, 3}, {3, 3, 1, 1}, {3, 3, 1, 3}, {3, 3, 2, 2}, {3, 3, 2, 3},
{3, 3, 3, 1}, {3, 3, 3, 2}, {3, 3, 3, 4}, {3, 3, 4, 3}, {3, 3, 4, 4}, {3, 4, 3, 3},
{3, 4, 3, 4}, {3, 4, 4, 3}, {3, 4, 4, 4}, {4, 1, 1, 1}, {4, 1, 1, 4}, {4, 1, 4, 1),
{4, 1, 4, 4}, {4, 2, 2, 2}, {4, 2, 2, 4}, {4, 2, 4, 2}, {4, 2, 4, 4}, {4, 3, 3, 3},
{4, 3, 3, 4}, {4, 3, 4, 3}, {4, 3, 4, 4}, {4, 4, 1, 1}, {4, 4, 1, 4}, {4, 4, 2, 2},
{4, 4, 2, 4}, {4, 4, 3, 3}, {4, 4, 3, 4}, {4, 4, 4, 1}, {4, 4, 4, 2}, {4, 4, 4, 3}}

The cardinality of DC [a] is :

I n  [ 3 3 ] : = Length [DC [tlO] ]
Out  [33]= 84

According to [10] , we get four D - classes in T[4] and DC[tlO] 
is one of them.

8 . The set of all left partitions of T [n] is : 

l n [ 3 4 ] : = LP[n_] : = Union[Table[L[T[n] [ [i] ] ] , {i, 1, n“}]]

Thus, we get

105

Dhaka University Institutional Repository



Jn[35] := LP[4]

Out[35] =  { { { 1 ,  1 ,  1 ,  1 } } ,  { { 2 ,  2 ,  2 ,  2 } } ,  

{ { 4 ,  4 ,  4 ,  4 } } ,  { { 1 ,  1 ,  1 ,  2 } ,  

{ 1 ,  2 ,  1 ,  2 } ,  { 1 ,  2 ,  2 ,  1 }

{2 , 1 , 2 , 1 } ,  (2 , 1 , 2 , 2 }

{ { 1 ,  1 ,  1 ,  3 } ,  { 1 ,  1 ,  3 ,  1 }

{ 1 ,  3 ,  3 ,  1 } ,  { 1 ,  3 ,  3 ,  3 }

{ 3 ,  1 ,  3 ,  3 } ,  { 3 ,  3 ,  1 ,  1 }

{ { 1 ,  1 ,  1 ,  4 } ,  { 1 ,  1 ,  4 ,  1 }

{ 1 ,  4 , 4,  1 } ,  { 1 ,  4 ,  4 ,  4 }

{ 4 ,  1 ,  4 ,  4 } ,  { 4 ,  4 ,  1 ,  1 }

{ { 2 ,  2 ,  2 ,  3 } ,  { 2 ,  2 ,  3 ,  2 }

{ 2 ,  3 , 3,  2 } ,  { 2 ,  3 ,  3 ,  3 }

{ 3 ,  2 ,  3 ,  3 } ,  { 3 ,  3 ,  2 ,  2 }

{ { 2 ,  2 , 2,  4 } ,  { 2 ,  2 ,  4 ,  2 }

{ 2 ,  4 ,  4 ,  2 } ,  { 2 ,  4 ,  4 ,  4 }

{ 4 ,  2 ,  4 ,  4 } ,  { 4 ,  4 ,  2 ,  2 }

{ { 3 ,  3 ,  3 ,  4 } ,  { 3 ,  3 ,  4 ,  3 }

{ 3 ,  4 ,  4 ,  3 } ,  { 3 ,  4 ,  4 ,  4 }

{ 4 ,  3 ,  4 ,  4 } ,  { 4 ,  4 ,  3 ,  3 }

{ { 1 ,  2 ,  3 ,  4 } ,  { 1 ,  2 ,  4 ,  3 }

{ 2 ,  1 ,  3 ,  4 } ,  { 2 ,  1 ,  4 ,  3 }

{ 3 ,  1 ,  2 ,  4 } ,  { 3 ,  1 ,  4 ,  2 }

{ 4 ,  1 ,  2 ,  3 } ,  { 4 ,  1 ,  3 ,  2 }

{ { 1 ,  1 ,  2 ,  3 } ,  { 1 ,  1 ,  3 ,  2 }

{ 1 ,  2 ,  3 ,  3 } ,  { 1 ,  3 ,  1 ,  2 }

{ 2 ,  1 ,  1 ,  3 } ,  { 2 ,  1 ,  2 ,  3 }

{ 2 ,  2 ,  3 ,  1 } ,  { 2 ,  3 ,  1 ,  1 }

{ 3 ,  1 ,  1 ,  2 } ,  { 3 ,  1 ,  2 ,  1 }

{ 3 ,  2 ,  1 ,  2 } ,  { 3 ,  2 ,  1 ,  3 }

{ { 1 ,  1 ,  2 ,  4 } ,  { 1 ,  1 ,  4 ,  2 }

{ 1 ,  2 ,  4 ,  4 } ,  { 1 ,  4 ,  1 ,  2 }

( 2 , 1 ,  1 ,  4 } ,  { 2 ,  1,  2 , 4 }

{ 2 ,  2 ,  4 ,  1 } ,  { 2 ,  4 ,  1 ,  1 }

{ 4 ,  1 ,  1 ,  2 } ,  { 4 ,  1 ,  2 ,  1 }

{ 4 ,  2 ,  1 , 2 } ,  { 4 ,  2 ,  1 ,  4 }

{ { 1 ,  1 ,  3 ,  4 } ,  { 1 ,  1 ,  4 ,  3 }

{ 1 ,  3 ,  4 ,  4 } ,  { 1 ,  4 ,  1 ,  3 }

{ 3 ,  1 ,  1 ,  4 } ,  { 3 ,  1 ,  3 ,  4 }

{ 3 ,  3 ,  4 ,  1 } ,  { 3 ,  4 ,  1 ,  1 }

{ 4 ,  1 ,  1 ,  3 } ,  { 4 ,  1 ,  3 ,  1 }

{ 4 ,  3 ,  1 ,  3 } ,  { 4 ,  3 ,  1 ,  4 }

{ { 2 ,  2 ,  3 ,  4 } ,  { 2 ,  2 ,  4 ,  3 }

{ 2 ,  3 ,  4 ,  4 } ,  { 2 ,  4 ,  2 ,  3 }

{ 3 ,  2 ,  2 ,  4 } ,  { 3 ,  2 ,  3 ,  4 }

{ 3 ,  3 ,  4 , 2 } ,  { 3 ,  4 ,  2 ,  2 }

{ 4 ,  2 ,  2 ,  3 } ,  { 4 ,  2 ,  3 ,  2 }

{ 4 ,  3 ,  2 ,  3 } ,  { 4 ,  3 ,  2 ,  4 }

{ 1

{ 2

{ 1

{ 3

{ 3

{ 1

{ 4

{ 4

{ 2

{ 3

{ 3

{ 2

{ 4

{ 4

{ 3

{ 4

{ 4

{ 1

{ 2

{ 3

{ 4

{ 1

{ 1

{2
{2
{ 3

{ 3

{ 1

{ 1

{2 ,

{2,
{ 4 ,

{ 4 ,

{1 ,

{ 1 ,

{ 3 ,

{ 3 ,

{ 4 ,

{ 4 ,

{ 2 ,
{2,
{ 3 ,

{ 3 ,

{ 4 ,

{ 4 ,

{ { 3 ,  3 ,  3 ,  

{ 1 ,  1 ,  2 ,  1 }  

2, 2 
1, 1
3 ,  3  

1 ,  1  

1 ,  3

4 ,  4

, 2
t -

1

,  4  

, 2 
, 2
/  3

t “  

,  4  

,  3  

,  3  

,  4  

,  3

, 2
2
2

,  3  

,  3

2 
,  4

4

1
2
3

4  

1 
4  

1 
3

3

4  

2 
4  

2 
3

1 ,  4

3 ,  3

2 , 2 
2 ,  3

4 ,  4  

2 , 2
2 ,  4  

4 , 4

3 ,  3  

3 ,  4  

2 ,  4

1, 3
1 ,  3

2 , 1 
3 ,  1  

1, 2 
2 , 2 

2 , 1 
1 ,  4

f _

2, 2 
2 , 1 
1 ,  4

3 ,  1

4 ,  1

1 ,  3  

3 ,  3  

3 ,  1

2 ,  4

3 ,  2

4 ,  2
2 ,  3

3 ,  3  

3 ,  2

3 } } ,

, { 1 , 1, 2 ,
1, 1 } 
1 -  2 } 

1, 1 } 
1 ,  3 }

3 ,  1 }  

1, 1}
1 .  4 }

4 ,  1 }

2, 2 }
2 ,  3 }

3 ,  2 }  

2 , 2 }
2 ,  4 }

4 ,  2 }

3 ,  3 }

3 ,  4 }

4 ,  3 }  

4 ,  2 }  

4 ,  1 }  

4 ,  1 }  

3 ,  1 }

2 ,  3 }  

2, 2}
3 ,  2 }

1 ,  3 }

2 ,  3 }

3 ,  1 }  

2 ,  4 }  

2 , 2 }
4 ,  2 }  

1 /  4 }

2 ,  4 }  

4, 1}

3 ,  4 }

3 ,  3 }

4 ,  3 }

1 ,  4 }

3 ,  4 }

4 ,  1 }  

3 ,  4 }

3 ,  3 }

4 ,  3 }

2 ,  4 }

3 ,  4 }

4 ,  2 }

2 } ,  { 1 ,  2 ,

/ { 2 , 1 , 1 , 
, {2, 2, 2, 
,  { 1 ,  3 ,  1 ,  

,  { 3 ,  1 ,  3 ,  

}  f
, { 1 ,  4 ,  1 ,  

,  { 4 ,  1 ,  4 ,  

} ,

,  { 2 ,  3 ,  2 ,  

,  { 3 ,  2 ,  3 ,

J r
, { 2 ,  4 ,  2 ,  
, { 4 ,  2 ,  4 ,

,  { 3 ,  

- { 4 ,  

} ,

,  { 1 ,  

, {2, 
,  { 3 ,  

,  { 4 ,  

,  { 1 ,  

, { 1 , 
, { 2 , 

, {2 , 

,  { 3 ,  

,  { 3 ,  

,  { 1 ,  

, {1, 
, {2 , 

, {2, 
,  { 4 ,  

,  { 4 ,  

,  { 1 ,  

,  { 1 ,  

,  { 3 ,  

,  { 3 ,  

,  { 4 ,  

,  { 4 ,  

, {2, 
, {2, 
,  { 3 ,  

,  { 3 ,  

,  { 4 ,  

,  { 4 ,

4 ,  3 ,

3 ,  4 ,

4 ,  2 ,  

4 ,  1 ,  

4 ,  1 ,  

3 ,  1 ,

2 ,  3 ,

3 ,  2 ,  

1 ,  3 ,  

3 ,  2 ,

1 ,  3 ,

3 ,  1 ,

2 ,  4,
4 ,  2 ,  

1 ,  4 ,  

4 ,  2 ,  

1 ,  4 ,  

4 ,  1 ,

3 ,  4 ,

4 ,  3 ,  

1 ,  4 ,  

4, 3 ,

1, 4 ,  

4 ,  1 ,

3 ,  4 ,

4 ,  3 ,

2 ,  4 ,  

4 ,  3 ,  

2 ,  4, 
4 ,  2 ,

1 , 1 }, 

2 } ,  

1 } } ,  

3 } ,  

1 } ,

4 } ,

1 } ,

3 } ,

4 }  ,

2],

4 } ,

3 }  ,

3 } ,  { 1 ,  

3 } ,  {2 , 

2 } ,  { 3 ,  

2 } ,  { 4 ,  

1 } ,  { 1 ,  

3 } ,  { 1 ,  

3 } ,  { 2 ,  

1 } ,  { 2 ,  

2 } ,  { 3 ,  

2 } ,  { 3 ,  

1 } ,  { 1 ,  

4 } ,  { 1 ,  

4 } ,  { 2 ,  

1 } ,  { 2 ,  

2 } ,  { 4 ,  

2}, { 4 ,  

1 } ,  { 1 ,  

4 } ,  { 1 ,  

4 } ,  { 3 ,  

1 } ,  { 3 ,  

3 } ,  { 4 ,  

3 } ,  C 4 ,  

2 } ,  { 2 ,  

4 } ,  { 2 ,  

4 } ,  { 3 ,  

2 } ,  { 3 ,  

3 } ,  { 4 ,  

3 } ,  { 4 ,

4 ,  3 ,  

4 ,  3 ,  

4 ,  2 ,  

3 ,  2 ,

2 ,  3 ,

3 ,  3 ,  

2, 1, 
3 ,  3 ,  

2, 1,
3 ,  2 ,

2 ,  4 ,

4 ,  4 ,  

2, 1, 
4 ,  4 ,  

2, 1, 
4 ,  2 ,

3 ,  4 ,

4 ,  4 ,

3 ,  1 ,

4 ,  4 ,

3 ,  1 ,

4 ,  3 ,

3 ,  4,
4 ,  4 ,

3 ,  2 ,

4 ,  4 ,

3 ,  2 ,

4 ,  3 ,

2 ], 
1 } ,  

1 } ,  

1 } } ,  

2 ], 
2 } ,  

3 } ,  

1 } ,  

1 } ,  

1 } } ,  

2 } ,  

2], 
4 } ,  

1 } ,  

1 } ,  

1 } } ,  

3 } ,  

3 } ,  

4 } ,  

1 } ,  

1 } ,  

1 } } ,  

3 } ,  

3 } ,  

4 } ,  

2 } ,  

2 ], 
2 } } }

That is, we get all X - classes of T [4 ] .
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Out [36]  = 15

9 . The set of all right partitions of T [n] is :

ln[37]:= RP[n ] : = Union [ Tab l e  [R [T [n] [ [ i ]  ]]  , { i , l , n " } ] ]

In[36] := L e n g th [ L P [4]]

Thus ,  we get 

In[38] := RP[4]
Out[38] = {{{1,  1, 1, 1}

{ { 1 , 1, 1, 2 } 
{3, 3, 3,  1} 

{{1, 1, 2, 1} 
{3, 3, 1, 3} 

{{1, 1, 2,  2} 
{3, 3,  1, 1} 

{{1, 2,  1, 1} 
{3, 1, 3,  3} 

{{1, 2, 1, 2} 
{3, 1, 3,  1} 

{{1, 2,  2, 1} 
{3, 1, 1, 3} 

{ { 1 , 2 , 2 , 2 } 
{3, 1,  1, 1} 

{{1,  1, 2, 3} 
{2, 2,  1, 3} 
{3, 3,  1, 2} 
{4, 4, 1, 2} 

{{1,  2,  1, 3} 
{2, 1, 2,  3} 
{3, 1, 3, 2} 
{4, 1, 4,  2} 

{{1,  2,  2, 3} 
{2, 1, 1, 3} 
{3, 1, 1, 2} 
{4, 1, 1,  2} 

{{1, 2,  3, 1} 
{2, 1, 3,  2} 
{3, 1, 2,  3} 
{4, 1, 2,  4} 

{{1, 2,  3, 2} 
{2, 1, 3,  1} 
{3, 1, 2,  1} 
{4, 1, 2,  1} 

{{1, 2,  3, 3} 
{2, 1, 3,  3} 
{3, 1, 2,  2} 
{4, 1, 2,  2} 

{{1, 2,  3, 4} 
{2, 1, 3,  4} 
{3, 1, 2,  4} 
{4, 1, 2,  3}

{2, 2, 
{1 , 1 , 

{ 3 ,  3 ,  

{1 , 1, 
{ 3 ,  3 ,  

{1, 1, 
{ 3 ,  3 ,  

{ 1 ,  3 ,  

{ 3 ,  2, 
{ 1 ,  3 ,  

{ 3 ,  2 ,  

{ 1 ,  3 ,  

{ 3 ,  2 ,  

{ 1 ,  3 ,  

{ 3 ,  2 ,  

{1 , 1 , 
{2, 2, 
{ 3 ,  3 ,  

{4, 4, 
{1, 2, 
{2, 1, 
{ 3 ,  1, 
{4, 1, 
{1 , 2 , 

{2, I, 
{ 3 ,  1, 
{4, 1, 
{1 , 2, 
{2, 1, 
{ 3 ,  1, 
{4, 1, 
{1, 2, 
{2 , 1, 
{ 3 ,  1, 
{4, 1, 
{1, 2, 
{2, 1, 
{ 3 ,  1, 
{4, 1, 
{1, 2, 
{2, 1, 
{ 3 ,  1, 
{4, 1,

2, 2 }
1 ,  3 }  

3 ,  2 }  

3 ,  1 }

2 ,  3 }

3 ,  3 }  

2, 2} 
1 , 1 } 
3 ,  3 }

1 ,  3 }  

3 ,  2} 
3 ,  1 }

2 ,  3 }

3 ,  3 }  

2 , 2 } 
2,  4} 
1 ,  4 }  

1, 4 }  

1 ,  3 }

1 ,  4 }

2 ,  4 }

3 ,  4 }

4 ,  3 }  

2 ,  4 }  

1 ,  4 }  

1 ,  4 }  

1 ,  3 }  

4 ,  1 }  

4 ,  2 }

3}
4}
2 }
1 }
1 }

3,  1}
4, 4} 
4,  4} 
4, 4}
3, 3}
4, 3} 
4, 3} 
4, 2) 
3, 2}

{3, 3, 
{1 , 1, 
{3, 3, 
{ 1 , 1, 
{3, 3, 
{1, 1, 
{3, 3, 
{1, 4, 
{3, 4, 
{1, 4, 
{3, 4,  
{1, 4, 
{3, 4, 
{1, 4, 
{3, 4,  
{1, 1, 
{2, 2, 
{3, 3, 
{4, 4, 
{1, 3, 
{2, 3,  
{3, 2, 
{4, 2,  
{1, 3, 
[2, 3,  
{3, 2, 
{4, 2,  
{1, 3,  
{2, 3, 
{3, 2,  
{4, 2,  
{1, 3, 
{2, 3,  
{3, 2, 
{4, 2,  
{1, 3, 
[2, 3,  
{3, 2, 
{4, 2,  
{1, 3, 
{2, 3, 
{3, 2, 
{4, 2,

3,  3} 
1, 4}
3,  4}
4, 1}

3}
4}
4}
1 }
3}
4}
4}

4, 1 } 
4,  3 }  

4,  4} 
4,  4} 
3 ,  2 }  

3 ,  1 }  

2, 1 } 
2, 1 } 
1 , 2 } 

2, 1}
3 ,  1 }

4,  1 }  

3 ,  2 }  

3 ,  1 }  

2 , 1 } 

2, 1 } 
2 , 1 }  

1, 2} 
1 ,  3 }

1, 4}
2 ,  3 }

1 ,  3 }  

1 , 2 } 

1, 2 }
2, 2} 
1, 1} 
1 , 1 } 

1 , 1 } 

2, 4} 
1,  4} 
1, 4} 
1 ,  3 }

{4, 4, 4,  
{ 2 , 2 , 2 , 

{4, 4, 4,  
[2 , 2 , 1 , 
{4, 4, 1 ,  

{ 2 , 2 , 1 , 
{4, 4, 1 ,  

{2 , 1, 2, 
{4, 1 ,  4, 
{2 , 1, 2, 
{4, 1 ,  4, 
{2 , 1, 1, 

{4, 1 ,  1 ,  

{ 2 ,  1 ,  1 ,  

{4, 1 ,  1 ,  

{1, 1, 3, 
{2, 2,  3, 
{3, 3, 2,  
{4, 4, 2, 
{ 1 ,  3, 1 ,  

[2, 3, 2, 
{3, 2, 3,  
{4, 2, 4,  
{ 1 ,  3, 3,  
{2, 3, 3,  
{3, 2, 2,  
{4, 2, 2,  
{1, 3, 4, 
{2, 3, 4, 
{3, 2, 4, 
{4, 2, 3, 
{1, 3, 4, 
{2, 3, 4, 
{3, 2, 4, 
{4, 2, 3, 
{ 1 ,  3, 4, 
[2, 3, 4, 
{3, 2, 4, 
{4, 2, 3, 
{1, 3, 4, 
{2, 3, 4, 
{3, 2, 4, 
{4,  2, 3,

4}},  
1}
1 }
2 }
4}
1 }
1 }
2 }

4}
1 }
1)
2 }

4}
1 }

1}
4}
4}
4}
3}
4}
4}
4}
3}
4}
4}
4}
3}
1 }
2 }
3}
4}
3}
3}
2 }
2 }
4}
4}
4}
3}
2 }
1 }
1}
1 }

{2 ,

{4,
{2 ,
{4,
{2 ,

{4,
{2,
{4,
{2 ,

{4,
{2,
{4,
{2,
{4,
{1,
{2,
{3,
{4,
{1,
[2,
{3,
{4,
{1 ,
{2,
{3,
{4,
{1,
[2,
{3,
{4,
{1,
{2,
{3,
{4,
{1,
{2,
{3,
{4,
{1 ,

{2 ,
{3,
{4,

2 ,  2 ,  3 }  

4, 4 ,  2 }  

2 ,  3 ,  2 }  

4 ,  2 ,  4 }

2 ,  3 ,  3 }  

4 ,  2 ,  2 }

3 ,  2 ,  2 }

2 ,  4 ,  4 }

3 ,  2 ,  3 }

2 ,  4 ,  2 }

3 ,  3 ,  2 }

2 ,  2 ,  4 }

3 ,  3 ,  3 }  

2, 2, 2 }
1 ,  4 ,  2 }

2 ,  4 ,  1 }

3 ,  4 ,  1 }

4 ,  3 ,  1 }  

4 ,  1 ,  2 }  

4 ,  2 ,  1 }  

4 ,  3 ,  1 }

3 ,  4 ,  1 }

4 ,  4 ,  2 }  

4 ,  4 ,  1 }  

4 ,  4 ,  1 }

3 ,  3 ,  1 }

4 ,  2 ,  1 }  

4 ,  1 ,  2 }  

4, 1, 3 }

3 ,  1 ,  4 }

4 ,  2 ,  4 }  

4 ,  1 ,  4 }  

4 ,  1 ,  4 }

3 ,  1 ,  3 }

4 ,  2 ,  2 }  

4 ,  1 ,  1 }  

4 ,  1 ,  1 }

3 ,  1 ,  1 }

4 ,  2, 3 }  

4, 1 ,  3 }  

4, 1, 2 }  

3 ,  1 ,  2 }

{2, 2, 
{4, 4, 
{ 2 , 2 , 
{4, 4, 
{2 , 2 , 
{4,  4, 
{2, 4, 
{4,  3,  
{2, 4, 
{4,  3, 
{2,  4, 
{4,  3, 
{2, 4, 
{4,  3,  
{1, 1, 
{2, 2, 
{3, 3, 
{4,  4, 
{1, 4, 
{2,  4, 
{3,  4, 
{4,  3, 
{1,  4, 
{2,  4, 
{3, 4, 
{4,  3, 
{1, 4, 
{2,  4,  
{3,  4, 
{4,  3, 
{1, 4, 
{2,  4, 
{3,  4, 
{4, 3, 
{1, 4, 
{2,  4, 
{3, 4, 
{4, 3, 
{1, 4, 
{2, 4, 
{3, 4, 
{4, 3,

2,  4} 
4,  3} 
4,  2}
3,  4}
4, 4}
3,  3} 
2, 2}
4, 4}
2,  4} 
4,  3} 
4,  2}
3,  4}
4, 4}

3}
3}
3}
2 }

3 ,  2 }

1 ,  3 }

2 ,  3 }

3 ,  2 }

4 ,  2 }  

4 ,  3 }  

4 ,  3 }  

4 ,  2 }  

3 ,  2 }  

3 ,  1 }  

3 ,  2 }  

2 ,  3 }

2 ,  4 }

3 ,  4 }  

3 ,  4 }  

2 ,  4 }

2 ,  3 }

3 ,  3 }  

3 ,  3 }  

2, 2} 
2, 2 } 
3 ,  2 }  

3 ,  1 }  

2, 1 } 
2 , 1 }

That is, we get all R - classes of T [4] .
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Out[39] = 15

10 . The set of idenpotent elements of T [n] may be computed with

I n [ 4 0 ] : = ee[n_] := Block[{A, index, k, s},
A = T [n] ; s = Length [A] ; index = { } ;

For[k = 1, k<=s, k = k + l,
If[op[A[[k]], A[[k]]] ==A[[k]], 

index = Append[index, A[[k]]], None]] ; index]

Thus, we have the set of idenpotent elements of T [4] :

l n [ 4 1 ] : = ee[4]

Out [41J=

I n [ 3 9 ]  := L e n g t h [ R P [ 4]]

{{1, 1, 1, 1}, {1, 1, 1, 4}, {1, 1 , 3, 1}, {1, 1, 3,  3}, {1, 3 , 4}, 1, 4, 4},
{1, 2,  1, 1}, {1, 2, 1, 2}, {1, 2, 1, 4}, {1, 2, 2,  1}, {1, 2, 2, 2], {1, 2,  2, 4},
{1, 2,  3, 1}, {1, 2, 3, 2}, {1- 2, 3, 3}, {1, 2,  3,  4}, {1, 2, 4, 4}, {1, 3,  3, 1},
{1, 3, 3, 3}, {1, 3, 3, 4}, {1, 4, 1, 4}, {1, 4, 3,  4}, {1, 4, 4,4}, {2, 2,  2, 2},
{2, 2,  2, 4}, {2, 2, 3, 2}, {2, 2, 3, 3}, {2, 2, 3,  4}, {2, 2, 4, 4}, {3, 2,  3, 2},
{3, 2,  3, 3}, {3, 2, 3, 4}, {3, 3, 3, 3}, {3, 3, 3,  4}, {3, 4,3, 4}, {4, 2,  2, 4},
{4, 2, 3, 4}, {4, 2, 4, 4}, {4, 3, 3, 4}, {4, 4, 3,  4}, {4, 4, 4, 4}}

The number of ideitpotent elements in T [4] is ;

I n [ 4 2 ] : = Length[ee[4]]

Ou t [ 4 2 ] = 41

11. T [n] contains the symmetric group G [n] . This is the group of
permutations of members of X [n] and consists of n ! members :

I n  [431: = G[n_] := Permutations [X [n] ]

I n  [ 4 4 ] : = G[4]

Ou t [ 4 4 ] = {{1, 2, 3, 4}, {1, 2, 4, 3}, {1, 3, 2, 4}, {1, 3, 4, 2}, {1, 4, 2, 3}, {1, 4, 3, 2},
{2, 1, 3, 4}, {2, 1, 4, 3}, {2, 3, 1, 4}, {2, 3, 4, 1}, {2, 4, 1, 3}, {2, 4, 3, 1},
{3, 1, 2, 4}, {3, 1, 4, 2}, {3, 2, 1, 4}, {3, 2, 4, 1}, {3, 4, 1, 2}, {3, 4, 2, 1},
{4, 1, 2, 3}, {4, 1, 3, 2}, {4, 2, 1, 3}, {4, 2, 3, 1}, {4, 3, 1, 2}, {4, 3, 2, 1}}

l n [ 4 5 ] : = Length[G[4]]

Ou t [ 4 5 ] = 24
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C H A P T E R  5

___________ S E M IG R O U P S  WITH A D D IT IO N A L  S T R U C T U R E S

Section:5.1 Some Results on Near-rings in terms of Ideals.

Definition:5.1.l

Let N  be any set and let '+ 'an d '.‘ be two operations called addition and 

multiplication. Then (iV, + , - ) is called a right near-ring if

(i) (A^,+ ) is a group ( not necessarily abelian).

(ii) (yV, ■) is a semigroup.

(iii) («, +n,)-n^  = a?, -n^ +n,  ■ n^ , \ /n^.n. .n ,  e N  .

And { N  , + ,•) is called a left near-ring if it satisfy the conditions (i), (ii) and 

(iii)' A7, - («2 +^^3 )=  +^i -«3 , V«|,;72,«3 e N  .

We shall use right near-ring as a near-ring.

Example:5.1.2

i) Let A/be the set of all n^n  matrices over Z, where Z  is the set of all integers. Then 

{ M , + ,■) is a near-ring.

Defmition:5.1.3

Let (yV, + ,-) be a near-ring and let /  be a normal subgroup of (A', + ). Then 1 is

called a right ideal of N  if (i) IN  c  /

and I  is called a left ideal of N  if (ii) n-(«, +i)-nn^  e  /  , Vn,^, e yV ,V/ e / .

A normal subgroup /o f( iV ,4-)is  called an ideal if it is both a left and right ideal of A'

Theorem:5.L4

If /  is an ideal of a near-ring N  and f  : N  is a near-ring epimorphism, then

is a homomorphic image of A'.
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CJiaplc'i 5

F̂ roof:

The mapping f  \ N  given by (/?)/ = /? + /  , Va? e 7V .

i) / i s  homomorphism:

For n , e  , we have {n + n ' ) f  = {n + n') + 1 = {n + l ) + [ n ' + l )=  ( « ) /  + (« ' ) /  

and {n -n ' ) f  = {n-n')+ I  = (« + / ) . ( « '  + / ) = ( „ ) /

This implies th a t / is  a homomorphism.

ii) / i s  onto:

For any there exists an element ri&N  such that {n ) f  = x = n + /  .

This implies th a t/ is  onto.

S ince /is  epimorphism, s o / i s  one-one.

Thus we obtain tha t/ is  an isomorphism of iV onto ^  .

Hence is a homomorphic image of A'.

This completes the proof ■

Definition:5.1.5

Let N  and N '  be two near-rings and le t /b e  a homomorphism from N  into A" . Then 

the kernel o f / i s  defined as

k e r /=  e A" {n) f  = 0'}, where 0' is the zero of N ' .

Lemma:5.1.6

I f / i s  a homomorphism of a near-ring Â  into a near-ring N ' , then the kernel o f / i s  an 

ideal of N.

Proof:

Let K -  ker/ =  [ n e  N  {n) f  -  0'}, where 0' is the zero o f  N ' .

Let a , b e  K  be two elements such that {a)f  = 0' and {b) f  = 0 '.  Then, we have

{a -  b ) f  = [« + ( -  b) \ f  = {a ) f  + ( -  b ) f  = {a ) f  -  {b ) f  = 0' -  0' = 0' 

This implies that { a - b )  & K .

Also, for x & N  ,vjQ have {ax) f  = ( a ) /  ■ (x ) /  = 0' • [ x ) f  = 0 '.

This implies that ax e K .
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Chapter 5

Next, for o e  K  and x ,x '  e N  , we have

{X • (.v' + a) -  x.v'} /  = [x • (.v' + fl) + ( -  xx ' ) \ f  

= X ■ (.v' + a ) \ f  + ( -  x x ' ) f

= ( x ) f i x '  + a ) f  + ( - x x ' ) f

= (v)/[(-v ')/ + (a),/']-(xv')/

= (v )/ -( .v ')/  + ( - v ) / - ( a ) / - W / - ( x ' ) /

= 0' + W / . ( < , ) /  = 0' + ( .v)/.0 '

= 0' + 0' = 0'.

This implies that {.x • (.y '+ a ) - x y ' }e K  .

Thus we obtain that is a left ideal ofvV.

Hence K  is an ideal of M

This completes the proof ■

Theorem:5.1.7

Let N  and N '  be two near-rings. If k \ N - >  N'  is an epimorphism with kernel of k  , 

then K  is an ideal of yV and ^  N ' , where K  = ker ; r .

Proof:

Given that n \ N - ^ N '  is an epimorphism with kernel of k  . Then K =  ker;r is an 

ideal of N,  by the lemma:5.1.6 and hence is a quotient near-ring. Consider the

mapping /  : -> N'  such that [n + K ) f  = {n)n: , \ / n e  N  .

i) / i s  homomorphism:

Let n^,ri2 e N  . Then [(n, + A; ) + ( « 2  + ^ ) 1 /  = [(«i + ” 2)+  ^ 1 /

= {n̂  +n,^K = {n^)K + {n^)K

= («| + K)J  + («, + K ) f  

and .('Ji + ( ^ ^ 2  + ^ )1 /  = [('^i"2) + ^ . /
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= {n,n^)n = {n^)7z-{n^)7t

= { n , + K ) f . { n , + K ) f

Thus wc obtain th a t/ is  a homomorphism.

ii i) / is  onto:

Clearly,/is  onto as n  is onto.

iv ) / is  one-one:

Let (;?, + K ) f  = {nj + K ) / ,  for . Then (/?, );r = )k  .

=> [ n , )n - { n , )n  = Q' .

=> (/;, );r + ( -  = 0 '.

^  [?7i + ( -  = 0'.

=:> (n, -  );r = 0'.

^  [ n , - n ^ ) e K .

e ri2 + K .

=> /7| + /v = /?2 + .

Therefore/is one-one.

Thus we obtain th a t/ is  an isomorphism.

Hence we conclude that = N ' .

This completes the proof. ■

Defmition:5.1.8

A near-ring N  is called simple if it has no non-trivial ideals.

Dcfinition:5.1.9

Let be a near-ring and let M  be an ideal of N. Then M  is called a maximal ideal of

N  if there is an ideal U \ n N  such that M  czU ( ^ N , then either M  = U ov U = N  .

Proposition:5.1.10

Let (A^, + ,-) be a near-ring. If N  is simple, then all homomorphic images are 

isomorphic to {0} or N.
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Proof:

Let f  : N ^  N'  be a homomorphism, where N'  is any near-ring. Since N  is simple, 

so k e r /=  {0} ov N.  When ker /  = {0}, th e n /is  one-one.

This implies that /(A ^)s  N  .

Or, when ker /  = N  , then f { N )  = {0}.

Hence we conclude that all homomorphic images are isomorphic to {0} or Â.

This completes the proof. ■

Proposition:5.1.1 1

Let (yV, + , - ) be a near-ring and let /  be an ideal of  N. Then /  is maximal in N  if and 

only if is simple.

Proof:

Suppose that /  is maximal in N. Assume that ^  is not simple.

Let N'  = be a proper ideal of . Then 1 N'  cz N  which contradicts the 

fact that /  is maximal in N.

Hence is simple.

Conversely, assume that ^  is simple. Let be an ideal of N  such that

1 cz N^ (z N . Then is an ideal of ^  .

But ^y /j is simple, so = 1 or = N  .

This implies that = /  or TV, = .

Hence 1 is maximal in N.

This completes the proof. ■

Definition:5.l.l2

Let (tV, + ,- ) be a near-ring and let P be an ideal of N. Then P is called a prime ideal

of / /  if for all ideals I,.J e N J J  ^  P => I  c  P or J  ^  P .

Chapter 5
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Dcfinition:5.1.13

Let (A^, + ,-) be a near-ring and let /  be an ideal of N. Then I  is called a direct 

summand  of  N  if there exists an ideal .1 of N  such that N  = / +  ,/ and ./ is called a 

direct complement of /  in N.

Theorem :5.1.14

Let { N , + ,■) be a near-ring and let /  be an ideal o f N. If /  is a direct summand o f N, 

then each ideal of /  is an ideal of N.

The proof can be found in [40] ■

Proposition:5.1.15

Let ( + ) be a near-ring and let /  be an ideal of N. If /  is a direct summand o f  N

and P i s a  prime ideal of N, then P n  /  is a prime ideal of N.

Proof:

Since /  is a direct summand of N, so there exists an ideal / '  in A^such that N  =1-^1 ' .  

Let ./, , ^ 2  be two ideals of/. If J^Jj  P c \ I , then c  P and JyJ^ c  I . Since I  

is an ideal o f N,  so ./, , Jj  are also ideals ofM  

This implies that J^Jj  c  /  implies that J, c  /  or I .

Now J^Jj  e  P implies that Q P or ^  P , since P is prime.

Therefore, we have c  P C\ I  or c  n  / .

Thus we obtain that Jp / j  P implies that ^  P n l  ov J j  Q P n l .

Hence n  /  is a prime ideal of N.

I'his completes the proof ■

Proposition:5.1. 16

If /  and P are ideals of a near-ring N  such that I Q P and f  \ N  ^  is the

canonical epimorphism, then P is prime if and only if { P) f  is prime.

The proof can be found in [40] ■

Proposition :5.1.17

Let (A' ,̂ + ,-) be a near-ring and let /  be an ideal of jV. Then /  is prime if and only if

Ny

Chapter 5

7 IS p rm ie .

114

Dhaka University Institutional Repository



Cliaptcr 5

Proof:

Let f  : N  ^  ^  be a mapping defined by {n) f  -  n + I , \ / n  e  N  .

Assume that /  is prime. Let /, , 12 be two ideals of sucli tiiat

/ , ' = / , + /  = (/,)./■ and / , ' = / , + /  = ( / , ) / .  

I f / , ' / /  c ( / ) / , t l i e n l e t  /, - f / / ) / ” ' and V ' ’ .

/  f  \ /   ̂ >

r  • . r ' c
V  y V / \  /

'1 his shows that I J j  c  7 implies /, c  /  or / j  c  /  .

' \
K '  ■V V  /

So, = ( f / , ' l r ' | / = ( / , ) / = ( / ) / .

/
This implies that /, c  ( / ) / .

r
Similarly, we can show that ^  (-^)/ •

Thus we obtain that 7, c  ( / ) /  implies that /, e  ( / ) /  or 1̂  c  ( / ) /  . 

This shows that ( / ) / '  is prime.

Thus every homomorphic image is prime.

Hence is prime.

Conversely, assume that ^  is prime.

If / , / ,  c  /  , then ( / , ) / ( / J /  = ( / , / J /  c  ( / ) /  .

^  ( / | ) / c ( / ) /  or ( /2 ) / c ( / ) / .

/, = (/, + / ) / - '  = ( ( / , ) / ) / - '  e  ((/)./■)/-' :̂  ( /  + / ) / - '  = /

/, c 7  .

Or, similarly, we can show that c  / .  

This implies that /  is prime.

This completes the proof
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Section:5.2 Lattice Ordered Near-rings.

Definition 5.2.1

A partially ordered set ( l ,  < )  is called a lattice if for everya, h & L ,  siipja,/?} 

and inf (a,/!)} exist in L . The lattice operations join and meet will be denoted by

V and A respectively, where a v /? = supja,/; }and a a 6 = inf {a, b }.

Lemma:5.2.2

Let ( G ,+  ) be a group and H  be a subset of G . 'fhen / /  is a subgroup of G 

ifand only if «,/:> e / /  =J> {a -  b ) e  H , \fa ,h e H  . ■

Definition5.2.3

Let ( / / ,  + ,•) be a near-ring and let /I be a subset of N  . Then A is called a subnear- 

ringo^ N  if (A ,  + ) is a subgroup of N  and {A, - )  is a subsemigroup of N  . 

Example:5.2.4

Let T{g ) be the set of all transformations on O’ , where G is a non empty set. Let 

^^(g) be the set of all zero transformations on G . Then (r„(G), + , - ) is a subnear­

ring of ( r (G ) ,+ , - ) .

Detlnition:5.2.5

Let G be any set. Then (G,+,< ) is called a lattice-ordered group or simply an L-  

group if i) (G ,+  ) is a group.

ii) (G ,  < ) is a lattice.

iii) a<b=i> a + c < b  + c , d  + a < d  + b , \ /a ,b ,c,d e O  .

Example:5.2.6

The set ( J , - ,  < ) ,  where /  =  (0 ,c c  ) is anZ-group.

Definition:5.2.7

Let (A^, + ,-) be any set. Then { N , + , -,<)  is called a lattice-ordered near-ring or

simply an L-  near-ring if

i) (A^, + ,-) is a [right] near-ring.

ii) ( Â , < ) is a lattice.

Chapter 5
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i i i)  a  < h => a  + c  < h  + c  a j-> ,c  G N .

iv) a < h  and c >0 ^  a ■ c < h ■ c , Vc/, h,c e N .

Note: \i' a>  I), then a A c > b  a c  and u'v c > b v  c , ' ia ,b,c e N  .

Deflnition:5.2.8

Let ( t v , + ,- ,< )  be an L -  near-ring and A^oand N̂ . be subsets of N . Then the set

Âo = {/? e  A^l« -0  = 0} is called a zero symmetric pari of  N  and the set

= {/? e  n • 0 = « I is called the conslant part of N  .

DeFinition:5.2.9

Let { N , < )  be any lattice and let A be a subset of N  . Then A is called a sublattice 

of N  if for a ,b  e N  , a e A and b e A ^ a v b e A  and a Ah  e A .

Example:5.2.1Q

If N  is any lattice and a e Â is any element, then {a}  is a sublattice of N  . 

Definition:5.2. i 1

Let (A^,+ , - ,< )  bean Z - near-ring and let A be a subset of A^. Then A is called an 

L-subnear-ring 0  ̂ Â  if ^  is a subnear-ring and a sublattice of N  .

Proposition:5.2.l2

Let (A^,-!-,■,<) be an L -  near-ring. Then the set Âg = | « e  TV /?• 0 = 0 } is an L-

subnear-ring of N .

Proof

Let /7| , /?2 e Âi, be two elements such that «, 0 = 0 and - 0 = 0. Then we have

(/7| - « 2)-0 = (/7, •0)-(«2 -0)= 0 - 0  = 0.

This implies that «, -n j  e N q

and (n, ■ ) • 0 = /?, • O) = /?, -0 = 0.

This implies that TV,,.

Thus we obtain that (Â q , + ,■) is a subnear-ring of N  .

Next, we have

{n̂  V  ) • 0 = («| • O) V {n  ̂ • O) = 0 v  0 = 0 .

This implies that (/7, v Wjje TV„

Chapter 5
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and («, A  ) • 0 = (/!, • O) a  {n^ • O) = 0 a  0 = 0.

I'll is implies that (z?, / \ r i j )e

Thus wc obtain that is a sublattice of N  .

Hcnce = |  /7 e | »• 0 = 0 | is an L -subnear-ring of jV .

Hence the proof is complete. ■

Corollarv:5.2.13

Let ( / / ,  + ,- ,< )  be an Z,- near-ring. Then the set jV̂, = { « e  A ^ | • 0 = n } is an L-

subnear-ring of N .

Proof:

1’he proof is similar to proposition;5.2.12. ■

Detlnition:5.2.14

Let (A^,+ , - ,< )  bean Z, - near-ring and let A be a sublattice of . Then A is called

a convex sublatlice o\' N  if Va,6 e  A and \ f x e  N  , a < x < h = ^ x e A .

Example:5.2.15

Any closed interval in a lattice Â is a convcx sublattice of N  .

Defmition:5.2.16

Let (A^,+ ,- ,< )  be an I  - near-ring and let /  be a subset of N . Then /  is called 

an L -right ideal of Â if /  is a right ideal of N  and a convex sublattice of N  . 

Proposition 5.2.17

Let (A^,+ ,• ,< )  be anZ,- near-ring. Then the set Â  ̂ = {« e  Â | «• 0 = 0 } is an L -

right ideal of N  .

Proof:

Wc have to show that Â „ an /--right ideal of N  . For this reason, we need to show 

that:

i) Âo is an Z ,-subnear-ring of N  .

ii) N , - N ^ N ,

iii) Â „ is a convex sublattice of N  .

i) It has already been shown in proposition:5.2.12.

Chapter 5
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ii) Let Hq ■ n e ■ N  (/;„ e , n e N )  be an element such that 

= 0 and n -0 = 0 .

Now, («o • /?) • 0 = • (/7 • O) = • 0 = 0 • 0 = 0 .

n o - n e N ^ .

N , - N ^ N ,  .

Thus Âo is a right ideal of N  .

iii) Let e  be two elements such that /?|.0 = 0 and a?2.0 = 0.

Then, V /?, ^ V/v e N,  if < n < , then

< /? < /?2 => A7| • 0 < A? • 0 < /7j • 0 .

=> 0 < / 7 - 0 < 0 .

=> A7 ■ 0 > 0 and /? • 0 < 0 .

=i> /7-0  =  0.

Thus n e N g .

Therefore 7V„ is a convex sublattice of N  .

Hence we conclude that N q is an L -right ideal of N  .

This completes the proof ■

Definition:5.2.18

Let N , N '  be two near-rings and let f  : N  N '  be a mapping.Then /  is called a

{near-ring) homomorphism if [a + b ) f  = {a ) f  + (/?)/' and {a ■ h ) f  = ( a ) /  • { h ) f ,

\ f a , b e N .

Definition: 5.2.19

l.et N , M' be two lattices and let f : N  ^  N '  be a mapping. Then /  is called a

lattice homomorphism if V<7, A e , (a v  b ) f  = (a) f  v  (* ) /

and {a a  b ) f  -  {a) f  a  (/))/ .

Definition:5.2.20

Let N , N '  be two Z,-ncar-rings and let f :  N  N'  be a mapping. Then /  is called 

an L- homomorphism if /  is a (near-ring) homomorphism and a lattice, 

homomorphism. The kernel of /  is defined by
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k c r / ={/? e tV| (/?)/ = O', 0 '=  zero of Â ' .

Proposition:5.2.2l

Let N ,  N '  be two L -near-rings and let f  : N  N'  he an L - homomorphism. Then 

ker /  is an L -right ideal of N  .

Proof:

Let K  = ker f  = {n e N  ( « ) /  = 0'}.

Let a , b e  K  be two elements such that {a ) f  = O', {b) f  = O'. Then, we have 

for a , h e K ,  { a -  h ) f  = [a ) f  -  {h) f  = 0' -  0' = 0 '.

This implies that a - h e K .

Also, we have Va e K  and Vx e N,  {a- x ) f  = (a ) /  • (x ) /  = 0' • (x)/' = 0'.

This implies that a x e K .

Thus we obtain that K  is a right ideal of N  .

Now, for all a,  b e  K  and \ /x e  N,  if a < x < b , then

a < x < b  {a ) f  < { x ) f  < {b)f  .

=> {x ) f  > {u ) f  and (x),/’ < {b)f

=> ( x ) /  > 0' and (x ) /  < 0'

=> W /  = o '.

Therefore x e K .

Thus we obtain that is a convcx sublattice of N  .

Hence is an I  -right ideal of N  .

Hence the proof is complete. ■

Proposition:5.2.22

Let ( / / ,  + , - ,< )  be an Z--near-ring and let

| / „ | «  e  A , where A is a finite index set } be a finite family of Z,-right ideals of jV .

Then the intersection of a finite family of L-right ideals is also an /.-right ideal of

N .

Proof:

Let 1 e a} , where A is a finite index set. Let a , b e A l ^  and x e  N .

Chapter 5

120

Dhaka University Institutional Repository



Then a , b e l ^  for each a e A .  Since each is an Z--right ideal, so the convex 

property holds for each /„ , i.e. a < x < h => x e  , for each a and \ / x e  N  .

This implies that x € = /  .
a

Thus we obtain that I  is an L-right ideal of N  .

Hence the proof is complete. ■

Theorems.2.23

Let (y?, + ,-) bea near-ring and let P be an I- idea lo fT ? . Then the following 

conditions are equivalent:

(i) /, n  / j  = /  ̂=> /, = P  or I 2 = P for any L -  ideals /, , / j  of R.

(ii)/i C \ l2 ^ P  ^  or l 2 ^  P I'or any L -  ideals of R .

(iii) ( a ) n ( 6 ) c  P => a e P  or A e f o r  any a,/? e 7?.

Proof:

Let / p / 2 be two / , - ideals o f /? such that /, n / j  c  P. Then 

(/, n / J  + / ’ = / ’ =>(/, + P )r^{ I2 + P ) ^  P .

=> I , + P  = P or l 2 +P  = P.

=> /, c  P or / j  c  /*.

Thus we obtain that (i)=> (ii) .

( i i ) ^ ( i i i ) :

Suppose that a e and b e I j .  Then (a) c  /, and (A) c  / ^ .

=> (a )n { h ) c  I 2 ^  P .

=> ( a ) n ( / ? ) c P .

=!> { a ) ^ P  ov { b ) ^ P .

=> a e P or b e P.

Thus we obtain that (ii)=i>(iii).

(iii)=^(i):

Suppose that /, , are L -idea ls  of R containing P.

Let a e I f \  P and b e P . 1'hen 

a ^ /, and b € Ij ■
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=> (c/)c2 /, and (b)cz: Ij .

=> (c/)n {h) (2 /, n  / ,  c  / ' .

=> c P .

But c  /, and P I^ ^  P . Thus we have

/, n / j  = P ^ /, = P  or A = T’

Thus wc obtain that (iii)=>(i).

Hence the proof is complete. ■
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CHAPTER 6 

FUZZY IDEALS IN SEMIGROUPS

Secion:6.1 Preliminaries.

D cr in i t io n :6 .1 .1

Lei X  be a set. A mapping a \ X ^  /  , where /  = [ o , l  ], the unit closed interval, is 

called a fuzzy subset on X . We denote the set of all fuzzy subsets on X  by 

/•'' ,i.e./-^ = { a : X  - ^ l ] .

A binary composition ■ :{x,y)\-^ x ■ y  in a set X  induces a binary composition

o : {a, /] )h^ a o  p  in , where x , y  e X  and a, /^  e  /  ' .

The product of «  and is defined by

V  [«(«)a /?(v).

0 , otherwise
, where u ,v  e X

Moreover, for a  e /  ' and A cz X ,  x e X , A o a ^ l ^ o a , a o A  = a o l ^

and xoQr=:l^ o«  , a o x  = aol^. ,  Where 1̂  denotes the characteristic function of

A and 1 = 1 {.}•

The characteristic function I,  of  A is defined by

1 i f  x e  A
0 if  xf^ A

We also denote 1 ( corresponding to X )  the fuzzy subset on X  and we write

l , . (x )= l  , V x e X .

Definition:6.1.2 

Let X  be a set. Then

i) For a , p  e  /  '' , a  is contained in p  i.e. a <  p  o  a{x)< p{x) ,  \/x e A'

ii) For a , P  e l ' \  a  = P  <=> a{x )~  p{x) ,  Vx e X  .
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iii) F o r a e /  ' ,  the complement a ' o f  a  isdefmed b y a '(x )=  1-a (x ) ,  Vx e X.

iv) F o r a , y 0 e / '  , a  a /? is defined by (a a  y3)(x) = a (A :)  a  y5(x), Vx e  A '.

v) F o r « , y 5 e / '  , a \ f / 3  is defined by {a\ /  !3 ){x ) -a{x) \ /  p { x ) , \ f x  e X  . 

Definition:6.1.3

Let A" be a set and let e l  . Then

a \ '  p  = p w  a  
a  A p  ~ p  A a

{a\/  p ) y  y = a \ / { p  y  y)
{a A p)  A y = a  a {P A y)

i)

ii)

iii)

iv)

V)

vi)

vii)

a w  a  = a  
a  A a  = a

(a V p )  A y = {a A y ) v  (p A y) 
{a A p ) v  y - { a v  y ) A { p v y )

a  a \ .̂ = a
«  V 1 =1

commutativity. 

associativity. 

idempotence. 

distributivity.

{ a )  ^ a .

{a V  p)  = a ' A P ’ 

{a A p)  - a ' v  P'
De-Morgan’s Law.

Section:6.2 Fuzzy semigroups.

Dcfinition:6.2.1

Let (-S', - ) be a semigroup and / ' '  be the set of all fuzzy subsets in S . Then a  e /  '' is 

called & fuzzy semigroup on S  i f a ° a < a .

Proposition:6.2.2

If {S  ,■) is a semigroup and a  e 1'' , then a  is a fuzzy semigroup in S  if and only if 

Vx, y e  5 ,  a{xy) > {a{x) a  a {y ) }.
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Proof:

Assume that a  is a fuzzy semigroup in S . Let x , y , a , h e S  be elements of S  such 

that xy = ab . Since a  is a fuzzy semigroup of iV , so a ° a  < a  . Then, we have 

a { x y ) > { a o a ) { x y ) ^  V
xy=ah

> a{x )A a {y )

This implies that a{xy)>  (a (x )A a (y )} .

Conversely, assume that a(xy) > {a(jc) a  }, Vx, y & S .  

Let x e S . Then, we have

(a o a ) ( x ) =  V  { a{y ) Aa{z ) }

X=VZ

This implies that a ° a  < a  .

Thus we obtain that a  is a fuzzy semigroup of^V .

Hence the proof is complete. ■

Proposition:6.2.3 [7]

If ( 5 , - )  is a semigroup and A c. S  , then A is a subsemigroup o f5  if and only if

is a fuzzy semigroup of 5 . ■

Proposition:6.2.4

Let S  = {a,b,c  } and the binary operation be defined by

a -a  = b-b = c - c - a ,  
a-b = b- u  = b, 

a- c  = c - a  = c and 
b ■ c = c ■ b = c.

Let e I  be such that t^> 12 > I} - Let a e 1^ such that

a{a) = /,, a{b)^  , «(c) = .

Then a  is a fuzzy semigroup on S .

Proof:

Let X be any element of S  . Then
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{a o a){x) = y  [a( v) a  a{z)], for _v, z e .S'
-v= vr

"  V i ‘2^^3
x=yz

= V[^3.V=»T

= V  ['^(")] "  V  [^(y^)] > since b-c = c .
x= yz  v=>'z

Thus we obtain that a  ° a  < a  . 

Hcncc« is a fuzzy semigroup on S  . 

This completes the proof.
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Section:6.3 Fuzzy ideals o f  Sem igroups.

Dcrinition:6.3.1

Let (5 ',• )  be a semigroup and let a  e /  '' be a fuzzy subset of 5”. Then

i) a  is called a fuzzy left ideal of  .S’ if 1 o «  < «  .

ii) a  is called a fuzzy right ideal of 5  if a  o 1 .̂ < a  .

lii) a  is callcd a fuzzy two-sided ideal or simply an ideal of  S  if it is both a fuzzy

left and a fuzzy right ideal of S  .

Lemma:6.3.2

Let F  be a non-empty subset of a semigroup S . Then F  is a left (right) ideal of S  if 

and only if 1̂, is a fuzzy left (right) ideal of S .

P roof:

Suppose that F  is a left ideal of 5  . Let a be any element of 5” and let e  5”.

Then a = xy e S  .

Now, ( l o  1J  (a) = ^  (x) A 1 (y)

Chapter 6

= V .1 a 1,,(>^)]= xy [l

ci=xy

This implies that \ .̂ ° 1;, < 1̂ ,.

Thus we obtain that I,, is a fuzzy left ideal of S  .

Conversely, assume that 1̂ , is a fuzzy left ideal of .S’ . Let x , y e S  . 1'hen xy e S  . Let 

a e  S ■ F  . 7'hen a = x y , h v  x  e  S , y  e F  .

Now, since e s o  1̂, (;;)= 1. If x e F , then l / ,(x )= l .

So, 1 (x;^) > 11, (x) A 1 (_v) = 1 A 1 = I .

=> 1/, (xv)> I . But 1̂ (x>^)< 1.

=> 1̂ ,(a7 ) = 1 .
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=> xy e F

=> a e F

=> S - F < F .

Thus we obtain that F i s a  left ideal of S  .

Hence the proof is complete. ■

Lcinma:6.3.3

Let ( i ’, - ) be a semigroup and let a  e / ' ’ . Then a  is a fuzzy left [right] ideal of S  if

i) a{xy)>  min ( a (x ) ,«(;;)}, .S’.

ii) a{xy) > a{y)  [a{xy) > a{x) .

The proof can be found in [24], ■

Theorem:6.3.4

Let a  and /? be two fuzzy left [right, two-sided ] ideals of a semigroup 5 .  Then

a  a /] is a fuzzy left [right, two-sided] ideal of S  .

Proof:

Let x , y e S .  Then from lemma 6.3.3, we have

[a A p){xy) = min{«(a7 ) , p{xy ) }.

Chapter 6

> min

> min 

= min

m in{a(x),«(;;)}, min{/7(x)

a{x),f i{x)],  m m [ a { y ) , p { y ) ]

{a A p){x) ,{a A p){y)  

This implies that {a a p){xy)>  min {(« a  y?)(x),(o: a  y?)(_y)}. 

Thus we obtain that a  a p  is a fuzzy subsemigroup of S  .

Since a{xy)> a{y)  and p{xy)> p{y)  , so we have 

{a A p){xy)  = min {a{xy) ,p{xy)]

> min W{y)^P{y) ]  = {oc^l3)[y)

This implies that {a a P){xy) >{a a p){y)

Thus a  A p  is a fuzzy left ideal of S  .

i iencc the proof is complete. ■
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Lemma:6.3.5

Let - ) be a semigroup and let a  ,/:? e /•' be two fuzzy subset of .9 . Then

(i) If a  is a fuzzy right ideal of .V , then a °  [ i < a ,

(ii) If y? is a fuzzy left ideal of S , then [i< (5 .

Proof:

i) Let X e . Then there exist y , z m S  such that x = yz  .

Now, we have

{aofi ){x)= \y [a{y)Aj3{z)
-V=>T

Since a  is a fuzzy right ideal of 5 ,  so a{yz}> a (y ) .

Therefore, we have {a ° J3){x) = [a(;^) a  /?(z)j

a{yz)A/^{z)  

a(x)A/y(z)

< V  [a(x)] =: a{x)

- V
x=yz

x= y:

Thus we obtain that a °  /3 <a  .

(ii) Let a  be any element of S . Then, for all b,c e S  , we have 

(ao /? ) (a )=  [a{b)A(}{c)
a=hc

-  V  \a{b)Ap{hc)]  I, s i n c e i s  a fuzzy left ideal of S  .
a-ltc

= v [ « ( ^ ) A ^ ( a ) .
a=hc

ii=hc

Thus we obtain that a °  [5 < [ i .

Hence the lemma is proved. ■

Theorem 6.3.6

Let ( S , - )  be a semigroup and let a , e l  \  If «  is a fuzzy right ideal and/? is a 

fuzzy left ideal of S , then a  o f] < a  a J3.
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Proof:

For X 6 S,  wc have {a ° P){x) = \ /  [«00  a  /?(z)], where y , z  e  S .
x=yz

Since a  is a fuzzy right ideal of S  and \s a fuzzy left ideal of S,  so we have 

a{x) = a { y z )> a { y )  ^  a {x )> a {y )  and J3{x) =/3{yz)> J3{z) p { x ) > p { z ) .

Therefore {a ° P){x) = \ /  [«(>') a  (3 { z )  .
x=yz

< V  [«(a-) A /3{x) .
.t=yz

< V  [(«  A / ? ) ( x ) ] = ( a A ; 5 ) ( x )
•v=>̂r

Thus we obtain that a °  f i  < a  f\ f i  .

This completes the proof. ■

Theorcm:6.3.7

Suppose that is a regular semigroup. Let a , /?  e /  . Then

i) If a  is a fuzzy right ideal of S  , then a °  P > a  a  f5 .

ii) If P \s a fuzzy left ideal of S  , then a o  p > a  a  p .

iii) If a  is a fuzzy right ideal of S  and if p  is a fuzzy left ideal of S , then 

a °  P = a  A P  .

Proof:

Let a be any element of S . Since S  is regular, so there exists an element x in S  

such that a = axa .

i) We have (a ° p){a) = V  [a(^)A;5(c)] = V
u-hc axa=hc

> a{ax a  (a) A /?(«), since a  is a fuzzy right ideal.

= (« A/?X«).

This implies that a °  p  > a  a  p  .

(ii)Let p  beatlizzy left ideal of 5  . Then we have (ao /? ) (a )=  \ y [ a { b ) A p { c )
a-hc

> a{u) A p {x u ) , smcc a = axa,\/a e S .

> a  {a )Ap{a),  since is a fuzzy left ideal of S  . 

= {a A p \ a ) .
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This implies that a °  [3 > a  f\ [i .

ill) Let ^  be a fuzzy right ideal of .S' and let be a fuzzy left ideal of .S'. Since S  

is regular, so there exists an element x in S  such that a = axa,\Ja e  S  .

Now, we have {aop) [ a) = [a{h) a  f3{c)\
a=hc

< Y  [cc{bc) A p[bc) \ -  Y  [a{a)A /?(a)
a=lK

= \y [{a A p){a)] = {a A p){a)
a-bc

This implies that a o  /3 < a  a / 3.

And {ccop){a)= s ^ [ a{ b ) Ap{ c ) ]  = v  [«(^)a/?(c)
<i=bc axa=hc

> a{ax)A/3{a)] >[a{a)Ap{a)] ^ { a A /3 ) { a ) .

This implies that a °  [ } > a  a (i .

Thus we obtain that a °  p  = a  a  p .

This completes the proof. ■

Theorem:6.3.8

Let ) be a semigroup with zero such that x • 0 = 0 • jc = 0, Vx e  5. If «  is a fuzzy 

ideal of S, then a(x) < a (o ) , Vx e S.

Proof:
uJUaJL

Since a  is a fuzzy righj/^f S  , so a(o) = a (x -0 )>  a(x),Vx e S  .

This implies that a{x) < «(0), Vx e  5  and since a  is a fuzzy left ideal of 5*, so 

a(0) = a{0 ■ x) > a{x), Vx e S  .

This implies that a (x )<  a (o ) .

Hence we conclude that a{x) < «(o), \/x e S .

This completes the proof. ■

Definition:6.3.9

Let (5’,-) be a semigroup and let^  be a nonempty set and le t«  be a fuzzy subset of 

S . Let 0 < / < 1. Then a ,  = {x e .S | a(x)  > / } is called a level sel of  S  with respcct

tO(2 .
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Theorem:6.3.10

Lei «  be a luzzy ideal of a semigroup S .  Then the level set 

a, = { x e  S \ a { x ) > t ,  t e  [0,1]} is an ideal of .V .

Proof:

Let x , y ^ a , .  Then a{x) > t and a{y) > t .

Now, min{«(x),«(>;)}, since a  is a fuzzy ideal of 5  .

^  «;(a7 )>  m in { / , /} = / .  => x y &a , .

Thus we obtain that a, is a semigroup o f  S  .

Also, for X 6 a , , a e 5  , we have a{ux) > «(x) > / ,  since a  is a fuzzy left ideal of S  .

=> a(ax) >/ => ax e a , .

And a(xa) > a(x)  > t , since or is a fuzzy right ideal of S  .

=> a{xa) >t  => xa e a ,

Hence a,  is an ideal of S  . ■

Definition:6.3.1 1

A semigroup ( i ' ,  •) is called a k-semigroup if for any a,b e  S , there exists a

unique element x in S  such that either b = ax or a = bx but not both. 

Definition:6.3.12

Let (5’,-) be a semigroup with zero and let a  be a fuzzy ideal of S .  Then 

a  is called a fuzzy k-ideal of  S  if

a{xy) = «(0) and a{y) = a (o )  a{x) = a{0), V x , y e S  .

Theorem:6.3.13

Let a  bea ^ -  ideal of a semigroup (5 ,- ,O). Then the characteristic function 1̂  is a 

fuzzy k -  ideal of S  .

Proof:

Let \^{xy) = 1„(O) and l„(>^) = 1„(o), Vx, e S. Then x y e a  and y e a  , by 

definition.

Sincea isa / : -ideal of 5, so x e a  and hence l„(x)=l^(o).

Thus we obtain that l„(x;.)= I„(o) and l„(o)=> l„(x)= l„(o).

Chapter 6
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Hence is a fuzzy k -ideal of S . m

Theorem:6.3.14 [17]

Let «  be a fuzzy ideal of a semigroup(5,-,0). If a,  is a A-ideal of S  for each

t < a(0), then «  is a fuzzy k -  ideal of 5 .

Proof:

The proof is similar to theorem;6.3.13. ■

Detlnition:6.3.15

Let a  be a fuzzy subset of a semigroup (5’,-) and f : S - ^ S  be a homomorphism. 

Then the fuzzy subset /? in /(.S’) defined by J3{y)^ ^  a{x)  , V y e  f { s )  .

is called the image of  or under /  and the fuzzy subset a  = f  o j3 in S  ,( i.e. the fuzzy

subset defined by a{x) = { f  o p \ x ) ^  p { f { x ) ) , for all x e  5 )  is called ihc preimage 

of  /3 under / .

Theorem :6.3.16

Let and 5 ' be two semigroups with zero. Let f : S ^  S'  be an epimorphism and

let or be a fuzzy ideal of 5 ' .  Then or is a fuzzy A-ideal of 5 '  if and only if / “'(a )  is

a fuzzy k -ideal of S  .

Proof:

Suppose that or is a fuzzy k -ideal of S ' .

Let / - '  (a)(xj^) = / - '  (a)(0) and / " '  («(;;)) -  / - '  («(o)), ^ x , y  e i ’.

^  or(/(x>;)) = a ( / (0 ) )  and a{ f{y ))  = or(/(o)).

«(/(-^')) = «(./ (O)) > since or is a fuzzy k -ideal of S ' . 

r ' { a { x ) )  = , r { a { 0)). 

r ' { a ) { x ) = f - ' { a ) { 0).

Thus we obtain that / “' (or) is a fuzzy k -ideal of S  .

Conversely, assume that / ' ' ( a )  is a fuzzy /t-ideal of .S’ . If 

a{xy) = a{0)anda{y)  = a{0),  then there exist a,b e S  such that 

f  (a) = X and f { h )  = y , fo rx ,> 'e5"  .

Chapter 6
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Also, for a,b e  5 ,  wc have / - '  {a{ah)) = / ' ' (a(o)) and / " '  (a{y)) = / “' (a(o))

Since / ‘ ‘(a) is a fuzzy A--ideal of so f^ '{a{a))= f- ' {a{o))

=> « ( / ( " ) )  = « ( /(o )) .

=̂> a(x) = a(o).

Thus we obtain that a  is a fuzzy k  -ideal of S ' .

This completes the proof. ■

Derinition:6.3.17

Let f : S - ^ S '  be a homomorphism of semigroups and let a  be a fuzzy subset of 5'. 

Then the fuzzy subset / ( a )  is defined by

, , f v { « ( / ) | / 6 ^ , / ( 0  = >^}, if
f W ) \ y )  = '

.0 , if

Definition:6.3.18

Let S  and 5 '  be two semigroups and let f : S ^ S '  be a homomorphism.

Letor be a fuzzy subset of S  . Then a  is called f - invariant  if

/ W  f { y )  => o:{x) = a { y ) , \ / x ,y  e S  .

Theorem:6.3.19

Let /  ; 5  -> 5 ' be a epimorphism of semigroups. Let a  bean /  -invariant fuzzy ideal 

of S . Then / ( a )  is a fuzzy ideal of S ’ .

Proof:

Let x , y e  S'. Then there exist a , b e S  such that f { a )  = x  and f { b )  = y .

This implies that a = / ‘ '(x) and b = f~^{y) .

Now, x - y ^  f { a )  ■ / ( / ; )  = f { a  ■ b) , s ince /is  a homomorphism.

This implies that a-b = / “'(x-_y).

Since a  is an / -  invariant fuzzy ideal o f 5 , so we have

f { a ) { x  ■ = a ( / ' '  {x • j^)) = a{a ■ h) > min[a{a),a{b) }

-m in { « ( / - '( x ) ) ,« ( /- '( ; ; ) )}

Chapter 6
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= mi n  { j \a ) {x ) ,  f { a ) { y ) ]

^  ,/ (a)(x • y)  > min{/(a)(A-), f { a ) { y ) } .

Thus we obtain that f { a )  is a fuzzy semigroup of S ' .

Also, for x , ; ; e 5 ' ,w e h a v e  f{a ){xy)=:a( f - ' {xy) )=a{ab) .

f {a ){xy )  = a{ab)> max{«(a), a{b)],  since a  is a fuzzy ideal of S  .

= max{a(/-'(A-)),«(/-'(:^;))}

- m a x  { /(« )(x ) ,/(a )(> ^ )} .

Therefore /(a)(x>;)> m ax{/(a)(x ) ,  f { a ) { y ) ] .

Hence f { a )  is a fuzzy ideal of.V'.

This completes the proof ■

Theorem:6.3.20

Let S  and S'  be two semigroups with zero. Let f  : S ^  S'  be a homomorphism of 

semigroups and let a  be an / -invariant fuzzy ideal of 5’. Then «  is a fuzzy A:-ideal 

of S  if and only if f { a )  is a fuzzy k -ideal of S ' .

Proof:

Suppose that a  is a fuzzy k -ideal of 5". We need to show that / ( a )  is a fuzzy k - 

ideal of 5 ' .  Let f {a ){xy )  = f{a){o)  and f { a ) { y )=  f{a){o).

For x,;^6 5 ' ' , th e re e x is ta ,6 e 5 '  such that f { a ) ^ x  and f { b )  = y .

Now, / («)(a7 ) = f{cx){ f{a)- f [ b ) ]  = / ( « ) ( / [ab)) , s ince /is  a homomorphism.

= / - '  {f{a){ab)) = r \ f { a ) { a b )  -  a{ab)

This implies that f { a ) { x y ) ~  a  {ab).

and .f[cc){y) = f { a ) { f { b ) }  = f ' ' f { a ) { b )  = a{b), since a  is /  - invariant.

Thus a{ab) = a{0) and a(b) = a (o ) , since / ( a ) (o )  = a(o). .

Now, since a  is a fuzzy k -ideal of S, so a{a)  = a ( o ) .

Thus f i a X x )  = f { a ) f { a )  = ,/(a)(o) ,

This implies that / ( « )  is a fuzzy A:-ideal of S ' .

Conversely, assume that / ( a )  is a fuzzy k-ideal of S ' . Then for any x e  .S’,

Chapter 6
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/ ■ ' { / ( « ) } W  =  / ( « ) / ( x )  =  V  { a { t ) \ t e S , f { t )  = f { x ) ]

= V  ^ S , a { t ) ^ a { x ) }

= a{x).

This implies that f ~ \ f { a ) )  = a .

Thus wc obtain that a  is a fuzzy k-ideai of 5’ .

This completes the proof. ■
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Scctioii:6.4 Fuzzy Semi-ideals and Bi-ideals o f  a Sem igroup.

Derinition:6.4.1

Let (.S', -) be a semigroup and let a  be a fuzzy subset of 5'. Then

i) a  is called a fuzzy left semi-ideal of  S  if 1  ̂° 1 o a  < «  .

ii) a  is called a fuzzy right semi-ideal of  5  if a  o 1 o | ,̂ < a .

iii) a  is called a fuzzy semi-ideal of iS” if \  ̂ ° \ ^ ° a < a  and a  o j o 1 < a  . 

Definition:6.4.2

Let (5 ' , - ) be a semigroup and let a  be a fuzzy subset of S. Then

i) a  is called di fuzzy generalized left semi-ideal of  .S' o a  < a  , \ / x  e S

ii) «  is called a fuzzy generalized right semi-ideal of 5' if a ° x ^  < a  , Va* e  S  .

iii) a  \s a. fuzzy generalized semi-ideal 0^ S'xi

a o  x^ < a  and a ° x ^  < a  , V x  e S  .

Proposition:6.4.3

Let S  be an idempotent semigroup and F  be a non-empty subset of S. Then the following 

conditions are equivalent:

i) F i s a  left ideal of S .

ii) The characteristic function I,, of F  is a fuzzy generalized left semi-ideal of 5'.

Proof:

The proof is easy and is omitted. ■

Proposition:6.4.4

A non-empty subset A of  a semigroup .S' is a semi-ideal of S  if and only if the 

characteristic function of  ̂  is a fuzzy semi-ideal of S .

Proof:

The proof is easy and is omitted. ■

Lemma:6.4.5

Every fuzzy left [right] ideal of a semigroup .S' is a fuzzy left [right] semi-ideal of.S'.

Proof:

Leta  be a fuzzy left ideal of .S. Since a  is a fuzzy left ideal of 5, so \ ^ o a < a .

C h a p te r  6
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Let a be any element oFS. Then

(l, o 1 .̂ oa)(£/)= [1, ( x ) a ( 1,
a ^ x y

< V  [* .s (^) <̂ (>̂ )] = V  ^  <̂ {y)] > since 1 (x) -  \ , \ / x  e S  .
a=.xy a=xy

= V  [^ (^ )] -  V  [«(-^>̂ )], since a{y )< a{xy ) .
a=xy

= V  [«(")] = « (")  •
a=xy

This implies that !>,. o \ ^ o a < a  .

Thus we obtain that or is a fuzzy left semi-ideal of 5'.

By a similar argument, we can show that a o \ ^  o î , < a  .

Hence the lemma is proved. ■

Lemma:6.4.6

Every left [right] ideal of a semigroup S  is a generalized left [right] semi-ideal of.S'.

Proof:

The proof can be found in [19] ■

Lemma:6.4.7

Every fuzzy left [right] ideal of a semigroup S  is a fuzzy generalized left [right] semi­

ideal of5.

Proof:

Let a  be a fuzzy left ideal of S. Let a be any element of S. Then, \/x e  S  ,v^c have

[ x ^ o a \ a ) ^  V  where x^ o a  = \>, )°a .
a=bc

Now, lj^2j(6 )A a (c )=  0 x^ ^  b and lj jj(f t)aa(c) = a(c) if x^ = 6 , since lj 2̂j(x^)=I.

Therefore, we have { x ^ ° a \ a ) = \ y  li jj(6 )Aa(c-) =
a=hc i,=hc

= V  [«(<̂ ')] ^  V  = V  [“ (^)] =
a=hc a -h c  a=hv

This implies that x^ ° a <  a  .

Thus we obtain that a  is a fuzzy generalized left semi-ideal of S.

Similarly, we can show that every fuzzy right ideal of .S' is a fuzzy generalized right semi­

ideal of S.
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Hence the lemma is proved. ■

Lcmma:6.4.8 [19]

Every fuzzy ideal of a semigroup S  is a fuzzy generalized semi-ideal of S.

Proof:

The proof is similar to lemma:6.4.7. ■

It is clear that every fuzzy semi-ideal of a semigroup S  is a fuzzy generalized semi-ideal 

of S  but not conversely.

Definition:6.4.9

Let (.S', ) be a semigroup and let a  be a fuzzy subset o f .9. Then

i) a  is called a fuzzy generalized bi-ideal of 5 li' a  ° \  ̂ o a  < a  .

ii) a  is called a fuzzy bi-ideal of  5  if a  ° < a  and a o \ ^ o a  < a  .

Lemma:6.4.10

A fuzzy subsemigroup a  of a semigroup 5  is a fuzzy bi-ideal of S  if and only if 

a{xyz}> min{a(x),a(z)}, V x ,y , z  e S  .

Proof:

The proof is straightforward and is omitted. ■

Proposition:6.4.11

Every fuzzy bi-ideal of a semigroup S  is a fuzzy generalized bi-ideal of S  but not 

conversely.

Proof:

Let { S , - )  be a semigroup of four elements { a , c , i / } w i t h  the following table;

Chapter 6

a b c d

a a a a a

b a a a a

c a a b a

d a a b b

Let« be a fuzzy subset of 5” such that a ( a )=  0.5, a {b ) -Q  , a{c) = 0.2 , a{d)=  0. 

Wc iiave only to show that a  ° a  . Let h e S . Then
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{a°a){b)=  \ /  [«(/;>) A «(cy)] , where p , q e S  .
h=,u/

V
h=pq

V
h=pq

!a(c) A  a(c')} A  {a(c) a  «(c )}, [aid) a  a  (C)l A  {«(./) A a  (cor

[ a [ d ) / \  a{dy^ A («(c/) a  «(c/)}

0.2,0,0] = 0.2 = a (c ) ; ia (6 ) :^ a (6 ) .

This implies that a ° a  i a .

Hence a  is not a fuzzy subsemigroiip of S.

This completes the proof ■

Lemma:6.4.12

Let a  be a fuzzy subset of a semigroup S  and let f t  be any fuzzy bi-ideal o f  S. Then the 

products a o  P  and f t o a  are both fuzzy bi-ideals of 5.

Proof:

Since /? is a fuzzy bi-ideal of .S', so we have

(a o /?)o (a o /?) = «  o o or o yt?) < a  °{fi  °\ ^ o p ) , \ f  a  e  .

< a °  P , since p  o\^ o p  < p  .

This implies that { a ° p ) °  < a °  p .

Thus we obtain that a °  P  is a fuzzy subsemigroup of S.

Again, we have {a ° p ) ° \ ^  °{a o p ) -  a  o p  o (j oa)o  p  

< a °  P ° a °  p  , since \ ^ o a  < a  .

< a ° { j 3 o \ ^ °  P ) , ^ a e  .

< a °  P .

This implies that {a o p ) o \  ̂  o{a o p )  < a  o P  .

Thus we obtain that a °  P  is a fuzzy bi-idael of S.

Similarly, we can show that/? o a  is a fuzzy bi-idael o f  5”.

1 Icncc the lemma is proved. ■

Lcmma:6.4.l3 1201

Every left [right, two-sided] ideal of a semigroup .S' is a bi-ideal of 5.
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Proof:

The proof is omitted. ■

Lemma:6.4.14

Every fuzzy left [right, two-sided] ideal of a semigroup 5  is a fuzzy bi-ideal of S. 

Proof:

Let« be a fuzzy left ideal of a semigroup S  and let a be any element of 5. Then 

(a o 1 s, o « )(« )=  V  [a(^') A (l,, ° a){y)
a=xy

< \y  [a (x )A a(j)]  , since \ ^ o a  < a  .
a=xy

< a(x) A  , since a {y )< a{xy ) .
a=xy

= V  A (^{xy)] = V  [^(<^)^(").
a=xy a=xy

= V  [«(«)] = «(«)•
a=xy

This implies that « o  1̂. o a  < a  .

Hence a  is a fuzzy bi-ideal of i ’. ■

Lemma:6.4.15 f241

A semigroup S  is regular if and only if for all bi-ideals B o f  S , B  = BSB.

Proof:

The proof is omitted. ■

Now, we shall give a characterization of a regular semigroup by fuzzy bi-ideals. 

Theorem:6.4.16

Let 5  be a semigroup and or be a fuzzy bi-ideal of S. Then the following conditions are 

equivalent:

(i) 5  is regular.

(ii) a  = a  o\ ̂  o a  .

Proof:

Assume that (i) holds. Let a be any element of i'. Since S  is regular, so there exists an 

element x in S  such that a = axa. Then, we have
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{a o 1 o a){a)  = ^  [(« ° • ,s )(>') «(z)
a=yz

= V  ■
uxa=yz

> ( a o l  J(aA-)Aa(a) = V  [«(/^)^ lv (^ )]^« (" )-
ax=pq

> a  (a) A 1 (x)J A a (a)

= a(a)A  l] A « (a ) ,  since 1 ^.(x) = 1, Vx e 5 .

= a{a) A a{a) -  a {a ) .

This implies that ao] ^  o a > a  .

But by definition of fuzzy bi-ideal, we have a o \ ^ o a < a .

Thus we obtain that a=ao l >, .  ° a , V a  of S'.

Conversely, assume that (ii) holds. Let A be any bi-ideal of S  and let a e A.  Then the 

characteristic function of .4 is 1^.

Now, we have

V  [0/1 ° ' . s ) W ^ ^ ( ^ ) ]  =  [ ( ^
a=yz

= (l,| o l,v l^ (a )=  1, since a  ^ a o \ ^ o a .

This implies that there exist elements b and c of  S  such that (l^ o ] l and '

with a = be. Also, we have \y [l^(p) a  1 s(ty)] = (■ ,,| ° l,s )(^^)= • •
i’=p‘i

This implies that there exist elements d  and e of 5 such that l^(c/) = 1 and l,s(<?)= 1 with 

b=de. Then, we have l^ ( j )  = 1, l^.(e)= 1 and (l,,)(c)= 1.

This implies that d  e A , e  e S  and c e A .

Thus we obtain that a = b c -  {de)c e ASA .

This implies that A c  ASA .

Since A x s a  bi-ideal of S, so ASA c  A .

Therefore, we have A = ASA .

Hence from lemma:6.4.15, we can say that.V is regular.

This completes the proof. ■
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1~hcorcm:6.4.17

Let S be a regular semigroup and a  be a fuzzy subset of .S’. Then the following conditions 

are equivalent:

(i) or is a fuzzy bi-ideal of S.

(ii) a  -  p a y , where is a fuzzy right ideal of S and 7  is a fuzzy left ideal of S.

Proof:

Assume that (i) holds. Then we have

(a o l>,.)o (ly o a ) < a o l ^ o a - a ,  since l.v ° ^  1̂ ' and S  is regular.

This implies that (aol^.)o(l^. oa) < a .

Thus we obtain that a  = (« ° 1 .̂)° (l̂ . ° ....................... (*)

= ao( i y  o a )  o (1 y oa )  <(a°ly)o( l^.  oq;).

Also, we have (a ° l,v)° (l.v ° a )  = a  ° (l,v ° •

Now, since (aol^.)ol^. =ao(l^ . ol^, )<aol^. ,  so we can say that«ol^, is a fuzzy right 

ideal of S  and let f i  = a °  1̂. .

Similarly, we have 1  ̂ ° a  is a fuzzy left ideal of S  and let ^ = l.s- ° ® •

Thus from (*), we obtain that a ~ l 3 ° y ,  where is a fuzzy right ideal of S  and 7  is a 

fuzzy left ideal o f ^ .

Conversely, assume that (ii) holds. We know that every fuzzy left [ right ] ideal of S  is a 

fuzzy bi-ideal of 5'. So, P  and y  are fuzzy bi-ideals of 5'. Thus from lemma:6.4.12, we 

can say that the product P ° y  is a fuzzy bi-ideal of S.

Hence a  is a fuzzy bi-ideal of 5.

This completes the proof. ■

Lemma:6.4.l8 [201

For a regular semigroup S  the following conditions are equivalent:

(i) Every bi-ideal of 5  is a left [right] ideal of S.

(ii) Every fuzzy bi-ideal of S  is a fuzzy left [right] ideal of S.

Proof:

The proof is omitted. ■
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Thcorcm:6.4.19

For a semigroup S  the following conditions are equivalent:

(i) S  is regular.

(ii) a  A p  = a °  p o a  holds for every fuzzy bi-ideal a  of  S  and every fuzzy two-sided

ideal of  S.

The proof can be found in [24] ■

TheoreiTi:6.4.20

Let /  : .S', ^  ^ 2  be a homomorphism. If a  is a fuzzy bi-ideal of S , , then / ( a )  is a fuzzy 

bi-ideal of .

Proof:

Let a,b,c e  . Since a  is a fuzzy bi-ideal of S , , then there exist x , y , z  e  Sj  such 

that f { a )  = X, f {b)  = y  and / ( c )  = z .

Now, we have f{a){xyz)  = a{f{xyz))  = a[ f { x ) f { y ) f { z )

> v[a(fl/?c)] >v[a{a)Aa{c)

=  V  { « ( / ■ '  (a-))}  A [v  { « ( / - '  ( z ) ) }

=  V ^ ( / - ‘ (X ))}  A  [v  { « ( / - ' (Z ))}

=  v { ( / ( a X j ^ ) ) } A [ v { ( / ( a ) ( z ) ) } ;

= f { a \ x ) A f { a ) { z ) .

This implies that f{ay^xyz)> f { a ) { x )A f{ a ) { z ) .

Hence f { a )  is a fuzzy bi-ideal of .

This completes the proof ■

Theorem:6.4.21

Let /  : .S', -> be a homomorphism. If ^  is a fuzzy bi-ideal of , then / " ' ( / ? )  is a 

fuzzy bi-ideal of S , .

The proof can be found in [47]. ■
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Section:6.5 Fuzzy Quasi-ideals o f  Semigroups.

Definition:6.5.1

A non empty subset Qof'a. semigroups' is called a quasi-ideal of  S  if QS n  SO  c  Q . 

Defmition:6.5.2

Let 5  be a semigroup and let a  e I  '' , where /  '' is the set of all fuzzy subsets of S .

Then a  is called a. fuzzy quasi-ideal of S  if {a ° l .v) a  (l s- ° a ) < a  .

Proposition:6.5.3

Let S  be a semigroup and let a  e ! , where /  '' is the set of all fuzzy subsets of S  . 

Then a  is a fuzzy ideal of S  if and only if (a ° l,v)v(lv ° a ) < a  .

Proof:

Assume that a  is a fuzzy ideal of S . Let x be any element ofS". Then, since a  is a

fuzzy ideal of S , so a: ° 1 < a  and \̂ . ° a  < a  .

Now, [(aol J v ( l , .  oa)](x )r= (ao l J(A:)v(i,. °a )(x )

< a{x)'^ a{x) = a {x ) .

This implies that {a o 1 ^.)v (l̂ . o a ) < a  .

Conversely, assume that ( a  ° l ^)v  (l̂ . o « ) <  a  . Since ( a  ° 1 v  ( l o a )  < «  , so 

< a  and 1̂. ° a  < a  .

This implies that a  is a fuzzy right ideal and a fuzzy left ideal of S .

Thus we obtain that a  is a fuzzy ideal of S  .

This completes the proof ■

Proposition 6.5.4

Let 5  be a semigroup. Then

i) Every fuzzy left [right] ideal of 5 is a fuzzy quasi-ideal of S.

ii) Every fuzzy quasi-ideal of 5 is a fuzzy bi-ideal of S  .

Proof:

i) Let a  be a fuzzy left ideal of S  and let a beany element of S. Then

(ly o a ) A ( a o  l^,)](a)< [(l>̂ . o a ) v ( a o  1 J ] ( a )  < a (a ) ,  by prop.6.5.3

Chapter 6
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This implies that (l y ° a )  a  (a o 1 .

That is, a  is a fuzzy quasi-ideal of S.

Thus we obtain that every fuzzy left ideal of S  is a fuzzy quasi-ideal of S.

Similarly, we can show that every fuzzy right ideal of S  is a fuzzy quasi-ideal of S.

(ii) Let a  be a fuzzy quasi-ideal of S  . Since a  is fuzzy quasi-ideal, so we have

(aoj^. )A(ly ° a ) < a  .

This implies that (aol^ .)<o; and ( l ^ o a ) < a .

Let a be any element of S . Then

(a o 1 y o a){a)  = (a ° 1  ̂ o j o a ) { a ) .

= ° «)](«) •

= V  [(«° ',s)(^)a (1,v ° « ) ( c)  .
<i=bc

^ V

Chapter 6

a=bc
a{b)Aa{c) .

< V  [a{bc)Aa{bc^  , since a{bc)>a{b), a {bc)> a{c) .
a-bv

= V  [a{a) A a{a)] = [a(a)] = a { a ) .
a=hc a-hc

This implies that a ° \ ^ ° a < a  .

Thus we obtain that a  is a fuzzy bi-ideal of S  .

Hence every fuzzy quasi-ideal of 5  is a fuzzy bi-ideal of S  .

This completes the proof. ■

Theorem: 6.5.4

Let ( ‘S',-) be a semigroup. Then the following conditions are equivalent: 

i) S  is regular.

(ii) a  o\^ oa  = a  for any fuzzy quasi-ideal a  of S.

(iii) a r \ P  = a ' ^ (5 ° a  for any fuzzy quasi-ideal a  and any fuzzy ideal /? of S.

Proof:

Suppose that (i) holds. Since S  is regular, so there existsx in such that 

a = axa ,\ /a  e S.

Now, (a o 1V ° = (<̂  ° 1 .S' ° * ,v ° ®X^) •
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= (or o I ) o (l o a)]{a) = v  [(« ° *,v ( ' .s ° «)(<̂ ').
a=hc

> ( «  o 1 )(ax) A  ( l o « )(< :/ ), s i i icc  a -  axa .

> ( a o l  J ( a ) A ( l ,  o a ) ( a )  -  [ ( a  °  i J a ( 1, o « ) ] ( « )

= a{a),  siiicc < a .

This implies that a o \ ^ o a > a .

Again, we have {a ° 1 ° «)(<^) = [(« ° l.v)° O.v ° ^)](^)

Chapter 6

= V  [(«°KsX^)^O.v
a=bc

° « X 4

= V  [(«°'.v)(^)^('.v
a=hc

o a){c)

= V  K « ° ls ) (^ )^
a=axa=hc

0.V ° « ) W

= V
a=axa

'.S' ° «)(«).

a=axa

,  o a){a)

< V  [«(o)] = «(«)•
a=bc

This implies that a  ° 1 o«  < a  .

Thus we obtain that a  ° 1̂ . o a  = a  , for any fuzzy quasi-ideal a  of S.

Next, we assume that (ii) holds. From the theorem:2.7 of [24], we can say that

a °  p ° a < a ° \ ^ ° a ,  V fuzzy ideals /? of 5 .

This implies that a ° P ° a < a .

And we have a  o o «  < 1 o ° 1 ^ , for all a  oi S  .

-  O.s- ° P)°  '.V -  P  ’ is a fuzzy ideal of S.

This implies that P ° a <  fi .

Therefore we have [a ° P ° a)  /\{a o f} o a )  < a  a  p  .

This implies that a °  P  ° <x < a  /\ P  .

By a similar argument, we can say that a °  P ° a > a  /\ P  .
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y

Thus wc obtain that a ° ( i ° a = a / \ p .

Next, assume that (iii) holds. From the theorem:3 4 of [24], we can easily say that S  is 

regular.

This completes the proof. ■

Section:6.6 Fuzzy Prime ideals o f  a Semigroup.

Definition:6.6.1

Let S  be a semigroup and let P be a fuzzy ideal of S . Then P is called di fuzzy  

prime ideal of 5  if

(i) P is not a constant function .

(ii) For any fuzzy ideals a,  (3 of S  , \^  a  ° /3 < P , then either a  < P or (i < P . 

Proposition:6.6.2 [36]

An ideal P o f  asemigroup S  is a prime ideal of .S' if and only if the characteristic 

function of P is a fuzzy prime ideal of S '. ■

Theorem :6.6.3

Let { S , - )  be a semigroup with zero and a  be a fuzzy prime ideal o f  S . Let us 

define a,, = (x| x e 5',a(x) = «(0)}. Then is a prime ideal of S .

Proof:

For x , y  we have

Ia(x )  A «(;/)}., since a  is a fuzzy subsemigroup of 5  .

= or(o) A a(o) = a(o)

This implies that a{xy)

Also, we have

a(o) = «{0 • } > a{xy) , since a  is a fuzzy left ideal of S

This implies that a{xy)< a{0).

Thus we obtain that a{xy) = a(0).

This implies that = {x>'| x , y  e S,a{xy)  = a  (0)1 

This implies that xyea^^.

Chapter 6
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U' a e S , x  e a , , then a(av) > a(.v) = a(o) and a(o) = a(0 • ax) > a{ax ) . 

Therefore, a(ax) = a (o ) .

Also, we have a(xa) > a(x)  = a ( o ) .

This implies that a(xa) > a(o) = a(0 ■ xa) > a{xa) .

This implies that a{xa) = a{o).

Therefore, we have a{ax) -  a(o ) and a{xa) -  a{0).

This implies that ax, xa e a ^ y a  e S , x e a ^ .

Hence is an ideal of S.

Next,let A , B h e  two ideals in S  such that A°  B <a^.

Let a , , a ,  be two fuzzy ideals of S  defined by a, = a(o)A^ and ,

where A,, and are characteristic functions of A and B respectively.

Claim: (a, o « J (x )  < a(x) , \ / x e S .

We have (a, ° a , ) (x) = y  [«i (v) a  a, { z )  .
x=y:

Consider only the case a, (;;) a  (z) 0. Since «, (;;) = a{0) and (z) = « ( o ) ,

so aXy )  = a, {z)  = a{0).

=> A (v) = 1 and /L̂, (z) = 1

=> y  e A and z e B .

=> yz e A°  B

X e AB c  ,

>

Thus we obtain that a{x) = a(o).

Hence (a, o a^j lx)  < a(x) ,  for x e S.

Since a  is fuzzy prime ideal and a , , a ,  are fuzzy ideals, so it follows that either 

or, < a  or a ,  < a  .

Suppose that a, < a  . Then we have a, = a(o)/L^ < a  .

We need to show that A<ag .

Suppose that A ^ a ^ .  Then there exists an element a e  A such that a .
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This means that a(a)  a(0).

Now, a(o) = a{0 ■ a) > a ( a ) .

=> a{a) < a(0)..

Then for a e S, we have a, {a) = «(0)/L ,̂ {a) -  o;(0) > a{a ) .

Contradicts the assumption that a, < a  .

Hence we conclude that A <ag.

Similarly, we can show that a,  < a  implies that B <aQ.

Hence is a prime ideal of S.

This completes the proof. ■

Theorem:6.6.4

Let .S' be a semigroup and let {a, } be the family of fuzzy prime ideals of S  . Then

(i) \ / a ,  is fuzzy prime ideal of 5’.
/eA

(ii) is a fuzzy prime ideal of 5.

Proof:

Let a  ,/? be any two fuzzy ideals of S  such that a  ° p  < \y .
/eA

Assume that \ / a ,  is not a fuzzy prime ideal of S.
ie,\

Then, for some x ,y  e S  have

a{x) > (v a, )(a-) and p{y)  > (v a, )(y) . 

Therefore, (v« , )(A-)?tl and (v a ,  )(v );* l,  so that x , y ^ y l ^  ,
/eA

where /„ -  {x e («,)(x) = 1} is prime.

Hence xy 1^ , whence
/eA

Thus we obtain that

V/eA
v «

V<eA y
(xy)
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(oro/?)(xv)> [a(.v)A/?(y)
/ \

> V a . (-) A
( \

(>̂ )\/eA / V'eA /

/ \
V

V/eA
k v ) .

Which is a contradiction.

Hence a, is fuzzy prime ideal of .S'.
/eA

(ii) the proof is easy and is omitted. 

Hence the theorem is proved.
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