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Abstract

The principal aim of this thesis is to trace the development of the abstract group concept from its
first appearance in 1854 in Cayley’s writing up to 1895, a time by which this concept had
become well-established.

Chapter 1 deals with the beginnings of group thcory, with particular attention to its roots in
algebra and number theory. In Chapter 2 we examine in considerable detail Cayley’s first three
papers on abstract group theory (1854-59), with special reference to Cayley’s formulation of the
abstract group concept. We show — convincingly, we hope — that Cayley’s definition was
complete and unequivocal, in contrast to opinion cxpressed by some earlier writers. These early
papers on abstract group thcory seem to have been completely neglected and swept away by the
then surging subject of permutation groups.

The abstract group concept resurfaced in the work of Kronecker in 1870. Cayley himself wrote
four more papers on group theory during the years 1877-78, which attracted wider attention.
These were soon followed by the work of Frobenius & Stickelberger on abelian groups. In
Chapter 3 we discuss these works, as also some early group-theoretic work of Weber, Dyck
and Frobenius (1882-87).

Chapter 4 is devoted to a study of the development of the concept of quotient group. This is a
fundamental concept whose satisfactory formulation absolutely requires the abstract group
concept. The first explicit definition of a quotient group is due to Jordan (1873), in the context of
permutation groups. Dyck (1882) had an implicit understanding of the concept, while
Frobenius (1887) — as we show — narrowly missed it in the general case, even though he had
constructed a particular quotient group and used it effectively in 1884. It was Hélder who was
destined to formulate it abstractly in a completely satisfactory manner in 1893.

In Chapter 5 we study Frobenius’s proof (dated 1884) of Sylow’s first theorem in detail, in order
to bring out clearly the many important concepts defincd and results derived in the course of the
proof. We also study group actions and prove a number of results — including Sylow’s three
theorems — using group actions.

in Chapter 6 we discuss a number of results in abstract group theory due to Frobenius, particularly
those in his paper of 1895 entitled “On Finite Groups”. Almost all these results are now standard
material in any course on group theory. We prove a commutativity theorem for groups that might
justifiably be named after Frobenius, and use it in conjunction with an Anzalil theorem of
Frobenius (1893) to settle a question, which we call Cayley’s Query. We purposely refrain, except
for making a passing reference, from discussing that splendid creation of Frobenius - the theory
of group characters - not only because this subject demands a separate study (and such studies are
available), but really because it falls outside the purview of abstract group theory.
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Explanation

Chapter 1 is based mostly on sccondary sources: Wussing [41] and Kleiner [28]. Chapter 2 is
based on our study of Cayley’s papers [1], [2], [3]. Here F. Chowdhury’s essay [10] (which was
meant as a tribute to Cayley on the hundredth anniversary of his death) on Cayley’s early papers
on group theory has been very helpful; but we go into much more details. Chapter 3 is likewise
based mostly on primary (original) sources and, to some exient, also on secondary sources.
Chapter 4 owes a great deal to Nicholson [32], but goes beyond it at several places. Chapter 5 is
based both on primary and secondary sources; in our discussions we have drawn freely upon
Waterhouse [38] and Scharlau [34]. Chapter 6, finally, is based almost entirely on primary

sources and contains some original work on our part.

As the final draft of this work was being readied, we received — through the courtesy of the
author, T. Crilly — an electronic copy of the manuscript of his paper “The appearance of set
operators in Cayley’s group theory”, published in Newsletter of South African Mathematical
Society, 31/2 (2000), 9-22. The thrust of this paper is quite different from our line of inquiry; it
deals primarily with “a small proportion of the correspondence between Cayley and his “invariant
twin”|- cf. E. T. Bell: “Men of Mathematics”, Chapter 21,] J. J. Sylvester (1814-1897)”. Crilly
lists [pp.12-14] all of Cayley’s writings (however minor) that have a bearing (however distant)
with group theory, or the group concept. Some of his comments will be quoted at appropriate

places; references will be given by name (Crilly), followed by page numbers in the manuscript.

The footnotes are an integral part of the text; they are numbered consecutively in each chapter and
grouped together at the end of the chapter. The “List of (Major) References”, at the end of the
thesis, contains only primary sources (that is, items which were directly available to us). The text
and the footnotes contain additional primary and sccondary references; the symbol “~" placed
before a reference means, it was not available to us. Every effort has been made to provide

appropriate and accurate references and acknowledgements throughout this work.

Items [34], [37], [41] were procured through the courtesy of Dr. Sabina Chowdhury of
San Antonio, Texas, when she was a Ph. D. student at Texas A & M University, USA. ltems
{31], {40] were kindly supplied by Md. Shahidul Islam, Ph. D. student at the University of
Gottingen, Germany. All other primary sources were procured from the Dhaka University Library
(Science Section), Jahangirnagar University Library, and personal collection of Professor

Dr. Munibur Rahman Chowdhury.
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Chapter 1
Beginnings of Group Theory

1.1 Introduction

Group theory has, like the river Nile, many sources: in algebra, geometry, number theory, and in
analysis. Of all these sources that in algebra — in the theory of solvability of algebraic equations,
to be specific — is universally deemed to be the most important <1>.

Already the ancient Babylonians (around 1600 B.C.) knew how to solve numerical problems
involving quadratic equations (by completing the square). Medieval mathematicians (especially,
Omar Khayyam (1050-1123), the poet) had devised geometric methods for solving special cubic
equations <2>. But the absence of a symbolic algebra impeded further progress in this direction.
Renaissance Llurope saw the cmergence of symbolic algebra; the most important name here is that
of Francois Vieta (1540-1603) <3>. The sixteenth century witnessed an explosive growth in
algebra. By the middle of that century Italian mathematicians had obtained explicit formulas for
the solutions of cubic and quartic equations (with undetermined coefficients). Like the familiar
formula for the solution of the quadratic equation, those of the cubic and quartic equations
involved radicals (surds) of expressions derived from the coefficients <4>,

1.2 Lagrange

Mathematicians then attempted to solve the general quintic (algebraic equation of degree five) by
similar methods; but all such attempts — stretching over the greater part of the next two centuries —
were in vain. It was in this deadlocked situation that Joseph Louis Lagrange (1736-1813) turned
his attention to this problem in his lengthy memoir ~ “Reflexions sur la resolution algebrique des

t11

equations” <5> (Thoughts on the algebraic solution of equations), published by the Berlin

Academy in several parts during 1772-73, asked the question
“What is it that make the general equations of degrees 2, 3 and 4 solvable by radicals?”

Lagrange begins by analyzing the various known methods for solving cubic and quartic equations.
e shows that the common feature of these methods is the reduction of such equations to
auxiliary equations, the so-called resolvent equations. The latter are one degree lower than the
original equations. Next Lagrange attempts a similar analysis of polynomial equations of arbitrary
degree n. With each such equation he associates a “resolvent equation” as follows:

“Let f(x)=0 be the given equation, with roots x|, x5, ..., x,,. Form a rational function
R (x, x5, ..., x,) of the roots (with numerical coefficients. Lagrange describes methods
for doing this). Consider the different values which R (x, x5, ..., x,;) assumes under all

the n! permutations of the roots xj,x,,..x, of f(x). If these are denoted by
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s Y2, Yi» then the resolvent equation is given by g(x)=0, where
g(xy=(x =y )x-y3)...(x — ;). Lagrange shows that & divides n! <6>. For example, if
J(x) is a quartic with roots x;, x;, x3, x4, then R (x|, x5, x3, x4) may be taken to
be xjx3+xyx4, and this function assumes three distinct values under the 24
permutations of x|, x,, x3, x4. Thus the resolvent equation of a quartic is a cubic.

However, in carrying over this analysis to the quintic, he finds that the resolvent cquation
is of degrec six.” [28, p.196]

This brought him to a dead end. Although Lagrange did not succeed in resolving the problem of
algebraic solvability of the quintic, his work was important for the insights and inspiration it
provided to the next generation of mathematicians. It was the first time that an association was
madc between a polynomial equation and the permutations of its roots. It is the deeper study of
this linkage that Lagrange (rightly) belicved, formed “the true principles for the solution of
equations”. Concluding his “Reflexions™ Lagrange promised to return to the subject but he never
did. Wussing [41] sums up the accomplishments of this great memoir as follows:

“l.agrange showed that all known solutions of equations of degree not excceding four
defined rational functions of the roots that take on a small number of different values as a
result of all the permutations of the roots. What remained unclear, and was thus revealed
as a problem, was whether this was an accident or a manifestation of decper relations, as
yet unknown, whose discovery — of this Lagrange was sure — would provide starting
points for the treatment of cquations of higher degree. ... Finally, in view of all the
unsuccessful efforts to solve higher-degrce equations by radicals, Lagrange’s conclusion
that equations of degree higher than four cannot be solved by radicals by means of the
known methods for the solution of equations of degree up to four, strengthened the
conviction of mathematicians that no such solution is possible.” [p.79]

The question arises, as far as we arc concerned, whether Lagrange’s work contains the germ of
the group concept <7>. Wussing belicves that it does:

... it is remarkable to sce in Lagrange’s work the germ, in admittedly rudimentary form,
of the group concept. Inspite of the fact that Lagrange always speaks of “permutations”
without cver using a calculus of permutations, the idea of a group arises quite naturally

from his question about the number of values of rational functions of y variables”.

141, p.78]
This he says despite conceding that

“Lagrange does not consider the composition of permutations and certainly not the
question of the closedness of a system of permutations.” [41, p.79]

Wussing expresses his surprise [41, p.266, Footnote 52] that this point is completely overlooked
by H. Burkhardt in his article ~ “Die Anfiinge der Gruppentheorie und Paolo Ruffini” (The
Beginnings of Group Theory and Paolo Ruffini) <8>. Burkhardt's silence on this point can only
mean that in his opinion the germ of the group concept cannot be attributed to Lagrange <9>.
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Leonhard Euler (1707-1783) and Lagrange arc considered to be the two greatest mathematicians
of the eighteenth century. A native of Turin (Italy), Lagrange went to Berlin in 1766 to succeed
Euler as a full-time, salaried member of the Berlin Academy <10>, In 1788 he moved to Paris.
Lagrange made fundamental contributions to many arcas of pure and applied mathematics and his
name lives on innumerous contexts. Lagrange is perhaps best known for his “Mecanique
Analytique™ (1788), which contains “Lagrange’s equations of motions” but — as Lagrange pointed
out in the preface — not a single diagram. This great work has been called a “scientific poem™ by
William Rowan Hamilton (1805-1865), the discovcrer of quaternions and one of the authors of
“Hamilton-Jacobi equations” of classical mechanics.

1.3 Ruffini

The next significant step in the theory of solvability of algebraic equations was taken by the
many-sided Halian Paolo Ruffini (1765-1822). Ruffini was the first to assert — and to attempt a
proof of — the insolvability by radicals of general algebraic equations of degree higher than the
fourth. Ruffini published no fewer than six versions of his proof over the period 1799-1807.
These have been thoroughly analyzed by Burkhardt in the article just mentioned in the context of
appearance of group-thcoretic ideas. In his work, the theory of permutations is not merely a
computing device but a structural component of the solvability theory. Ruffini’s publication of
1799 was a two-volume treatise on algebra <11>. Already in this work, the permutation-theoretic
group concept appears with full clarity, albeit with a different terminology. Ruffini, like Lagrange,
is concerned with permutations that leave a rational function of the roots invariant; but — unlike
Lagrange — he deals also with the totality of such permutations and their properties. He calls such
a set of permutations a “permutazione” <12>,

Ruffini calls the number p of permutations that leave invariant a given function of the 1 roots of
an ecquation the “degree of equality”. This concept thus coincides with the “order” of a
(permutation) group. In this conncction, Ruffini quotes Lagrange’s result to the effect that p
divides n!. Ruffini goes on to detcrmine the value of p for all groups that occur in connection
with five quantities (the five roots of a quintic). In tcrms of content, this investigation amounts to

an almost complete detcrmination of all subgroups of the symmetric group Ss. In this way

Ruffini obtains the important result that p can never be 15, 30, or 40; that is, there are no rational
functions of five quantities that can take on 8, 4, or 3 different values, when these quantities are
permuted in all possible, 120, ways. On the basis of this correctly proved group-theoretic result,
Ruffini gives a proof — with some gaps — of the insolvability of the general quintic equation
by radicals.

Ruffini’s later papers, besides giving improved versions of his proof, contain important
group-theoretic results <13>. For example, he proved that the group of permutations associated
with an irreducible equation is transitive <14>. The previously cited article of Burkhardt’s puts
Ruffini’s contribution to the devclopment of the theory of permutation groups in proper
perspective. In particular, he defines Ruffini’s place vis-a-vis Cauchy, who is usually given the
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credit for creating an independent theory of permutation groups <15>. Before continuing with this
line of development, we pause to have a glance at the number-theoretic roots of group theory.

1.4 Euler

Author important source of finite groups, which even predates Lagrange’s work, is Number
Theory; however, the groups occurring in number-thcoretic contexts arc abelian. The pioneering
work here is Euler’s paper on power residucs (1761) <16>. The principal result of Euler’s that

concerns us here is:

Euler’s Theorem If a, n are coprime (natural) numbers, then a® =1 (mod n). <17>

When n = p (prime), it reduces to

Fermat’s Theorem «””' =1(mod p), where p } a.<18>

Euler’s Theorem is the special case of the thcorem below, applied to the group of prime residue

classes modulo 1, whose order is ¢(n) .

Theorem If G is an abelian group of order n, with identity element e, then a” = e holds for
every ae G.<19>

Proof As x runs through the elements of G once, so does ax. By virtue of the commutative law,

| 1~ equals the product
xeG

[T€ax) = (TTa) (T1x) = a".]]x.
xeG xeGG xeGG xe@G

Canccelling []x, from both sides of this (implicit) cquality, we get the result.
xe(@

Euler’s paper is discussed in more detail by Wussing [41, pp.48-51]; he says that it provides a
clear example of group-theorctic thinking; and shows that in the context of his study of residues

of @’ modulo a prime number p, Euler arrived at results that are special cases of Lagrange’s
Theorem.

In recognition of Euler’s pioneering, albeit implicit, group-theoretic work we propose to call the
multiplicative group of prime residue classes modulo n, the “Euler group modulo n”, and denote
it hy E, <20>,

Euler was by far the most productive and prolific mathematician in history <21>. No other
mathematician has as many items (cquations, formulas, theorems) attached to his name as has
Euler. Born in Switzerland, he spent his entire adult life abroad, mostly in St. Petersburg (Russia)
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and - in between twenty-five years (1741-1766) - in Berlin. He lost sight of one eye in 1735 and
became completely blind in 1766. But these afflictions could not hamper Euler’s astonishing
productivity. He wrote many books; his “Vollstindige Anleitung zur Algebra” (A Complete
Introduction to Algebra), dictated to an assistant and published in 1770, was a very popular
textbook for well over a century.<22>

1.5 Gauss

Carl Friedrich Gauss (1777-1855) was born of modest parentage in Braunschweig (Brunswick) in
Germany. His extraordinary talent in arithmetic was evident very early and his mathematical
precocity recognized when he was a student at the local Collegium Carolinum. Supported by a
stipend of the Duke of Braunschweig, he enrolled at the University of Gottingen in 1795. He
earned a doctorate, in absentia, from the University of Helmstedt (since defunct) <23> on what
came to be known as the fimdamental theorem of algebra. Along with Archimedes (3rd
Century B.C.) and Isaac Newton (1042-1727), Gauss is recognized as one of the three greatest

mathematicians of all time.

The 19th century began auspiciously for the young Gauss <24>. The first asteroid, Ceres, was
discovered by the Italian astronomer G. Piazzi (1746-1826) in his obscrvatory at Palermo right on
the night of 1st January, 1801, who observed it for forty days before it disappeared. From the
records of his observation Gauss was able to calculate its orbit and predicted its reappearance later
that year at a specific position. The rediscovery of Ceres on 7th December 1801, vindicated Gauss
and made him an instant scientific celebrity. But of much greater significance was the publication
in that same year of Gauss’s magnum opus “Disquisitiones Arthmeticae” (Arithmetical
Researches) [22], whose manuscript was completed in 1798 <25>. Gauss began his research
while he was still in his teens; he independently discovered many basic results in number theory
and arrived at many ncw concepts and results, which are systematically set forth in this great
book.

Examples of group-theoretic arguments and results occur profusely in Gauss’s work. He
extensively dealt with four concrete examples of finite abelian groups: the additive group of
residue classes modulo n, the Euler group (the multiplicative group of (relatively) prime residue
classes) modulo n, the multiplicative group of the n-th complex roots of unity, and the group of
equivalence classes of binary quadratic forms <26>. He established many significant properties of
these groups using reasonings and methods that are prototypes of modern algebraic proofs. For
example, Gauss’s expression “the exponent to which a belongs modulo n” (where a is coprime

to n) refers simply to the order of a as an element of the group E, . That “a is a primitive root
modulo ™ means, E,, isa cyclic group and aisa generator. Gauss proved that E,, is cyclic <

n=2,4, p¥, or 2p¥ (poddprimeand v=1).

The deepest group-theoretic results and insights occur in the last part of the great work, which
deals with cyclotomy. Gauss considers the cyclotomic equation
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AP xP2 4 4 x+1=0,
where p is an odd prime. Gauss proved that it is irreducible over rational numbers and
dctermined its Galois group, which is cyclic of order p-1. Gauss gave an explicit method of
reducing this cquation to a sequence of auxiliary equations, showing effectively that this equation
is always solvable by radicals. For more details sec [41, pp.52-55] and R. Kochendorffer's article
“Gauss' algebraische Arbeiten” (Gauss’s algebraic works) [pp.82-91] in “C. F. Gauss:
Gedenkband” cdited by I1. Reichardt, Teubner (Leipzig), 1957 <27>.

Besides resolving a two-thousand year old geometrical problem <28>, these results were of great
significance for the further development of solvability of algebraic equations by radicals. Both
Abel and Galois, whose contributions we next consider, though only briefly, kncw Gauss’s results
and methods and acknowledged him explicitly.

Despite the profusion of what arc essentially group-theoretic methods and proofs, it cannot be
rcasonably claimed that Gauss had the abstract group concept; in any case, thesc investigations
constitute onc of the sources of group theory. Gauss’s implicit results on the structure of finite
abelian groups were extended by his pupil E. Schering (1833-1897) to the concrete case of groups
of equivalence classes of binary quadratic forms. Schering found certain fundamental classes from
which all classcs of forms could be obtained by multiplication. In group-theoretic terms, Schering
had found a basis of the abelian group of classes of binary quadratic forms.

1.6 Abel

The next person in our story is the short-lived, but tremendously influential, Nicls Henrik Abel
(1802-1829). Abel read Lagrange’s “Reflexions”™ while still a high school student and studied
Gauss’s “Disquisitiones Arithmeticae™ thoroughly as a first-year student at the University of
Christiania (now, Oslo). Abel made himself familiar also with Cauchy’s results of 1815 on
permutations.

At first, Abel thought that he had found the solution of the general quintic, but soon realized his
mistake. It then dawned on him that what was required was a proof of insolvability of the gencral
quintic by radicals. l.agrange was skeptical about the possibility of proving solvability; while
Gauss was convinced of the insolvability <29> though he did not indicate reasons for his
conviction. For Abcl, the proof of insolvability was a test of his unfolding genius. He published
his proof in 1824 in a pamphlet in French <30>.

Next year Abel undertook a study tour of Germany and France. In Berlin he met with August
Leopold Crelle (1780-1856), an amateur mathematician and a civil engineer by profession (he
built the first railway in Germany, in 1835). Crelle was then making plans for launching a
research journal in mathematics. Recognizing Abel’s talent and accomplishment, Crelle invited
him to contribute to his proposed “Journal fiir die reine und angewandte Mathematik™ (Journal
for pure and applied Mathematics) <31>.
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Throughout his short life Abel engaged himself with the two central problems in the area of
solvability of algebraic equations:

(1) to find all cquations of any given degree that are algebraically solvable (that is,
solvable by radicals);
(i1) 1o decide whether a given equation is algebraically solvable or not.

Abel madce substantial progress on both these problems. He proved, for cxample, that: if the group
of permutations of the roots of an equation is commutative <32>, then the equation is solvable by
radicals. It may be recalled that in the case of the cyclotomic equation, the corresponding group is
cyclic. So, Abel’s result is a significant generalization of Gauss’s result. However, Abel did not
explicitly construct the group of the equation, and used the term ‘group’ in the sense of a
collection.

1.7 Galois

Evariste Galois (1811-1832) is unquestionably the most tragic figure among mathematicians.
Born in a well-educated family, he disliked routinc school work, and lack of systematic
preparation resulted in two failed attempts to enter the prestigious Ecole Polytechnique <33> in
Paris. Like Gauss and Abcl, Galois began independent research very early and submitted several
papers to the French Academy of Sciences. These were either lost or mislaid (e.g. by Cauchy), or
returned as “incomprehensible” <34>. It was a time of political turmoil in France and Galois’s
outspoken political views resulted in his arrest more than once. He was challenged to a pistol-duel
for reasons and in circumstances whose details are not entirely clear; but he had a premonition
about the outcome. The night before the duel, he wrote about his discoveries to a close friend,
scribbling “I have no time” several times in the course of the letter. Possibly because of his bitter
experience with French mathematicians, he requested his friend to “publicly ask Jacobi or Gauss
to give their opinion not of the truth, but of the importance of these theorems. After this,
there will, I hope, be people who will find it to their advantage to decipher all this
mess” |41, p.116]. <35>

It is no exaggeration to say that the problem of solvability of algebraic equations by radicals
found a satisfactory answer in the hands of Galois; and the concept of “the group of an equation”
was the vehicle 1o this end. Galois also discovered finite fields (such fields are also called

Galois fields).

Galois was the first to use the term ‘group’ in a technical sense — to him it signified a collection of
permutations closcd under multiplication:

“if one has in the same group the substitutions § and T one is certain to have the
substitution ST.” [41, p.111]
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He recognized that the most important properties of an algebraic equation are reflected in certain
properties of a group uniquely associated with the equation — “the group of the equation™. To
describe these properties he invented the fundamental notion of normal subgroup <36> and used
it to great effect. While the issue of resolvent equations preoccupied Lagrange, Ruffini and Abel,
Galois’s basic idea was to bypass them, for the construction of a resolvent required great skill and
was not based on a clear methodology. Galois noted instead that the existence of a resolvent was
equivalent to the existence of a normal subgroup of prime index in the group of the equation. This
insight shifted consideration from the resolvent equation to the group of the equation and its
subgroups. Galois defines the group of an equation as follows:

“Given an equation with roots are a, b, ¢, ... there will always be a group of

permutations of the letters a, b, ¢, ... with the following property:

1. All functions of the roots invariant under the substitutions of the group are rationally
determinable, and

2. Conversely, all rationally determinable functions of the roots are invariant under the
substitutions.” |41, p.112]

Galois arrived at he notion of normal subgroup through decomposition of groups into
cosels <37>:

“In other words, when a group G contains another subgroup #, then the group G can
be divided into groups that are obtaincd by performing the same substitution on the
permutations of A, so that

G=H+HS+HS +... <38>

It can also be divided into groups with the same substitutions so that
G=1+TH+TH+....

These two kinds of dccomposition do not ordinarily coincide. When they do, the
decomposition is said to be proper.” [41, p.115]

A crowning achievement of Galois’s work was the following theorem:

“For an irreducible equation of prime degree to be solvable by radicals, it is necessary
and sufficient that, given any two of the roots, the others can be rationally
deduced.” [41, p. 110]

Galois's work was published in 1846 <39>. Initially, its novelty and sketchy nature impeded its
wide dissemination. Enrico Betti (1823-1892)’s elaboration of Galois’s work (1852) <40> aided
its better understanding and wider appreciation. Richard Dedekind (1831-1916) lectured on
Galois’s theory at the University of Gottingen as early as 1857 <41>. Leopold Kronecker
(1823-1891) was another mathematician who made a thorough study of Galois Theory <42>
around the same time. Wussing {41, pp.119-144] discusses in great detail the influence of Galois
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in France, Germany, Italy and England throughout this time upto 1870, the year of publication of
C. lordan’s Traité (see Chapter 3.1).

1.8 Cauchy

Augustin Louis Cauchy (1789-1857) was born in the year of the French Revolution and died in
the year of the Scpoy Mutiny in India (now sometimes fondly called the First Struggle for
Liberation). Cauchy is best known for his work in Analysis, but he was a versatile mathematician

who wrote profusely on a wide variety of subjects in pure and applied mathematics.

As already stated, Cauchy is usually credited with the creation of an independent theory of
permutation groups. He initiated the study of permutations in 1815, and retumcd to the subject
thirty years later, making extensive contributions <43>. Initially (in the 1815 papers), Cauchy
uses no special name for the scts of permutations closed under multiplication.

“lowever, he recognizes their importance and gives a name to the number of elements in
such a closed set, calling it “diviseur indicatif”. In thc 1844 paper he defines the concept
of a group of permutations generated by certain clements:

‘Given one or more substitutions involving some or all of the elements x, y, z, ..., [ call
the products of these substitutions, by themselves or by any other, in any order, derived
substitutions. The given substitutions, together with the derived ones, form what I call a

system of conjugate substitutions.’

In thesc works, which were very influential, Cauchy makes several lasting additions to
the terminology, notation, and results of permutation theory. For example, he introduces

{5

. . Xy z). . .

the permutation notation L y J in use today, as well as the cyclic notation for
X Z ¥

permutations; defines the product of permutations, the degree of a permutation, cyclic
permutation, transposition; recognizes the identity permutation as a permutation;
discusses what we would call today the direct product of two groups; and deals with the
alternating groups extensively. lere is a sample of some of the results he proves.

(i) Every even permutation is a product of 3-cycles.

(ii) If p (prime) is a divisor of the order of a group, then there exists a subgroup of order
p. (This is known today as “Cauchy’s Theorem”, though it was stated without proof
by Galois.)

(iii} Determined all subgroups of 53, 54, S5, S (making an error in Sg).

(iv) All permutations which commute with a given one form a group (the centralizer of
an element).” [28, p.202]

Among the mathematicians who soon followed Cauchy in furthering the study of permutation

groups, perhaps the most prominent was J. A. Serret (1819-1895). Wussing [41, pp.145-154]
discusses Scrret’s work in considerable detail, particularly as reflected in successive editions of

12
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his influential book ~ “Cours d’ algebre superieure” (first published in 1849) <44>. As far as we
are concerned, the beginnings of group theory came to an end in 1854 with the explicit
formulation of abstract group concept by Cayley.

Lastly, we should point out that another important source of group theory is in geometry and
analysis, wherc groups of transformations of various kinds occur naturally; these groups are
usually infinite (for cxample, the group of translations and the group of rotations in analytic
geometry; the group of bilinear transformations in analysis). Wussing discusses at great length
instances of implicit group-theoretic thinking in geometry and the transition to the concept of a
transformation group as a unifying thread in geometry {41, pp.25-47;167-229]. The most
important development in this area is Klein’s “Erlangen Program” which aimed at a
group-theoretic classification of all of gcometry <45>. This, however, dates from 1872 <46>, long
after Cayley’s formulation of the abstract group concept. Therefore, we refrain from discussing
these developments, particularly because gcometers, including even Klein, never really cared
much for the abstract group concept <47>.

Footnotes

1. “At lcast the theory of finite groups has, quite clearly, developed predominantly from
Galois Theory.” | p.51, Footnotc 7],

says W. Scharlau [34], while P, M. Neumann, in the article mentioned later in Footnote 43,
says:

“Galois’ work and the 1845 papers by Cauchy are the two sources that introduced

group theory to mathematics.” [p.293]

Wussing [41], who thoroughly examines all sources of the group concept, takes — quite
naturally —a wider view and says:

“Group theory went through implicit stages of varied duration, in number theory, in
geometry, in the theory of algebraic equations, and even in analysis.” [p.255]

2. C. B. Boyer: “4 History of Mathematics” (pp. xx + 715), Second Edition (Revised by
Uta Merzbach), J. Wiley, 1991, p.31 and p.241.

3. The relations expressing the elementary symmetric functions of the roots of an algebraic
equation are named after him.

4. The formula for the solution of the (reduced) cubic equation is named after Geronimo
Cardano (1501-1576), but he was not the discoverer.

7]

This is item [447] in Wussing’s Bibliography [41, p.313], comprising 747 entries.
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This is the source of what we know as “Lagrange’s Theorem” in group theory (to the effect
that the order of a group is an integral multiple of the order of each of its subgroups).

To be sure, permutation groups do occur in Lagrange’s work. For example, the octic group
(the dihedral group of order 8) appears in §108 of “Reflexions™ as the set of all permutations
on four letters:

(1), (1 3)X2 4),(1 23 4),(1 432),(3),24,02)34H,(0423

which lcave the function x;x3 + x;x, unchanged. See Miller [30, p.4). The point is whether

Lagrange realized that such sets were groups in the technical sensc.
ltem [69] in Wussing’s Bibliography |41, p.299].

The question whether the germ of the group concept is discernible in Lagrange’s work, is akin
to the frequently discussed question whether BEuclid knew the Fundamental Theorem of
Arithmetic. No less a numbcr-theorist than Helmut 1asse (1898-1979), opines that “we must
assume that the theorem was known to the Greeks™ and says that “one cannot understand why
it is not expressly formulated in the highly systematic, otherwise to the smallest details laid
out, compendium [LEuclid’s Elements]”. [“Vorlesungen iiber Zahlentheorie” (pp. xii + 474)
(Lectures on Number Theory), Springer-Verlag, 1950, p.20]. Godfrey Harold Hardy
(1877-1947), on the other hand, makes the following comments on this question [G. H. Hardy
& E. M. Wright: An Introduction to the Theory of Numbers (pp. xvi + 419), Oxford,
3rd edition, 1954, p.182]:

“It might seem strange at first that Euclid, having gone so far [as stating and proving
Proposition VII. 30: pjab = pla or p|b:“The Fundamental Property of
Prime Numbers™] would not prove the fundamental theorem itself; but this would
rest on a misconception. Euclid had no formal calculus of multiplication; it would
have been most difficult for him even to state the theorem [our italics]. He had not
even a term for the product of more than three factors. The omission of the
fundamental theorem is in no way casual or accidental. Euclid knew very well that
the theory of numbers turned upon his algorithm, and drew from it all the return he
could.”

Euclid’s statement of Proposition 30, Book VII, reads:

“If two numbers by multiplying one another make some number, and any prime
measure the product, then it will also measure one of the original numbers.”
[T. L. Heath: The Thirtecen Books of Euclid’s Elements, Volume 2 (pp. iv + 434),
1956 (first published in 1908), p.331]

In the eighteenth century it was customary for scientific academies to employ scientists in
such capacity for conducting research.

Item [592] in Wussing’s Bibliography |41, p.317|.
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. Thus, Ruffini’s “permutazione” coincides what later Cauchy called a “system of conjugate
permutations” and Galois called a (permutation) “group”.

. Items [593] to [602] in Wussing’s Bibliography |41, pp.317-318].
. See M. Hall [24, p.55], for definition of transitive permutation group.

. Initially, Cauchy made a vague reference to Ruffini as his predecessor in this area; but in his
later treatment of the subject. Cauchy mentioned neither Ruffini nor any other author. Sec
Footnote 43.

Item [193] in Wussing’s Bibliography [41, p.304].

¢(n) denotes the number of positive integers not exceeding n and coprime to »n (Euler’s
¢ -function). The notation ¢(r), as also the congruence notation, was introduced by

Gauss (1801) [22, p.20, p.1].

Fermat had announced this theorem in a letter written in 1640 [22, p.32, Footnote 1]; it was
Euler who published the first proof based on the result

(x+y)? =x? + y? (mod p), where p is prime.

German writers usually refer to this result as “Fermat’s (little) Theorem”, apparently
following Frobenius and Stickelberger [12, p.230].

It is the group of units of the ring Z,, of residue classes modulo #; as such it is often denoted

by Z,". The notation E, agrees well with the established notation, ®,(x), for the
cyclotomic polynomial of index n. ¢(n) is the degree of the polynomial @, (x) and the
order of the group E, . F. Nevalinna (not to be confused with his more famous elder brother
Rolf Nevalinna) in his ~ “Linfiihrung in die Algebra und die Theorie der algebraischen
Gleichungen™ (Introduction to Algebra and the Theory of Algebraic Equations) (p.218),
Birkhduser-Verlag, 1965, denotes this group by P(n), but falls short of giving it a

distinctive name.

An international commission was formed in 1911 to bring out a complete edition of Euler’s
Collected Papers (Opere Omnia), over eighty volumes have been published and the task is not
yet over. We may recall that Rabindranath Tagore (1861-1941)’s “Rachanabali” (Collected
Writings) spread over only (!) thirty volumes of comparable size.

An English translation (by J. Blanton) of Euler’s “Introductio in Analysin Infinitorum”,
Volume 1 (1748), has appeared 240 years after its first publication (“I/ntroduction to the
Analysis of the Infinite” (pp. xvi + 327), Springer-Verlag, 1988).
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Gauss’s doctorate is often wrongly credited to Géttingen, even by distinguished writers, while
his first name is often written as Kar/, despite the fact that Gauss always wrote it as Carl.

A good account of Gauss’s lifc and work is in W. K. Bithler’s “Gauss: 4 Biographical Study”
(pp. vii + 208), Springer-Verlag, 1981. Even in this very carcful work, on the back of the
inner title page Gauss’s first name is written as Karl.

. The original edition is extremely rare, even in Germany; a French translation appeared in

1807. A German translation of all Gauss's number-theoretic works appeared in 1888.

This group played an important role in the axiomatic development of the theory of abelian
groups. However, in this instance the definition of the group operation is not at all obvious,
and Gauss — while introducing it — says that he was embarking on a “very important subject
not touched by anyone until now”. See Wussing [41, pp.55-61].

This commemoration volume (on the occasion of Gauss’s hundredth death anniversary)
contains a number of fine essays on all aspects of his work and an extensive chronological
account of his life.

Which regular a-sided polygons can be inscribed in a circle (this is the problem of dividing a
circle into n parts, hence the name cyclofomy), using only straightedge and compass (that is,
by Euclid's method)? The answer is:

An n-sided regular polygon is inscribable (or, constructible) if and only if #23 isa

number of the form n=2k.p|p2...p,, where 420, r20 and each p; is a

m
different prime number of the form F,, = 22" 41,

Numbers of this form are called Fermat numbers. Pierre de Fermat (1601-1665), who is often
called the father of modern number theory, believed that all such numbers are prime.
However, till now the only known Fermat primes are 3, 5, 17, 257, 65537 (corresponding to
n=0,1, 2,3, 4). Gauss himself treated the casc where n is prime [22, p.446 {I.]. A proof of
this thecorem can be found in lan Stewart: Galois Theory (pp. xxvi + 226), Chapman &
Hall, 1973, p.182.

The discovery of the constructibility of the regular 17-gon on 30th March, 1796 is said to

have been the deciding factor in Gauss’s choice of mathematics as a vocation. The regular

n-gon is constructible if and only if cos “T canbe expressed in terms of radicals involving
n

only successive square roots. For n =17, we have [Biihler: “Gauss”, p.78], [22, p.458):

cos 2oL +—\/34-2\/ﬁ+l\1r7+3JF-J34—2Jﬁ—2\/34+2Jﬁ.
8

1
17 16 16 16
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“Everyonc knows that the most eminent geometers [a term used, well into the 19th
century to refer to mathematicians in general] have been ineffectual in the search for
a general solution of equations higher than the fourth degree ... and there is little
doubt that this problem does not so much defy modern methods of analysis as that it
proposes the impossible [our italics].” [22, p.445]

Abel published an expanded version of his proof, in German, in 1826, in the inaugural issue
of Crelle’s Journal (see Footnote 31) “Beweis der Unmdéglichkeit algebraische Gleichungen
von héheren Graden als dem vierten allgemein aufzuldosen” (pp.65-84) through which it
became widely known. That is why most writers mention the year 1826 in this connection.
Wussing’s reference to this paper, item [6] in |41, p.297], has two inaccuracies: the title and
page numbers do not agree with those actually found (Dhaka University Library, Science
Section, has volumes 1 (1826) to 193 (1954) in original edition).

In the short span of three ycars Abel published 18 papers in this journal, which include
several lengthy memoirs. The importance of this journal in fostering mathematical research,
especially in Germany, can hardly be over-emphasized. Felix Klein (1849-1925) in his
book [27] (Lectures on the Development of Mathematics in the 19th century), rightly devotes
an entire chapter to it (Third Chapter, entitled “The founding of Crelle’s Journal and the
Slourishing of pure mathematics in Germany™). In the world of mathematics, this journal is
still to this day usually referred to as “Crelle”. In the 175 years since his first publication, the
publisher has changed more than once, and many editors have come and gone, but the format
of the journal and its high standards have not changed.

This is the source of the designation “Abelian™ for a commutative group.

Founded 1795; in its founding mathematicians — especially Gaspard Monge (1746-1818) —
played an important role. This venerable institution, in its turn, served as a nurturing ground
for mathematicians. See Chapter 2 of [27] entitled “France and the Ecole Politechnique in
the first decades of the 19th century”.

. This comment on Galois’s work on solvability of algebraic cquations by radicals is quite

comprchensible if we know that it was made by Simeon Denis Poisson (1781-1840), who was
primarily an applied mathematician.

. How prophetic these words have proved to be; see B. M. Kiernan: ~ “The Development of

Galois Theory from Lagrange to Artin”, Archive for History of Exact Sciences, 8 (1971),
40-154. A recent account of Galois’s life is L. T. Rigatelli (translated by J. Denton):
~ “FEvariste Galois (1811-1832)”, Birkhiuser-Verlag, 1996.

Wussing [41, p.251] credits H. Weber (1895) with this term (Normalteiler in German).
Dedekind: Uber Gruppen deren simmtliche Theiler Normaltheiler sind (On groups whose
subgroups are all normal), Mathematische Annalen, 48 (1897), 548-561, confirms it
Ip.548, Footnote].
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The term ‘coset’ was reportedly first used (in this sense) by G. A. Miller (1863-1951) in
1910 130, p.24].

Galois’s symbolic (somewhat unfortunate) notation for the decomposition of the group into

cosets continued to be used well into the twentieth century.

by “Joseph Liouville (1809-1882), Master of Pure and Applied Mathematics”, (title of an
exhaustive biography — pp. x + 804 — by J. Liitzen, Springer-Verlag, 1990), founder-editor of
Journal de mathematiques pures et appliques (Journal of pure and applied mathematics),
founded 1836 (Liouville’s Journal). Galois’s paper “Memoire sur les conditions de
resolubilité des equations par radicaux” is item [229] in Wussing’s Bibliography |41, p.305].

[34] in Wussing’s Bibliography [41, p.298].

Ncarly forty years later, H. Weber made use of Dedekind’s notes of these lectures while
writing his famous ~ “Lehrbuch der Algebra” (Textbook of Algebra), Two volumes
(1895/ 1896).

H. M. Edwards: “Galois Theory” (pp. xiv + 152), Springer-Verlag, 1984, presents an account
of the theory closely following Galois’s original approach. This book contains a translation of
Galois’s “Memoir on the Solvability of Equations by Radicals”, pp. 101-113. A proof of the
theorem on solvability of equations of prime degree is found on p.91. Most recent books on
algebra adopt the approach due to Emil Artin (1898-1962). See E. Artin: “Galois Theory™
(pp. iv + 82), University of Notre Dame Press, 1948.

For precise references see [41, pp.300-301]. One of Cauchy’s major contributions is
contained in a memoir, dated 1844, but published in several parts during 1845-1846. On this
point sec P. M. Neumann: “On the Date of Cauchy’s Contributions to the Founding of the
Theory of Groups”, Bulletin of Australian Mathematical Society, 40 (1989), 293-302. A
recent and thorough study of Cauchy’s work in this area is: ~ A. Dahan: “Les fravaux de
Cauchy sur les substitutions. Etude de son approche du concept de groupe” (The works of
Cauchy on substitutions. Study of his approach to the group concept), Archive for History of
Exact Sciences, 23 (1980), 275-319.

From third edition (1866) onwards in two volumes. Dhaka University Library (Science
Section) has a copy of the 2nd volume of the 6th edition (1910, pp. xii + 694).

Wussing discusses [41, pp.171-177] how Cayley’s work in gcometry influenced the shaping
of the Erlangen Program.

“Cayley prepared the way for Klein’s Erlangen Program of the early seventies by
means of his contributions to geometry as well as by his extension of the group
concept.” |41, p.257]
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46. Sophus Lic (1842-1899)’s extensive work on infinite transformation groups also date from
this time. Lie and Klein were together in Paris in early 1870 (living in adjoining rooms) when
Jordan’s Traité appeared. Inspired by this work and through personal contacts with Jordan,
they decided to explore new applications of groups to gcometry.

47. This is what Klein [27] says about the abstract treatment of group theory in his book quoted in
Footnote 31 above:

“Then {after the publication of Jordan’s Traité] Lie and I dccided to elaborate the
significance of group theory for different areas of mathematics. We stated that a
group is a class of unique operations A, B, C, ... such that the combination of any
two operations A4, B again yields an operation C ofthe class 4. B=C.

In the course of further investigations on infinite groups Lie founds it necessary to
requirc that for each A the group should contain its inverse A”'. Modern
mathematicians cmploy a far paler but more precise definition. One speaks of a
system of things or elements A, 8, C, ... rather than operations. It is then postulated

that ...”
Klein then lists the four group axioms much as we now do and continues:

“Thus there is a complete loss of the appeal to the imagination. On the other hand,
the logical skeleton is carefully prepared. ... This abstract formulation is excellent
for the working out of proofs but it docs not help one find new ideas and mecthods.
Rather, it represents the conclusion of an advance. It therefore secems to ease the
learning process, for it helps one prove known theorems in a flawless and simple
manner. On the other hand, it makes matters far morc difficult for the mind of the
student, for he confronts something closed, does not know how one arrives at these
definitions, and can imagine absolutely nothing. In general, the disadvantage of the
method is that it fails to encourage thought. All one must beware of is that one does
not violate the four commandments.” |41, p.228]
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Chapter 2
Cayley and Abstract Group Theory

2.1 Introduction

Arthur Cayley (1821-1895) graduated from Cambridge in 1842 as Senior Wrangler <1> and was
awarded the prestigious First Smith’s Prize, then served as Fellow and Tutor of Trinity College
(Cambridge) for threec years. Finding no prospect of a permanent academic position, he left for
London and entered Lincoln’s Inn to qualify for the legal profession. He was called to the Bar in
1849; he practised in London as a barrister for the next fourteen years till his appointment as the
first incumbent of the Sadleirian Professorship of Pure Mathematics at the University of
Cambridge. Even during the years of his legal practice, Cayley published a very large number of
research papers in diverse area of mathematics.

Cayley’s work spreads over a very wide range of topics, predominantly in the broad fields of
algebra and geometry. He was onc of the creators of the theory of algebraic invariants <2>, His
Collected Mathematical Papers were published by Cambridge University Press in thirteen
volumes during 1889-1897 and contain 966 items ranging from very short notes to lengthy

memoirs <3>.

2.2 Cayley’s First Paper on Group Theory

2.2.1 Preparation for the Abstract Group Concept

Writers on group theory, before Cayley, all dealt with groups of concrete objects (mostly of
permutations or, more generally, of operations). Cayley prepared the ground for the abstract group
concept by alluding that the operations are assumed to obey the associative law, though in
general, not the commutative law. Indeed, Cayley devoted considerable effort to prepare the
reader for the abstract group concept by alluding to operations, in general, starting thus:

“Let © be a symbol of opcration, which may, if we please, have for its operand, not a

single quantity x, but a system (x, y, ...), so that 6(x, y, ...)=(x", y', ...), where
x', y', ...are any functions whatever of x, y, ..., it is not even necessary that x', y', ...
should be the same in number with x, y, .... In particular x', y', &c. may represent a

permutation of v, y, &c., 0 is in this case what is termed a substitution;” {1, p.123].

He continues:
“... the symbol 1 will naturally denote an operation which (cither generally or in regard to

the particular operand) leaves the operand unaltered, ... . A symbol 0¢ denotes the

compound operation, the performance of which is equivalent to the performance, first of
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the operation ¢, and then of the operation €; 8¢ is of course in general different from
$6. But the symbols 6, ¢, ... are in general such that 0.¢x=0¢.x, &c., so that
Oy, Odpyw, &c. have a definite signification independent of the particular mode of

compounding the symbols; this will be the case cven if the functional operations involved
in the symbols 0, ¢, &c. contain parameters such as the quaternion imaginaries i, j, k;

but not if these functional operations contain parameters such as the imaginaries which
enter into the theory of octaves, &c., and for which, e.g. a.fy is something different

from afd .y, a supposition which is altogether excluded from the present paper <4>."

(1, pp.123-124]
Cautioning the reader,

“The order of the factors of a product 0dy... must of course be attended to, since even

in the case of a product of two factors the order is material”,
Cayley sums up his preparatory remarks as follows:

“... the distributive law has no application to the symbols 64¢...; and that these symbols

are not in general convertible, but are associative. It is easy to see that 0° =1, and that

the index law 0™.0" =0"*", holds for all positive or negative integer values, not
excluding 0 <5>. It should be noticed also, that if O=¢, then, whatcver the symbols

o, [} may be, aOp = adp, and conversely <6>.” [1, p.124]

2.2.2 The Group Concept and the Group Table
After these preparatory remarks, Cayley plunges right into the abstract group concept by saying:

*“ A set of symbols,

L a,B,...
all of them different, and such that the product of any two of them (no matter in
what order), or the product of any of them onto itself, belongs to the set, is said to be
a group' <7> |1, p.124]

3

The use of the term ‘ser’ here, in its precise technical sense, long before Georg Cantor
(1845-1918), is noteworthy. The pivotal role of the symbol 1 as the identity element is tacitly
implied, and the requirement of the associativity is not repcated as being superfluous after the

introductory remarks. The very next sentence is the following:

“It follows that if the entire group is multiplied by any one of the symbols, either as
further or nearer factor, the effect is simply to reproduce the group; or what is the same
thing, that if the symbols of the group are multiplied together so as to form a table, thus:
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Further factors

1 o B
1 1 a B
Nearer o o 2 Bo
o
factors

4 B ofy Bz

that as well each line as cach column of the square will contain all the symbols
Lo,B,...<8>"[1,p.124)

A great deal of information and insight is contained in these words: each of the maps x — xa

(right multiplication by a) and x — ax (left multiplication by «a) is bijective. In other words,
each of these maps effects a permutation of the elements of the group. We have to consider this as
the earliest occurrence of what later came to be known as Cayley’s Theorem, “every group of
order n is isomorphic to a group of permutations on n letters”. This is the real significance of
the sentence quoted above; the introduction of the group table is merely an adjunct.

The reason that the maps x — xa and x— ax are injective is the validity of the right and left
cancellation law in a group. The proof of the cancellation law requires the use of the existence of
inverse elements. It may seem that Cayley is not explicit about the existence of inverse elements
in connection with his introduction of the abstract group concept. One might, therefore, think that
Cayley’s definition of a group is incomplete <9>. The objection may not hold ground, because for
a finite sct closed under a binary opcration, the existence of inverse elements follows from the
closure property in conjunction with the cancellation law “Every finite cancellative semigroup is a

group” <10>.

Further, Cayley’s allusion to the index law 6™.0" =0"*" “for all positive or negative integer
values”, in the preparatory remarks shows that he was fully aware that in a group, every element
© must have an inversc element 07!, because he refers cxpressly to negative values of m or n,
and because negative integral powers of 0 are defined as positive integral powers of 0.

Moreover, in a finite group, 07! is expressible as a positive integral power of 6, a fact implied

but not expressly stated by Cayley (see next Sub-Section).

It appears from Cayley’s writing that he considered the left and right cancellation law as a
consequence of the defining property of a (finite) group; all one can say that he should have
included it as a constituent of the defining property of a (finite) group, an omission which was
rectified by later writers (Kronecker, Weber, Frobenius; sec Chapter 3) <11>. But we really
cannot be sure, whether Cayley implicitly assumed the left and right cancellation law as
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constituting a defining property of a (finite) group; or, whether he considered this law as a
consequence of the (somewhat implicit but essentially complete) group axioms.

2.2.3 The Order of an Element, Groups of Order 4

Observing that “the product of any number of the symbols, with or without repetitions, and in any

order whatever, is a symbol of the group ”, Cayley continues:

“Suppose that the group
Lo,B,...

contains n symbols, it may be shown that each of these symbols satisfies the equation

8" =1; so that a group may be considered as representing a system of roots of this

symbolic binomial equation. It is, moreover, easy to show that if any symbol o of the

group satisfies the cquation 0" =1, where r is less than n, then that » must be a
submultiple of n <12>; it follows that when » is a prime number, the group is of
neccssity of the form

1,0, a, ..., ot (a"=1)
and the same may be (but is not necessarily) the case, when # is a composite number.”
i1, pp.124-125]

Again, a great deal of information and insight is packed into these few lines. First, every element

of a finite group of order » satisfies the equation a” =e (to use present-day notation) and the
order (index in Cayley’s terminology) of every element is a divisor of n. Second, when » is
prime, the only abstract group of order # is the cyclic group of that order, but this may be the
case also for certain composite values of n <13>,

An abstract group of order n may, therefore, be looked upon as constituting a system of roots of
the symbolic equation 0" = 1. The analogy to the system of the n (complex) roots of the equation

x" =1 leaps to the eye; indeed, these roots constitute a cyclic group of order n, whether n is
prime or composite. The analogy is, howcver, tenuous, for it breaks down in the very simplest,
and the first possible, case n=4; in addition to the cyclic group of order 4, there exists a
non-cyclic group 1, o, B, y of order 4. Cayley’s proof of the classification of groups of order 4

is as elegant as any to be found in present-day textbooks. For the latter group he proves

al=pi=y2=1,

o=Py=vB, P=ya=ay, y=of=Pa;

“and we have thus a group essentially distinct from that of the system of roots of the

ordinary cquation xt-1=0" {1, p.126]
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Cayley then mentions three concrete realizations of this abstract group; the first two are groups of
transformations of elliptic functions and binary quadratic forms, respectively, while the third
example is from the theory of matrices with a denoting the operation of inversion and 3 that of

transposition <14>.

2.2.4 Groups of Order 6, Group Algebra

Next, Cayley embarks upon a detailed and careful analysis of all possible abstract groups of
order 6, and proves — much along the lines of present-day textbooks — that there exist two, and
only two, non-isomorphic abstract groups of order six: one is the cyclic group of order 6 and the
other group may be presented in the form

I, a,a?, Y, ay, azy (a3= 1, yz= 1, ya=azy).
Cayley begins his analysis of a group of six symbols 1, a, 3, v, 8, €, by showing that

“... it is impossible that a!l the roots [except 1, of the symbolic equation 0 = 1] should
have the index 2. This may be donc by means of a theorem which I shall for the present

assume, viz. that if among the roots of the symbolic equation 6" =1, there arc contained
a system of roots of the symbolic equation 8” =1 (or, in other words, if among the
symbols forming a group of the order n there are contained symbolis forming a group of
the order p), then p is a submultiple ¢f n [our italics]. In the particular case in question,
a group of the order 4 cannot form part of the group of the order 6.” [1, p.127]

This theorem would be violated, Cayley shows, if the claim made at the outset were false. So,
Cayley has stated here, without proof, Lagrange’s Theorem for abstract groups and applied in a
specific situation <15>,

Having proved the existence of a root [element] of index 3, Cayley prefers to assume that it is o ;
then the group must clearly be of the form
Loa,o?, v, ar, a’y (a=1)

2

where y2 mustbe 1, o, or a®. The supposition yz=a , or yz=a gives the group

Ly, v5, v vy’ ¢f=0).

“It only remains, thereforc, to assume yz =]; then we must have either yo =ay or clse
Yo =a27 . The former assumption leads to the group
1, a, az, Y, ay, azy, (a3= 1, 72= I, ya=ay),

which is, in fact, analogous to the system of roots of the ordinary equation x0-1=0;

and by putting ay = A, might be exhibited in the form 1, v, yz. 73, 74, 75, «% =0,

under which this system has previously been considered. The latter assumption leads to

the group
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Lo, o, v, 00, aly, (aP=1,y2=1, ya=«?y),

and we have thus two, and only two, essentially distinct forms of a group of six.”
[1, p.127]

Denoting the elements by 1, a, B, y, 8, €, Cayley writes down the multiplication table of

both groups.

“An instance of a group of this kind [the non-abelian group of order 6] is given by the
permutations of three letters; the group

La,B,v,0,¢
may represent a group of substitutions as follows:
abc,cab,bca,ach,cba,bac
abc abe abcec abe abce abe

Another singular instance is given by the optical thcorem proved in my paper ‘On a
property of the Caustic by refraction of'a Circle’.” [1, p.129]

This paper is No. 124 in Volume 2 of Cayley’s Collected Papers (pp.118-122) and appeared in
Philosophical Magazine, 6 (1853), 427-431. The geometrical property of the caustic in question
results from the fact that the equation of the caustic is transformed into itself by each of a set of
six substitutions of three parameters <16>. Cayley observes that these substitutions form an
example of the second type of the group of order 6, and also refers to [1].

Cayley then hints at the construction of the group algebra of a group in these words:

«“

.. if instead of considering o, B, &c. as symbols of operation, we consider them as

quantities (or, to use a more abstract term <17>, ‘cogitables’) such as the quaternion

imaginaries; [then] the equations expressing the existence of the group are, in fact the

equations dcfining the meaning of the product of two complex quantities of the form
w+ao+bB+... ;7" [1, p.129]

Thus in the case of the non-cyclic group of order 6,

(w+ao+bB+cy+dd+eg) (W +dad'a+b'B+c'y+dd+e'e)
= (W + Ao+ BB+ Cy + D8 + E¢),
where
W=ww+ab' +a'b+cc’'+dd'+ee',

A=wa"+wa+bb' +dc' +ed +ce',

.. etc. “It is notable that Bartel van der Waerden (1903-1996) saw this as a significant remark

LI 1)

and an early introduction of a ‘group algebra’ ”, says Crilly [p.4] and refers to B. L. van der
Waerden: ~ “A History of Algebra, from al-Kwarizmi to Emmy Noether™, Springer-Verlag, 1985.
Many years were to elapse before this clear hint was taken up and group algebras were accorded

the attention they deserved.
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2.2.5 End of the Paper

Finally, Cayley expresses the hope of resuming the subject of the present paper [1], but for the
present, concludes with two examples of groups of higher order. They are both non-commutative.
Before we reproduce these examples, we pause to wonder whether these were constructed in some
adhoc manner, or whether Cayley had in his possession general examples of non-commutative
groups of orders 2p? and p* (where p is prime).

“The first of these is a group of eighteen, viz.

1, o, B, v, af, Ba, ay, ya, By, vB, aBy, Pya, yaB, afa, ByB, yoy, afyB, PyPo,
where

a?=1 %=1, y2 =1, By’ =1, (y&)® =1, (@) =1,

(apy)? =1, (Bra)® =1, (yaB)? =1;
and the other a group of twenty-seven, viz.

1, o, (12, Y, ‘Y2, ya, ay, ‘\/(12, (XZ‘Y, yza, 0.}’2, YZU.Z, (IZYZ,CX‘Y(X, (X‘YZ(X, (XZY(X, (12‘Y2(X,

(XYO(Z,0.Y2(X2,(12}'(12,OLZYZO.Z,YO.YZ,YO(ZYZ,‘YZO.Y,YZGZY,YZ(IY(XZ,Y(XYZ(XZ,

where

o =1 v’ =1, (yo)’ =1, (Y2’ =1, (ya?)? =1, (y2a?)} =1,

It is hardly necessary to remark, that each of these groups is in reality perfectly
symmetric, thc omitted terms being, in virtue of the equations defining the nature of the
symbols, identical with some of the terms of the group: thus, in the group of 18, the
cquations a? =1, B2 =1, y2 =1, (apy)® =1 give aPy=7yBa, and similarly for all
the other omitted terms. It is easy to see that in the group of 18 the index of each term is
2 orclse 3, while in the group of 27 the index of each termis 3.” [1, p.130]

2.3 Cayley’s Second Paper on Group Theory

In this paper [2], published soon after [1] (but in contrast to [I] it bears no date), Cayley
introduces the concept of normal subgroup of a group (due to Galois) in a somewhat curious
manner by calling a normal subgroup of a group a submulitiple of the group, whereas its cosets are
called (by him) symmetrical holders.

Through his study of “symmetrical holders” Cayley arrives at some important results which,
possibly because they were couched in somcwhat obscure terms, have so far escaped attention.
For one, Cayley shows that the non-abelian group of order 6 has a unique non-trivial normal
subgroup (of order 3). For another, he shows (without using the terminology) that the only other
abstract group (the cyclic group) of order 6 is the (internal) direct product of two subgroups of
orders 3 and 2. To substantiate our interpretation we quote Cayley in full:
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“the group of six
Lo, a’y, v, o, (a’=1,y2=1, oy =ya),

2

is a multiple of the group of three, 1, o, o? (in fact, 1, o, ¢ and vy, ya, yotz are

each of them a symmetrical holder of the group 1, o, az); and so in like manner the
group of six is a multiple of the group of two, 1,y (in fact, 1,y and o,ay and

o?, azy are each a symmetrical holder of the group 1,y ). There would not, in a case

such as the one in question, be any harm in speaking of the group of six as the product of

2

the two groups 1, o, a“ and 1,y, but upon the whole it is, I think, better to dispense

with the expression <18>.

Considering, secondly, the other form of a group of six, viz.
1, o, o?, Y, Yo, yaz, (a3= 1, 72= 1, cxy=ycx2);

here the group of six is a multiple of the group of three, 1, «, o? (in fact, as before,

1, o, o? and Y, Yo, yaz, are each a symmetrical holder of the group 1, a, ozz,

since, as regards v, yo, yaz, we have (v, ya ,ya2)= Y (1,a,cx2)= (l,az,a)y).
But the group of six is not a multiple of any group of two whatever; in fact, besides the
group 1,y itself, there is not any symmetrical holder of this group 1,y ; and so in like

manner, with respect to the other groups of two, 1,ya, and l,yaz . The group of three,

1, a, a2, is therefore, in the present case, the only submultiple of the group of six.”

(2, p.132]

The last paragraph of [2] will be quoted and discussed in Chapter 4.3.

2.4 Cayley’s Third Paper on Group Theory

This paper |3} is the genuine scquel to |1]). Without any preamble Cayley begins:

“I'he following is, [ believe, a complete enumeration of the groups of {order] 8:

L Lo, o o), 0, o, ab, a’ (a8=1).
L 1, a,a?, a3, B, Ba, Pa?, pa’ (a®=1, p2=1, af =Pu ).

L 1, «, a2, o3, B, pa, po?, Bad (=1, p2=1, af =po).

IV. 1, o, o2, a3, B, Bo, Bo?, o (a?=1, p% =a?, Ol[5=l3013).

Vo Loa, B, B,y va, yB, yBa (0¥ =1, B2 =1, y? =1, ap =Pa, ay =y, By =yB).

That the groups are really distinct is perhaps most readily scen by writing down the
indices [orders] <19> of the different terms of each group; these are
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I 1,8 4,828, 4,8
IL 1, 4,2 4,2 4 2 4
L 1, 4, 2, 4, 2,2, 2, 2
IV. 1, 4,2 4,4, 4, 4, 4.
V. 1,222 2 2, 2 2"[3,p.88]

This enumeration is, as wec know, correct and complete; but Cayley does not embark upon a proof
of his belief in this respect <20>.

Cayley next considers the question “why there is no group where the symbols o, are such that

a=1, p2=1, ap=pa’.”

“A group which presents itself for consideration is
Lo, o, o, B, Ba, pa?, pa’® (a*=1, p2=a?, af=pa)
but the indices of the different terms of this group arc
1, 4,2, 4,2 4,2 4,
and if we write o =y, then we find
yz =fafo =pPac = ot =1, oy=apo =pac = yo,
and the group is

2

1, a0, ,a3, Y, Yo, yaz, yot3 (a4=l, y2=1, oy =ya ),

which is the group I1. <21>" |3, pp.88-89]
The group 1V (in Cayley’s enumeration) is the Quaternion group and Cayley discusses it in detail.

“The group 1V is a remarkable onc; ... the naturc of the group in question will be better
understood by presenting it under a different form.”,

says Cayley, and continues:

“In fact, if we write Ba3=y, a?=p?=9, then we find o’= Sar, Ba2= $pB and
Bo =3y, and the group will be
Laoa,B,v,9,302,98,8y,
where the laws of combination are
92=1, a?=p2=y2=3,
By=a,ya =B, af =v,
PB=a3=8a, ay=p3=39p, fa=y3=9y.

Observe that 3 is a symbol of operation such that 3 2=1, and that 9 is convertible with
each of the other symbols o, B, y. It will be not so much a restrictive assumption in

regard to 3, as a definition of —1 considered as a symbol of operation if we write 8 =-1;
the group thus becomes
1) o, Ba ‘Ya_l)_aa‘_Ba_‘Y
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where
012:[32:72:—'-

a=Py=- YB.P=ya=-ay.y=apf =-Pu.

Hence ., B, y combine according Lo the laws of quaternion symbols i, j, & and it is

the only point of view from which the question is here considered which obliges us to
consider the symbols as belonging to a group of 8, instcad of (as in the theory of

quaternions) a group of 4 <22>."[3. p.89|

Cayvley then investigates the conditions under which the mm symbols o”39 (where p has the
values 0. 1. 2,.... m-1; and ¢ has the values 0. 1. 2...., #-1) may form a group for which

a”=1, "=, af=Pa’, where s is a positive integer to be determined.

*.then we find

i = B\'aus" <23
" "
. 5 s
and thercfore if v = 1, o’ =a® or a"® Y =1, whence #(s" ~1)=0(mod. m); or

since w is arbitrary, s" —-1=0(mod. m), an cquation which, il m, n are given,
determines the admissible values of s: thus, for example, if #=2, and m is a prime

. . v
number, then s=1 or s=m-1. The cquation a"f}* =B «"™ shows that any
combination whatever of the symbols «, B can be expressed in the form BYa? (or, if

we please, in the form a”B7)." |3. pp.89-90]

Cayley then carefully shows
“that the assumed law is consistent with the associative law, viz. that the expression
Bbu” 'B‘/uc B" ol

can be transformed in one way only into the form B%a’ 3. p.90]

Indeed. cither manner of forming the above product leads to the result

-

bd+ 15 Caes! ve
B ,/at .

so that the associative law is satisficd.

Thus. s =1(mod m) is a necessary condition for the mn symbols o’ (or. if we please,
B’ ). where p hasthe values 0, 1.2, ..., m-1.and ¢ has the values 0, 1,2, ....n-1.to form a
group.

“In particular, as already noticed. if #=2_,and m is [an odd] prime, then either s =1 or

s =m—1; the two groups so obtained are essentially distinct from each other. If n=2,

but m is not prime, then s has in general more than two values: thus for m=12,
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Rl . . . q= s .
s< =1 (mod. 12), which is satisfied by s=1, 5, 7 and 11 the group corresponding to
s =1 is distinct from that for any other value of s, but I have not ascertained whether the

values other than unity do, or do not, give groups distinct from each other.™ |3. p.90]

Cayley has thus constructed herc the abstract dihedral group of order 2m. As an example. he

writes down the clements of the dihedral group of order 10 as follows:

Lo.a’, o, (14.13,[3(1.[30(2. [3(13.[5014,

where o= 1, [32= 1, a[3=[3(14;

and observes that the indices {orders] of these elements are, respectively,

I.5.5,5.5.2,2.2. 2. 2

and savs:

*“The group is here expressed by means of the symbols a. B. having the indices 5 and 2
respectively, but it may be expressed by means of two symbols having each of them the

index 2. Thus putting Ba=y. we find [32 =1, y2 =1, ([Sy)s =1, which is equivalent

to (yB)° = 1. and the group may be represented in the form

L B.v, By, vB. ByB. vBy. ByBy. vByB. ByByB = yByBy.

the cquality of the last two symbols being an obvious consequence of the equation
(By)" =1. It is clear that for any even number 2p whatever, there is always a group

which can be expressed in this form <24 |3, p.91]

2.5 Concluding Remarks

Cayley’s early papers on group theory apparently had very little influence on his contemporaries.

Even modern writers seem refuctant to give Cayley his due place in the creation of the abstract
group theory <25>. Thus J. Nicholson |32] says that the process of abstraction of group theory

“took place mainly during the period 1870-1890 and was carried out almost exclusively by

German mathemaricians™, and is completely silent on Cayley's seminal contribution to this

process. However, both Wussing and Kleiner clearly recognize Cayley’s contribution in this

respect.

“Cavley published nro [our italics] papers [140, 141] [ [T]. [2] in our list], “On the

)

I'heory of Groups as depending on the Symbolic Equation 0” =17, in which he

presented a remarkable conception of groups <26>. At a time when the Galois theory of

cquations had just began to be known, and when the only explicit groups under study

were permutation groups, Cayley recognized the generalizability of the group concept as
well as the implicitly group-theoretic nature of many contemporary ideas.” [41, p.230}
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“Cayley’s orientation towards an abstract view of groups — a remarkable accomplishment
at this time of the cvolution of group thcory — was due, at least in part, to his contact with
the abstract work of G. Boole <27>. The concern with the abstract foundations of
mathematics was characteristic of the circles around Boole, Cayley, and Sylvester already
in 1840's. Cayley’s achievement was, however, only a personal triumph. His abstract
definition of a group attracted no attention at the time, even though Cayley was already
well known. The mathematical community was apparently not ready for such abstraction:
permutation groups were the only groups under serious investigation, and more generally,
the formal approach to mathematics was still in its infancy.” |28, p.209}

Textbooks also usually ignore Cayley’s contributions to group theory, except for mentioning

“Cayley’s Theorem”. The fact that Cayley had, in his first paper (1854) on group theory,

completely classified abstract groups of orders up to 6, and extended this classification (correctly)

to groups of order 8 (by 1859), is never even mentioned in connection with groups of small
orders <28>.

What is cven morce curious is the fact that the (abstract) non-cyclic group of order 4 should be

named after Klein (Klein’s Vierergruppe), who was a boy of five when Cayley’s first paper

appeared <29>. All these go to substantiate our contention that Cayley’s early papers on group

theory were ignored by his contemporarics and were completely forgotten when abstract group

theory came to be studied by other mathematicians.

Footnotes

First position (in order of merit) in the first class in the fiercely competitive Mathematical
Tripos examination. The order of merit was abolished in 1910.

This elaborate edifice, now almost completely forgotten, reigned supreme during the last
quarter of the nineteenth century, and was the “modern higher algebra™ of the day. See
J. H. Grace and A. Young: “The Algebra of Invariants” (pp. viii + 384), Cambridge, 1903.

A sct is in Dhaka University Library (Science Section). Our Bibliography refers to:
Volume II (pp. x + 606), 1889; Volume IV (pp. xvi + 618), 1891; Volume X (pp. xiv + 6106),
1896; Volume XII (pp. xvi ~ 650), 1897.

It is pertinent to recall that the division ring of quaternions was discovered by Hamilton in
1843, while the non-associative division algebra of octaves (also known as Cayley numbers)
was discovered by Cayley in 1845 (see E. Kleinfeld: “A Characterization of Cayley
Numbers™ in ‘Studies in Modern Algebra’ (editor: A. A. Albert), Mathematical Association of
America, 1966, pp.126-143). Kleiner [28] has obviously misunderstood Cayley’s comments
both here and later (see Footno