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Abstract

The principal aim  o f  this thesis is to trace the developm ent o f  the abstract group concept from its 

first appearancc in 1854 in C ay ley ’s w riting up to 1895, a tim e by w hich this concept had 

becom e w ell-established.

C hapter 1 deals w ith the beginnings o f  group theory, w ith particu lar attention to its roots in 

algebra and num ber theory. In C hapter 2 we exam ine in considerab le detail C ay ley ’s first three 

papers on abstract group theory (1854-59), with special reference to C ay ley ’s form ulation o f  the 

abstract group concept. W e show  -  convincingly, we hope -  that C ay ley ’s definition was 

com plete and unequivocal, in contrast to opinion expressed by som e earlier w riters. T hese early 

papers on abstract group theory seem  to have been com pletely  neglected  and sw ept aw ay by the 

then surging subject o f  perm utation  groups.

The abstract group concept resurfaced in the w ork o f  K ronecker in 1870. C ayley  h im se lf wrote 

four m ore papers on group theory  during the years 1877-78, w hich attracted  w ider attention. 

T hese w ere soon follow ed by the w ork o f  Frobenius &  S tickelberger on abelian  groups. In 

C hapter 3 we discuss these w orks, as also som e early gi'oup-theoretic w ork o f  W eber, Dyck 

and Frobenius (1882-87).

C hapter 4 is devoted to a study o f  the developm ent o f  the concept o f  quotien t group. This is a 

fundam ental concept w hose satisfactory form ulation absolutely  requires the abstract group 

concept. The first explicit definition o f  a quotient group is due to Jordan (1873), in the context o f  

perm utation groups. D yck (1882) had an im plicit understanding o f  the concept, while 

Frobenius (1887) -  as we show  -  narrow ly m issed it in the general case, even though he had 

constructed a particu lar quotient group and used it effectively  in 1884. It w as H older who was 

destined to form ulate it abstractly  in a com pletely satisfactory m anner in 1893.

In C hapter 5 we study F roben ius’s p ro o f (dated 1884) o f  S y low ’s first theorem  in detail, in order 

to bring out clearly  the m any im portant concepts defined and results derived in the course o f  the 

p ro o f  W e also study group actions and prove a num ber o f  results -  including S y low ’s three 

theorem s -  using group actions.

In C hapter 6 we d iscuss a num ber o f  results in abstract group theory  due to Frobenius, particularly 

those in his paper o f  1895 entitled “On Finite G roups” . A lm ost all these results are now  standard 

m aterial in any course on group theory. W e prove a com m utativ ity  theorem  for groups that m ight 

justifiab ly  be nam ed after F robenius, and use it in conjunction  w ith an Aiizalil theorem  o f  

Frobenius (1893) to settle a question, w hich we call Cayley's Quety. W e purj^osely refrain, except 

for m aking a passing  reference, from discussing that splendid creation o f  Frobenius -  the theory 

o f  group characters -  not only because this subject dem ands a separate study  (and such studies are 

available), but really  bccause it falls outside the purview  o f  abstract group theory.
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Explanation

C hapter 1 is based  m ostly  on secondary sources: W ussing (41| and K leiner [28). C hapter 2 is 

based on our study o f  C ay ley ’s papers [1], | 2 ], |3], H ere F. C how dhury ’s essay [10] (w hich was 

m eant as a tribute to C ayley  on the hundredth anniversary o f  his death) on C ay ley ’s early  papers 

on group theory has been very helpful; but we go into m uch m ore details. C hap ter 3 is likew ise 

based m ostly on prim ary  (orig inal) sources and, to som e extent, also  on secondary sources. 

C hapter 4 ow es a great deal to N icholson 132], but goes beyond it at several places. C hapter 5 is 

based both on prim ary and secondary sources; in our discussions we have draw n freely upon 

W aterhouse [38] and Scharlau [34]. C hapter 6, finally, is based alm ost entirely  on prim ary 

sources and contains som e original w ork on our part.

As the final draft o f  this w ork  w as being readied, we received -  through the courtesy o f  the 

author, T. C rilly  -  an electronic copy o f  the m anuscript o f  his paper “The appearance o f  set 

operators in C ayley's group theoiy", published in N ew sletter o f  South A frican M athem atical 

Society, 31/2 (2000), 9-22. T he thrust o f  this paper is quite d ifferen t from  our line o f  inquiry; it 

deals prim arily  w ith “a sm all proportion o f  the correspondence betw een  C ayley and his “ invariant 

tw in” -  c f  E. T. Bell: “M en o f  Mathematics", C hapter 21,J J. J. Sy lvester (1814-1897)” . Crilly 

lists |p p .12-14] all o f  C ay ley ’s w ritings (how ever m inor) that have a bearing  (how ever distant) 

w ith group theoiy, or the group concept. Som e o f  his com m ents will be quoted at appropriate 

places; references w ill be given by nam e (Crilly), follow ed by page num bers in the m anuscript.

The footnotes  are an integral part o f  the text; they are num bered consecutively  in each chapter and 

grouped together at the end o f  the chapter. The “List o f  {Major) References", at the end o f  the 

thesis, contains only  prim ary  sources (that is, items w hich w ere directly  available to us). The text 

and the footnotes contain  additional prim ary and secondary references; the sym bol placed 

before a reference m eans, it w as not available to us. Every effort has been m ade to provide 

appropriate and accurate references and acknow ledgem ents throughout this work.

Item s [34], [37], ]4I] w ere procured through the courtesy  o f  Dr. Sabina C how dhury o f  

San A ntonio, T exas, w hen she w as a Ph. D. student at T exas A &  M U niversity , USA. Items 

[31], [40] w ere kindly  supplied by M d. Shahidul Islam , Ph. D. student at the U niversity o f  

G ottingen, G erm any. All o ther prim ary sources w ere procured from  the D haka U niversity  Library 

(Science Section), Jahang im agar U niversity L ibrary, and personal collection o f  Professor 

Dr. M unibur R ahm an C how dhury.
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C h a p ter  1 

B eg in n in g s  o f  G rou p  T h eo r y

1.1 Introduction

G roup theory has, hke the river N ile, many sources: in algebra, geom etry, num ber theory, and in 
analysis. O f  all these sourccs that in algebra -  in the theory o f  solvability  o f  algcbraic equations, 

to be specific -  is un iversally  deem ed to be the m ost im portant < 1 >.

A lready the ancien t B abylonians (around 1600 B.C.) knew  how  to solve num erical problem s 

involving quadratic  equations (by com pleting the square). M edieval m athem aticians (especially, 

O m ar K hayyam  (1050-1123), the poet) had devised geom etric m ethods for so lving special cubic 

equations <2>. B ut the absence o f  a sym bolic algebra im peded further progress in this direction. 

R enaissance lu irope saw  the cm ergcnce o f  sym bolic algebra; tlie m ost im portant nam e here is (hat 

o f  I’Yancois V icta (1540-1603) <3>. 'I'he sixteenth century w itnessed an explosive grow th in 

algebra. By the m iddle o f  that century Italian m athem aticians had obtained explicit form ulas for 

the solutions o f  cubic and quartic equations (w ith undeterm ined coefficients). Like the fam iliar 

form ula for the solution  o f  the quadratic equation, those o f  the cubic and quartic  equations 

involved radicals (surds) o f  expressions derived fi'om the coefficients <4>.

1.2 Lagrange

M athem aticians then attem pted to solve the general quintic (algebraic equation  o f  degree five) by 

sim ilar m ethods; but all such attem pts -  stretching over the greater part o f  the next tw o centuries -  

w ere in vain. It w as in this deadlocked situation that Joseph Louis Lagrange (1736-1813) turned 

his attention to this prob lem  in his lengthy m em oir ~  “Reflexions sur la resolution algehrique des 

equations" <5>  (T houghts on the algebraic solution o f  equations), published by the Berlin 

A cadem y in several parts during 1772-73, asked the question

"What is it that make the general equations o f  degrees 2, 3 and 4 solvable by radicals'}"

Lagrange begins by analyzing the various know n m ethods for so lving cubic and quartic equations. 

He show s that the com m on feature o f  these m ethods is the reduction o f  such equations to 

auxiliary equations, the so-called resolvent equations. The latter are one degree low er than the 

original equations. N ext Lagrange attem pts a sim ilar analysis o f  polynom ial equations o f  arbitrary 

degree n. W ith each such equation  he associates a “resolvent equation" as follows:

“Let /(.v ) = 0 be the given equation, with roots .V|, X j ..... x„ . Form a rational function

R (.V|, X2 , ..., -v„) o f the roots (with numerical coefficients. Lagrange describes methods 

for doing this). Consider the different values which R {x^,x2 , ..., x„) assumes under all 

the /;! permutations of the roots .X|, .v j, . . . . of f { x ) .  If these are denoted by

4
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}’2, ■■■■> )'k > resolvent equation is given by g(.v) = 0 , where

g(.v) = ( a- -  >’i )(,v -  y i)...{x  -  yi^). Lagrange shows that k divides ;i! <6 >. For example, if

/(.v ) is a quartic with roots .V], -tj, A4  , then R X j, x^ , x ^ )  may be taken to

be A|.V3  + a'2 .V4  , and this function assumes three distinct values under the 24

permutations o f A|, a'2 , A3 , A4 . Thus the resolvent equation o f  a quartic is a cubic.

However, in carrying over this analysis to the quintic, he finds that the resolvent equation 
is o f degree six.” [28, p. 196]

This brought liim to a dead end. A lthough Lagrange did not succced in resolving the problem  o f  

algebraic solvability  o f  the quintic, his w ork was im portant for the insights and inspiration it 

provided to the next generation o f  m athem aticians. It w as the first tim e that an association was 

m ade betw een  a polynom ial equation and the perm utations o f  its roots. It is the deeper study o f  

this linkage that Lagrange (rightly) believed, form ed “the true principles fo r  the solution o f  

equations”. C oncluding  his “Reflexions” Lagrange prom ised to return to  the subject but he never 

did. W ussing [41] sum s up the accom plishm ents o f  this great m em oir as follow s;

“Lagrange showed that all known solutions of equations of degree not exceeding four 
defined rational functions of the roots that take on a small number o f different values as a 
result o f  all the permutations o f the roots. What remained unclear, and was thus revealed 
as a problem, was whether this was an accident or a manifestation o f deeper relations, as 
yet unknown, whose discovery -  o f this Lagrange was sure -  would provide starting 
points for the treatment of equations o f higher degree. ... Finally, in view o f all the 
unsuccessful efforts to solve higher-degrce equations by radicals, Lagrange’s conclusion 
that equations o f degree higher than four caiuiot be solved by radicals by means of the 
known methods for the solution of equations of degree up to four, strengthened the 
conviction o f  mathematicians that no such solution is possible.” |p.79|

The question arises, as far as w e arc concerned, w hether L agrange’s w ork contains the germ  o f  
the group conccpt <7>. W ussing believes that it does:

it is remarkable to see in Lagrange's work the germ, in admittedly rudimentary form, 
of the group concept. Inspite o f the fact that Lagrange always speaks o f “permutations” 
without ever using a calculus o f permutations, the idea o f a group arises quite naturally 
from his question about the number of values o f rational functions o f |a variables”.

I41,p.78|

This he says despite  conceding  that

“ l.agrange does not consider the composition o f permutations and certainly not the 
question o f the closedncss of a system of permutations.” [41, p.79|

W ussing expresses his surprise [41, p .266, Footnote 52] that this po in t is com pletely  overlooked 

by H. B urkhardt in his article ~  “Die Anfdnge der Gruppentheorie und Paolo Ruffini” (The 

B eginnings o f  G roup T heory  and Paolo R uffini) <8>. B urkliardt’s silence on this po in t can only 

mean that in his opinion the germ  o f  the group concept cannot be attributed  to l.agrange <9>.

5
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Leonhard E uler (1707-1783) and Lagrange arc considered to be the tw o greatest m athem aticians 

o f  the eighteenth  century. A native o f  Turin (Italy), Lagrange w ent to Berlin in 1766 to succeed 

Huler as a full-tim e, salaried  m em ber o f  the Berlin A cadem y <10>. In 1788 he m oved to  Paris. 

Lagrange m ade fundam ental contributions to m any areas o f  pure and applied m athem atics and his 

nam e lives on innum erous contexts. Lagrange is perhaps best know n for his “Mecanique 
Amilytique" (1788), w hich contains “Lagrange's equations o f  motions'' but -  as Lagrange pointed 

out in the preface -  not a single diagram . This great w ork has been called a “scientific poem "  by 

W illiam  Row an H am ilton (1805-1865), the d iscoverer o f  quatern ions and one o f  the authors o f  

“Hamillon-Jacobi equations"  o f  classical m echanics.

1.3 Ruffini

The next significant step in the theo iy  o f  solvability  o f  algebraic equations w as taken by the 

m any-sided Italian Paolo Ruffini (1765-1822). Ruffini w as the first to assert -  and to attem pt a 

p ro o f o f  -  the insolvability  by radicals o f  general algebraic equations o f  degree higher than the 

fourth. Ruffini pub lished  no few er than six versions o f  his p ro o f over the period 1799-1807. 

These have been thoroughly  analyzed by B urkhardt in the article ju s t m entioned in the context o f  

appearance o f  g roup-theoretic  ideas. In his work, the theory o f  perm utations is not m erely a 

com puting device but a structural com ponent o f  the solvability  theory. R u ffin i’s publication o f  

1799 w as a tw o-volum e treatise on algebra <11>. A lready in this w ork, the perm utation-theoretic 

group concept appears w ith full clarity , albeit w ith a different term inology. R uffin i, like Lagrange, 

is concerned w ith  perm utations that leave a rational function o f  the roots invariant; but -  unlike 

Lagrange -  he deals also  w ith the to tality  o f  such perm utations and the ir properties. He calls such 

a set o f  perm utations a “perm utazione"  < 1 2 >.

Ruffini calls the num ber p  o f  perm utations that leave invariant a given function o f  the n roots o f  

an equation  the “degree o f  equality". This concept thus coincides w ith the “order" o f  a 

(perm utation) group. In this connection, Ruffini quotes L agrange’s resu lt to the effect that p  
divides //!. Ruffini goes on to determ ine the value o f  p  for all g roups that occur in connection 

w ith five quantities (the five roots o f  a quintic). In term s o f  content, this investigation am ounts to 

an alm ost com plete determ ination  o f  all subgroups o f  the sym m etric group S ^. In this way

Ruffini obtains the im portant result that p  can never be 15, 30, or 40; that is, there are no rational 

functions o f  five quantities that can take on 8, 4, or 3 d ifferen t values, w hen these quantities are 

perm uted in all possib le , 120, w ays. On the basis o f  this correctly  proved  group-theoretic  result, 

Ruffini gives a p ro o f -  w ith som e gaps -  o f  the insolvability  o f  the general quintic  equation 

by radicals.

R uffin i’s later papers, besides giv ing im proved versions o f  his proof, contain im portant 

group-theoretic  results <13>. For exam ple, he proved that the group o f  pennu ta tions associated 

w ith an irreducible equation  is transitive <14>. T he previously  cited  article o f  B urkhard t’s puts 

R uffin i’s contribution  to the developm ent o f  the theory o f  perm utation  groups in proper 

perspective. In particular, he defines R uffin i’s place vis-a-vis C auchy, w ho is usually  given the

6
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credit for creating  an independent theory o f  perm utation groups <15>. Before continuing w ith this 

Hne o f  developm ent, we pause to have a glance at the num ber-theoretic roots o f  group theory.

1.4 Euler

A uthor im portant sourcc o f  finite groups, w hich even predates L agrange’s w ork, is N um ber 
Theory; how ever, the groups occun ing in num ber-thcoretic contexts are abelian. T he pioneering 

w ork here is E u ler’s paper on pow er residues (1761) <16>. T he principal result o f  E u ler’s that 

concerns us here is;

E u le r ’s T h e o re m  If  a, n are coprim e (natural) num bers, then s  1 (m od /?)■ <17>

W hen p  (prim e), it reduccs to

F e rm a t’s T lie o re in  s i  (m od p), w here p  ^  a. <18>

E uler’s Theorem  is the special case o f  the theorem  below , applied to the group o f  prim e residue 

classes m odulo  n, w hose order is (p(/;).

T h e o re m  If  G is an abelian  group o f  order n, w ith  identity  elem ent e, then a"  = e  holds for 

evei7  fl e  G . <19>

P ro o f  As .V a in s  through the elem ents o f  G once, so does ax. By virtue o f  the com m utative law,

n  .V equals the product
xeG

n ( a A )  = ( n « ) ( n ^ )  = « " n ^ -
xeC xeG xeCi xeG

C ancelling  ^  > from  bo th  sides o f  this (im plicit) equality, we get the result. 
xeG

E uler’s paper is d iscussed  in m ore detail by W ussing (41, pp.48-51]; he says that it provides a 

clear exam ple o f  group-theoretic  thinking; and show s that in the context o f  his study o f  residues

o f  a ' ’ m odulo a prim e num ber p , Euler arrived at results that are special cases o f  L agrange’s 

Theorem.

In recognition o f  E uler's pioneering, albeit implicit, group-theoretic work we propose to call the 
multiplicative group o f  prim e residue classes modulo n, the “E u ler  group m odulo n", and denote 

it by E„ <20>.

E uler w as by far the m ost p roductive and prolific m athem atician  in history <21>. N o other 

m athem atician  has as m any item s (equations, form ulas, theorem s) attached to his nam e as has 
Euler. Born in Sw itzerland, he spent his entire adult life abroad, m ostly  in St. Petersburg  (Russia)

7
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and -  in betw een Iw enty-five years (1741-1766) -  in Berlin. He lost sight o f  one eye in 1735 and 

becam e com pletely  b lind in 1766. But these afflictions could not ham per E u ler’s astonishing 

productivity . H e w rote m any books; his "Vollstiindige Anleitung zur A lgebra” (A  C om plete 

Introduction to A lgebra), d ictated to an assistant and published in 1770, w as a very popular 

textbook for well over a cen tury .< 22>

1.5 G auss

Carl Friedrich G auss (1777-1855) w as bom  o f  m odest parentage in Braunschweig  (B runsw ick) in 

G erm any. H is ex traord inary  talent in arithm etic was ev ident very early  and his m athem atical 

precocity recognized  w hen he w as a student at the local C ollegium  C arolinum . Supported by a 

stipend o f  the D uke o f  B raunschw eig, he enrolled at the U niversity  o f  G ottingen in 1795. He 

earned a doctorate, in absentia, from  the U niversity  o f  H elm stedt (since defunct) <23> on what 
cam e to be know n as the findainciital theorem o f  algebra. A long w ith A rchinicdcs (3rd 

C entury B .C .) and Isaac Ncw'ton (1642-1727), G auss is recognized as one o f  the three greatest 

m athem aticians o f  all time.

The 19th century began ausp iciously  for the young G auss <24>. T he first asteroid, Ceres, was 

discovered by the Italian astronom er G. Piazzi (1746-1826) in his observatory  at Palerm o right on 

the night o f  1st January , 1801, w ho observed it for forty days before it d isappeared. From  the 

records o f  his observation G auss w as able to calculate its orbit and predicted  its reappearance later 

that year at a specific position . The rediscovery  o f  C eres on 7th D ecem ber 1801, v indicated G auss 

and m ade him  an instant scientific  celebrity. But o f  m uch greater significance w as the publication 

in that sam e year o f  G au ss’s m agnum  opus “Disqidsitiones Arthmeticae" (A rithm etical 

Researches) (22], w hose m anuscrip t was com pleted in 1798 <25>. G auss began his research 

w hile he w as still in his teens; he independently  discovered m any basic results in num ber theory

and arrived at m any new  conccpts and results, w hich are system atically  set forth in this great

book.

Exam ples o f  group-theoretic  argum ents and results occur profusely  in G au ss’s work. He 

extensively  dealt w ith four concrete exam ples o f  finite abelian groups: the additive group o f  

residue classes m odulo  n, the Euler group  (the m ultiplicative group o f  (relatively) prim e residue 

classes) m odulo n, the m ultip licative group o f  the «-th com plex roots o f  unity, and the group o f 

equivalence classes o f  b inary  quadratic form s <26>. He established m any significant properties o f  

these groups using reasonings and m ethods that are proto types o f  m odern algebraic proofs. For 

exam ple. G au ss’s expression  ‘‘Hhe exponent to which a belongs modulo n" (w here a is coprim e 

to n) refers sim ply to the order o f  a as an elem ent o f  the group E„ . T hat “a is a prim itive root 

m odulo n" m eans, £■„ is a cyclic group and a  is a generator. G auss proved that E„ is cyclic <=> 

n = 2, 4, / / ' ,  or 2 p '' (j) odd  prim e and v > 1).

The deepest g roup-theoretic  resu lts and insights occur in the last part o f  the great work, which

deals w ith cyclotomy. G auss considers the cyclotom ic equation
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xP-\ +xP-^  +... + x  + \ = 0 ,  

w here p  is an odd prim e. G auss proved that it is irreducible over rational num bers and 

determ ined its G alois group, w hich is cyclic o f  o r d e r /7 -1. G auss gave an explicit m ethod o f  
reducing this equation  to a sequence o f  auxiliary equations, show ing effectively  that this equation 

is alw ays solvable by radicals. For m ore details sec [41, p p .52-551 and R. K ochendorffer’s article 

“Gauss' algebraische Arheiten"  (G auss’s algebraic w orks) |pp .82 -91 | in “ C. F. Gauss: 
Gedenkbancr edited by II. R eichardt, T eubner (Leipzig), 1957 <27>.

B esides resolving a tw o-thousand  year old geom etrical problem  <28>, these results w ere o f  great 

significance for the further developm ent o f  solvability  o f  algebraic equations by  radicals. Both 

Abel and G alois, w hose contribu tions we next consider, though only  briefly , knew  G au ss’s results 

and m ethods and acknow ledged him  explicitly.

D espite the profusion  o f  w hat are essentially  group-theoretic m ethods and proofs, it cannot be 

reasonably claim cd that G auss had the abstract group concept; in any case, these investigations 

constitu te one o f  the sources o f  group theory. G auss’s im plicit results on the structure o f  finite 

abelian groups w ere extended by his pupil E. Schering (1833-1897) to the concrete case o f  groups 

o f  equivalence classes o f  b ina iy  quadratic forms. Schcring found certain  fundam ental classes from 

w hich all classes o f  form s could  be obtained by m ultiplication. In group-theoretic  term s, Schering 

had found a basis o f  the abelian  group o f  classes o f  binary quadratic  forms.

1.6 Abel

The next person in our stoi'y is the short-lived, but trem endously influential, N iels H enrik Abel 

(1802-1829). Abel read L agrange’s “Reflexions" w hile still a high school student and studied 

G auss’s “Disquisiliones Arithmeticae" thoroughly as a first-year student at the U niversity o f  

C hristiania (now , O slo). A bel m ade h im se lf fam iliar also w ith C auchy’s resu lts o f  1815 on 

perm utations.

At first, Abel thought that he had found the solution o f  the general quintic , but soon realized his 

m istake. It then daw ned on him  that w hat was required w as a p ro o f o f  insolvability  o f  the general 

quintic by radicals. Lagrange w as skeptical about the possibility  o f  proving solvability; while 

G auss w as convinced o f  the insolvability  <29> though he did not indicate reasons for his 

conviction. For A bel, the p ro o f o f  insolvability  was a test o f  his unfolding genius. He published 

his p ro o f in 1824 in a pam phlet in French <30>.

N ext year Abel undertook a study tour o f  G erm any and France. In Berlin  he m et w ith A ugust 

Leopold C relle (1780-1856), an am ateur m athem atician and a civil engineer by profession (he 

built the first railw ay in G cm iany, in 1835). C relle w as then m aking plans for launching a 

research jou rnal in m athem atics. R ecognizing A b e l’s talent and accom plishm ent, C relle invited 

him  to contribute to h is p roposed “Journal fu r  die reine und angewandte M athemalik" (Journal 

for pure and applied M athem atics) <31>.
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T liroughout his short life A bel engaged h im se lf w ith the tw o central problem s in the area o f  

so lvability  o f  algebraic equations:

(i) to find all equations o f  any given degree that are algebraically  solvable (that is, 

so lvable by radicals);

(ii) to decide w hether a given equation is algebraically  solvable or not.

A bel m ade substantial progress on both these problem s. Me proved, for exam ple, that: if  the group 

o f  perm utations o f  the roots o f  an equation is com m utative <32>, then the equation is solvable by 

radicals. It m ay be recalled  that in the case o f  the cyclotom ic equation , the corresponding group is 

cyclic. So, A b e l’s resu lt is a significant generalization o f  G au ss’s result. H ow ever, Abel did not 

explicitly  co n sb u c t the group o f  the equation, and used the term  "group' in the sense o f  a 

collection.

1.7  G a lo is

Evariste G alois (1811-1832) is unquestionably the m ost tragic figure am ong m athem aticians. 

B om  in a w ell-educated  fam ily, he d isliked routine school w ork, and lack o f  system atic 

preparation resulted  in tw o failed attem pts to enter the prestig ious Ecole Polytechnique <33> in 

Paris. L ike G auss and A bel, G alois began independent research very early  and subm itted several 

papers to the French A cadem y o f  Sciences. These w ere either lost o r m islaid (e.g. by Cauchy), or 

returned as “incomprehensible" <34>. It was a tim e o f  political turm oil in F rance and G alo is’s 

outspoken political view s resu lted  in his arrest m ore than once. He w as challenged to a pistol-duel 

for reasons and in c ircum stances w hose details are not entirely  clear; but he had a prem onition 

about the outcom e. T he n igh t before the duel, he w rote about his d iscoveries to a close friend, 

scribbling “/  have no time" several tim es in the course o f  the letter. Possib ly  because o f  his bitter 

experience w ith F rench  m athem aticians, he requested his friend to “pithlicly ask Jacobi or Gauss 
to give their opinion not o f  the truth, but o f  the importance o f  these theorems. After this, 
there will, I  hope, be people who will f in d  it to their advantage to decipher all this 
mess" |41 , p .l 16]. <35>

It is no exaggeration  to say that the problem  o f  solvability  o f  algebraic equations by radicals 

found a satisfactory  answ er in the hands o f  Galois; and the concept o f  “the group o f  an equation" 
w as the vehicle to this end. G alois also discovered finite fields (such fields are also called 

Galois fields).

G alois w as the first to  use the term  'group' in a technical sense -  to him  it signified a collection o f  

perm utations closed under m ultiplication;

“if one has in the same group the substitutions 5 and T  one is certain to have the 
substitution ST." |4 1 ,p . l l l ]
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He recognized that the m ost im portant properties o f  an algebraic equation are reflected  in certain 

properties o f  a group uniquely  associated w ith the equation -  “the group o f  the equation”. To 

describe these properties he invented the fundam ental notion  o f  uormal subgroup  <36> and used 

it to great effect. W hile the issue o f  resolvent equations preoccupied Lagrange, Ruffini and Abel, 

G alo is’s basic idea w as to bypass them , for the construction o f  a reso lvent required  great skill and 

w as not based on a clear m ethodology. G alois noted instead that the existence o f  a resolvent was 

equivalent to the ex istence o f  a norm al subgroup o f  prim e index in the group o f  the equation. This 

insight shifted consideration  from  the resolvent equation to the group o f  the equation and its 

subgroups. G alois defines the group o f  an equation as follows:

“Given an equation with roots are a. h. c, ... there will always be a group o f  
permutations o f  the letters a, b, c, ... with the following property:

/. AH functions o f  the roots invariant under the substitutions o f  the group are rationally 
determinable, and

2. Conversely, all rationally determinable jiuutions o f  the roots are invariant under the 
substitutions." |41, p. 1 1 2 ]

G alois arrived at he notion o f  norm al subgroup through decom position  o f  groups into 

cosets <37>:

“hi other words, wlien a group G contains another subgroup H, then the group G can 
be divided into groups that are obtained by performing the same substitution on the 
permutations o f H, so that

G = H + HS + HS' + ... <38>.

It can also be divided into groups will) the same substitutions so that

G = l l  +TH + T'H + ... .

These two kinds o f decomposition do not ordinarily coincide. When they do, the 
decomposition is said to be proper." [41, p. 115|

A crow ning ach ievem ent o f  G a lo is’s w ork w as the follow ing theorem :

“For an irreducible equation o f  prime degree to be solvable by radicals, it is necessaiy 
and sufficient that, given any two o f  the roots, the others can be rationally 
deduced"  [41, p. 110|

G a lo is’s w ork w as published in 1846 <39>. Initially, its novelty  and sketchy nature im peded its 

w ide dissem ination . Enrico  Betti (1823-1892)’s elaboration o f  G a lo is’s w ork (1852) <40> aided 

its better understanding  and w ider appreciation. R ichard D edekind (1831-1916) lectured on 

G alo is’s theory  at the U niversity  o f  G ottingen as early  as 1857 <41>. L eopold K ronecker 

(1823-1891) w as ano ther m athem atician w ho m ade a thorough study o f  Galois Theory <42> 
around the sam e tim e. W ussing [41, p p .l 19-144] d iscusses in great detail the in lluence o f  Galois
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in France, G erm any, Italy and England throughout this tim e upto 1870, the year o f  publication o f  

C. Jo rdan ’s Traite (see C hapter 3.1).

1.8 Caiicliy

A ugustin Louis C auchy (1789-1857) w as bom  in the year o f  the French R evolution and died in 

the year o f  the Sepoy M utiny in hidia (now  som etim es fondly called the First S tm ggle for 

l^iberation). C auchy is best know n for his w ork in A nalysis, but he w as a versatile m athem atician 

w ho w rote profusely  on a w ide variety  o f  subjects in pure and applied  m athem atics.

As already stated, C auchy is usually  credited w ith the creation o f  an independent theory o f  

perm utation groups. He initiated the study o f  perm utations in 1815, and returned to the subject 

thirty years later, m aking extensive contributions <43>. Initially  (in the 1815 papers), Cauchy 

uses no special nam e for the sets o f  perinutations closed under m ultiplication.

“However, he recognizes their importance and gives a name to the number o f elements in 
such a closed set, calling it “diviseur indicatif’. In the 1844 paper he defines the concept 
o f a group of permutations generated by certain elements;

‘Given one or more substitutions involving some or all o f the elements a:, y, z ...... I call
the products o f these substitutions, by themselves or by any other, in any order, derived 
substitutions. The given substitutions, together with the derived ones, form what I call a 
syslem o f  conjugate substitutions.'

In these works, which were very influential, Cauchy makes several lasting additions to
the terminology, notation, and results o f permutation theory. For example, he introduces

/  \
X  V z

the permutation notation in use today, as well as the cyclic notation for
U ' 2 y )

permutations; defines the product of permutations, the degree of a permutation, cyclic 
permutation, transposition; recognizes the identity permutation as a permutation; 
discusses what we would call today the direct product o f two groups; and deals with the 
alternating groups extensively. Here is a sample of some o f the results he proves.

(i) Every even permutation is a product o f 3-cycles.
(ii) If p  (prime) is a divisor of the order of a group, then there exists a subgroup of order 

p. (This is known today as “Cauchy’s Theorem”, though it was stated without proof 
by Galois.)

(iii) Determined all subgroups of S -̂ , .V4 , ^ 5 , Sf, (making an error in Sf, ).

(iv) All permutations which commute with a given one form a group (the centralizcr of 
an element).” [28, p.2 0 2 ]

A m ong the m athem atic ians w ho soon follow ed C auchy in furthering the study o f  perm utation 

groups, perhaps the m ost prom inent was J. A. Serret (1819-1895). W ussing [41, p p .145-154] 

discusses S crre t’s w ork in considerable detail, particularly  as reflected  in successive editions o f
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his influential book  ~  “Cours d ' algebre superiew e"  (first published in 1849) <44>. As far as we 

are concerned, the beginnings o f  group theory cam e to an end in 1854 w ith the explicit 

form ulation o f  abstract group concept by Cayley.

Lastly, we should po in t out that another im portant source o f  group theory  is in geom etry and 

analysis, w here groups o f  transform ations o f  various kinds occur naturally; these groups are 

usually  infinite (for exam ple, the group o f  translations and the group o f  ro tations in analytic 

geom etry; the group o f  b ilinear transform ations in analysis). W ussing discusses at great length 

instances o f  im plicit group-theoretic  thinking in geom etry and the transition  to the concept o f  a 

transform ation group as a unifying thread in geom etry [41, pp.25-47; 167-229]. The m ost 

im portant developm ent in this area is K le in ’s “Erlangen Program” w hich aim ed at a 

group-theoretic classification  o f  all o f  geom etry <45>. This, how ever, dates from  1872 <46>, long 

after C ay ley ’s form ulation  o f  the abstract group concept. T herefore, w e refrain  from  discussing 

these developm ents, particularly  because geom eters, including even K lein, never really  cared 
m uch for the abstract group concept <47>.

Footnotes

1. “A( least the theory o f finite groups has, quite clearly, developed predominantly from 
Galois Theory.” [ p .5 1, Footnote 7|,

says W . Scharlau [34], w hile P. M. N eum ann, in the article m entioned later in Footnote 43, 

says:

“Galois’ work and the 1845 papers by Cauchy are the two sources that introduced 

group theory to mathematics.” [p.293|

W ussing [41], w ho thoroughly  exam ines all sources o f  the group concept, takes -  quite 

naturally  -  a w ider v iew  and says:

“Group theory went through implicit stages of varied duration, in number theory, in 
geometry, in tlie theory o f algebraic equations, and even in analysis.” [p.255)

2. C. B. Boyer: “A History o f  Mathematics" (pp. xx + 715), Second Edition (R evised by 

U ta M erzbach), J. W iley , 1991, p .31 and p.241,

3. The re lations expressing the elem entary sym m etric functions o f  the roots o f  an algebraic 

equation  are nam ed after him .

4. The form ula for the solu tion  o f  the (reduced) cubic equation is nam ed after G eronim o 

C ardano (1501-1576), bu t he w as not the discoverer.

5. This is item  [447] in W ussing ’s B ibliography |41 , p.313], com prising  747 entries.
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6. This is the source o f  w hat we know  as “Lagrange's Theorem" in group theory  (to the effect 

tliat the order o f  a group is an integral multiple o f  the order o f  each o f  its subgroups).

7. To be sure, perm utation groups do occur in Lagrange’s w ork. For exam ple, the octic group 
(the diiiedral group o f  order 8) appears in §108 o f  “Reflexions” as the set o f  all perm utations 

on four letters;

(1 ),(1  3)(2 4 ),(1  2 3 4), (1 4 3 2 ),(1  3), (2 4), (I 2)(3 4), (1 4)(2 3)

w hich leave the function XiX^ + A 2.V4 unchanged. See M iller |30 , p.4]. T he point is w hether 

Lagrange realized  that such sets w ere groups in the technical sense.

8. Item [69J in W u ssin g ’s B ibliography [41, p .299 |.

9. T he question w hether the germ  o f  the group concept is discernible in L agrange’s w ork, is akin 
to the frequently discusscd question wlicther liuclid knew the h'undam cnlal T heorem  t)l' 

A rithm etic. N o less a num ber-theorist than Melmut Ilasse  (1898-1979), opines that “we must 
assume that the theorem  vrai- known to the Greeks" and says that “one cannot understand why 

it is not expressly form ula ted  in the highly systematic, othenvise to the smallest details laid 

out. compendium  [E u c lid ’s E lem ents]” . [“Vorlesungen iiber Zahlentheorie" (pp. xii + 474) 

(Lectures on N um ber Theory), Springer-V crlag, 1950, p .20]. G odfrey  H arold Hardy 

(1877-1947), on the o ther hand, m akes the follow ing com m ents on this question [G. H. Hardy 

& E. M. W right: An Introduction to the Theoiy o f  Numbers (pp. xvi + 419), O xford, 

3rd edition, 1954, p. 182);

“It might seem strange at first that Euclid, Iiaving gone so far [as stating and proving 
Proposition VII. 30: p \ »b p  \ a ov p  \ b ■. “The Fundamental Property o f  
Prime Numbers''] would not prove the fundamental theorem itself; but this would 
rest on a misconception. Euclid had no formal calculus o f multiplication; it would 
have been most difficult fo r  him even to state the theorem [our italics]. He had not 
even a term for the product of more than three factors. The omission o f the 
fundamental theorem is in no way casual or accidental. Euclid knew very well that 
the theory o f numbers turned upon his algorithm, and drew from it all the return he 
could.”

E uclid ’s statem ent o f  P roposition 30, Book VII, reads;

“If two numbers by multiplying one another make some number, and any prime 
measure the product, then it will also measure one of the original numbers.”
IT. L. Heath: The Thirteen Books o f  Euclid's Elements, Volume 2 (pp. iv + 434),
1956 (first published in 1908), p.331|

1 0 . In the e ighteenth  century  it w as custom ary for scientific academ ies to em ploy scientists in 

such capacity  for conducting  research.

11. Item  [592] in W ussing ’s B ibliography [41, p .3 I7 |.
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12. 'I'hus, R uffin i’s "penm itazione"  coincides what later C auchy called  a '"system o f  conjugate 
penm itations” and G alois called a (pem iutation) "group".

13. Item s [593J to [602] in W ussing’s B ibliography |41 , pp .317-318 |.

14. See M. Hall [24, p .551, for definition o f  transitive permutation group.

15. Initially, C auchy m ade a vague reference to R uffini as his predecessor in this area; but in his 

later treatm ent o f  the subject. Cauchy m entioned neither R uffini nor any other author. See 

Footnote 43.

16. Item  [193] in W ussing ’s B ibliography [41, p .304],

17. (p(«) denotes the num ber o f  positive integers not exceeding n and coprim e to n (E u ler’s 

(p-function). T he notation (p(//), as also the congruence notation , w as introduced by 

G auss (1801) |2 2 ,p .2 0 ,p . l l .

18. F ennat had announced  this theorem  in a letter w ritten in 1640 [22, p.32. Footnote 1]; it was 

E uler w ho published  the first p ro o f based on the result

(x  + y ) ' ’ = x ' ’ y ' ’ (m od p), w here p  is prim e.

19. G erm an w riters usually  refer to this result as "‘Ferm at's (little) Theorem", apparently 

fo llow ing Frobenius and S tickelberger [12, p .230].

20. It is the group o f  units o f  the ring Z„ o f  residue classes m odulo n\ as such it is often denoted

by Z,,**. T he notation £„  agrees well w ith the estab lished  notation , <3>„(jr), for the 

cyclotom ic polynom ial o f  index n. (p(/;) is the degree o f  the polynom ial 0 „(a-) and the 

order o f  the group . F. N evalinna (not to be confused w ith his m ore fam ous elder brother 

R o lf N evalinna) in his ~  "Einfiihrung in die Algebra und die Theorie der algebraischen 
Gleichungen" (In troduction  to A lgebra and the Theory  o f  A lgebraic Equations) (p.218), 

B irkhauser-V erlag , 1965, denotes this group by P{n), but falls short o f  giving it a 

d istinctive nam e.

21. An in ternational com m ission w as form ed in 1911 to bring ou t a com plete edition o f  E u ler’s 

C ollected Papers {Opere Omnia)-, over eighty volum es have been published  and the task is not 

yet over. W e m ay recall that R abindranath T agore (1861-1941)’s “Rachanabali"  (Collected 
W ritings) spread over only (!) thirty volum es o f  com parable size.

22. An English translation (by J. B lanton) o f  E u ler’s “Introductio in Analysin Infinitorum", 
V olum e 1 (1748), has appeared 240 years after its first publication  {''Introduction to the 
Analysis o f  the Infinite" (pp. xvi + 327), Springer-V erlag, 1988).
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23. G au ss’s doctorate is often  w rongly credited to G ottingen, even by distinguished w riters, while 

his first nam e is often w ritten as Karl, despite the fact that G auss alw ays w rote it as Corl.

24. A  good account o f  G au ss’s life and w ork is in W. K. B uh ler’s '"Gauss: A Biographical Study" 
(pp. vii + 208), Springer-V erlag , 1981. Even in this very careful w ork, on the back o f  the 

inner title page G au ss’s first nam e is w ritten as Karl.

25. The original ed ition  is ex tiem ely  rare, even in G erm any; a French translation appeared in 

1807. A G en tian  translation o f  all G auss’s num ber-theoretic  w orks appeared in 1888.

26. This group played  an im portant role in the axiom atic developm ent o f  the theory o f  abelian 

groups. H ow ever, in this instance the definition o f  the group operation is not at all obvious, 

and G auss -  w hile in troducing it -  says that he w as em barking on a “very im portant subject 

not touched by anyone until now ” . See W ussing (41, pp.55-61].

27. T h is com m em oration  volum e (on the occasion o f  G au ss’s hundredth death anniversary) 

contains a num ber o f  fine essays on all aspects o f  his w ork and an extensive chronological 

account o f  his life.

28. W hich regu lar //-sided polygons can be inscribed in a circle (this is the problem  o f  dividing a 

circle into n parts, hence the nam e cyclotomy), using only straightedge and com pass (that is, 

by E uclid ’s m ethod)? T he answ er is:

An H-sided regular polygon is inscribable (or, constructible) if and only if  h > 3  is a 

number of the form n = . p \ p 2 ...pr , where A > 0 , r > 0  and each pj is a
‘ym

different prime number of the form F„, = 2  + 1 .

N um bers o f  this form  are called Fermat numbers. Pierre de Ferm at (1601-1665), w ho is often 

called the father o f  m odem  num ber theory, believed that all such num bers are prime. 

H ow ever, till now  the only know n Ferm at prim es are 3, 5, 17, 257, 65537 (corresponding to 

/( =  0, 1 ,2 , 3, 4). G auss h im se lf treated the case w here /; is prim e [22, p .446 f f  ]. A p ro o f o f  
this theorem  can be found in Ian Stew art; Galois Theory (pp. xxvi + 226), Chapm an & 

H all, 1 9 7 3 ,p .l8 2 .

T he discovery  o f  the constructib ility  o f  the regular 17-gon on 30th M arch, 1796 is said to 

have been the decid ing  factor in G au ss’s choice o f  m athem atics as a vocation. The regular

«-gon is constructib le  i f  and only i f  c o s —  can be expressed in term s o f  radicals involving
n

only successive square roots. For n =  17, w e have [Biihler: “Gauss”, p .78 j, (22, p.458):

17 + 3 V i7 -V 3 4 -2 V l7 -2 V 3 4  + 2VT7 .
17 16 16 16 8
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29. “Everyone knows that the most eminent geometers [a term used, well into the 19th 
century to refer to mathematicians in general] have been ineffectual in the search for 
a general solution o f equations higher than the fourth degree ... and there is little 
doubt that this problem does not so much defy modem methods o f analysis as that it 
proposes the impossible [our italics].” [22, p.4451

30. Abel published an expanded version o f  his proof, in G erm an, in 1826, in the inaugural issue 

o f  C re lle ’s Journal (see Footnote 31) “Beweis der Unmoglichkeit algehraische G leidnm gen  
von hohereu Graden als dem vieiien allgemein aufzidosen” (pp .65-84) tlirough w hich it 

becam e w idely  know n. T hat is w hy m ost w riters m ention the year 1826 in this connection. 

W ussing’s reference to this paper, item  [6] in |41 , p.297], has tw o inaccuracies: the title and 

page num bers do not agree w ith those actually  found (D haka U niversity  L ibrary, Science 

Section, has vo lum es 1 (1826) to 193 (1954) in original edition).

31. In the short span o f  three years Abel published 18 papers in this jo u rn a l, w hich include 

several lengthy m em oirs. The im portance o f  this jou rnal in fostering m athem atical research, 

especially  in G erm any, can hardly be over-em phasized. Felix  K lein (1849-1925) in his 

book |27] (L ectures on the D evelopm ent o f  M athem atics in the 19th century), rightly  devotes 

an entire chap ter to it (Third Chapter, entitled “ 77ze found ing  o f  Crelle's Journal and (he 
flourishing o f  pure mathematics in Germany"). In the w orld o f  m athem atics, this journal is 

still to this day usually  referred  to as "Crelle". In the 175 years since his first publication, the 

publisher has changed  m ore than once, and m any editors have com e and gone, but the format 

o f  the jou rnal and its h igh standards have not changed.

32. This is the source o f  the designation  “Abelian" for a com m utative group.

33. Founded 1795; in its founding m athem aticians -  especially  G aspard  M onge (1746-1818) -  

played an im portant role. T his venerable institution, in its turn, served as a nurturing ground 

for m athem aticians. See C hapter 2 o f  |27] entitled “France and the Ecole Politechnique in 
the fir s t decades o f  the 19th centuiy".

34. This com m ent on G a lo is’s w ork on solvability o f  algebraic equations by radicals is quite 

com prehensib le i f  w e know  that it w as m ade by Sim eon D enis Poisson (1781-1840), who was 
prim arily  an applied  m athem atician .

35. How prophetic  these w ords have proved to be; see B. M. K iernan: ~  “The Development o f  

Galois Theofy fro m  Lagrange to Artin", A rchive for H istory o f  Exact Sciences, 8 (1971), 

40-154. A recen t account o f  G alo is’s life is L. T. R igatelli (translated  by J. Denton): 

~  “Evariste Galois (1811-1832)", B irkliiiuser-V erlag, 1996.

36. W ussing |41 , p .2 5 I] crcdits H. W eber (1895) w ith this term  {Normalteiler in Germ an). 

D edekind: Uber Gruppen deren sdmnuliche Theiler Normaltheiler sind  (On groups whose 

subgroups are all norm al), M athem atische A nnalen, 48 (1897), 548-561, confirm s it 

[p.548, Footnote],
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37. The term  ‘coset’ w as reportedly  first used (in this sense) by G. A. M iller (1863-1951) in 

1910 130,p.24].

38. G a lo is’s sym bolic (som ew hat unfortunate) notation for the decom position  o f  the group into 

cosets continued to be used w ell into the tw entieth century.

39. by “Joseph L iouville (1809-1882), M aster o f  Pure and Applied M athematics", (title o f  an 

exhaustive biography -  pp. +  804 -  by J. Liitzen, Springer-V erlag, 1990), founder-editor o f  

Journal de mathematiques pares et appliques (Journal o f  pure and applied m athem atics), 

founded 1836 {Liouville's Journal). G a lo is’s paper “Meinoire sur les conditions de 
resoluhilite des equations par radicaux" is item [229] in W u ssing ’s B ibliography |41 , p .305 |.

40. [34] in W u ssing ’s B ibliography (41, p .298 |.

41. N early forty years later, H. W eber made use o f  D edekind’s notes o f  these lectures while 

w riting  his fam ous ~  “Lehrhuch der Algebra"  (T extbook o f  A lgebra), T w o volum es 

(1895/ 1896).

42. H. M. Edw ards: '"Galois Theory’" (pp. xiv + 152), Springer-V erlag, 1984, p resen ts an account 

o f  the theory closely  follow ing G alo is’s original approach. This book contains a translation o f  

G a lo is’s '‘M em oir on the Solvability o f  Equations by Radicals", pp. 101-113. A  p ro o f o f  the 

theorem on solvability o f  equations o f  prim e degree is found on p.91. M ost recent books on 

algebra adopt the approach due to Emil Artin (1898-1962). See E. Artin: “Galois Theory" 
(pp. iv + 82), U niversity  o f  N otre Dam e Press, 1948.

43. For precise references see [41, pp .300-301). O ne o f  C auchy’s m ajor contributions is 

contained in a m em oir, dated  1844, but published in several parts during 1845-1846. On this 

point see P. M . N eum ann: “On the Date o f  Cauchy's Contributions to the Founding o f  the 
Theoty o f  Groups", B ulletin  o f  A ustralian M athem atical Society, 40 (1989), 293-302. A 

recent and thorough study o f  C auchy’s w ork in this area is: ~  A. Dahan: “Les travaux de 
Cauchy sur les substitutions. Etude de son approche du concept de groupe” (The w orks o f  

C auchy on substitu tions. Study o f  his approach to the group concept). A rchive for H istory o f  

E xact Sciences, 23 (1980), 275-319.

44. From  third edition  (1866) onw ards in two volum es. D haka U niversity  L ibrary (Science 

Section) has a copy  o f  the 2nd volum e o f  the 6th edition (1910, pp. xii +  694).

45. W ussing d iscusses (41, p p .171-177] how  C ayley’s w ork in geom etry  influenced the shaping 

o f  the Erlangen Program.

“Cayley prepared the way for Klein’s Erlangen Program o f the early seventies by 
means o f his contributions to geometry as well as by his extension o f the group 
concept.” |41, p.257)
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46. Sophus Lie (1 8 4 2 -I8 9 9 )’s extensive w ork on infinite transform ation groups also date from 

this time. L ie and K lein w ere together in Paris in early 1870 (liv ing  in adjoining room s) when 

Jo rd an ’s Traite appeared. Inspired by this work and through personal contacts w ith Jordan, 

they decided to explore new  applications o f  groups to geom etry.

47. T his is w hat K lein [27] says about the abstract treatm ent o f  group theory  in his book quoted in 

Footnote 31 above:

“Then [after the publication of Jordan’s Traite] Lie and I dccided to elaborate the 
significance of group theory for different areas of mathematics. We stated that a 
group is a class o f  unique operations A, B, C, ... such that the combination o f any 
two operations A, B again yields an operation C o f the class A . B = C.

In the course o f further investigations on infinite groups Lie founds it necessary to 
require that for each A the group should contain its inverse A '. Modem 
malhcmalicians employ a far paler but more precise definition, One speaks of a 
system o f things or elements A, B, C, ... rather than operations. It is then postulated 
th a t . . .”

K lein then lists the four group axiom s m uch as we nov/ do and continues:

“Thus there is a complete loss of the appeal to the imagination. On the other hand, 
the logical skeleton is carefully prepared. ... This abstract fonnulation is excellent 
for the working out o f proofs but it docs not help one find new ideas and methods.
Rather, it represents the conclusion of an advance. It therefore seems to ease the 
learning proccss, for it helps one prove known theorems in a flawless and simple 
manner. On the other hand, it makes matters far more difficult for the mind of the 
student, for he confronts something closed, does not know how one arrives at these 
definitions, and can imagine absolutely nothing. In general, the disadvantage o f the 
method is that it fails to encourage thought. All one must beware of is that one does 
not violate the four commandments.” |41, p.228|
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C h a p ter  2 

C a y le y  and  A b stra ct G ro u p  T h eo r y

2.1 Introduction

A rthur C ayley (1821-1895) graduated from C am bridge in 1842 as Senior W rangler <1> and was 

aw arded the prestig ious F irst S m ith ’s Prize, then served as Fellow  and T u tor o f  T rin ity  College 

(C am bridge) for three years. F inding no prospect o f  a perm anent academ ic position , he left for 

London and entered L in co ln ’s Inn to qualify  for the legal profession. H e w as called  to the Bar in 

1849; he practised  in London as a barrister for the next fourteen years till his appointm ent as the 

first incum bent o f  the Sadleirian Professorship o f  Pure M athem atics at the U niversity o f  

Cam bridge. E ven during  the years o f  his legal practice, C ayley  published  a very large num ber o f  

research papers in diverse area o f  m athem atics.

C ay ley ’s w ork spreads over a very w ide range o f  topics, predom inantly  in the broad fields o f  

algebra and geom etiy . He w as one o f  the creators o f  the theory o f  algebraic invariants <2>, His 

C ollected M athem atical Papers w ere published by C am bridge U niversity  Press in thirteen 

volum es during 1889-1897 and contain 966 item s ranging from  very short notes to lengthy 

m em oirs <3>.

2.2 C ayley’s First Paper on G roup Theory

2.2.1 Preparation for the Abstract Group Concept

W riters on group theory , before Cayley, all dealt w ith groups o f  concrete objects (m ostly  o f  

perm utations or, m ore generally , o f  operations). C ayley prepared the ground for the abstract group 

concept by allud ing  that the operations are assum ed to obey the associative law, though in 

general, not the com m utative law. Indeed, C ayley  devoted considerable effort to prepare the 

reader for the abstract group concept by alluding to operations, in general, starting  thus:

“Let 0 be a symbol o f  operation, which niay, if we please, have for its operand, not a 

single quantity x, but a system (.v, y. ...) , so that 0 (a:, y, = y', . . .) ,  where

.v', y', ... are any functions whatever of ;ic, y, . . . ,  it is not even necessary that ;ic', y'. ...

should be the same in number with .v. y ....... In particular .v', y', &c. may represent a

permutation o f . r , & c . ,  0 is in this case what is termed a substitution;” (1, p.123).

He continues:

“... the symbol 1 will nauirally denote an operation which (cither generally or in regard to 
the particular operand) leaves the operand unaltered, . . . .  A symbol 0(ti denotes the 

compound operation, the performance of which is equivalent to the performance, first of
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the operation (]), and then of the operation 0 ; 9(j) is o f course in general different from 

<()0. But the symbols 0 ,  ((), ... are in general such that 0 . (|)x = 0<1). X . so that 

0 (|)X(o , &c. have a definite signification independent of the particular mode of 

compounding the symbols; this will be the case even if the functional operations involved 
in the symbols 0  , <|), &c. contain parameters such as the quaternion imaginaries i, j ,  k; 

but not if these functional operations contain parameters such as the imaginaries which 
enter into the theory o f  octaves, &c., and for which, e.g. a .P y  is something different 

from . y , a supposition which is altogether excluded from the present paper <4>.” 

[I,pp.l23-I241

C autioning Ihe reader,

“The order o f the factors of a product G(jix... must of course be attended to, since even 

in the case o f a product o f  two factors the order is material”,

C ayley  sum s up his p reparatory  rem arks as follows:

“ ... the distributive law has no application to the symbols 0 (|)...; and that these symbols 

are not in general convertible, but are associative. It is easy to see that G° = 1, and that 

the index law 0 "'.O " holds for all positive or negative integer values, not

excluding 0 <5>. It should be noticed also, that if 9 = (j), then, whatever the symbols

a ,  (3 may be, aOp = a(j>p , and conversely <6 >.” [ 1, p. 124]

2.2.2 The Group Concept and the Group Table

A fter these preparatory  rem arks, C ayley plunges right into the abstract group concept by saying:

“ A set o f symbols,
I. a ,  p , ...

all o f them different, and such that the product of any two o f them (no matter in 
what order), or the product of any of them onto itself, belongs to the set, is said to be 
a gm iip' <7>.” [1, p.l24]

The use o f  the term  ‘s e t ' here, in its precise technical sense, long before G eorg C antor 

(1845-1918), is notew orthy. T he pivotal role o f  the sym bol 1 as the identity  elem ent is tacitly 

im plied, and the requirem ent o f  the associativ ity  is not repeated  as being superfluous after the 

in troductory rem arks. T he very next sentence is the follow ing:

“It follows that if the entire group is multiplied by any one of the symbols, either as 
further or nearer factor, the effect is simply to reproduce the group; or what is the same 
thing, that if  the symbols of the group are multiplied together so as to form a table, thus:
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Further factors

Nearer
factors

1 a P . . .

I 1 a P

a a pa

P P ap P̂

•

that as well each line as cach column o f the square will contain all the symbols 
l , a , p , . . . < 8 > . ” |l ,p .l2 4 ]

A great deal o f  in fonnation  and insight is contained in these w ords; each o f  the m aps a' ,\a 

(right m ultip lication  by a) and x  -> a.x (left m ultiplication by a) is bijective. In o ther words, 

each o f  these m aps effects a perm utation o f  the elem ents o f  the group. W e have to consider this as 

the earliest occurrence o f  w hat later cam e to  be know n as C ay ley ’s T heorem , “eve}y group o f  
order n is isomorphic to a group o f  permutations on n letters". This is the real significance o f  

the sentence quoted  above; the in troduction o f  the group table is m erely  an adjunct.

The reason that the m aps x - ^ x a  and x ^ a x  are injective is the validity  o f  the right and left 

cancellation law  in a group. T he p ro o f o f  the cancellation law  requires the use o f  the existence o f  

inverse elem ents. It m ay seem  that C ayley is not explicit about the ex istence o f  inverse elem ents 

in connection w ith his introduction o f  the abstract group concept. O ne m ight, therefore, think that 

C ay ley ’s defin ition  o f  a group is incom plete <9>. The objection m ay not hold ground, because for 

a finite set closed under a b inaiy  operation, the existence o f  inverse elem ents follow s from  the 

closure property  in conjunction  w ith the cancellation law  “E veiy fin ite  cancellative semigroup is a 
group"  < 1 0 >.

Further, C ay ley ’s allusion to the index law 0 " '.0 "  = 0 "'*^", “ for all positive or negative integer

values” , in the p reparatory  rem arks show s that he was fully aw are that in a group, every elem ent

0 m ust have an inverse elem ent 0 “ ' ,  because he refers expressly  to negative values o f  m or /;,

and because negative in tegral pow ers o f  0 arc defined as positive integral pow ers o f  0 ~ ' .

M oreover, in a finite group, 0 “ ' is expressible as a positive integral pow er o f  0 ,  a fact im plied 

but not expressly  stated  by C ayley (see next Sub-Section).

It appears from  C ay ley ’s w riting  that he considered the left and right cancellation law  as a 

consequence o f  the defin ing  property  o f  a (finite) group; all one can say that he should have 

included it as a constituen t o f  the defining property  o f  a (finite) group, an om ission w hich was 

rectified by later w riters (K ronecker, W eber, Frobenius; sec C hap ter 3) <11>. But w e really 

cannot be sure, w hether C ayley  im plicitly assum ed the left and right cancellation law as
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constitu ting  a defin ing  property  o f  a (finite) group; or, w hether he considered this law as a 

con.sequence o f  the (som ew hat im plicit but essentially  com plete) group axiom s.

2.2.3 The Order of an Element, Groups of Order 4

O bserving that “ the product o f  any num ber o f  the sym bols, w ith or w ithout repetitions, and in any 

order w hatever, is a sym bol o f  the group ” , Cayley continues:

“Suppose that the group

l , a , ( 3 , ...

contains n symbols, it may be shown that each of these symbols satisfies the equation

0 " = 1 ; so that a group may be considered as representing a system o f roots o f this 

symbolic binomial equation. It is, moreover, easy to show that if any symbol a  of the

group satisfies Ihc equation 0 ' = 1 , where r is less than n, then that r must be a
submultiple o f n < 1 2 >; it follows that when n is a prime number, the group is of
necessity o f the form

1 , a ,  .......a ”- ' ,  ( a " = l ) ;
and the same may be (but is not necessarily) the case, when n is a composite number.” 
[I,pp .l24-125 |

A gain, a great deal o f  inform ation and insight is packed into these few  lines. First, every elem ent

o f  a finite group o f  o rder u satisfies the equation a" = e  (to use presen t-day  notation) and the 

order {index in C ay ley ’s term inology) o f  every elem ent is a d iv isor o f  //. Second, w hen /( is

prim e, the only abstract group o f  order n is the cyclic group o f  that order, but this may be the

case also for certain  com posite  values o f  n <13>.

An abstract group o f  order n m ay, therefore, be looked upon as constitu ting  a system  o f  roots o f  

the sym bolic equation  0" = 1. The analogy to the system  o f  the n (com plex) roots o f  the equation

x" - 1  leaps to the eye; indeed, these roots constitute a cyclic group o f  order «, w hether n is 

prim e or com posite. The analogy is, how ever, tenuous, for it breaks dow n in the very sim plest, 

and the first possib le, case « = 4 ;  in addition to the cyclic group o f  order 4, there exists a

non-cyclic group 1, a  , p ,  y o f  order 4. C ay ley’s p ro o f o f  the classification  o f  groups o f  order 4

is as elegant as any  to be found in present-day textbooks. For the la tte r group he proves

a '  = p ' = y ' = l ,  

a = P y  = yP,  P = y a = a y ,  y = a p  = p a ;

“and we have thus a group essentially distinct from that o f the system o f roots of the 

ordinary equation a ** - 1  = 0  | 1 , p.l26]
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C ayley then m entions three concrcte realizations o f  this abstract group; the first tw o are groups o f  

transfonnations o f  ellip tic  functions and binary quadratic form s, respectively , w hile the third 

exam ple is from  the theory o f  m atrices w ith a  denoting the operation  o f  inversion and (3 that o f  

transposition <14>.

2.2.4 Groups of Order 6, Group Algebra

N ext, C ayley em barks upon a detailed and careful analysis o f  all possib le  abstract groups o f  

order 6 , and proves -  m uch a long  the lines o f  present-day textbooks -  that there exist two, and 

only tw o, non-isom orphic  abstract groups o f  order six: one is the cyclic group o f  order 6 and the 

other group m ay be presen ted  in the form

1 , a ,  a ^ ,  7 , ay  , a ^ y  ( a ^ =  1 , y ^ =  1 , y a = a ^ y ).

C ayley begins his analysis o f  a group o f  six sym bols 1, a , (3, y , 5 ,  e , by show ing that

it is impossible that all the roots [except 1 , o f the symbolic equation G** = 1 ] should 
have the index 2. This may be done by means o f a theorem which I shall for the present

assume, viz. that if  among the roots o f the symbolic equation 0 " = 1 , there arc contained

a system o f roots o f the symbolic equation 0 ^̂ = 1  (or, in other words, i f  among the 
symbols forming a group o f the order n there are contained symbols forming a group o f 
the order p), then p is a submultiple o f n [our italics]. In the particular case in question, 
a group o f the order 4 cannot form part of the group of the order 6 .” |1, p.127]

This theorem  w ould be violated, C ayley show s, i f  the claim  m ade at the ou tset w ere false. So, 

Cayley has stated here, w ithout proof, L agrange’s T heorem  for abstract groups and applied in a 

specific situation < I5 > .

H aving proved the ex istence  o f  a root [elem ent] o f  index 3, C ayley p refers to assum e that it is a  ; 

then the group m ust clearly  be o f  the form

1, a  , , y , ay  , a ^ y  ( a ^ =  I);

w here y^ m ust be 1, a  , or a " . T he supposition y^ = a , o r y ^  =  a ^  g ives the group

1, Y, Y^  Y^ Y^  Ŷ  (Y  ̂=!)■

It only remains, therefore, to assume y ^ = l; then we must have either ya = ay  or else 

ya = a^y  . The former assumption leads to the group

1, a , a ^ , y , ay , a^y , ( a ^  = 1, y ^=  I, ya = ay  ),

which is, in fact, analogous to the system o f roots of the ordinary equation - 1  = 0  ; 

and by putting ay = A,, might be exhibited in the form 1 , y, y^, y^, y'*, y^, (y‘’ = i), 

under which this system has previously been considered. The latter assumption leads to 
the group
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1, a ,  a ^  Y,  ccy , a ^ ,  ( a ^ =  1, Y ^ =  1, y a = a ^ ) ,

and we have thus two, and only two, essentially distinct forms o f a group of six.”
[1 ,P.127I

D enoting the elem ents by  1, a , P ,  Y , 6 , e ,  C ayley w rites dow n the m ultip lication table o f  

both groups.

“An instance of a group of this kind [the non-abelian group of order 6 ] is given by the 
permutations o f three letters; the group

1, a , p,  Y , 5 , E 

may represent a group o f substitutions as follows;
a b c , c a b , b c a , a c b , c b a , h a c
a b c a b c a b c a b c a b c a b c.

Another singular instance is given by the optical theorem proved in my paper ‘On a 
properly o f the Caustic by refraction o f a Circle’.” [1, p.l29I

This paper is No. 124 in V olum e 2 o f  C ay ley’s C ollected Papers (pp .l 18-122) and appeared in 

Philosophical M agazine, 6 (1853), 427-431. The geom etrical p ropeily  o f  the caustic  in question 

results from  the fact that the equation  o f  the caustic is transform ed into itse lf  by each o f  a set o f  

six substitu tions o f  three param eters <16>. C ayley observes that these substitu tions form  an 

exam ple o f  the second type o f  the group o f  order 6 , and also refers to [1 ],

C ayley then hints at the construction o f  the group algebra o f  a group in these w ords:

"... if instead o f considering a , P , &c. as symbols of operation, we consider them as 

quantities (or, to use a more abstract term <17>, ‘cogitables’) such as the quaternion 
imaginaries; [then] the equations expressing the existence o f the group are, in fact the 
equations defining the meaning o f the product o f two complex quantities o f the form

w + n a + i p  + ... ;” [ l , p . l 2 9 ]

Thus in the case o f  the non-cyclic  group o f  order 6 ,

{w + a a  + h ^  + cr/ + (15 + ez) (;v' + a 'a  + 6 'P  + c 'j  + rf'5 + e 'e )

= {IV + A a  + B ^  + Cy + D 5 + E e ) ,

w here

W -  ww' + ab' + a'h + cc' + d d ' + e e ' ,

A =wa '  + w'a + bb'  + dc'  + ed '  + c e ' ,

. . .  etc. “ It is no tab le  that B artel van der W aerden (1903-1996) saw  this as a significant rem ark 

and an early  introduction  o f  a ‘group algebra’ ” , says C rilly  [p.4] and refers to  B. L. van der 

W aerden: ~  “A H isto iy o f  Algebra, from  al-Kwarizmi to Emmy Noether", Springer-V erlag, 1985. 

M any years w ere to e lapse before this clear hint was taken up and group algebras w ere accorded 

the attention they deserved.
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2.2.5 End of the Paper

Finally, C ayley expresses the hope o f  resum ing the subject o f  the p resen t paper [1], but for the 

present, concludes w ith tw o exam ples o f  groups o f  higher order. T hey  are both non-com m utative. 

Before we reproduce these exam ples, we pause to w onder w hether these w ere constructed in som e 

adlioc m anner, or w hether C ayley  had in his possession general exam ples o f  non-com m utative 

groups o f  orders 2p^ and (w here p  is prim e).

“The first o f these is a group o f eighteen, viz.

1, a ,  P, y, aP , P a , ay, ya, Py, yp, aPy, Pya, yaP, a P a , PyP, yay, aPyP, PyPa, 
where

= 1, p2 = 1, y2 = 1, (Py)3 = 1, (ya)3 = l, (ap)^ = 1,

(aPy)2 =1, (pya)2 =1, (yaP)^ =1;

and tlie other a group o f twenty-seven, viz.

1 , a , a ^ , y ,  y^, ya, ay, y a ^ , a^y , y ^a , ay ^ , y ^ a ^ , a ^ y ^ ,a y a , a y ^ a , a ^ y a , a ^ y ^ a ,
2 2 2 2 2 2 2 2  2 2 2 2  2 2  2 2 2 2  ay a  , ay a  , a  ya , a ' ‘y'‘a  ,yay ,y a  y ,y  a y ,y ^ a  y,y a y a  ,yay  a  ,

where

a ^  =1, y^ = 1 , (ya)^ =1, (y^a)^ =1, (ya^)^  =1, (y ^ a ^ )^  =1.

It is hardly necessary to remark, that each of these groups is in reality perfectly 
symmetric, the omitted terms being, in virtue o f the equations defining the nature of the
symbols, identical with some of the terms of the group; thus, in the group o f 18, the

equations a ^ = l ,  P ^ = l ,  y ^ = l ,  ( a P y ) ^ = l  give aPy = y P a , and similarly for all 

the other omitted terms. It is easy to see that in the group o f 18 the index o f  each term is 
2 or else 3, while in the group of 27 the index of each term is 3.” |l ,p . l3 0 |

2.3 C ayley’s Second Paper on G roup Theory

In this paper [2 |, published soon after [1] (but in contrast to [ I |  it bears no date), Cayley

introduces the concept o f  norm al subgroup o f  a group (due to G alois) in a som ew hat curious 

m anner by calling  a norm al subgroup o f  a group a submultiple o f  the group, w hereas its cosets are 

called (by him ) sym m etrical holders.

Through his study  o f  “sym m etrical holders" C ayley arrives at som e im portant results which, 

possib ly  because they w ere couched in som ew hat obscure term s, have so far escaped attention. 

For one, C ayley show s that the non-abelian group o f  order 6 has a unique non-trivial normal 

subgroup (o f  o rder 3). For another, he show s (w ithout using the term inology) that the only other 

abstract group (the cyclic group) o f  order 6 is the (internal) d irect product o f  tw o subgroups o f
orders 3 and 2. T o  substan tia te  our interpretation we quote C ayley  in full:
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“llic group of six

1 , a ,  a ^ ,  y, ya , y a ^ , ( a ^ =  1 , y ^ =  1 , ay = y a  ),

is a multiple o f llic group of three, 1 , a ,  (in fact, 1 , a ,  and y , ya , ya^ are

each of them a symmetiical holder of the group 1 , a  , a^);  and so in like manner the 
group o f six is a multiple of the group of two, l ,y  (in fact, l ,y  and a , a y  and

a ^ , a ^ y  are each a symmetrical holder of the group 1, y ). There would not, in a case 

such as the one in question, be any harm in speaking of the group o f six as the product of 

the two groups 1, a , a ^  and l,y  , but upon the whole it is, I think, better to dispense 

with the expression <18>.

Considering, secondly, the other form of a group of six, viz.

1 , a , a ^ ,  y, ya , y a ^ , ( a ^ =  1 , y^=  1 , ay  = y a^  ); 

here the group of six is a multiple o f the group of three, 1 , a ,  a ^  (in fact, as before, 

1 , a ,  a ^  and y ,  ya , y a ^ ,  are each a symmetrical holder o f the group 1 , a ,  a ^ ,

since, as regards y , ya , ya^ , we have ( y , y a , y a ^ )  = y ( l , a , a ^ )  = ( l , a ^ , a ) y ) .  

But the group o f six is not a multiple o f any group o f two whatever; in fact, besides the 
group 1 , y itself, there is not any symmetrical holder o f this group 1 , y ; and so in like

manner, with respcct to the other groups of two, 1, ya , and 1, ya  ̂ . The group o f three,

1 , a ,  a ^ ,  is therefore, in the present case, the only submultiple o f  the group o f  six.” 
[2, p.1321

The last paragraph o f  [2| w ill be quoted and discussed in C hapter 4.3.

2.4 C ayley’s Third Paper on G roup Theory

This paper [31 is the genuine sequel to |1). W ithout any pream ble C ayley  begins:

“ I he following is, I believe, a complete enumeration of the groups o f [order] 8:

I. 1, a ,  a ^ ,  a ^ ,  a**, a ^ ,  a * ,  a ’ ( a * =  1).

II. 1, a ,  a ^ ,  a ^ , (3, P a  , (3a^ , pa ^  ( a ' ' = l ,  p^ = 1, a p  = p a  ).

III. 1, a ,  a ^ , a ^  , p , P a  , p a ^  , p a^  ( a ' ' = l ,  P^ = 1, a p  = p a ^ ) .

IV. 1, a .  a ^  a \  p ,  p a ,  P a ^  pa^  ( a ' ' = I ,  p^ = a ^  a p = p a ^ ) .

V. 1, a , p , Pa , y , ya , yp , yPa ( a ^  = I, P^ =1, y^ =1, aP  = P a  , ay = y a  , Py = yP ).

That the groups are really distinct is perhaps most readily seen by writing down the 
indices [orders] <19> o f the different terms o f each group; these are
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I. I, 8 , 4, 8 , 2, 8 , 4, 8 .
II. 1, 4, 2, 4, 2, 4, 2, 4.
III. 1, 4, 2, 4, 2, 2, 2, 2.
IV. 1, 4, 2, 4, 4, 4, 4, 4.
V. 1, 2, 2, 2, 2, 2, 2, 2.” 13,p.881

T his enum eralion  is, as wc know , corrcct and com plete; but C ayley does not em bark upon a p roo f 

o f  his be lie f in this respect < 20>.

C ayley next considers the question “why there is no group where the symbols a , (3 are such that 

a ' * = l ,  p 2 = 1 , a P  = P a ^ ”

“A group which presents itself for consideration is

1 , a ,  a ^  p ,  P a , p a ^ ,  p a^  (ct'*= l, p^ = a ^  a p = p a )  

but the indiccs o f the different terms o f this group arc
1, 4, 2, 4, 2, 4, 2, 4, 

and if we write P a = y , then we find

= p a p a  = P P aa  = o'* = 1 , ay = a P a  = P a a  = ya;

and the group is

1 , a ,  a ^ ,  a ^ ,  y ,  y a ,  y a ^ , ya^ (a '*  = l, y ^ = l ,  a y = y a ) ,  

which is the group 11. <21>” |3, pp.88-89)

T he group IV (in C ay ley ’s enum eration) is the Quaternion group  and C ayley discusses it in detail.

“The group IV is a remarkable one; ... the nature o f the group in question will be better 
understood by presenting it under a different fonn.”,

says C ayley, and continues:

“In fact, if  we write Pa^ = y ,  a ^  = P^=  9, then we find a ^ =  & a ,  P a ^ =  S p  and 

P a = 9  y , and the group will be

1 , a ,  p ,  Y ,S , 9 a , 9 p , 3 y ,  

where the laws o f combination are

3 ^ = 1 ,  a ^  = p ^ = y ^  = 9, 

p y = a , y a = p ,  a p = y , 

yP = a 9  = 9 c t, ay = pS = S P , p a  = y9 = 9y .

Observe that 9 is a symbol of operation such that 9 ^ = 1 ,  and that 9 is convertible with 
each o f the other symbols a , P , y . It will be not so much a restrictive assumption in

regard to 9, as a definition of -1 considered as a symbol of operation if we write 9 = -1 ; 
the group thus becomes

1 , a , P , y , - 1 , - a , - p , - y
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a '  = (3' = y '  = - l ,

o  Py "  • yP. (i = Y« = -  «Y , Y = a(^ = - Pu .

Ilcncc a  , (3, y combine according to the laws of quaternion symbols /, /, A; and it is 

Ihe only point of view from which the question is here considered which obliges us to 
consider the symbols as belonging to a group o f 8 , instead of (as in the theory of 
quaternions) a group of 4 <22>." |3. p.89|

C a\ ley then investigates the conditions under which the niii sym bols (w here p  has the

values 0, I, 2 ......  m \\ and q has the values 0, I. 2 .. . . ,  » - l )  may form a group for which

(x"' = l, (5" = 1. af3 = ( 3 a w h e r e  s  is a positive integer to be determ ined.

then we llnd

a" |3 '' = (3''a'"" <23>; 

and therefore if v = n, a "  = a " ' or a"* ' = 1  , whence u(s"  -l)H ()(n io d . »;); or

since ii is arbitrary, . v " - l = 0 (mod. /»), an equation which, if ni, n are given, 

determines the admissible values of s\ thus, for example, if /; = 2 , and m is a prime

number, then .v = I or ,y = H )-I . The equation a ''(5 ’ = [3'cx"' shows that any

combination whatever of the symbols a , (5 can be expressed in the form [3‘̂ a'^ (or, if

wc please. In the form a ^^(3'').” |3. pp.89-90|

C ayley  then carefully  show s

•‘ that Ihe a s s u m e d  la w  is con sis ten t  w ith  the a s s o c ia t i v e  la w ,  v iz .  that the e x p re s s io n

can he transformed in one way only into the form (3'^a^’ |3. p.90|

where

liulecd, ci ther manner  o f  form ing the above product leads to the result 

so that the associative law is satisfied.

Thus, .v" s i  (m od ///) is a ncccssary condition for the nui sym bols (or. if  we please,

). w here /; lias the values 0, 1 . 2 ........« / - l ; a n d  q has the values 0, 1 . 2 ......... / / - I ,  to form a

group.

“ In particular, as already noticed, if /; = 2 , and m is [an odd] prime, then either s = I or 
.v = / ; ; - l  ; the two groups so obtained are essentially distinct from each other. If n = 2,  
but III is not prime, then .v has in general more than two values: thus for /;; = I2,
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s '  = l(m od . 12), which is satislled by .v = I, 5, 7 and I I ;  the group corresponding to 

.V = 1 is distinct from that for any other vahie of .v, but I have not ascertained whether the 
vahies other than unity do, or do not. give groups distinct from each other." |3. p.90|

C’aylcy has thus constructed here the abstract dihedral group o f  order 2ni. As an exam ple, he 

w rites dow n the elem ents o f  the dihedral group o f  order 1 0  as follows:

l , a , a " ,  a \  tx"* , ^^ , pa  , p a ^ , p a ‘\ | 3 a ' ’ , 

w here a '  = I, p^ = 1, a p  =  p a ‘‘ ;

and observes that the indices [orders] o f  these elem ents are, respectively.

I. 5, 5, 5, 5. 2, 2. 2. 2. 2;

and says:

“ I he group is here expressed by means of the symbols a , |3. having the indices 5 and 2 

respectively, but it may be expressed by means of two symbols having each of them the

index 2, Thus putting (3a = y . we find |3  ̂ =1, = 1, = I- wliicli is equivalent

U) (y[5)^ = I. and the group may be represented in the form

1, p, Y, py, yp, pyp. yPy. PyPy, ypyp, PyPyP = yPyPy,

the equality of the last two symbols being an obvious consequence of the equation 

(p y )' = 1. It is clear that for any even number 2p whatever, there is always a group 

which can be expressed in this form <24>.” |3, p.9 11

2.5 C oncluding Remarks

C ay ley 's  early  papers on group theory apparently  had very little influence on his contem poraries. 
i{vcn m odern w riters seem  reluctant to give C ayley his due place in the creation o f  the abstract 

group theory <25>. Thus J. N icholson |3 2 | says that the process o f  abstraction o f  group theory 

"look p lace  m ainly during  the p er io d  1870-1890 and  ii'i/.v carried  out a lm ost exclusively  hy  

CJennan nuitliei)uilicians'\ and is com pletely  silent on C ay ley 's  sem inal contribution  to this 

process. H ow ever, both W ussing and K leiner clearly  recogniz.c C ay ley ’s contribution in this 

respect.

"Cayley published /iro [our italics] papers [140, 141] [ [I], [2] in our list], “On the

fheory of Groups as depending on the Symbolic Equation 0"  = 1 ”, in which he 
presented a remarkable conception of groups <26>. At a time when the Galois theoiy of 
equations had Just began to he known, and when the only explicil groups under stud\' 
were permutation groups, Cayley recognized the generalizability of the group concept as 
well as the implicitly group-theoretic nature of many contemporary ideas." |4 I, p.230|
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“Cayley’s orientation towards an abstract view o f groups -  a remarkable accomplishment 
at this time o f the evolution of group theory -  was due, at least in part, to his contact with 
the abstract work o f G. Boole <27>. The concern with the abstract foundations of 
mathematics was characteristic o f the circles around Boole, Cayley, and Sylvester already 
in 1840’s. Cayley’s achievement was, however, only a personal triumph. His abstract 
defmition o f a group attracted no attention at the time, even though Cayley was already 
well known. The mathematical community was apparently not ready for such abstraction: 
permutation groups were the only groups under serious investigation, and more generally, 
the formal approach to mathematics was still in its infancy.” [28, p.209|

Textbooks also usually  ignore C ay ley ’s contributions to group theory, except for m entioning 

"Cayley's Theorem". T he fact that C ayley had, in his first paper (1854) on group theory, 

com pletely  classified  abstract groups o f  orders up to 6 , and extended this classification (correctly) 

to groups o f  o rder 8 (by 1859), is never even m entioned in connection w ith groups o f  small 

o rders <28>.

W hat is even m ore curious is the fact that the (abstract) non-cyclic group o f  order 4 should be 

nam ed after K lein {Klein's Vierergnippe), w ho w as a boy o f  five w hen C ay ley ’s first paper 

appeared <29>. All these go to substantiate our contention that C ay ley ’s early  papers on group 

theory w ere ignored by his contem poraries and w ere com pletely  forgotten w hen abstract group 

theorj' cam e to  be studied  by o ther m athem aticians.

Footnotes

1. F irst position  (in order o f  m erit) in the first class in the fiercely com petitive M athem atical 

T ripos exam ination . T he order o f  merit w as abolished in 1910.

2. T his e laborate ed ifice, now  alm ost com pletely forgotten, reigned suprem e during the last

quarter o f  the n ineteen th  century, and w as the “modern higher algebra" o f  the day. See 

J. M. G race and A. Y oung: "'The Algebra o f  Invariants" (pp. viii + 384), C am bridge, 1903.

3. A set is in D haka U niversity  Library (Science Section). O ur B ibliography refers to: 

V olum e II (pp. X + 606), 1889; V olum e IV (pp. xvi + 618), 1891; V olum e X (pp. xiv + 616), 

1896; V olum e X ll (pp. xvi ^  656), 1897.

4. It is pertinent to recall that the division ring o f  quaternions w as d iscovered  by H am ilton in

1843, w hile the non-associative division algebra o f  octaves (also  know n as C ayley  num bers)

w as d iscovered  by C ayley in 1845 (see E. K leinfeld: “A Characterization o f  Cayley 
Numbers" in 'Studies in Modern Algebra' (editor: A. A. A lbert), M athem atical A ssociation o f  

A m erica, 1966, p p .126-143). K leiner 128| has obviously m isunderstood C ay ley ’s com m ents 

both here and later (see Footnote 14), for he says:
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“Cayley then presents several examples of groups such as the quateriiions (under 
addition), invertible matrices (under multiplication), permutations. Gauss’ quadratic 
forms, and groups [of transformations] arising in elliptic function theory.” [p.208)

C ayley w as c learly  referring  to the fact that m ultiplication o f  quatern ions is associative while 

that o f  octaves is not. N eedless to say, not only the set o f  all (real) quaternions, but also that 

o f  all octaves constitu tes an (infinite) abelian group under addition.

5. In olden days, 0° = 1 w as treated as a deduction from  the index law  by setting  m o r ii equal 

to 0. N ow -a-days, w e treat it as an extra convention, needed to ensure validity  o f  the index 

law  w hen m or n is equal to 0 .

6 . T he im plication 0 = (1) => a0(3 = a(|)P is the requirem ent that the operation is w ell-defined. 

In 1895 F robenius [16, p .632] expressly form ulated it as the first requirem ent for a (finite) 

group, as follows:

“ 1. Unique. Is / / = /4' and B = 5 ' ,  then so is AB = A 'B '."

T he reverse im plication  a 0 p  = ai|)p => 0 = ([) is called the (left and right) cancellation  law, 

and is a uniquely  special feature o f  groups. Frobenius form ulated it as follow s:

“2. Unifluelv reversible. Is /IB = / i ' 5 ' , then each of the equations A = A ', B = B’, 
is a consequence o f the other.”

W e shall have m ore to say about these m atters w hen w e discuss C ay ley ’s definition o f  

a group.

7. T he footnote, m arked 1, w ill be quoted and discussed in C hap ter 3.3. It is im portant to note 

that the “ sym bols” [elem ents] may be any kind o f  m athem atical objects, not necessarily 

“sym bols o f  operation” [that is, functions or m appings]; C ayley  is thus quite clearly  speaking 

o f  a “g roup” in the abstract sense, a point w hich becom es abundantly  c lear w hen we study his 

c lassification  o f  groups o f  orders 4 and 6 .

8. N ow -a-days, the group table is usually the transpose o f  C ay ley ’s group table.

9. Som eone has gone so far as to say that it is “muddled". See [23]; this short article contains an 

account o f  the talks delivered at a m eeting at O xford on 11th February, 1995 to 

com m em orate  C ayley on his hundredth death anniversary.

“That Cayley tables and Cayley graphs occur in group theory may also overstate his 
contributions, as Peter Neumann described. The 10 papers (counted with multiplicity 
-  a habit referees would not tolerate these days) began with a muddled attempt to 
define a group abstractly and ended with a survey of the distinct subgroups, up to 

conjugacy, o f  the permutation group S „ , for h < 8 [p.63.]
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10. H ere we need not assum e the existence o f  an identity clem ent. For easy reference we include

a p ro o f o f  this result. It is enough to show  that such a sem igroup  S  has a left identity

elem ent e, and each a e S  has a left inverse a ' e S  w ith respect to e.

C hoose c e S  (arbitrary  but fixed), the map x  xc  is injective (by right cancellation law); 

hence also  surjective (because S  is finite). So, there ex ists an elem ent e s S  such that 

ec =  This e, w e claim , is a left identity for S. G iven any a s S , the map x - > c x  is 

surjective (for sim ilar reasons). So, there exists an elem ent h e S  such that ch -  a. 'llien  

ea =  e(cb) -  (ec)b = cb =  a. T he  existence o f  a left inverse o f  a w ith respect to e results 

from the surjectiv ity  o f  the m apping x - ^  xa .

11. I f  our interpretation above about 0 ' '  is accepted, then C ay ley ’s definition o f  a group is

correct and com plete , and the second h a lf  o f  the rem ark is null and void.

1 2 . The ex istence o f  a least positive integer r  with this property follow s from  considering the 

sequence o f  positive  integral pow ers o f  0 ;  /• is clearly  < n. T hat r  m ust be a subm ultiple o f

w hen r < u, is a c la im  C ayley passes over w ithout p ro o f as being “easy to show ”; w hereas 

ju s t in the p reced ing  sentence C ayley says: “ it m ay be show n that each o f  these sym bols

satisfies the equation 0 " =  1” , likew ise w ithout proof. For a non-abelian  group the relation

0" = 1 is not at all obvious (see C hapter 3.5); one is at a loss to understand w hy Cayley 

choose to suppress the proofs.

13. On this po in t see C hapter 6.2 (C ay ley’s Query).

14. K leiner (see Footnote 4) is also w rong in interpreting C ay ley ’s exam ple from  the theory o f

m atrices {“a iheoiy which indeed might have preceded the iheoty o f  determinants'') which 

w as then ju s t em erging; (C ay ley’s “A M emoir on the Theory o f  M atrices", Collected 

Papers 152, V olum e 2, 475-496, appeared in 1858). C ayley says:

“Again, in the theory o f matrices, if  /  denote the operation o f inversion, and tr that 
of transposition, (I do not stop to explain the terms as the example may be passed 
over), we may write a  = / , p = tr, y = /. tr = tr. /  .” [I, p. 127)

C ayley is here sim ply stating that the two operations o f  inversion  and transposition o f  

(invertib le) m atrices (o f  a fixed order greater than I), w hose com m utativ ity  he expressly 

points out, generate a non-cyclic  group o f  order 4.

T he rem ark  quoted  above in parenthesis appears in the reference m entioned in Footnote 19 in

C hapter 3. Indeed, both conceptually  and logically, the theory o f  m atrices should  have

preceded  the theory  o f  determ inants.

15. W hy C ayley  sim ply  assum ed the theorem  and om itted the p ro o f  is som ew hat o f  a m ystery.
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16. A s this exam ple seem s to have been overlooked by other w riters, we quote it in full: 

“Write successively,
c' = c , ( 1 )

, C

’
(a )

, c 

l-l ’ l-l
(P)

c ' = i .
c (Y)

c ' = c , (5)

I ’ = ^
^  „ 2  ’

c ’ . i ,
IL rii (e)

... then, whichever system of values of c', j.i' be substituted for c, | i ,  we

have in each ease identically the same secondary caustic, the effect o f the 
substitution being simply to interchange the different forms o f  the equation; and we 
have therefore identically the same caustic. By writing

a ' ,  c', n ' )  = a ,  c, n )

= a  ( ^, c, M),

&c.,

a , (3, y, 5, e will be functional symbols, such as arc treated of in my paper “On

the Theory o f Groups as depending on the symbolic equation 0" = 1 ”, and it is easy 

to verify the equations

l = a p  = (3a = Y  ̂ = 8 ^  = E ^

a  =P^ =5y = f;5 = ye,

[} = a  ̂  = Ey = y5 = 5e,

Y = 5 a  = eP = P5 =  aE,

6 = Ea = yP =  a y  = pE,

E = ya  = 5p = Py = a8. ’’

17. It is w orth noting that neither C ayley nor any o f  the o ther w riters m entioned in C hapter 3, use 

the w ord 'abstract' in connection w ith the group concept. The appellation  abstract group  is a 

later developm ent; it is found profusely in M iller [30 |.

18. It is a pity that hav ing  arrived at an exam ple o f  the (internal) d irect p roduct o f  two subgroups. 

C ayley preferred  not to follow  up the idea behind it.
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19. The point is im plicil here: Two groups oCtlic sam e order w liosc num bers o f  elem ents o f  each 

(possililc) order do not all coincidc. nuisl be "rcuUy clislind"  (im plyinii: non-isom orphic).

20. Perhaps Cayley did not have a com plete p roo l'o f 'th is  fact at that time.

21. Ilu'i '.htnv \ lliaM 'a\li'N was In My awari' ol liu* idea ol isninm plii'.ni ol |Mou|)‘.

22. R\ presenting the group IV in the alternalive I'orm, C ayley m akes it clear thal the ([nalernion  

f^ronp ! 1 I, i / ,  I  /, i k  ) is a concrete realization o l'lh is  group. The last part o f  the above 

t|uolalion points to (he fact that the group o f  four i|ualernion imits { I. i. / .  k | is nol a group 

in the technical sense.

23. rhcit. <x''(5 = (Ux"' (induction on n): so.

u " |i-  -  ( u " |l ) |5  = ( | i u " ' ) | l  = |S ((x"'|i) = IW Ik x "") -  |5 \ x " ' ' ,  ... etc.

24. Mere p  is any positive integer.

25. Sec Footnote 9. C rilly lp.3] says: “ he [CayleyJ was far from the m odern abstract defin ition  o f  

a group in w hich sym bols arc defined by their obedience to stated a.xioms.” W e hope, we 

have been able -  through our analysis and discussion -  to dispel such a m isconception. 

C ayley had indeed defined a group as “a set o f  sym bols” (o f  any nature, an epithet which he 

did not feel necessary to add) obeying certain axiom s, slated or im plied. His classification  o f  

groups o f  small orders leaves no doubt that he was in full and conscious possession the 
abstract group concept.

26. W ussing. no doubt consciously, ignores the third paper in this series, possibly because it 

appeared after a considerable gap.

27. H ie  reference is to Cieorge Boole ( 18 15-1864)‘s principal work ~ "A n Inveslii’cilion o f  I he 

Laws o f ]'h()ii}{hl. on which arc i-'oiinilcd the Malheiiuiliccii Theories o f  Logic a n d  

P rohahiH lics'\ published in 1854. It was preceded by a slim  volum e "The Afalheina/ical 

A nalysis o f  Logic"  in 1847.

28. F-. Chow 'dhury 110| observes:

■'While llic lad  that every alisuaci group is realizable as a group o f permutations 
(something which Cayley mentioned in passing) has been codified into (and glorified 
as) Cayley’s Iheoreni, the fact that (at the same time, 1854) Cayley had classified all 
abstract groups of orders upto 6, seems to have fallen into complete oblivion.”
(p.2l. AfistractI

29. Ci. A. M iller |3(l. p .65. Footnote] m entions as m any as eight nam es -  with precise references 

for their occurrence -  for this group; but none o f  them  is associated with Cayley.
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C h a p ter  3 

A b str a c t  G rou p  T h eory : P h ase  T w o

3.1 T h e  I n te r v e n in g  Y e a r s

As already stated, C ay ley ’s early  papers on abstract groups apparently  fell on d e a f ears. The next 

m athem atician , w ho took up the abstract approach to the group concept w as K ronecker and the 

year w as 1870 <1>. W hile the intervening years w ere barren for abstract group theory, 

perm utational group theory  b lossom ed (indeed, reached its zenith) during  this period. T he m ajor 

p layer here w as C am ille  Jordan (1838-1922); but there w ere m any o ther prom inent 

coplayers <2>. B eginning w ith his thesis (1861), Jordan contributed  profusely  to the theory o f  

perm utation groups and its applications, especially  -  but not exclusively  -  to the G alois theory o f  

algebraic equations. H e decided to w rite an exhaustive account o f  the w hole area, including 

applications o f  perm utation groups to diverse fields w ithin m athem atics. T he result w as ~  '‘Traite 
(le substitutions et cies equations cdgebriques" (1870). It incorporated Jo rd an ’s research  upto that 

tim e and m uch m ore. It in troduced m any fundam ental concepts and directed  attention to a large 

num ber o f  problem s.

“For example, Jordan makes explicit the notions o f isomorphism and homomorphism for 
(substitution) groups, introduces the term “solvable group” for the first time in a technical 
sense, introduces the concept o f a composition series; and proves part of the 
Jordan-Uolder Theorem, namely, that the indices in two composition series are the 
same <3>; and he undertakes a very thorough study o f transitivity and primitivity for 
permutation groups, obtaining results most o f which have not since been superseded.
Jordan also gives a proof that A„ is simple for n > 4.” |28, p.203|

“An important part o f the treatise is denoted to a study o f the “linear group” and some of 
its subgroups. In modem terms these constitute the so-called classical groups, namely, the 
general linear group, the unimodular group, the orthogonal group, and the symplectic 
group. Jordan considers these groups only over finite fields, and proves their simplicity in 
certain cases. It should be noted, however, that he considers these groups as permutation 
groups rather than groups o f matrices or linear transformations.” [28, p.204|

To Jordan the concept o f  a perm utation group w as a key idea that su ited his striving for 

m athem atical syn thesis very well. H is approach enabled him  to give a unified presentation o f  

results due to G alois, C auchy, and others. H is application o f  the group concept to the theory o f  

equations, algebraic geom etry, transcendental functions, and theoretical m echanics w as also part 

o f  the un ify ing  and synthesizing them e. “ In his book Jordan w andered through all o f  algebraic 

geom etry, num ber theory , and function theory in search o f  in teresting  perm utation  groups. 

(K lein)” [28, p ,2 0 3 |. T he aim  w as a survey o f  all o f  m athem atics by areas in w hich the theory o f  

perm utation  groups had been applied or seem ed likely to  be applicable. Indeed, the work 

represents a review  o f  the w hole o f  contem porary m athem atics from the standpoint o f  the 
occurrence o f  group-theoretic  th inking in pcrm utation-theoretic  form.
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Israel K leiner [281 calls Jo rd an ’s 'Traite' “the crow ning achievem ent o f  these two lines o f  

developm ent -  a sym phony on the grand them es o f  G alois and C auchy” [p.2021, and “a landm ark 

in the evolution o f  group theory  < 4> ” lp.204J, but concedes that

“His [Jordan’s] permutation-theoretic point of view, however, was soon to be overtaken 
by the conception o f a group as a group of transformations.” [28, p.204|

W ussing says:

“The Traite makes a break in the evolution and application o f the permutation-theoretic 
group concept. It was an expression o f Jordan’s deep desire to bring about a conceptual 
synthesis o f the mathematics o f his time. That he tried to achieve such a synthesis by 
relying on the conccpt o f a permutation group, which the very next phase of 
mathematical development would show to have been unduly restricted, makes for both 
the glory and the limitations of his book <5>.” [41, p.l60[

3.2 K ronecker

K ronecker’s contribu tion  to the abstract group concept <6> is contained in a paper read before the 

Berlin A cadem y o f  Sciences on 1st O ctober, 1870, and published in the sam e year in its M onthly 

Reports <7>. W e need no t be concerned here w ith the im m ediate background o f  K ronecker’s 

paper (w hich lay in Eduard K um m er (1810-1893)’s w ork in algebraic num ber theory). K ronecker 

began by explain ing  the advantages o f  the abstract point o f  v iew  he w as going to adopt:

“In Articles 305 and 306 of the Disquisitiones Aritlwieticae, Gauss ordered the different 
cla.sses o f quadratic forms by means of the theory o f composition, and Herr Schering has 
recently advanced the subject in a paper ... devoted to the relevant construction of 
fundamental classes. The very simple principles underlying Gauss's method are applied 
not only in the context indicated but also frequently elsewhere -  even in the elementary 
parts of number theory. This shows, and it is otherwise easy to see, that these principles 
belong to a more general and more abstract realm o f ideas. It is therefore proper to free 
their development from all inessential restrictions, thus making it unnecessary to repeat 
the same argument when applying it in different cases. This advantage appears in the 
development itself Also, when stated with all admissible generality, the presentation 
gains in simplicity and, since only the truly essential features are thrown into relief, in 
transparency. <8>” [41, p.64]

This is fo llow ed by K ronecker’s version o f  w hat we know  as the axiom s describ ing a finite 

abelian group. R ather than paraphrase K ronecker’s w orks, w e quote from  W ussing:

“Let 0 ', 9", 0 ",... be finitely many elements such that with any two o f them we can 

associate a third by means o f a definite procedure. Thus if /  denotes the procedure and 
0 ' and 0" are two (possibly equal) elements, then there exists a 0" equal to / ( 0 ' ,0"). 

Furthermore, we require that
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/ ( 0 ' , 0 ") = / ( 0 ".0 ')

/ ( 0 ' . / ( e " , 0 "’)) = / ( / ( 0 ' , 0 "),0 '")

and if 0 " is different from 0 ” , then

/ ( 0 ',O") is different from /( G ', 0 ").

Once this is assumed we can replace the operation /(0 ',G ") by multiplication O'.0 ' 

provided that instead of equality we employ equivalence. Thus using the usual 

equivalence symbol we define the equivalence

0'.O" ~  0 ”

by means o f the equation

/(O ',0 " )=  0 " .” |4 l,p .6 5 |

I roin (he llnitcne.s.s o f  (he .set o f  cicm cnis, w hose num ber he dcnoic.s by n. K roncckcr dcducc.s 

the sam e conseqtienccs that Euler and G auss deduced from particular realizations.

“ I. Certain powers of an element 0 are equivalent (o the unit element. The exponents of 

these powers are multiples o f one of them and -  as I shall say -  0 belong to it. <9>

II. If a certain 0 belongs to the exponent v , then there exist elements belonging to 

every divisor of v .

III. Ifthe elements 0 ' and 0" belong, respectively, to the relatively prime exponents p 

and a  , then the product 0 '. 0 " belongs to the exponents pa  .

IV. If //) is the smallest number divisible by all the exponents to which the n elements

0 belong, then there are also elements that belong to n\ itself In fact, if 

is the prime factorization of then, by II., there exist elements 0 ' belonging to 

elements 0" belonging to «/'*, elements 0"' belonging to , and so on. Then 

by III., belongsto /7 | .” |4 I, p.6 6 |

K ronecker applied  these results to the group o f  ideal classes o f  an algebraic num ber field, but did 

not pursue the subject further.

K roncckcr ranks am ong the most prom inent m athem aticians o f  the nineteentii century. It is not 

easy to simi up K ronecker's  total work in a few words: suffice it to say that K ronecker made 

fundanienta! contributions to algebra, num ber theory and analysis (theory  o f  e llip tic  functions). 

See I I. M. Edwards: “/!»  A ppreciation o f  Kronecker'", M athem atical Inteligencer, 9/1 (1987), 

28-35, w hich includes a b rie f discussion o f  K ronecker's  ‘’‘’L iehster Jugencitra im f' (dearest dream  
o f  youth).
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3.3 C ayley (Again)

An indirect, but forceful, ev idence for our assessm ent that C ay ley ’s early papers w ere com pletely 

ignored by his contem poraries, is furnished by C ayley h im se lf through the contents o f  his later 

paper [4]. T hrough it C ayley returned to group theory after a gap o f  eighteen years. The paper 

reproduces practically  the substance o f  the w hole o f  C ay ley ’s first paper [IJ,  and draw s attention 

to the fact that “only  a little has been done tow ards the solution o f  the general problem o f  groups 
four ita lics]” ; that is, to the problem  o f  finding all (abstract) groups o f  a given order. The curious 

thing is that C ayley  now here m akes any explicit reference to his earlier papers on group theory, 

and a reader m ay easily  get the im pression that C ayley w as w riting  here on the theory  o f  groups 

for the first tim e. N or does he refer to any other author, the abstract group concept is introduced 

and the ten n  "group' is defined  ju s t as in his first paper. H ere w e find the oft-quoted  dictum  “A 

group is defined by means o f  the laws o f  combination o f  its symbols"  <10>. C ayley  reproduces the 

group table o f  the non-abelian  group o f  order 6, and m entions the results o f  classification o f  all 

groups o f  o rder 6 ; but “ in an unusual lapse C ayley gave |4 , p .51 | three ‘d is tinc t’ groups o f  order 

six, w hen tw enty [sic] years before he had correctly  given the tw o g roups” [Crilly, p .9, 

Footnote bj. T h is ra ther short paper begins by saying:

“Substitutions, and (in connexion therewith) groups, have been a good deal studied; but 
only a little has been done towards the solution o f the general problem o f groups. I give 
the theory so far as is necessary for the purpose o f pointing out what appears to me to be 
wanting.” |4, p.401|,

and this thread is picked up in the concluding paragraph as follows:

“But although the theory as above stated is a general one, including as a particular case 
the theory o f substitutions, yet the general problem of finding all the groups o f a given 
order is really identical with the apparently less general problem o f finding all the 
groups o f the same order n, which can be formed with the substitutions upon n letters; 
in fact, referring to the diagram, it appears that 1, a , P , y , 5 , e  may be regarded as 

substitutions performed upon the six letters 1 , a ,  p ,  y ,  6 , e ,  viz. 1 is the substitution 

unity which leaves the order unaltered, a  the substitution which changes 1 a  p y 5 e  into 

a  1 y P e 5 , and so for P , y , 5 , e . This, however, does not in any wise show that the 

best or the easiest mode o f treating the general problem is thus to regard it as a problem 
of substitutions: and it seems clear that the better course is to consider the general 
problem in itself, and to deduce from it the theory of groups o f substitutions.” |4, p.403|

T his paragraph  is, at least partly , responsible for the nam e '"Cayley's Theorem", because this is 

one (but not the only) p lace in C ay ley ’s w ritings w hich clearly  states that every group o f  order n 
is really  identical w ith  a group o f  substitutions <11> on n letters. T hus, here at least, the 

nom enclature is h istorically  ju stified . A s w e have pointed out in our d iscussion o f  C ay ley’s first 

paper, this result w as already im plicit in that paper; here the form ulation is explicit. The nam ing 

o f  this result a fter C ayley, though w ell-justified, inay give rise  to the w rong im pression that 
C ayley had em phasized  the perm utational aspect o f  group theory, w hile the fact (as evident from
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our study in general, and from  the above quotation in particular) is quite the opposite; Cayley 
strongly advocated the abstract aspect o f  group theory.

C ayley [4) w as fo llow ed, in quick succession, by three m ore papers on group theory, w ritten 

w ithin a span o f  less than six w eeks,

“Cayley’s return to group theory in 1878 was due to the rapidly growing recognition of 
its importance. In that year he published four papers [148-151]^'*. <12>” [41, p.232|

[5] is a very im portan t and novel paper; here C ayley  treats the problem  o f  "doubling" a given 

group:

“The following theorem is very simple; but it seems to belong to a class o f theorems, the 
investigation o f which is desirable.

I consider a substitution-group of a given order upon a given number of letters; and I seek 
to double the group, that is to derive from it a group o f twice the order upon twice the 
number of letters. This can be effected for any group, in a manner which is self-evident 
and is nowise interesting: but in a different manner for a commutative group (or group 
such that any two o f its substitutions satisfy the condition AB  = BA): it is to be observed 
that the double group is not in general commutative.” |5, p. 149)

H ere C ayley finds it expedien t to think o f  the given group as a group o f  substitutions. W ith 

hindsight, we have here  the semidirect product o f  an abelian group o f  o rder n w ith  the (cyclic) 

group o f  order 2 <13>. |5] has a second part, a sort o f  addendum :

“I take the opportunity o f mentioning a further theorem. Let |a be the order o f the group, 

and a the order o f any term A thereof, a being o f course a submultiple o f n : and let

the term A be called quasi-positive when (.i 1-i
a

is even, quasi-negative when

1 —  
a

is odd. The theorem is that the product o f two quasi-positive terms, or o f two

quasi-negative terms, is quasi-positive; but the product o f a quasi-positive term and a 
quasi-negative term is quasi-negative. And it follows hence that either the terms of a 
group are all quasi-positive, or else one half o f them are quasi-positive and the other half 
of them are quasi-negative.” (5, p .l52 |

The theorem  is o f  little o r no interest for abstract groups; w hat is o f  in terest to us is C ay ley ’s

proof:

“The proof is very simple: a term A of the group operating on the p terms { \ , A , B ,  C,...) 

o f the group, gives these same terms in a different order, or it may be regarded as a 
substitution upon the p symbols I, A, B, C, ...; so regarded it is a regular substitution 

(this is a fundamental theorem, which I do not stop to prove), and hence since it must be
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of the order a it is a substitution composed of — cycles, each o f a letters. But in
a

general a substitution is positive or negative according as it is equivalent to an even or an 
odd number o f inversions; a cyclical substitution upon a letters is positive or negative

according as a - 1  is even or odd; and the substitution composed o f  the — cycles is

positive or negative according as — ( n -1 ) ,  that is, |.i 1 - — , is even or odd.” [5, p. 152)
a

1
a

T he result now  follow s from  the definition. First, here we have an application, how ever sim ple or 

slight, o f  C ayley's Theorem. Second, C ayley points out that each substitu tion  effected by 

m ultiplying the elem ents o f  a group w ith any one o f  its e lem ents is alw ays regular. He calls it a 

“fim dam ental theorem", but docs not stop to prove it <14>.

In [61 C ayley takes, for the sake o f  definiteness, tw elve letters and endeavors to form a 

substitu tion group w ith three letters, assum ing that it contains two p ailicu lar substitu tions, each a 

product o f  four 3-cycles. T o  explain the theory (o f  construction o f  an in tended group), Cayley 

introduces the notion o f  a hemihedroiv, that is, a figure obtained from  a polyhedron  by rem oval o f  

certain faces. W e refrain  from  the associated graphical representation  (represen ted  by a diagram ) 

and only quote the conclusion:

“When these conditions are satisfied the foregoing investigation in fact shows that the 
diagram, or say the hemihcdron, gives rise to a group. ... I remark, in conclusion that the 
group of 12 considered above is, in fact, the group of 12 positive substitutions upon 4 
letters a b c f / ; ... <15>.” [6 , p.330[

This paper begins w ith an alm ost verbatim  repetition o f  14]; for C ayley w ishes to

“recapitulate the general theory so far as is necessary in order to render intelligible the 
quasi-geometrical representation o f it which will be given”. [6 , p.324|

G oing beyond 14], C ayley  explicitly  w rites dow n the (right) regular representation o f  the 

non-abelian group o f  order six, and says:

“It will be noticed that in the foregoing substitution group cach substitution is regular, 
that is, composed o f cyclical substitutions each o f the same number o f letters; and it is 
easy to see that this property is a general one; each substitution of the substitution-group 
must be regular.

By what precedes, the group o f  any order composed o f  the functional symbols is replaced 
by a substitution-group upon a set o f  letters the number o f  which is equal to the order o f  
the group, and wherein all the substitutions are regular [our italics].” [6 , p.326|

T his is the clearest s ta tem ent o f  Cayley's Theorem, w hich includes the supplem ent that each 

substitution (in the resu lting  representation) is regular <16>. M iller [30] states it m ore fully:
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“By combining these facts with those o f §14 there results the following theorem; Every 
group of finite order can be represented as a regular substitution group and any two 
regular substitution groups which are simply isomorjjhic are also conjugate*.” [p.64|

The footnote * reads:

“This theorem is fundamental as it reduces the study o f abstract groups uniquely to that 
o f regular substitution groups.”

One cannot fail to notice that C ay ley ’s attitude to this theorem  w as ju s t the opposite. The footnote 

ends thus:

“The theorem may be called Cayley’s theorem and it might reasonably be regarded as 
third in order o f importance, being preceded only by the theorems o f Lagrange and 
Sylow.” lp.64)

A s far as we can ascerta in , this is the first appcarance o f  the appellation “C ay ley ’s T heorem ” .

R. D. C arm ichael: '"Introduction to the Theoiy o f  G roups o f  F inite  O rder” (pp. xiv + 447), Ginn

and C om pany, 1937, sta tes the theorem  even m ore fully, by including infom iation  on the 

relationship betw een the left and right regular representations o f  the sam e group:

“II. Second Fundam ental Theorem  <17> Every group G o f  finite order it can be 
represented as a regular permutation group on it symbols, the latter being simply 
isomoiphic with G. In fact, such a representation can be set up in two ways (as in the 
following prooO and the two relationships arc distinct when G is not an Abelian group. 
Moreover, every penxiutation in one o f these groups is permutable with every 
permutation in the other; and the it permutations of one of these permutation groups are 
the only permutations on its letters permutable with every permutation of the other. 
Furthermore, these two simply isomorphic regular permutation groups are conjugate 
under the symmetric group on the letters involved in them.” Ip.65|

in |7 | C ayley p icks up the them e o f  16] and explains a slightly d ifferent graphical representation 

o f  the sam e group (viz. ). C uriously  enough, the paper |7 | begins as follows:

“In regard to a substitution-group o f the order n upon the same number o f letters,
I omitted to mention the important theorem that every substitution is regular (that is, 
either cyclical or composed o f a number of cycles each of them o f the same order). Thus, 
in the group o f 6  given in No. 1 [ [4] in our list], writing a, b, c, d, e, f  in place of
1 , a ,  p, y, 6 , 8 , the substitiUions of the group are 1 , a c e ,  b f  d, a e c, h d f,  

a h . c d . e f  a d . b e . c f  a f . b c . d e . " \ 7 , p A 0 3 \

C ayley neglects to m ention that these facts w ere clearly stated in the paper [6 ], w ritten only a few 

days ago. A fter 1878 C ayley w rote several m ore papers on group theory; one o f  these, [9], w ritten 

in 1893, will be d iscussed  in C hapter 4.8. T he paper [8 ], published in 1889, deals w ith a different 

kind o f  graphical representation o f  groups than discussed in [7]. It w as occasioned  by the paper: 

A. B. K em pe, "A m em oir to the introductory to a genera l th eo iy  o f  m athem atica l fo r m ”.
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Philosophical T ransactions o f  the Royal Socicty, V olum e 177 (1887), 1-70, especially  by the 

section “G roups contain ing  from  one to tw elve units” , pp .37-43.

“Mr Kcinpc’s paper has recalled my attention to the method o f graphical representation 
explained in the second o f the two papers o f 1878 <18>, and has led me to consider, in 
place o f  a diagram as there given for the independent substitutions, a diagram such as 
those o f his paper, for all the substitutions.” | 8 , p.639],

says C ayley, and continues:

“I remark that up to X = 11. the first ease of any difficulty is that o f x = 8 , and that the 

5 groups of this order were determined in my papers o f 1854 and 1859. For the order 12,
Mr Kempe has five groups, but one of these is non-existent, and there is a group omitted; 
the number is thus = 5.” [8 , p.639]

T his paper thus deals w ith the graphical determ ination o f  the five abstract groups o f  order 12 by 

K em pe’s m ethod. In con trast to his 1878 papers, C ayley begins this paper by expressly  referring 

to five o f  his earlier papers on group theory, viz. [IJ,  [2], |3 ], [4 |, and 17).

A nother paper o f  C ay ley ’s that belongs to this period, but is no particu lar interest to us, is: “O// 

the fin ite  groups o f  linear transformations o f  a variable", M athcm atische A nnalen, 16 (1880), 

260-263; C orrection, ibid. 439-440, C ollected Papers 752, V olum e 11, 237-241.

Cayley’s Motivation for the Abstract Groiin Conccnt

W e begin by search ing  for clues w ithin C ay ley’s w ritings, |1 | has a single footnote, “m arked 1” , 

going w ith the defin ition  o f  group:

“The idea o f a group as applied to pemiutations or substitutions is due to Galois, and the 
introduction o f it may be considered as marking an epoch in the progress of the theory of 
algebraic equations.” [1, p. 124]

There is no o ther footnote, or any reference to any other w riter in the entire series o f  papers 

[1 | -  17]. So, clearly  perm utation  groups served C ayley as a prim e m otivating  exam ple. A fter 

c lassify ing the groups o f  o rder 4  and before m oving to concrete exam ples o f  the non-cyclic  group 

o f  order 4, C ayley m akes the fo llow ing observation:

“Systems o f this form arc o f frequent occurrence in analysis, and it is only on account of 
their extreme simplicity that they have not been expressly remarked.” [1 , p. 126]

Further on, “ano ther singular instance” o f  the non-abelian group o f  o rder six is given, w hich we 

have already d iscussed  at length, by referring to a previously published paper (see C hapter 2.2.4), 

w hich bears the sam e date, N ov. 2, 1853, as 11].

43

Dhaka University Institutional Repository



N oting that all these five exam ples are groups o f  transform ations (including one w here the 

transform ations are m appings defined on the set o f  all invertible m atrices o f  a given order -  an 

exam ple m isunderstood  by K leiner), there is no question that finite transform ation  groups were, 

for C ayley, an equally  im portant m otivation for the abstract group concept. Indeed, we are 

inclined to believe that as far as C ayley  w as concerned, perm utation  groups played only a 

reinforcing ro le as an instance o f  the diverse types o f  concrete exam ples that are subsum ed under 

a com m on um brella  by the new  conccpt <19>.

3.4 Frobenius & Stickelberger

U nder d iscussion here is the jo in t paper [12| by Frobenius and S tickelberger (both then in Zurich) 

on abelian groups. It beg ins by saying:

“The theory o f finite groups of commutabic elements was founded on the one hand by 
Euler and Gauss in their number-theoretic researches on power residues, and on the other 
hand, by Lagrange and Abel in their algebraic work on solution o f equations. After these 
fundamental investigations Gauss and Schering developed the theory further.” [12, p.217|

Surprisingly, F roben ius and S tickelberger now here refer to K ronecker or form ally define w hat “ci 

fin ite  group o f  commutable elements" m eans <20>. T hey w ish  to  carry the investigation o f  the 

structure o f  these g roups further to the point o f  discovering “properties com m on to all possible 

decom position  o f  an abelian  group into a product o f  elem entary  [m eaning: cyclic] g roups” .

“A group that is not irreducible can be decomposed into purely irreducible factors. As a 
rule, such a decomposition can be accomplished in many ways. However, regardless of 
the way in which it is carried out, the number o f irreducible factors is always the same 
and the factors in the two decompositions can be so paired off that the corresponding 
factors have the same order. The proof o f this statement ... and the precise 
characterization o f the ineducible factors o f a decomposable group ... form the main 
subject o f our investigation.” [1 2 , p.2 2 1 |

F robenius and S tickelberger thus establish the [basis] theorem  in full generality  and identify the 

irreducible factors as cyclic groups o f  prim e pow er order. T hey  apply their result to the Euler 
group  m odulo M, g roups o f  equivalence classes o f  binary  quadratic  form s and ideal classes o f  

algebraic num ber fields.

For us, the im portance o f  this paper lies in the fact that through it F robenius engaged h im se lf in 

group theory, to w hich he w as destined to m ake decisive contributions. A s for Stickelberger, his 

main w ork w as in algebraic num ber theory and he will not feature in our study again. Before 

leaving Frobenius and S tickelberger, we wish to discuss a footnote in [12, p .230 | which they 

inserted in connection  w ith the p ro o f o i"F erm at's  Theorem" (See F ootnote 19, C hapter 1).
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are also all the different elements of the same group; so they can differ from 
/4 |, y4 2 , ..., in their ordering*.” [12, p.230|

riie  footnote * runs as follows:

“If one denotes by the substitution which permutes the elements amongst

themselves, so that they become equal to / 1 | / I , j  in that order, (hen

= 5piS'„, and form a (transitive) group W  o f h (commutable)

substitutions o f h letters. One can therefore conceive of the elements o f any group also 
as substitutions.”

W e, therefore, see that Frobenius and S tickelbcrger stale and prove C ayley's Theorem  (though 

only for abelian groups) w ithout referring to C ayley or any other author. Perhaps, this perception 

w as com m on know ledge around that time.

"If A),  A 2 , ■■■, A/, are the elements of a group of order /i, then

3.5 W eber

A nother m athem atician  w ho advanced the abstract point o f  view  in algebra w as Heinrich 

W eber (1842-1913). In a pap er entitled “P roof o f  the theorem that eveiy  properly primitive 
quadratic fo rm  is capable o f  representing infinitely many prim e numbers"  |3 9 |,  he developed the 

theory o f  abelian groups from  scratch <21>. He begins w ith the defin ition  o f  a group:

“Definition A system G o f h elements 0 | , 0 2 , . . . , 0 /, of any kind, is called a group of 

degree h if it satisfies the following conditions:

I. By some rule which is designated as composition or multiplication, from any two

elements o f the same system. In symbols, 0,.0 , = 0 , .

II. It is always true that (0^0j ) 0, = 0,. (0^0 ,) = 0, 0 ^ 0 ,.

III. From 00,. = 00^ or from O,.0 = O 5 0 , it follows that 0,. = 0^ .” |39, p.302|

“From  this defin ition , the follow ing results are derived through sim ple argum ents” , says W eber 

and goes on to prove the existence and uniqueness o f  an identity elem ent and inverse elem ents, 

giving careful and com plete proofs.

“ 1. There is in G one and only one clement 0„ which satisfies the condition, that for 

every element 0 ,-,

0 ,0 „= O „0 ,= 0 ,-.
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2. If from among the two elements 0, 0 ',  one is assigned arbitrarily, then the other can 

be determined [uniquely] such that
OO' = O'G = 0„.

The element 0 , is called the principal element of Ihe group and denoted by 1. 0 ' is 

called the element reciprocal to 0 and written as 0 ” ' |39, p.303|

W eber then proves that for every 0 ,  there exists a sm allest positive in teger m such that 0"' = 1. 

Ml is called the degree o f  the elem ent 0 .  T he elem ents

l , 0 , 0 ^ . . . , 0 "'"'

are all d istinct from  one another; the ir set <22> is called the period  o f  0 <23>. 0^‘ := 0^‘ holds if  

and only i f  ).i s  p .'(m od m)\ therefore, 0"' = 1 if  and only if  |i  is d iv isib le by m. The principal 

elem ent is the only one in the group w hose degree = 1 .

“3. The degree of every element is a divisor o f the degree of the group.

The theorem is proved for the case when the entire group is exhausted by the period of 0 :

( 0 ) 0 ° , 0 ^ 0 ^ . . . , 0 '''■ '.

If that is not the case, and 0 | is an element not contained in ( 0 ) ,  then the elements 

( 0 , )  0 , 0 ° , 0 |O ^ 0 ,O ^ .. . ,O , 0 "'■'

are all different from one another and also different from the elements ( 0 ) .  If the group 

G is still not exhausted, and O2  is an element not contained in ( 0 )  and ( 0 |) ,  then the 

further elements

( 0 2 ) O2 0 ° ,O 2 O ',O 2 0 ^ .......0 2 O '" ''

are different from one another and also from the elements ( 0 )  and ( 0 | ). Proceeding in

the way, the group G will be split up in several series, each o f m elements; from which 
the correctness o f (he theorem is evident.” [39, p.304|

O bserve that these results (and their proofs) hold for all groups, not for ju s t  abelian groups. We 

have quoted  W eb er’s p ro o f in full for several reasons.

(i) T he result w as stated  by C ayley in his first paper [1, p p .124-125] w ithout proof; he m erely 

said that “ it w as easy  to show ” .

(ii) W eber no doubt felt that it w as a sufficiently  non-trivial and, at that tim e, novel result w hich 

dem anded a com plete  proof.
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(iii)T h is  result is a special case o f  L agrange’s Theorem . W eber certa in ly  knew  this; the fact that 

he docs not m ention it, is probably because he could not give a su itable reference for 

L agrange’s T heorem  for abstract groups.

W eber then defines "Abelian Group" and proves successively;

“4. If h is Ihc degree o f an Abelian group G and r a prime number dividing h, then 
there are elements in G wiiose orders are divisible by r, hence also elements whose 
orders = r.

To prove this theorem, let 0 i ,0 2 ,. . . ,0 / ,  be all the elements o f G and m |, 7/12, ..., wi/, 

their degrees. As the exponents n | , |i 21 •••, M a runs through a complete residue system 

modulo /«!, HI2 , ..., «J/,, the form

(3) e = 0,^‘'O2^‘'. . .O ,/ ‘''

contains every clement o f G; and one sees easily that every element is equally often 
represented by this form, say n times. For, from a representation o f  an arbitrary element 
0 in the form (3), all others are obtained by multiplying it with all possible 
representations o f  the principal element I. The total number of all representations of the 

form (3) is, however, m^m2  — »ii, ; whence n^mj  — »»/, = nb . So, if  r is a prime number

dividing h, then at least one o f the factors ;H|, /H2 , , must be divisible by r."

|39, pp.304-305]

T hese and other results culm inate in the

“M ain Theorem  In an Abelian group G o f degree h one can always choose elements 

0 |,O 2 , . . . , 0 v of degrees hi ,«2, . . . ,Wv such that the form 0 [ '' '02^ ^ . .0 //*  contains 

each element 0 o f C  once and only once, when .V|, i 2 > ••• > ■̂'v taken from complete 

residue systems modulo — respectively. In this situation, / / = // |« 2 . . . « v ”

|39, pp.306-307]

In W eber’s derivation , one can choose the elem ents 0 | , 0 2 , . . . , 0 v  in such a w ay that their 

degrees are prim e pow ers.

“One can, however, amalgamate several of these elements whose degrees arc relatively 

prime; in this way, one can ensure that each number in the sequence / i i , «2 , . . . , «v is 

divisible by the succeeding one”,

com m ents W eber in a footnote [39, p .307 | and refers to Schering, K ronecker and to Frobenius & 

Stickelberger.

W eber m ay not count am ong the greatest m athem aticians o f  the 19th century, but he did very 

influential w ork in algebra and num ber theory. H is tw o-volum e ~  “Lelirbiich cler Algebra"
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(1895/ 1896), still availab le as a C helsea reprint, w as the m ost prom inent book on the subject till 

the appearance o f  B. L. van der W aerdcn ’s ~  ''M oderne A lgebra"  (Tw o parts, 1930/ 1931, 

Springer-V erlag) <24>.

3.6 Dyck

'I’he abstract group concept as form ulated by Cayley, K roneckcr, and W eber, w ere all tied to the 

case o f  finite g roups (in K ro n eck er’s form ulation, to finite abelian groups). Infinite g ioups were 

not under their consideration, and w ere not subsum ed under the ir definitions. W alther 

D yck (1856-1934), in later life von Dyck, a student o f  K le in ’s, published  an im portant and 

influential paper [11] in 1882, in w hich he consciously included and com bined , for the first time, 

all the m ajor historical roots o f  abstract group theory -  algebraic, num ber-theoretic, geom etric and 

analytic. H e placed C ay ley ’s dictum : group is defined by means o f  (he laws o f  combination o f

its sym bols"  at the top o f  his paper, clearly  indicating and acknow ledging  that it served him  as a 

guiding princip le. D y ck ’s “h itroduction” begins as follows:

“'I'he following investigations are concemcd with the problem: to define a group of 
discrete operations that arc applied to a certain object, while ignoring a particular form of 
representation o f  the individual operations, regarding them rather as given only in terms 
o f the properties essential for the group-building.” [ 1 1 , p. 1 ]

D yck used the m ethod o f  generators to solve the problem  <25>. H e starts from  certain generating 

operations A], A 2 , A j , . . . , about w hose special characters no assum ptions w hatever are made.

‘'77ie/t it is possible to specify every group that can be built by means o f  iteration and 
combination o f these operations through the knowledge o f  certain relations which occur 
in connection with the composition o f the original operations." [41, p.241 ]

T his passage m eans that every  group w ith a finite num ber o f  generators and relations can be 

obtained from  the fr e e  group  on the sam e generators by im posing those relations <26>.

To D yck we thus ow e the very im portant notion and construction o f  the free group on m 

generators A^, A 2 , , A„, [11, pp.5-6J. Every group on these generators consists o f  '"symbolic

products”

(1) A] '̂ A 2  ̂ ... Aj^' A p  ... (w e now  call them  “words"), 

and the assum ed relations take the forni

(2) F „ ( A , ) ^ 1 ,

w here the F/, are special p roducts o f  the form  (1).
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“In this way all lioloedrically isomorphic groups <27> are included in a single group, and 
the essence o f a group is no longer expressed by a particular form o f its operations, but 
solely by the natural relationships to one another, hi the reverse spirit one may enunciate 
tlie principle:
The necessary and sufficient characteristic of natural relationships o f  a series of
arbitrarily defined operations , A2 , . . . , which wc apply to a certain object is given by

the group built from them.

Such a purely formal conception of group-theorctic operations makes its position clear in 
a formal development of analytic operations on the whole. These arc multiplication 
operations which follow the associative, but not the commutative principle. Subjecting 

these operations to c e r t a i n (2) F /,(/l,) = I ,  they are given the

character o f special circle of operations, which comprises an infinite, or also a finite, 
group o f operations.” ! 1 1 , PP l- 2 ]

I'hese extensive ex tracts bring out D yck’s conceptual inclinations and in tentions m ore clearly 

than any paraphrasing  m ight accom plish. Dyck does not form ulate the group axiom s explicitly; 

w hen constructing  the free group on the generators A^, A 2 , ..., A„,, he says:

“Thereby wc will also take into consideration the operations opposite to the operations 

A j , which we denote in the usual manner by .” [11, p.5|

The free group then consists o f  all products form ed w ith A^, A ^ \  A 2 , A ^ \  A„,, - W hen

the generators are subject to relations, each 4̂,” ' is expressib le as a p roduct o f  the generators 

A^, A 2 , . . . , A,„, as D yck poin ts out. Then every elem ent o f  the group is a w ord form ed from 

non-negative integral pow ers o f  the generators.

From  our standpoin t the im portant aspect o f  D yck’s w ork is that it encom passes both infinite and 

finite groups, and that the existence o f  inverse elem ents is explicitly  dem anded  <28>.

3.7 Frobenius

F roben ius’s jo in t paper |12) w ith S tickelberger on finite abelian groups notw ithstanding, it is no 

exaggeration to say  that Frobenius entered group theory w ith his p ro o f o f  S y lo w ’s T heorem  [13| 

for abstract groups. H enceforth  he w as com pletely on his ow n. He form ulated  the group concept 

as follows:

“ I. Every two elements A and B determine in the given order a unique third element 
which is denoted by AB.

II. From each of the two equations AC = BC  or, CA = CB, it follows that A = B.
III. {̂ or the operation through which AB results from A and B, the associative law 

{AB)C = A{B Q  holds; but not necessarily the commutative law AB = BA.
IV. The number o f elements is finite.” [13, pp.l79-I80 |
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E nunciating this defin ition  Frobenius continues:

“From the first three conditions, it follows that there cannot exist more than one element 
E (the principal element) which satisfies the equation = E and henec by itself alone 
forms a group. For, is also F  = F  ^  then by I, { E ^ ) F  = E ), or by III, EEF = EFF 
and hence by II, E = F. Is any element, then A E ^ = A E  and £  = £/4; therefore
(by II), AE = EA = A. That sueh a principal element really exists, follows from IV.”
|13, p .l80 |

Thus, w hile C ayley  states w hat is in effect the cancellation law  (both left and right) as an 

im portant consequence o f  the sornew hat im plicit group axiom s, F robenius includes the 

cancellation  law  am ong the group axiom s. The rest o f  this im portant paper w ill be d iscussed in 

C hapter 5.2.

3 .8  C oncluding R e m a r k s

In d iscussing the second phase o f  developm ent o f  abstract group theory, we have consciously 

om itted Eugcn N etto  (1846-1919), a student o f  K ronecker’s, w ho -  beg inning  w ith  the eighteen 

seventies -  w rote ex tensively  on perm utational group theory and in 1882 published the 

m onograph ~  “Suhstitulionentheorie w id Hire Anwendungen a u f die A lgebra"  <29>. This book is 

discussed in som e detail by W ussing, w ho says:

“... when it comes to the use of abstract group concept, Netto’s position is not 
consistent: “Group” is still synonymous with “permutation group”. ... Netto used the 
abstract group concept to combine, admittedly in an imperfect and inconsistent way, two 
of the three historical roots of abstract group theory, namely, ... theory o f permutations 
and the group ideas present implicitly in number theory.” [41, pp.237-238|

This generous assessm ent o f  W ussing has been m ildly challenged by W aterhouse [38], while 

discussing N e tto ’s p ro o f o f  S y lo w ’s Theorem :

“Netto grants that if  one can “free the foundations and development from all assumptions 
not absolutely necessary, the generality of the objects with which it works makes possible 
its application in many different areas.” But by treating only “application to a definitely 
prescribed and strictly limited area” one gets “freedom from everything superfluous and 
heightened usefulness, in place o f a generality which is absent but not missed.” These 
ideas are so familiar that it is a shock to read on and find that Netto does not at all intend 
to contrast abstract groups with groups o f substitutions^^. It is rather substitution groups 
themselves that Netto considers abstract in comparison with the original idea of 
substitutions as explicit changes of variable.” [38, p.285]

W aterhouse’s Footnote 22 is as follows:

“This point is missed by Wussing. It is tme that Netto gives Kronecker’s abstract 
treatment o f finite abelian groups, but he docs little more than reproduce it; he docs not
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call such systems o f objects “groups”, nor docs he deal with similarly abstract systems in 
the rest o f his book.” [38, p.285|

it can, therefore, be safely said that N ctto ’s book had no influence on the developm ent o f  abstract 

group theory. T hus the abstract group concept was not som ething that lay “around the corner" 
even during the eighteen seventies. Jordan, N etto, and others w ere still dealing  exclusively  with 

perm utation  groups; and to  each o f  them  a perm utation w as a sufficien tly  general, even abstract, 
idea that needed no further abstraction or generalization. W ell into the tw entieth  cen tu i^  m any 

m athem aticians believed that the existence o f  an abstract group w as not proved until it could be 

represented as a perm utation group <30>.

W e conclude by quoting the final section o f  S charlau’s essay [34], entitled “Group Theory in the 
Generation after Galois" <31>;

“In my opinion it is not reasonable to overemphasize the contrast between abstract group 
theory and the theory o f permutation groups that existed at that time. It seems rather that 
a rough idea o f an abstract group was very much present in the minds of mathematicians 
o f this generation and it provided the (often unspoken) background o f their work. At the 
least, Cayley and Dedekind had already in the [eighteen] fifties explicitly formulated an 
abstract group theory. They both put forth the problem if  classification of all (finite) 
groups as a central problem. On the other hand, the Theorem o f Cayley that every 
abstract group can be realized as a permutation group, is such a triviality <32> that it was 
surely as generally known as the identity of the concepts of permutation and Galois 
groups. Group-theorists o f this time -  especially those who were interested in concrete 
advances and not, as Dedekind, in abstract algebra -  had hardly any reason to distinguish 
sharply between abstract groups, permutation groups and Galois groups. Finally, also 
from a purely mathematical standpoint the investigation o f permutation groups was closer 
to hand and more promising in results than abstract group theory. For example, the 
close-to-hand problem of determination o f multiply transitive [permutation] groups, as 
pursued by Mathieu and Jordan, led to deep results and difficult problems, not all of 
which are solved even today.” [p.411

Footnotes

1. W e have not been able to trace any publication during the in tervening period, w hich deals 

w ith, or refers to, abstract groups.

2. A m ong them , E. M athieu  (1835-1895) deserves special m ention; he d iscovered the five 

sim ple m ultip ly  transitive M athieu groups [24, p .8 0 |.

3. “ the concept o f  a quotien t group w as not explicitly  recognized at this tim e” , rem arks K leiner 

in parenthesis.

4. Jo rd an ’s Traite had a particularly  deep infiuence on Klein.
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5. W ithin a decadc or tw o o f  his publication, Traite w as com pletely  overshadow ed by new 

approaches and new  developm ents. “This may be the reason w hy there has been no second 

edition o f  the Traite." [41, Footnote 131, p .276 |. O w ing to its historical im portance, a 

photom echanical reprin t finally  appeared in 1957.

6. K ronecker confined h im se lf to abelian groups, because his m otivation  lay in num ber theory.

K roneckcr’s approach to the abstract gi'oup concept bears a strik ing  resem blance to that
adopted by C ayley. S ince he m akes no reference to C ayley, we m ay assum e that he arrived at

the concept independently .

7. T h is is item  [432] in W ussing’s B ibliography |41 , p.312J.

8. Thus, K ronecker advocates a view point we recognize as the essence o f  abstract algebra.

9. T he term “belonging to an exponent" is boiTowed from G auss (1801).

10. As far w e know , the first person to  quote this was D yck [11]. It has becom e a catchw ord and a 

succinct em bodim ent o f  the abstract group conccpt.

11. N ow -a-days, we use the term s 'permutation' and "substitution' as being synonym ous. In the 

19th century, m any au thors used 'substitution' to refer to the m apping and 'permutation' to 

refer to the im age.

12. W ussing’s Footnote 215 reads:

“one o f tiie four papers, namely, [148J [ [7] in our list] was even [our italics] 
published in the Mathematische Annalen". ]41,p.2891

Frankly, w e are at a com plete loss to understand this com m ent.

13. The hypo thesis o f  com m utativ ity  ensures that the m ap a ^ a ~ ^  is an autom orphism  o f  the

group. C ayley  w as abso lu tely  right in believing that his construction w as susceptible to

generalization . Sem idirect p roducts (and extension by cyclic groups) w ere later studied and 

used ex tensively  by H older.

14. The p ro o f is, o f  course, very sim ple -  alm ost obvious. T hat is why the m ap x - ^ x a

( a  e  G fixed) is called  the right regular representation o f  G.

15. W e know  it as , the a lternating group on four letters.

16. T his supplem ent, w hich C ayley stated in [SJ and so clearly  em phasized here, should form a 

part o f  the sta tem ent o f  Cayley's Theorem. A m ong m ore recent books we have com e across
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such a com plete  statem ent only in W. Lcderm ann; “Inlroduciion to the Theory’ o f  Finite 
Groups" (pp. X + 170), O liver &  Boyd, 1957, pp.80-81.

17. N either the theorem , no r any part o f  it, is designated after C ayley; indeed, the nam e o f  C ayley 

is totally  absent from this book.

18. T h is is the paper [7 |.

19. C ayley felt so enthusiastic  about the abstract group concept that, as early  as 1860, he included 

it am ong '"Recent Terminology in M athematics", T he E nglish Encyclopedia, V olum e 5 

(1860), 534-542, C ollected  Papers 299, V olum e 3, 594-602, a co llection  o f  term s m ostly from 

the then em erging theory  o f  invariants. Tlie entry '"Group" covers alm ost an entire page and is 

a b rie f  sum m ary  o f  the first several sections o f  (1], T here is thus clear, though indirect, 

ev idence that the theory o f  invariants -  largely a creation o f  C ay ley ’s -  played an im portant 

role in shaping the abstrac t group concept.

20. “The elements of our investigation are the Vf{M)  classes o f (real) integers which 

are [mutually] incongrucnt with respect to the modulus M  and arc relatively prime 
to it.” |12, p.218]

They call tw o classes equal i f  they are represented by num bers congruent m odulo M.

"A  number o f these elements form a (finite)* group if the product of any two o f them 
is again contained among them.”

In the footnote (m arked by *), they say “there also exist groups o f  infinitely  m any elem ents, 

e.g. the units o f  an algcbraic [num ber] field, provided they are not all roots o f  1 , form an 

infinite group o f  finite rank” [12, p.218]. This is all that they say about the group concept.

21. Stating that lie could  have referred to the literature for the [basis] theorem  on A belian groups, 

W eber says,

“Nevertheless, I preferred -  for sake o f easier understanding and connection -  to 
give a further proof of this important theorem which plays such an important role in 
number theory and algebra, that is, as simple as possible and confines itself to the 
essentials.” [39, p.301]

22. The G erm an w ord is "Inbegriff'\ it w as used (initially) also  by C an tor to  m ean "set". W eber’s 

tem i "degree"  o f  a group, o r o f  an elem ent did not find general acceptance; the universally 

used term  now  is "order".

23. This term  is borrow ed from  G auss |22 , p .29 |. To us, it is the cyclic subgroup  o f  G generated 

by 0 .
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24. E nglish translation: M odem  Algebra,
V olum e I (transla ted  by F. B lum ) (pp. x + 264), F. U nger, 1949;

V olum e II (translated  by 'I'. J. Benac) (pp. x + 222), F. U nger, 1950.

25. T he m ethod o f  defin ing groups in term s o f  generators and relations is often credited to Dyck. 

So, it is p leasing  to note that W ussing correctly ascribes the m ethod to Cayley. H ow ever, in 

D yck’s copious footnotes [11, pp.2-3] containing references to  sources that influenced him, 

w e find no reference to Cayley. His only reference to C ayley  is in the footnote on page 1 

saying;
“Cayley's remark placed at the beginning is in American Journal of Mathematics,
Volume 1, page 51.”

26. For an in terpretation  o f  this passage in term s o f  quotient groups see C hapter 4.5.

27. H oioedrical isom orphism , and m eroedrical isom orphism  w ere the term s originally used for 

Injective isom orphism , and hom om orphism .

28. A lso Lie, w ork ing  on infinite transform ation groups, realized  this point.

29. Item  [541] in W ussin g ’s B ibliography. A n English translation ~  "Theory o f  Substitutions and  
its Applications to Algebra" by the noted A m erican algebraist F. N. C ole appeared in 1892.

30. This reflects a com m ent m ade by E. Artin: “Zur Problemlage der M athem atik"  (The state o f  

affairs in m athem atics), C ollected Papers o f  Emil Artin (pp. xvi + 560), A ddison-W csley, 

1965, p .553. An instance o f  this attitude is found in M iller [30, p .6 5 |, w here Exorcise 4 asks 

the reader to show  “There are exactly two abstract groups o f  order 4."] this is followed by; 

"SuggestioR- Represent the possible groups as regular substitution groups.''.

31. Item [541] in W ussing ’s B ibliography [41, p .316 |. Scharlau docs not specify  a tim e-period for 

'"the generation after Galois", but it w ould be reasonable to assum e that he m eant roughly the 

third quarter o f  the n ineteenth  century. For, though G alois m et w ith his tragic end in 1832, his 

w ork w as published  only  in 1846.

32. C alling  C ay ley ’s T heorem  a "triviality' necessitates som e com m ents. It is certain ly  a sim ple, 

perhaps even obvious, result, an assessm ent w ith w hich C ayley w ould, no doubt, have agreed; 

for he never form ulated  it as a theorem  as such. But to call it a triv iality  is surely unjustified. 

A s an isom orphism  theorem  it stands on the sam e footing as the w ell-know n theorem  “eveiy

vector space o f  dimension n over a fie ld  F  is isomorphic to F "  {the vector space o f  n-tuples 
over F )".
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Chapter 4

The Development of the Concept of Quotient Group

4.1 Introduction

Before em bark ing  on the historical study o f  the evolution o f  the concept, it m ay be useful to recall 

the present-day approach to the concept o f  quotienl group, or fa c to r  group, o f  G m odulo a 

norm al subgroup  N. O ne approach is via “multipliccition o f  complexes"-, w hen is a norm al 

subgroup, the left and right cosets coincide; aN  = Na\ the product o f  tw o cosets aN, bN  is a coset 

o f  N\ it is the coset {ab)N. 'D ie set o f  all cosets o f  N  becom es a group  under m ultiplication o f  

com plexes. T h is is the quotient group G/N. C onversely, i f  the product o f  tw o left (or, right) cosets 

o f  H  is alw ays a left (or, right) coset o f  H, then necessarily  (aH){bH) = {ab)H  and H  m ust be a 

norm al subgroup o f  G <1>.

I'lie otlier approach is via “equivalence relations”. O ne dcllnes tw o equivalence relations, called 

left and right congruence m odulo N  as follows:

a ~ b <=> « “ '/> e  N , and 
I.

a ~ b <=> G N .

T he relation ~  is left com patib le and ~  is right com patible w ith the group operation. This 

m eans,

a ~ b => ca ~  c b , and
I. L

a ~ b => ac ~ b e , for all c g G .
R R

W hen is a norm al subgroup, ~  is also right com patib le and ~  is also  left com patib le with
L R

the group operation  and the tw o equivalence relations ~ and ~  coincide;
I. R

a ~ b <=> a ~ b .
L R

In this situation the m ultip lication  o f  cosets, as defined by the equation {aN) {bN) =  {ab)N, is 

w ell-defined. B eing a w ell-defined  operation, the com patib ility  property  ensures that the group 

axiom s are satisfied  by the set o f  cosets o f  N.

The first approach is m ore dow n-to-earth , w hile the second approach  is conceptually  more 

satisfactory  and susceptib le  to  generalization. C onversely , it can be show n that ''Every {given)
equivalence relation on a group, which is both left and right compatible with the group operation,
is congruence modulo a suitable normal subgroup" < 2>.
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4.2 G alois

Julia N icholson <3> begins her account o f  the developm ent and understanding o f  the concept o f  

quotient group w ith the follow ing words:

“Although the concept o f quotient group is now considered to be fundamental to the 
study o f groups, it is a concept which was unknown to early group theorists <4>. It 
emerged relatively late in the history of (he subjcct: toward the end of the 19th century.
I'he main reason for this delay is that in order to give a recognizably modern definition of 
a quotient group, it is necessary to think o f groups in an abstract way <5>. Therefore, the 
development o f  the concept o f quotient group is closely linked with the abstraction of 
group theory.” [32, p.68]

W ith the benefit o f  h indsigh t we can see that the concept o f  quotient group w as present on m any 

occasions before an explicit defin ition  w as made.

“One idea which can now be understood in terms o f quotient groups is found in the 
Galois theory o f  algebraic equations” |32, p.701,

says N icholson, and quotes the follow ing passage from G alo is’s ow n w riting:

“ ... when the group o f an equation admits a proper decomposition, in such a way that it 
divides into M  groups o f N  permutations, one will be able to solve the given equation 
by means of two equations: one o f them will have a group o f M  permutations, the other 
a group o f N  permutations.” |32, p.70/ 85| <6>

hi m odem  term s, this rem ark  m eans that if  the group G  o f  an equation  has a norm al subgroup 

(a concept due to G alois) H, the equation can be solved by m eans o f  tw o equations w hose groups 

we know  as G/H  and H. T his rem arkable insight lies a t the heart o f  G alois theory; and it is 

precisely to investigate the general problem  o f  “Reduction o f  an algebraic equation to a chain o f  
equations" (the title o f  H o lder’s paper |2 5 |)  that H older was led to form ulate the concept o f  

quotient group in a com pletely  general and satisfactory m anner, alm ost six ty  years after Galois 

w rote those lines. N icholson, w hile conceding that “G alois had no concept o f  quotient group” 

|32 , p .70 |, thought it appropriate to use the phrase "Implicit Use o f  the Concept: Galois" as her 

section heading, hi our in terpretation , one is hardly ju stified  in saying that G alois m ade im plicit 

use o f  the quotien t group, but only  that the above passage can he best understood in terms o f  
quotient groups.

4.3 Betti

N icholson then studies B e tti’s extensive com m entary  (1852), item  [34] in W ussing’s 

B ibliography [41, p .298], on G alo is’s w ritings for traces o f  the concept o f  quotient group. Betti 

w as seeking to explain  G a lo is’s w ork  from  the view point o f  substitu tion group theory. Central to 
his approach w as an investigation o f  the w ay in w hich the group o f  an auxiliary  equation is
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related to the group o f  the original equation. The first h a lf  o f  his paper w as aim ed (in part) at the 

treatm ent o f  this question from  a purely  group-theoretic view point. T hat is, Betti was searching 

for a w ay to explain  the fact that a norm al subgroup o f  a group gives rise to another group -  

w hich we now  understand as a quotient group -  and he w as seeking to do this w ithin substitution 

group theory. A lthough he m ade considerable progress, he did not seem  to understand the 

problem  in full generality .

“The d ifficulties in understanding B etti’s paper are com pounded by his ow n notation and 

term inology” , says N icholson  [32, p .7 i l ;  she quotes several p laces from  B e tti’s w ork w here one 

can detect rud im entary  form s o f  the concept, and concludes:

“Betti seems to have understood some but not all of the ideas behind that o f quotient 
group. He realized that in special cases one can ‘divide’ one group by another and that 
the result o f this division will be a third group.” [32, p.72]

H ow ever, Betti did not realize that, unlike division in the system  o f  real num bers, w here the result 

o f  division lies in the sam e system , the result o f  this ‘d iv ision ’ is a group o f  a d ifferent kind. It 

cannot be conceived o f  as a group o f  perm utations on the sam e set o f  letters as the tw o original 

groups. Betti also stud ied  the relationship  betw een the group o f  an equation and that o f  an 

auxiliary  equation, bu t -  in the absence o f  a clear concept o f  a quotient group -  w as unable to 

express the rela tionsh ip  in a satisfactory  m anner.

“It does not seem that those [Betti’s] papers exerted much influence on the subsequent 
development o f Galois theory, and even less on (hat o f substitution group theory.”
I32.P.721

says N icholson, and continues:

“The scope o f Betti’s work was ecrtainly known to Jordan, who said in the preface o f his 
book, Traite des substitutions ct des equations algebriques, that Betti was the first to 
establish rigorously the complete sequence o f Galois’ theorems. ... However, there is no
evidence that Jordan had read or understood Betti’s work in any great detail.......... ”
[32, p.72|

4.4 Jordan

The next m athem atic ian  in the story is Jordan, to w hom  several w riters have attributed the first 

explicit defin ition  o f  a quo tien t group. T hus, G aston Julia , w riting  the preface o f  ~  Oeuvres 
[C ollected Papers] cie Camille Jordan, V olum e 1 (1961), says:

“Although, like his contemporaries, Jordan hardly considers anything but groups of 
permutations ..., it is, however, he who brings out the ‘abstract’ notion o f  quotient 
group.” [32, p.73/ 85|
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On the o ther hand, Jean D icudonne, the editor o f  Jo rd an ’s Oeuvres (V olum e I), w hile discussing 

Jo rdan ’s contribu tion  to  the Jordan-H older Theorem  (as it appeared in Jo rd an ’s Traite), w rote as 
follows:

“At this time there is still no dear conception of the notion of quotient group, although 
Jordan freely uses, from his earliest works, calculation ‘modulo’ a normal subgroup; it is 
only in 1873 that he defines explicitly the notion of quotient group and considers the 
successive quotient groups o f a composition series; but we know that the invariance 
theorem will assume its definitive form only with Holder (in 1889) <7>.” |32, p.73/ 85|

Jo rd an ’s Traite contains, as already stated, an exhaustive treatm ent o f  perm utation  groups and 

G alois theory o f  equations, and incoiporates his research upto that tim e. N ow here in the Traite 
the notion o f  quotien t group appears explicitly. “ It w as only  later, in 1873, w hen Jordan was 

extending som e results o f  M athieu on the lim it o f  transitiv ity  o f  [perm utation] groups, by w ay o f  

S y low ’s T heorem s, that he used the idea o f  congruence o f  group elem ents to produce a quotient 
group structure” . |32 , p .74 |

H is m otivation w as that, the defin itions and developm ents he w as about to give, w ould  make the 

proofs o f  several im portant propositions considerably sim pler. The first defin ition  is:

“Two substitutions s and t which comniutc with a group II are said to be congruent 
with respect to the group II if one has an identity <8> of the form s = tli, h being a 
substitution in H.

One can express this relation by a formula analogous to that o f ordinary congruences
s ^ t  m o d // ."  |32,p.74/ 85j

Thus, Jordan assum es, s l l  = Hs and / / /  =  /// .  T hat m eans, s  and t belong  to the norm alizer o f

H. Jordan show s that i f  ( ^, s ', t, t ' all com m ute w ith H), s ^ t  (m od It)  and s ' = t' (m od IT), then

.V/= .v '/'(m od IT). Jordan  realized that this properly p enn itted  him  to in troduce the following 

definition:

“We will say that a scries o f substitutions .V|,.V2 , (vvhich all commute with the same 

group //) form a group with respect to the module II if for all values o f a  and p wc 

have a relation o f the form

= Sy mod H |32, p.74/85|

Jordan introduced the notation  —  for this group, but no nam e. S ince H  is not necessarily

I Cj  I
contained in G, its o rder is ^  (to use our present-day notation). T hus, Jo rd an ’s quotient

group —  consists o f  the congruence classes o f  the elem ents .v,, .V2 > • • •, from  w hich G is formed 

(that is, w hose union com prises G). H e conceived o f  this group as consisting  o f  one representative
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from  each congruence class; he w as aw are that these represen tatives them selves do not 

necessarily  form  a gi'oup <9>.

“hi this way, he [Jordan] was able to remain within the limits o f substitution group theory 
while embracing a concept which cannot easily be adequately described in this theory. He 
did cxactly what Belli was unable to grasp that he should do: Jordan took a set of 
substitutions in the normalizer of H  and combined them to form a group o f a different 
type, a group Tormed ‘with rcspect (o’ //. He went on to say that all the principal 
definitions relating lo ‘ordinary’ groups (meaning groups o f substitutions) can be carried 
over to groups ‘formed with rcspect to the module H '." [32, p.75]

This paper <10> o f  Jo rd an ’s w as cited several limes by F robenius in his papers (e.g. [13, p .637]), 

who -  as we shall see in C hapter 5.2 -  constructed a quotient group in a special situation, which 

conform s fully to  ou r m odern understanding o f  the concept.

In a subsequent paper (see (32, p .88 | for precise refercncc) also  published in 1873 Jordan linked 

the degrees o f  certain  prim itive pem iu tation  groups w ith properties o f  a particu lar perm utation in 

each group, w hereby he used his version o f  quotient groups. T his paper appears to be the last in 

w hich Jordan used the new  concept to w hose further developm ent he m ade no contribution.

4.5 Dyck

“A fter these papers o f  Jo rd an ’s the developm ent becom es less easy  to  trace.” , says N icholson and 

continues; “T he concept o f  quotien t group began to be approached from  new  and different 

angles.” [32, p .75). A s an exam ple she d iscusses [32, pp.77-78] D y ck ’s “Gruppentheuretische 
Studien" (G roup-theoretic  Studies), w hich appeared in tw o parts in M athem atische Annalen, 

20 (1882), 1-44 and 22 (1883), 70-108. D yck constructs the free group on n generators and show s 

(essentially , w ithout using  the term inology) that every finitely generated  group is a quotient group 

o f  a free group o f  finite rank. N icholson analyzes D yck’s w ork  in som e detail and concludes:

“He [Dyck] approached the concept of quotient group in two completely different ways 
but was not able to connect the two. Had he done so, he might well have realized that one 
can dispense with the homomoiphism and the represenlation on Ihe cosets and look 
within the group itself for the concept o f quotient group.” (32, p.78)

“T his p rocess happened” , continues N icholson:

“as more abstract ideas were introduced inlo the study o f groups <11>. The old theories 
were gradually being reformulated and extended by means o f these new ideas. As these 
great changes were taking placc, the usefulness of the concept o f equivalence was more 
and more clearly recognized. This conccpt was certainly known to Dedckind, Kronecker, 
Frobcnius, Cantor, and Holder, and also lo Frege, whose approach was somewhat more 
philosophical.” [32, p.75j

59

Dhaka University Institutional Repository



As we know , the concept o f  quotient group is best understood in the fram ew ork o f  the genera! 

theory o f  equivalence relations. T he first person, w ho used the notion o f  equivalence to construct 

a specific quotient group explicitly  in a published paper <12>, w as Frobenius |13] in his p ro o f o f  

Sy low ’s (first) theorem  for abstract groups. T his paper will be discussed in detail in C hapter 5.2. 

Here w e shall show  how  close Frobenius cam e to the notion o f  the concept o f  a quotient group, in 

general, in his subsequent paper [14].

4 .6  F r o b e n iu s

'I'he paper 114] o f  F robenius is rem arkable for the m issed opportunity  o f  defin ing the concept o f  

quotient group in an abstract and general setting.

Frobenius w rites A ~  B  (m od to m ean belongs to H ere ^  is assum ed to be a

subgroup o f  a given group S .  A and B arc then called equivalent, or congruent w ith respect to 

A lthough not exp lic itly  stated , Frobenius is w ell-aw are that this is an equivalence relation on

S , and m entions that “the number o f  {mod ^  ) distinct elements o f  a given group is, by

Lagrange's Theorem, equal to { S : ^ )  = — , where s and g  denote the orders o f  S  and
s

respectively^'. I 'robcnius does not use the tem i "coset' in any form. He continues ' fo r  certain 

purposes it may be useful to call A ~  B  (m od ^ ), when B~^ A is an element o f  ^  ” . Frobenius 

uses this observation  as suggesting the follow ing m ore general definition.

G iven tw o subgroups ^  and J4, an elem ent B  is called congruent to another elem ent A 

(m odd. J4)  i f  an equation  GAH  =  B holds, w here G belongs to ^  and H belongs to J4.

Frobenius explic itly  proves that this relation is sym m etric and transitive. S ince it is also refiexive, 

it is an equivalence relation on S .  Frobenius calls the collection o f  all those elem ents o f  S ,

w hich are congruent (m odd. J4)  to a fixed elem ent, ‘V; class of equivalent elements" <13>.

O f  the elem ents o f  any such  class, any tw o are congruent to each other, and the class is

com pletely  determ ined  by each  o f  its elem ents. Thus, each elem ent o f  a class can be chosen as a 

representative o f  the class. The num ber o f  classes in w hich the elem ents o f  S  split up, that is,

the num ber o f  (m odd. J 4 )  incongruent elem ents o f  S ,  is denoted  by J 4 ) .  Frobenius

then proceeds w'ith h is investigations (som e o f  these will be d iscussed in C hap ter 6.4).

It is clear that F robenius not only had the general notion o f  an equivalence relation, but was also 

aw are o f  the fact that every  equivalence relation on a set y ields a partition ing  o f  the set into 

m utually  d isjo in t equivalence classes. He explicitly  form ulated, w ithout giving a nam e to them, 

the relations o f  right and left congruence m odulo a given subgroup  o f  a group. N ow , had
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Frobcniiis investigated  the question “when does these two relations coincide {i.e., become 

identical)! ” , he w ould  have at once got the answ er “ i f  and only i f  ^  is a normal subgroup o f

S". 'I’he right and left equ ivalence classes (that is, cosets) w ould then all coincide and them selves

form a group under the operation o f  m ultiplication o f  cosets [or, better still: under the

w ell-defined operation  given by the form ula ( a ^ )  ) =  { a b ) ^  ]. T hus w e see how  close

Frobenius cam e to the notion o f  a quotient group in an abstract setting, but sim ply did not pursue 

the m atter. It w as left to O. H older to fom iulate the concept o f  quotient group in full generality, 

adopting both approaches (see the next Section).

4.7 H older

The concept o f  quotien t group reached its definitive form ulation, as already stated, in H older’s 
paper [25 |. I'he purpose o f  (he paper, as stated by H older, is as follows;

“The present work has the purpose o f generalizing the following theorem, which forms 
the foundation of Abel’s proof o f the insolvability [by means o f radicals] o f the general 
equation o f degree greater than five:

When an equation can be solved by radicals, then one can always put the solution in such 
a form that all the radicals appearing [in the solution] are rational functions o f the roots of 
the given equation.” [25, p.26]

H older explains that in o rder to prove his theorem  he needs to be able to reduce any given 

equation to a chain o f  auxiliary  equations. O ne needs to ktiow the [G alois] groups o f  these 

auxiliary equations and how  far they are determ ined by the group o f  the original equation. Raising 

o ther questions pertinent to this, H older says:

“It will be revealed that group o f the original equation gives rise to ccrtain completely 
determined simple groups, the factor groups. These latter groups must appear among the 
Galois groups o f the auxiliary equations. ... Moreover, the theorem holds that, when the 
number o f auxiliary equations is as small as possible, the auxiliary quantities all 
automatically beeomc rational [functions] of the roots of the original equation. The key to 
the treatment o f  the questions raised is to be found in a theorem stated by Mr. C, Jordan 
[Traite, pp.269-270]. It needed only a further extension o f  Jordan’s results. This 
extension receives a particular interest through its importance for the treatment o f higher 
equations and through the appearance o f an hitherto not sufficiently appreciated group- 
theoretic concept, namely, the concept of factor group.” [25, p.28]

T he paper is div ided into a purely  group-theoretic part and an algebraic part; as to the form er, for 

the sake o f  a connected account, m any know n things have been developed ab initio, says Holder. 

He begins w ith the defin ition  o f  a finite (abstract) group, essentially  as given in Frobenius [16| 

<14>, and m entions the ex istence and uniqueness o f  the “identity operation J  ” , and the existence,

to each operation A, o f  a uniquely  detem iined reverse operation A ~ ^ . H older then defines normal
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subgroup, but fo llow ing F. K lein, uses the term  “distinguished subgroup"  <15>. T he older 

expression w as to say that

“Ihc subgroup commutes with all the operations of the whole group, meaning that if A 
is any operation o f the whole group and B is any operation o f the subgroup, then the 

products Ali and BA are, respectively, expressible in the forms B'A and /< S ', where 
B' and B ” are suitably chosen operations of the subgroup." [25, pp.29-30]

H older (hen explains “composition series" o f  a group follow ing Jordan:

“Is (7 any arbitrary group, then one forms a series of groups
G ,G \G " ..... J

such that every group o f this sequence is a maximal normal subgroup <16> o f the 
preceding group and the last group, denoted by J, contains only the identity operation.”

If /;, //', n" ,...,  1 arc  Ihe orders o f  the groups in the above [com posilionj scries, then the num bers

are called  “composition factors"  by Jordan. Jordan proved that the set o f  these 
n n" '

num bers is com pletely  determ ined  by the group G, despite the possib ility  o f  various choices for 

the com position  series.

“This theory o f the composition factors must however be deepened to the extent that the 
factors are conceived o f as groups. It will be shown in the next paragraphs that through 
the relationship o f a group to a normal subgroup contained in it, a new group o f (usually) 
other operations is always defined. This latter group is completely determined from the 
abstract standpoint, which disregards the nature of the operations ... .” [25, p.30|

In the next tw o paragraphs H older constructs this new group in tw o d ifferent, but logically 

equivalent, w ays. T he first m ethod is based on m ultiplication o f  cosets. T he second m ethod is 

based on equivalence relations. H older show s that w hen the subgroup is norm al, the product o f  

two arbitrary  elem ents o f  tw o cosets is an elem ent o f  a uniquely determ ined  coset; hence this 

proccss defines a com position  o f  cosets.

“In this way, one obtains new operations [elements], which likewise form a group. It is 
this completely determined group that is to be brought into consideration. One could call 
it Ihe quotient o f the groups G and //, which in the following will be denoted by G\H."
|25 ,p .31 |

The o ther m ethod is to procccd as follows:

“Two operations o f the whole group G will be called equivalent when they can be 
transformed into one another by multiplication with an operation o f the normal subgroup
H. Because o f the commutativity of the group H  with operations of the whole 
group <I7>, one need not distinguish between right and left multiplication in this 
definition. From the same ground i( follows that, Equivalents multiplied with Equivalents
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gives rise to Equivalents <18>. Separating, therefore, the operations of tlie whole group 
G into classes, such that one puts equivalent operations in the same class and inequivalent 
operations in different classes, one then obtains a coniposition o f classes, for which the 
group property holds.” |25, p.321

W e have quoted  th is and o ther p laces from H older’s paper to im press upon the reader, how  clearly 

the conccpt o f  quo tien t group is explored by H older by tw o m ethods. T he scction contain ing the 
first m ethod is entitled  “ 77/c' Quotient defined hv ci group and a nornud subgroup contained in it" 
and at the end o f  his explanations, as we have seen, he introduced tlie notation G\f f  for the 

'"quotient" o f  the groups G  and H. In the introduction, and again  later, he used the term  fac tor

group, because Jo rd an ’s com position factors now  appear as the orders o f  the
/(' n"

quotient g roups G I G ' ,  G 'lG " ,...  . N icholson quotes from  B urnside’s ~  “Tlieoiy o f  groups o f  

fin ite  order ” (1911) <19>:

“ This being so it is natural to use a symbol to denote directly the group thus defined in 

terms o f G and T . Herr Holder [1889] has introduced the symbol — to represent this 

group; he calls it the quotient o f G by V , and factor group of G." [32, p.83|

and com m ents as follows:

“Holder did in fact reserve the name ‘Factorgruppcn’ for the composition factors: perhaps 
Burnside’s misreading o f  this is the reason why both the name ‘quotient group’ and the 
name ‘factor group’ are new in common usage <20>.” [32, p.83]

N icho lson’s th ink ing  that perhaps B urnside m isread H older is unfounded, because -  as we have 

seen -  H older used both  the term s. Froin the context o f  the general theory  o f  quotient structure, 

the ten n  ‘quotient g ro u p ’ is the appropriate one; from the context o f  the theory o f  the com position 

series, the term  ‘factor g ro u p ’ appears m ore natural. In any case, 'factor group' seem s to be the

term  m ore favoured by group-theorists. < 2 1  >

This brings us to  the end o f  our study o f  the concept o f  quotient groups. It is rem arkable that 

H older does not m ention Jordan  as a precursor o f  this conccpt <22>. H o lder’s c lear form ulation o f 

the concept found ready acceptance w hich led to im portant advances in the study o f  structure

theory o f  groups in the hands o f  H older and m any other m athem aticians.

4.8 Cayley

R egarding |9 |,  w ritten w hen C ayley w as 72, N icholson says sim ply:

“In 1893, Cayley wrote a “Note on the so-called quotient G/H  in the theory o f groups” 
in which he cited Holder’s paper of 1889 and referred to a paper o f Young's [1893], who.
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in his turn, attributed the definition of quotient group and tlie term ‘quotient’ to Holder.”
132, p.84|

C ayley begins his ‘N o te ’ as follows:

“The notion (sec Holder, "Zur Reduction der algebraisclicn Gleichungen”, Matli. Ann., 
t. XXXIV (1887), §4, p. 31) is a very important one, and it is extensively made use of in 
Mr. Young’s paper, “On the Determination of Groups whose Order is the Power o f a 
Prime”, Amcr. Math. Jour., t. XV (1893), pp. 124-178; but it seems to me that the 
meaning is explained with hardly sufficient clearness, and that a more suitable algorithm 

might be adopted, viz. instead of G| = C / F |, I would rather write

G = r , . 0G | or 0 G , . r , | 9 ,  p.38?l

The first point w e notice here is that, w hile Cayley correctly  quotes the title and reference to 

J. W . A. Y o u n g ’s paper <23>, he com m itted an inaccuracy in quoting the title o f  H older’s paper, 
as well as in its year o f  publication.

T his ‘N o te ’ is an attem pt to explain and understand the quotient group Gj = G ! \ \  w ithin the 

realm  o f  the original group G. C ayley takes a com plete set o f  represen tatives o f  the cosets o f  the 

(norm al) subgroup  denoting  it by 0 G \  =  (1, B , ) .

“G being a group, we have thus in general...

Bj B j  -  B/i A/ '̂ a  } A j' (/, j ,  unequal or equal), 

where the 5 .̂ is a determinate clement o f the scries 1, B2 . - depending only on the

elements B, and B j into the product o f which it enters; ...

We may imagine a set o f elements 1, 8 2 , . . . ,  B, for which, B j, B j being any two of 

them and B|̂  a third element determined as above, we have always Bj B j — , that is

these elements 1, B 2 , . . . ,  B, now form a group, say the group G | ; the original elements

1, B 2 , . . . ,  B , , (which arc subject to a different law of combination

B j B j = B ^ A ^ -  a ;' A - \  

and do not form a group) are regarded as a mere array connected with this group, and so 

represented as above by QG \ ; and the relation o f the original group G to the group f |

(consisting o f elements commutative with those o f G) and to the new group G\ is

expressed as above by the equation G = f | . QG \ , = Q G \. Pj ” [9, pp.387-388|

W e have quoted  the essential parts o f  [9) in order to assess its m eaning  (a po in t passed over by 

N icholson silen tly), w hich is now  clear; it is an attem pt to understand the quotient group w ithin 

the confines o f  the orig inal group. W e know , no such attem pt can be really  successful. T hat is 

perhaps w hy this paper o f  C ay ley ’s is hardly ever refeired  to in the literature. This ‘N o te’ is 

clearly  an attem pt to com bine the two approaches to the quotient group, so clearly  -  although 

som ew hat conciscly  -  exp lained  by  H older.
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T here is another reason (besides historical objectivity) w hy we have d iscussed  |9 |.  W e wonder, 

w hether this is related  to  the rem ark m ade in the last paragraph o f  C ay ley ’s second paper on group 

theory.

“It may be remarked, that if there be any number of symmetrical holders of the same 
group 1, a , (3, ... then any one o f these [symmetrical] holders bears to the aggregate of 

the holders a relation such as the submultiple of a group bears (o such group; it is proper 
to nolicc that the aggregate o f the [symmetrical] holders is not of necessity itself a 
holder.” |2, p .l32 |

W e cannot be sure w hat C ayley really  m eant by saying “any one o f  these [sym m etrical] holders 

bears to the aggregate o f  the holders a relation such as the subm ultip le o f  a group bears to such 

group” ; but the fact that he w as considering the aggregate o f  the holders as an entity  definitely  

allow s us to  say that C ayley had taken here the first necessary step  tow ards the construction o f  a 

quotient group. Had he contem plated  m ultiplying such holders, as he does in [9], he w ould have 

been led to the quotient group, and miglit have then concluded by saying that “ the aggregate o f  

the [sym m etrical] holders is -  i f  not o f  necessity, then o f  its ow n virtue -  itse lf a gra;//?” .

F o o tn o te s

1. Let {air){blT) = {cIT) hold for som e c g G , depending on a and b in O’. T hen

ah =  {ae){be) e  cH  => cH =  {ab)H.

For any x& G  , a e l l  ,v /e  have

x~^a G x~^H  and x  e  x H  ; so, g ( .v ~ '//) ( ,v //)  = (.v " 'a :)// = = H

=> .v" 'av  G / /  H  < G  .

2. G iven such an equivalence relation, let N  = {a e G  :a'~ e} . T hen N  < G  , for

a , h  e  N  => a ~ e ,  b ~ e  => h ~ a  => a~'b ~ a~ 'a  = e => a~'b  g N  ;

and for any  x g G ,  x~ 'ax  ~  x~ 'ex  = e => g . F inally,

a ~ b  ci- a ~ ^ b ~ e  <=> a~^h e  N  c:> a is congruent to h m odulo M

3. She earned a D .Phil. o f  the U niversity  o f  O xford in 1993 w ith a thesis on "Otlo Holder and

the Development o f  Group Theory and Galois Theory".

4. “N ow -a-days, one can hardly  anym ore conccive o f  a group theory  w ithout factor groups”, 

says B. L. van d er W aerden [p. 159] in his obituary, "N a d irtif a u f  Otto Holder", 

M athem atische A nnalen , 116 (1939), 157-165.

5. W e w ould like to say; In order to give a satisfactoiy  defin ition  o f  a quotien t group, it is 

essential to  th ink  o f  groups in an abstract way.
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6. Tlic Frciicl) original is on p .70; English translation is on p .85.

7. Wc also  know that the conccpt o f  quotient group itself will assum e its defin itive form w ith

llok ler. leading him to the "H dhler-parr  o f  the Jordan-1 lolder 'I'heorem , the '"invariance 
ificorcni"  to w hich D ieudonne refers.

8. N ich o lso irs  use o f  the word 'icienlily' is here conceptually  w rong (the original has e^'alile).

9. This is precisely how' Cayley [8 | sought to explain the (abstract) quotient group in 1893 (see

C hapter 4.8).

10. 1-^46] in W ussing 's B ibliography |41 , p .303 |.

11. D yck 's  work is a good exam ple. D yck’s work paved the way foi- a branch o f  group theory 
know n as C'oinhinalorial Group I'/u'ory. See H. C'handler &  VV. M agnus: ~  ''The history o f  
conihinalorial y,roup theory: A case stiic/y in the history o f  ideas", Springer-V eilag , 1982.

12. The procedure is im plicit in a m anuscript o f  D edekind’s ~  "Ans cfen G nippensliic/ien  

(/iS35-5(S) ” , published in V olum e 111 o f  his "G esannnelle m athem atische W erke"  (C ollected 

M athem atical W orks), pp.439-446, in 1932; it also contains a p ro o f o f  C auchy’s Theorem . 

•See (39. p .288 |.

13. W e call it a tIoiiNe coset. This term w'as reportedly first used with this m eaning by 

(r. A. M iller in 19! I |30 , p.25]. In the context o f  perm utation groups, double cosets already 

appeared in C au ch y 's  w riting (item 1128| in W ussing 's B ibliography |41 . p.301)).

14. Instead o f '"elements" o f  a group (the term  used by Kronecker, W eber and Frobenius), H older 

consisten tly  speaks o f  "operations", probably hinting at the perm utation-theoretic  origin o f  

groups.

15. lie  also m akes a reference to Konig, Mathematische Annalen, 21 (1882), as using the term 
invariant siihi'ronp. It appears on p.4 3 1 o f  .lulius K onig 's "Beitrai;e zur theorie cler 
al^ehraischen Gleichnn^en" (C ontributions to the theory o f  algebraic equations). 424-439. 

Konig adds a footnote saying;

"I'he expression ‘invariant’, instead of ‘distinguished’, is not only more 
cliaracterislic but also reconinieiids itself through its international usefulness.”
|p.4.3l|

1(». I lenceforth  we say 'norm al' rather than 'd istinguished'. A norm al m axim al subgroup is one, 

w hich is not contained in any larger normal subgroup, o ther than the w hole group.

I he term  distin}ruished {ausge~eichnet in G erm an) subgroup appears in K le in 's  book ~ 

"Vorlesungen iiber das Ikosaeder und die AufJosoung der Gleichiingen vom fiin ften  Grade".
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Leipzig, 1884. In the E nglish  translation (by G. G. M orrice) “Lectures on the icosahedron 
and the solution o f  equations o f  the fifth  degree", 2nd edition , London, 1913, the translator 

used the term  s e l f  conjugate subgroup, follow ing F. N. Cole.

17. In the sense exp lained  earlier by Holder.

18. W e indicate this property  by saying that “nniltiplication is w ell-defm ecr.

19. T his w as the first book  (1897) devoted to the theory o f  abstract groups. A  substantially  

enlarged edition  appeared  in 1911.

20. N icholson poin ts out that J. J. Rotm an, in his book  ~  ''An Introduction to the Theo/y o f  

Groups" (1984) preserves H o ld e r’s original distinction in his textbook, “but sadly he appears 

to be in the m inority  in doing  so ” .

21. A survey o f  som e read ily  available books show s that m ost authors m ention the term s 'factor  
group' and 'quotient group' as being synonym ous. B ut B. L. van der W aerden in his 

celebrated  "M odern Algebra"  and also M. Hall |24] use the term  'factor group' exclusively.

22. in a subsequent, very im portant paper, "Die Gruppen der Ordnungen p ^ , p q ^ , pqr, p ^ " ,  

M athem atische A nnalen , 43 (1893), 301-412. H ere, “ H older cited  Jordan, saying that quotient 

groups had already  appeared in Jo rd an ’s w ork and that he drew  up their theory anew  in 1889” 

|32 , p .84j; H o lder’s footnote [p .317| reads:

“C f Jordan, Bull. Soc. Math. France, 1 (1873), p.46, where this group [C 7 |r ]  

already appears while I set it up anew in the 34th volume o f these Annalen."

T his seem s to suggest that H older was not aw are o f  Jo rd an ’s w ork  in 1889, at least as far as 

quotient g roups w ere concerned.

23. But American Journal o f  Mathematics is referred to as Amer. Math. Jour..
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Chai)ter 5 

The Sylow Theorems

5.1 Introduction

riic three Sylow  I'heoiem s occupy a unique place in group theory. The entire structure tiieory o f  

groups would collapse vvithoul these tiieorenis. If L agrange 's Theorem  and the C lass Liquation for 

Unite groups are deem ed to be tiie first tw o m ost im portant results in group theoiy , then 

invariably, the third place m ust be accorded to Sy low ’s first theorem  <1>. riie  second and third 

theorem s o f  Sylow , though alm ost equally im portant, are m erely supplem ents to Sy low ’s first 

theorem . There is an another equally im portant supplem ent, wiiich is not nam ed after Ludvig 

S> low (1832-1918): "the iitiniher o f Sylow  p-suhgroups d ivides the p -frce  pari o f  the order o f  

the irroiip".

It m ay be o f  interest to sec Sylovv's statem ents o f  his theorem s as tiiey appear in his paper 

"Tlieorenies siir les groupes de suhslilulioiis"  (T iieorem s on groups o f  substitu tions), 

M alliem alische A nnalen. 5 (1872). 584-594:

“Theorciii 1 M'/;" denotes the highest power of the prime number n which divides the 

order of the group (/, [then] the group contains another [group] of the order ; if

moreover /;"v  denotes the order of the largest group contained in O' whose 
substitutions are permutable [meaning; commutable] with [then] the order of G shall 

be oflhe form + 1 ) [p. 586)

O bserve that. is the order o f  the norm alizer o f  in G.

“Thcorciii II l-verytliing being as in the preceding theorem, the group (7 contains

precisely np > \ distinct groups of order ; one obtains all o f them by transforming

aiis one of them by the substitutions of (7. each group being given by //“ v 
irjinslbrmations.” |p. 587|

O bserve that, transform ing a subgroup / /  by an elem ent a  in G  m eans, form ing the conjugate 

group a ' '  H i t .

It is d ifficult to overestim ate the pow'cr o r tiie im portance o f  S y low 's first theorem . For the 

highest prim e pow er dividing the order o f  the group, it assures the e.xistence o f  at least one 
subgroup o f  that order; the second theorem  asserts that if there are m ore tiian one such subgroup, 

then an \ tw'o o f  them are conjugates o f  one another; the third theorem , finally, asserts that the 

num ber o f  such subgroups has the form M > 0 is an integer); if this num ber is greater than

one, it is then at least 1 i />; if  it is greater than 1 i /;, it is then at least I t 2/;; ... , and so on. 

riu is the num ber o f  Sylow  /;-subgroiips has a very special form. C om bined vvitii the o ther
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supplem ent, w hich \vc propose to call Sylow 's fourth  theorem <2>, one often gets very precise 

inform ation about the actual num ber o f  Sylow  /^-subgroups o f  a group.

W aterhouse [38] has w ritten  an illum inating discourse on the early  proofs o f  S y low ’s (first) 

theorem . The follow ing rem ark in M. K iine’s ~  “Mathematical Thought from  Ancient to Modern 
Times (O xford, 1972)” served as his m otivation;

“Having arrived at the abstract notion of a group, tlic mathematicians turned to proving 
theorems about abstract groups that were suggested by known results for concrete cases.

Thus Frobenius proved Sylow’s theorem for finite abstract groups.” [p. 11411

Since any finite group can be realized as a group o f  perm utations {Cayley's Theorem), Sy low 's 

T heorem  for perm utation  groups im plies the abstract result. So, “this in itse lf is not m uch o f  an 

accom plishm ent” , says W aterhouse |38 , p.279]. As Frobenius not only knew  C ay ley ’s Theorem  

(though not by  nam e), but also refers expressly to it as o ccu n in g  in |12 , p .230] (see C hapter 3.4), 

W aterhouse feels that

“Obviously more careful analysis is needed to grasp what Frobenius was actually doing.”
[38, p.279|

This is precisely  ou r purpose in the next section. W aterhouse briefly  analyzes, besides 

F roben ius’s proof, o ther proofs that were given for S y low ’s (first) theorem  in the first fifteen 

years afler its publication  <3>. He also paraphrases S y low ’s ow n perm utation-theoretic  p ro o f to 

m ake it com prehensib le  to the m odem  reader, and em phasizes that his analysis is o f  interest from 

a w ider perspective:

“Tills is o f interest in itself, since the theorem is still basic, and the major lines of 
argument now known all turn out to iiave been discovered in some form by that time. But 
also, by tracing this single theorem tiirough a cincial period in the development o f  group 
theory, we will see more generally how the introduction of new ideas throws new light on 
the same result. Indeed, we almost have a case study in levels and use of abstraction.
Some o f the authors still thought o f changes o f variables in polynomials, others applied 
group-theoretic reasoning to permutation groups, and finally Frobenius himself made 
serious use o f  abstract groups, hi addition to the advance, the continuity in this 
development will also be illuminated, since we will see techniques equivalent to the 
construction o f coset actions and quotient groups used in proofs before these concepts 
were formulated explicitly.” [38, p.279]

W. Scharlau [34], encouragcd  by W aterhouse’s paper [38], has published a vei7  interesting article 

on the d iscovery  o f  S y lo w 's  Theorem s. He rightly puts forw ard the opinion that the tim e w as ripe 

for the d iscovery  o f  the Sylow  T heorem s. Indeed, one can truly w onder w hy S y low ’s first 

theorem  should  not have been discovered by Jordan, or even by C auchy <4>. It w as Jordan who 

soon after the publication  o f  S y low ’s paper published a paper giving the first application o f 

Sy low ’s T heorem s to perm utation  groups, and said vei7  rightly  o f  S y lo w ’s first theorem  that this
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proposition desei'ves to be considered as fundam ental ow ing  to its sim plicity , nicety and 

generality.

5.2 F robenius’s Proof o f Sylow ’s (First) Theorem

Follow ing the publication o f  [12], nearly  five years elapsed before Frobenius com pleted his next 

contribution to group theory, “Neuer Beweis des Sylowscheii Salzes" (N ew  P roof o f  Sy low ’s 

Theorem). It is dated  M arch 1884, and was published three years later (in 1887) <5>. This 

paper [13] deserves a close study for several reasons. Frobenius m entions that this paper is the 

result o f  his attem pt to obtain a new  derivation o f  S y low ’s Theorem , w hich avoids C auchy’s 

Lem m a for S„ (see F ootnote 4).

To prove S y lo w ’s (first) theorem  Frobenius lets ^  be a g ioup  com posed o f  given elem ents

w hose order < 6> h is divisible by v-th (or, a higher) pow er o f  the prim e num ber p. For 

sim plicity  o f  presen tation , he assum es that the theorem  is valid for g roups w hose orders are less 

than h <7>. T hose elem ents o f  J 4  w hich, as for exam ple the principal e lem ent, arc com m utable

w ith each elem ent o f  J 4  foiTn a subgroup , w hose order g  is a d iv isor o f  h <8>. He 

d istinguishes tw o cases:

1 ) g  is d iv isib le by p.

He lets A, B, C, ... be the elem ents o f  ^  o f  w hich every tw o elem ents are com m utable,

according to the defin ition  o f  the group. Again he lets a, b, c, ... be the orders o f  the elem ents 

A, B, C, ... and a ,  P , y ,  . . .  be variable integers w hich m ove from  0 to a -\ , b - \ ,  c-1,

respectively. Then A'^ B̂ ''' C ' ^ ... represents each elem ent o f  ^  equally  often, to be specific, as

often as it represents the principal clem ent. T herefore, abc... is d iv isib le by g  <9>, hence also

by p. So, one o f  the factors m ust be divisible by p. If  this is then A " ' '’ = P  is an elem ent 

different from the principal elem ent E  w hose order is equal to p  <10>.

He considers tw o elem ents o f  J 4  as (relatively) equal w hen they differ only by a pow er o f  P, 

then for this generalized  notion o f  equality, the conditions I -  IV arc fulfilled, because every 

pow er o f  P  is com m utable  w ith  every elem ent o f  J 4 \  and the relatively  d ifferent elem ents o f

J 4  form a group < 1 I>  w hose order — is less than h, w hich therefore, by the [induction]
P

hypothesis, contains a subgroup o f  order . As Q  runs through the elem ents o f  this 

subgroup < 1 2 > and X runs through the values 0 to p - \ ,  then the p'^ elem ents P ^Q  are 

absolutely  d ifferen t <13>  from  one another and form a subgroup o f  order p'" contained in J4.
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Tw o elem ents A and B  arc cailcd similar (in relation to J 4 )  w hen there is an clem ent H  in J J

w hich satisfies the equation H ~ ^A H  = B <14>. All elem ents w hich are sim ilar to a fixed 

elem ent and consequently  also pairw ise sim ilar, form a class o f  sim ilar e lem ents <15>. Each one 

o f  the g  e lem ents A^, A 2 , o f  the group G form s a class by i tse lf  If

( 1 ) A ^ , A 2 , . . . , A ^ ,

is a com plete system  o f  non-sim ilar elem ents o f  J 4 , then the elem ents o f  J J  w hich are 

com m utable w ith B̂  ̂ form  a group G [norm alizer o f  in J4]  w hose order is < h . For, 

otherw ise 5^, w ould belong  to the group Q. W hen H  runs tlirough the U e lem ents o f  the group

J4, then B^j^H runs through all elem ents o f  the class represented  by 5^,. A s o f  these /; 

e lem ents arc equal to , then o f  the sam e arc equal to one another <16>. Is, therefore, //j, 

the num ber o f  d ifferen t e lem ents o f  J4, w hich are sim ilar to , then

(2) g , //, =  // <17>.

Since, m oreover, every  elem ent o f  the group JJ  is sim ilar to one and only  one elem ent am ong

( 1 ), w e have

(3) h = g  \-h\ +//2 + <18>.

Since h is d iv isib le by /;, but not g , so in this equation the num bers /J|, h i , . - . . cannot all be 

divisible by p. Should  be not divisible by /;, then by equation  (2), the order g^  is divisible by

p ' ' . S ince gjj < h , [by the induction hypothesis], -  hence also  J4, contains a subgroup o f

order p .

T his brings us to the end o f  F roben ius’s p ro o f  Read w ith the footnotes, the reader should have no 

d ifficulty  in g rasp ing  "what Frobenius was actually doing". The p ro o f is rem arkable for the new 

ideas and results it brings to the light. The im portance o f  this p ro o f calls for further com m ents. As 
W aterhouse says:

“There is no need to dilate on the attractiveness of this argument, which quickly became 
standard; it is quite short and avoids the preliminary constmction <19>. Wussing is quite 
wrong in attributing publication of the paper merely to a desire for abstract 
presentation<20>. Frobenius indeed stresses abstract groups, but this is not just a 
personal preference; they arc needed to make the proof work. At one step, as we saw, he 
identifies elements which differ by a power of a central element. He explicitly points out 
that after this identification the postulates still hold, and therefore he can apply the 
induction hypothesis to this quotient <21>. In this paper abstraction not only makes the 
proof clearer, it actually makes it work.” |38, p.287I

2) g  is not divisible by p.
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Som e years later W illiam  B urnside (1852-1927) <22>  independently  d iscovered the sam e proof: 

~  "Notes on the Theory o f  Groups o f  Finite Order", P roceedings o f  London M athem atical 

Society, (1) 25 (1894), 9-18, and his introductory rem arks em phasize abstract groups even more 
forccfully:

“Now, since every group of finite order can be represented as a permutation-group, there 
can be no objection to the validity of the proofs above referred to [tiiose by Sylow and 
Netto]; but from the point of view of rigiit method tiiey have something to be desired. A 
theorem so fundamental in the liicory, which also from its statement is independent of tlie 
infinite variety of forms in which a group can be presented, should not depend for its 
proof on the properties of a very special mode of representation.” [38, pp.287-288|

Scharlau [34 | beg ins his study o f  the historical contexts o f  the d iscovery  o f  the Sylow  Theorem s 

w ith these words:

“The history of a mathematical theory is, above all, the history o f the central theorems 
and deep results o f the theory. Accordingly, the Sylow Theorems deserve special 
attention in the framework o f  a general history o f group theory. It is the credit o f 
Waterhouse to have presented us, for the first time, with such an investigation, to which -  
from the point o f mathematical substance -  little can be added and, which contains a 
comprehensive discussion o f the various proofs, some of which are today almost 
forgotten. The present note, which can be looked upon as a supplement to Waterhouse’s 
article, deals more with the historical side o f the discovery o f the Sylow Theorems.”
|34,p .41 |

Scharlau argues convincingly  that S y low ’s intensive study o f  G alois theory  led him to his 

celebrated theorem s. Scharlau goes to considerable length to e lucidate the im plicit use o f  

G alois-theoretic constructions and view points in Sy low ’s work. W e may sum m arize his findings 
as follows:

1. Sylow  cam e to  group theory  quite obviously from  the G alois theo ty  o f  algebraic equations 

and not -  w hat could be th inkable -  from an abstract theory  o f  perm utation groups in 

C au ch y ’s sense. For him  group theoiy  was practically  a part o f  G alois theory, so to say 

A pplied G alo is theory; and he applied G alois-theoretic constructions and reasonings at places, 

w hich w ere later treated  purely  group-theoretically .

2. Sylow  cam e to d iscover his theorem s quite independently  by him self; but at that time 

[perm utational] group theory had reached such a stage in its developm ent that structural 

questions o f  this type lay close to hand, and the lime w as ripe for the discovery  o f  the Sylow 

Theorems.

3. N evertheless, p roblem s o f  inner structure o f  finite groups had not yet becom e the centre o f  

interest o f  group-theorists. The central problem  o f  group theory  o f  this tim e and long after 

w as the classification  o f  transitive perm utation gi oups. Essential contributions to it w ere m ade 

by Jordan  and M athieu. From  Sy low ’s Nachlass (posthum ous papers) and (unpublished)
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correspondence w ith Jordan , it appears that this problem  w as also o f  m ajor interest to Sylow. 

He seem s to have arrived at h is fam ous theorem s rather accidentally . There is a tone o f  

d isappointm ent in his letters to Jordan that his [S ylow ’s] effort to apply his theorem s 

effectively  to the above m entioned problem  w as not conspicuously  successful.

Scharlau concludes by saying:

“Sylow vvoikeci as a high school teacher in remote FrederikshaUl [in Norway] far from all 
centres o f mathematical activity; and he often complained in his letters o f his complete 
isolation. Because o f this and also bccause of other tinic-consuniing duties, he has only 
once published an epoch-making paper. It is, therefore, very difficult to estimate his 
originality and mathematical power, hi any case, in his group- and Galois-theoretic work 
he occupied himself with central problems. It remains to his credit to have discovered one 
o f the main results o f the structure theory of finite groups, even though its discovery at 
about that time appears as almost a historical necessity.” [34, p.50|

V a ria tio n  o f  F ro b c iii i is ’s P ro o f  o f Sv low ’s (F irs t)  T h e o re m  <23>

W e proceed by induction  but d istinguish the two cases differently:

1 ) J 4  con tains a p roper subgroup Q  w hose index [ J 4 : ^  is not d iv isib le by /?. Then \ ^ \  is

d ivisib le by the sam e pow er o f  p  as \ J 4  \, but has a sm aller order; so, by induction

hypothesis, ^  has a subgi oup o f  o r d e r w h i c h  is also a subgroup o f  J J .

2 ) Every p roper subgroup  o f  J 4  (tacitly assum ed to be non-abelian) has imlex divisible by p.

A s before, w e have the class equation

/) = g  + /(, + *2 + ... + /)„,.

g  being the o rder o f  the centre o f  J 4  and / / ) , //2.......arc the indices o f  the norm alizers o f

a com plete set o f  representatives o f  the conjugacy classes o f  J 4  w hich contain m ore than 

one elem ent. H ere, each /;,■ is d iv isib le by p  (by our assum ption). T herefore, /? | g  .F o r  the 

rest, one can argue as in F robcn ius’s Case 1.

T h e  C o n v e rse  o f  L a 2 ra i ig e ’s T h e o re m  fo r A belian  G ro iin s

S y low ’s T heorem  is relevant only for non-abelian groups, because for an abelian group the 

unrestricted  converse  o f  L agrange’s T heorem  holds. W c can give no ready reference for this 

result; .so w e include a p ro o f  here <24>.

T h e o re m  Suppose G is an abelian group o f  order n and d  is any d iv iso r o f  n. Then G has a 
subgroup o f  order d.
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Then f„  : X  X  is c learly  a bijective map o f  X  onto itself. So, each / „  is a perm utation o f  

the set X; that is, / „  is an elem ent o f  Sym(AO, the symmetric group  on X. W e now  

define \ | / : G —> S y m (^ ,  by vi>(a) = / „ .  O bserve that v|/ is a group-hom om orphism , because 

fa  ° fb  ~ fob ■ ^ hus, \\i is a perm utational representation o f  G.

Taking X  = G and right (or, left) m ultiplication by a, as the group action, w e get C ay ley ’s 

T heorem  that G  is isom orphic to a subgroup o f  Sym(A), because then the m ap i|/ :G-)-Sym(yY) 

is injective.

A gain, taking X  as the set o f  all cosets o f  I I  in G, (w here H  is a given subgroup  o f  G), we get 

a perm utational represen tation  o f  G into the sym m etric group on [G \ I I]  letters. W e state the 

result as:

T h e  E x te n d e d  C ay ley  T h e o re m  (F ro b c iiiu s)  <27>

G iven a subgroup H  o f  finite index m o f  a group G (w hich m ay possib ly  be infinite), there 

exists a g roup-hom om orphism  8 :G ->  S,„ w hose kernel is the core o f  H  (the largest norm al

subgroup contained in H, g iven by  the expression f] x.Hx~^ ). <28>
-te(7

A p p lica tio n  (F ro b e n iu s )  <29>

Every subgroup / /  o f  a finite group G w hose index is the sm allest prim e factor o f  |G | ,  is

norm al in G. ( S pec ia l C ase  In a group o f  order ( *  ^  1), every  subgroup  o f  order 

is norm al.)

P ro o f  <30> Let |G |  =  , w here ^ > 1  and m is a product o f  prim es all greater than /?, say

m = n </,•*' (the case m =  1 is covered by the em pty product). By hypothesis, [G: / / ] = /? ,  so
i

\ H \

C onsider the perm utational representation 0 o f  G into as in the theorem , and let K  =  K e r0  . 

Since K  is con tained  in H, jA"! has the form  w here m' d iv ides m and has the

form  n ? / '  (w here 0 </,• < ĉ,-). T hen GIK  = I m 0 ,a n d s o ,  \ G i K  \ d iv ides /?! (because, Im 0  is
i

a subgroup o f  ). But, |G /  A!'| has the form  — , w here —  has the form  •
m' m ' i

So, IG/ATI d iv ides p \  im plies, / ? * ' . —  divides (p-1)!. T his, in turn , im plies /c „ = O a n d in
m'

the case /h >  1, /,■ = kj for every  i (because, every divisor o f  {p -\)\  is less than p). So, m' = m 

and 1/^1 = /?*”'//) =  I / /  I . S ince K  is contained in H, this im plies, K  = H. H ence H  < G  .
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R eturning to the general d iscussion on group actions, we in troduce an im portant concept. For any 

S  e  X  ,w e  define, = { a & G :  aS = .S}. This is clearly  a subgroup o f  G. W e call it the stability 

subgroup, o r stabilizer  o f  S  in G.

W e observe that T -  aS  im plies Gy = .

P roo f b e G / -  <=> b 'T = T  o  b{aS) = aS  <=> {a~^ba)S = S  <=> a~^baeG<; b e a G ^ a ~ \

Theorem /(5 ), the length o f  the orbit o f  S  is equal to the index o f  the stability  subgroup S  in G:

/(.S) = [G :G ,.].

Proof W e have S  =  {«5' : a e G  }; let y  = {aG_^ : a  6 G } be the set o f  left cosets o f  G.y in G. 

W c defm e a m ap f  : S - ^ Y  by /(a..V) = a  Gy . Then f  is w ell-defined and injective, for 

aS = bS  o  { a~^b)S  = S  o  « “ '6eG .v o  a G ^  = b G ^  o  f { a S ) = f ( b S ) .

Besides, /  is surjective by its very definition. T herefore, f  ( S )  = Y. N ow , 17 1 =  [G: G.y ] and 

| / (  5  )| =  15 1, because /  is bijective. T herefore, f{S) =  15 1 =  | K | =  [G: G,y ].

The Orbital Equation

W e w rite X q =  { 5  e  A": = S, for all a e G  ] = { 5  e  X  : G^ =  G}. X(;  consists o f  those

elem ents o f  X, w hose orbits all have length 1. T he rem aining orbits, i f  any, be denoted by 

r , , 7’2 , ..., 7 \.. S ince X  is the disjoint union o f  all orbits and is the union o f  the orbits o f  

length 1 , wc have the form ula,

= ( 1 ) 
;=l

W e shall refer to {1) as the orbital equation.

Theorem | X |  s  | A 'f,-|(m od/^), w hen |G |  = /? " '.  <31>

Proof /(5 ) > 1 <=> [G ;G ^ -]> 1  and divides | G | . T h e re fo re ,/? d iv ides [G :G y ], for every S  

w ith / {S )>\ .

Special Case: The Class Equation

Lxt X = G  and G  act on itse lf  by conjugation; (a, a) ->  a “ 'ay/ . T his is c learly  a group action; in 

this case, the orb its are called  conjugacy classes and the stability  subgroup o f  x e G  is the

Stability  Subgroup (Stabilizer)
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iioniHilizcr (cetUralizer) o f  .v in G. T lierefore, the num ber o f  distinct conjugates o f  . r e G  is 

equal to | 0’: N^ \.

I lore, A'(; = { .v e G ;  xa  =  ,v, for all a e G }  is the centre o f  G, w hich vve denote by Z. We 

choose a representative elem ent a-, from each o f  the r  conjugacy classes contain ing m ore than

one elem ent. I'rom  w hat has been said before, wc iiave

1 7’,-1 w here .

fherefore. tlie orbital equation becom es

|G |  = |Z |  + I  [G;A^y] (2)
/=!

I his is know n as the class equation o f  the group G.

As a consequence o f  (2). we note the very im portant result that the centre o f  a p-group is never

trivial. I'o be specific, we Iiave:

T lico re iii |G |  =  p '"  (/; prim e) im plies, p  d ivides |Z | .

5.3.2 Cauchy’s T lieo iem

t'lieo rem  Let G be a finite group and let p  be a prim e num ber w hich divides |G | .  Then G 

has an elem ent o f  order p.

I* ro o f  l-el .V={(.V|,.V2 ..... a -^ ,):.v^gG  and = e } . A  p -tup le  (A |,a-2 , . . . ,a ^ J  o f  elem ents

o f  G is in .V iff the product equals e. If a'| ,a '2 , ar e any elem ents o f  G and

•'•/,= (V|.V2...a- ^ , , |) - ' .  (i)

then ( V|, V2 ..... a'^,) is an elem ent o f  .V.

C onversely , if  (A|.,V2 ,...,A-^,)e A ', then (i) holds. Since there are |G |  choices for each o f  the

elem ents Ai,.V2 ,...,.y^,_i , vve conclude: |.Y  | =  | G . So, p  d ivides | A "|, because p  d ivides 

| G | .  W c now  consider the p-cycle  a  = (1 2 3 . ..  /;) in the sym m etric group Sp  and define

.......'■/>)” "" (A |'’ ,a '2" ,.. . ,a -^ '')  =  (,V2 ,.V3 ..... .Y^,..v,). N ow  (a-,,.V2 ........)" bclongs to X,

because A|A2 ...a- ,̂ = im plies, a , = (a-2A-3 ...a-^,)‘ ‘ ; so that (.V2.Vv..A^,).r| = .

I hercfore. by iteration o f  a ,  wc see that the cyclic subgroup < a >  o f  S ^  acts on X. N ow  the 

order o f  < a >  is = /; . Mence, with G = < a > ,  vve have | A '| | | (m o d / ; ) .  S ince p  divides

| .V |,  tiiis im plies p  d ivides | A'^„^ | . N ow .
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(•̂ 'l ’ ' ' 2 .......Xp )  e  ' ^ % a >  <=> (-''l  ̂ V 2 .......A-,, )  =  ( .V j , .V 3 ........ .Y , , . ,V| )

C i>  .V, = A -2  = . V ,  = . . .  =  .Y , , .

As /; d iv ides | | , must contain elem ents besides {e,e,e..... ; let {a ,u ,u ........... a) be

such an elem ent o f  , then u ^ e  and a a a ...a  = a ' ' = e . W c have thus proved the
*■ V

/>laclors

exislence o f  an clem ent o f  o r d e r /; in Cl.

R en ia i k 1 C au ch y 's  Theorem  is now -a-days proved in textbooks usually only for abelian groups 

(by induction) <32>. Such books then apply it to prove Sylow ’s first tlieorem . Sylovv’s first 

theorem  then yields C auchy’s Theorem  for non-abelian groups as a special case. But. C au ch y ’s 

fhcorcm  for non-abelian groups is an easy deduction from the class equation , once C auchy’s 

fheorem  for abelian groups has been established.

The above p ro o f o f  C auchy’s Theorem  covers both the abelian and non-abelian cases and uses the 

principle o f  group action very effectively. This p ro o f is due to M cK ay |29) w here the 

presentation, how ever, is too b rief to be illum inating. The essence o f  M cK ay’s p ro o f o f  C auchy’s 

riieorem  is to let the cyclic subgroup o f  the sym m etric group S^, generated by the />cycle

a  = (1 2 3 ... p)  act on a naturally chosen subset X  o f  the /;-fold C artesian product o f  G with 

itself.

U e n ia ik  2 D uring the years 1845-1846. Cauchy contributed extensively  to the theory o f  

perm utation groups. In course o f  these investigations, Cauchy proved the theorem  under 

discussion for perm utation groups at a tim e when the concept o f  an abstract group was yet to be 

developed. C au ch y 's  original p roo f was quite lengthy and difficult (running to over 9 pages); it is 

briefly  discu.ssed in W aterhouse 's paper |38 . p.280]. Though C auchy’s T heorem  has been 

subsum ed by S y lo w 's  first theorem , the theorem  retains its place and im portance as a basic result 

o f  group theory.

5.3.3 Proofs o f Sylow ’s Theorem s via G roup Actions

The em inent algebraist H elm ut W iclandt (1910-2001) published a short p ro o f o f  S y low ’s first 

theorem  using the idea o f  group actions. W hile the idea o f  group action was not new, its explicit 

use as exhibited  in this paper [40] was a rem arkable piece o f  elegant m athem atics <33>. W ielandt 

condned  him .self to proving Sylow ’s first theorem , but his m ethod can be easily  extended to prove 

S> low ’s second theorem  as well as Sy low ’s third theorem . W e include these proofs and prove 

also an analogue o f  S y low 's first and third theorem s for normal subgroups o f /> g ro u p s  <34>. 

riiese proofs, though elegant, are still not w idely known. In the p ro o f o f  Sylovv’s first and third 

theorem s, u e  need a num ber-theoretic lemma.
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Lemma I-et n = p ' m  , where p  is a prime, r  > 1 and p  \ nr, and let 0 < .v < r (,v integer). Then

\ n
= p'^ ’‘n i l , w here p  \ t and t s  I (mod p).

in particular.

/  \  
n

V P ' )
<35>

Proof W e have

 ̂ A .,1 n - 1

So,

Now,

r! ( / ; - / - ) !  ; • ( / ' - ] ) ( / • - 2 )... { / • - ( / • - 1)} r

= w here / =

, w liere // >  I .

/ \ 
n n '  » - l  '

y ) y - i

t =

n - \

/ / - I
n  ( « / / /  - / )  

( / / - ) ) ( / /  - 2 ) ( / /  - ( / /  - 1)}

j=i

( » - l ) ( / ? - 2 ) ( / ? - 3 ) . . .  { / > - ( / / - ! ) }
IV

ir  I < / < / ; ' - I  and /; | /, then let / = / / ' ' / , ,  w here », > I and p \  . Here, / / ,<  ,v, because 

/;)' -  I < /;■' . I f  p  \ i, we can still w rite / = p " ‘/ f , w ith », = 0 , /, = i and have, p  \ / , .  In either

case.

-  /  _  mp'^ -  p " ‘ >i _  i i i p '~ " '  - t j  

P " - '  P ' - P " ' i i  p " ' " ' - h

I icrc. 0 < til < s < r and p  \ t j , for each i. Therefore, neitiier the num erator nor the denom inator 

o f lh e  above fraction is d iv isib le by p.

So. / =
n -/,)

j=i____________
/r'-l
n  - ^ )  
1=1

A fter m ultip ly ing out all term s in the num erator, and in the denom inator, we get

\.n +  V  ■'* I P
I -  — ------ , w here v = ( - 1)'^ J l / ,  •

+ V

Here p  \  v .  because p \  for c^w )’ i. N ow , / = ^  ^  im plies. v ( / - 1 )  = /j(A ,-/( .i) ,
• \.ip + v

w hich im plies. /? | v ( / - 1 ) .  T herefore, / ? | ( / - 1 ) ,  because I v ; that is, / =  1 (m o d /;).
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S v io w ’s F irs t  T lico re iii A finite group O’ has at least one subgroup o f  every prim e pow er 

order d iv id ing |G ’ |.

I*roof Let A' be the fam ily o f  all subsets S  o f  G having / /  elem ents. Then X  has "
[P ' ;

e lem ents. Let G  acts on X  in the obvious manner: i i i , S ) ^ a S - { a . \ :  .v e .9  }. a s C i  and S e X  . 

1‘liis is clearly a group action.

C la im  T here exists an orbit w hose length is not divisible by .

l-or, if  every  orbit had length divisible by then the total num ber o f  elem ents o f  X  would

be div isib le by ; but this is not the case (by Lemma).

W e lake an orbit .S' w hose length is not divisible by Then f(.S)= |.V |=  |G ; G’sJ d iv ides

IG I = /;;/? '. So. | .S'| < , because the highest pow er o f  p  present in f(S)  is < r-y . Hence

[G .G .y ] mp'  ■'

Take ci e S  : for every h e G ^ ,  we have b a & S  (because bS  = .S’). T hus (G<;)a<^S;  this 

im plies, |(G ,v )« | < | .S '|. But, |(G ,, ) i/ | = | G,v | and | .9 | = / ? ';  therefore,

(i>)

I'rom (i) and (ii), | G^ | = p ' ' . So, G^ is a subgroup o f  the desired o r d e r / / .

.Sviow’s S eco n d  T h e o re m  Suppose P is any Sylow  /^-subgroup o f  G, and II  is any subgroup 

o f  order p ’’ (0 < s < r ) . Then / /  is a subgroup o f  a Sylow  /;-subgroup  o f  G, conjugate to P.

l^roof l.ct .V = j/V/: u e G }  be the set o f  all right cosets o f / ’. W e let H  act on X  in the 

obxious m anner: h e l l .  P a e X  => (Pn)b -  P(ab) e  X.  This is clearly  a group action.

C lium  T here ex ists at least one orbit w hose length is not divisible by p.

Kor, if  every orbit had length divisible by /;, then the total length o f  all orbits / / ,  w hich is equal to 

I A' I , w ould be d ivisib le by p. But. | A' | = num ber o f  cosets o f  P in G  = = ILJIL -

and p \  / / / (by hypothesis).
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So, we take an orbit w hose length is not divisible by p. This length is equal to the index in H  o f  

ihc stab ilizer o f  any elem ent belonging to that orbit; so it is a div isor o f  \ t J \  = p ' . H ence the 

length o f  liiis orbit m ust be I .

N ow . Pa e  X  belongs to an orbit o f  length I means: {Pa)h =  Pa, for every h e  II \

=> P{aba~^) = P => aha~^ e  P => /? g a~^ P a , for all h s H ;

and thererore. II  c  a~'  P a .

S y low ’s T l i in l  T lico re in  The num ber o f  subgroups o f  order / /  is s  l(m od  /;). <36>

P ro o f  Let .V be the fam ily o f  all subsets o f  G having elem ents. Let G acts on X  in the 

usual m anner.

C la im  if  T  is any subgroup o f  O’, o f  order p \  and a e G  , then S  = Ta lies in an orbit whose 

length is not d iv isib le by .

H ie  stab ilizer o f  ^  = 7'a contains T\ on the o ther hand, the stabilizer o f  S  cannot be larger than T, 

lor. if  hS = S. then h.ea = ba e  S  = Ta 6 g T . I'hus, the stabilizer o f  S  is precisely = T.

H ence the orbit to which S  belongs has length = [G: T\ =p''~^nv, and this num ber is not 

d iv isib le by

Lei X be the num ber o f  d istinct subgroups o f  G, o f  order To each subgroup T, there arc 

p ' ^ \ n i  d istinct sets Ta. T hese sets constitute the orbit o f  7’. The total num ber o f  elem ents o f  all 

such orb its is p' ^ 'n iX  . All o ther orbits have length divisible by . So, the total num ber o f

subsets o f  G  having p '  elem ents is, on the one hand, (A > 0 integer). On the

other hand, this num ber is =  p '" ^ m l , w here / = I (mod /;). Hence

p '~ '‘nil = p '~ '‘mX + kp'~'^^

=> ml -  iiiX + kp 

^  p  I m ( l - X )

=> /; I / -  A.. because j) |  in

=> X, = / ( m o d /7)

=> s  I (m od /;). because i = I (m od p).

As a final illustration o f  the principle o f  group action, we prove the follow ing analogue o f  

S y lo w 's  Theorem concern ing  normal subgroups o f  />groups.
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T h e o re m  <37>  Every /?-group has norm al subgroups o f  every  order d iv id ing  | G | , and tiieir 

num ber is s  l(m o d  p).

P ro o f  By S y lo w ’s first theorem , there exist subgroups o f  every order p '  d iv id ing | G | . Let X  

be the set o f  these subgroups, for any fixed r. Let G operate on X  by conjugation:

(a , S)  ->  .

Every orbit has a length w hich divides [ G \ (because it is the index o f  the corresponding stabihty  

subgroup). So, every  orbit length greater than 1 is d iv isib le by p. I f  there are t orbits o f  length 1, 

then we have a re la tion  o f  the form  | A' j = t  + sp.

By S y lo w ’s second theorem , | X |  s  l(m od  p). T herefore, t = 1 (m od p). N ow , S  & X  lies in an 

orbit o f  length 1 m eans: aSa~^ = 5 ,  for all a  e  G . T hat m eans, S  is norm al in G.

Footnotes

1. M iller [30, p .64] assigns it the second place (see page 42).

2. C om paring S y lo w ’s sta tem ents o f  his Theorem s 1 and 11, we see that it is very m uch present

there; but Sylow  did not enunciate it explicitly.

3. T hese include another p ro o f given by Frobenius in [16] for all three Sylow  Theorem s. See 

C hapter 6.4.

4. This is not m ere w ishful thinking; C auchy had constructed a subgroup  o f  S„ w hose order is 

the highest pow er o f  p  d iv id ing n\ {“Cauchy's Lemma"). See W aterhouse [38, p .282 |, who 

gives precise  references to Cauchy.

5. One cannot fail to notice the unusual delay in the publication o f  this paper. Prior to it,

F robenius had published 33 papers in the sam e C relle's Journal, w here the average time span

betw een the date o f  w riting  (all these papers bear such dates) and the (estim ated) date o f  

publication , am ounts to less than a year. The pub lisher’s records w ere destroyed in the Second 

W orld W ar; so there m ay be no m eans o f  know ing the reason(s) for the inordinate delay in 

this case, particu larly  w hen no less a m athem atician than K ronecker w as the editor-in-charge.

6 . T his is the precise  ten n  used by Frobenius; W eber had used the term  degree, w hile Cayley 

w as content to say ‘group o f  /?’.

7. F roben ius’s form ulation o f  the induction hypothesis leaves som ething to be desired; he is also 

silent about the induction beginning. /; =  1 is not an appropriate induction beginning, although 

one m ight argue that it corresponds to v = 0. The appropriate procedure is to put h = mp
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(» i > 1, and m ay be d iv isib le  by p)  and use induction on m. A careful analysis o f  F roben ius’s 

p ro o f show s that this is indeed w hat he had in m ind, for he correctly  applies the induction 

hypothesis to C ase I. A survey o f  som e o f  the (m ore readily  accessib le) books on group 

theory reveals that m ost authors (perhaps, follow ing Frobenius) are sim ilarly  inattentive in 

form ulating  the induction hypothesis in sim ilar contexts. An exception is M. Hall [24, 

pp.43-44] in his inductive p ro o f  o f  C auchy’s Theorem  (for abelian groups).

8. Here Frobenius im plicitly  applies L agrange’s 'I'heorem  to w hich we now  call the ceutre 

o f  . F robenius docs not give a reference for L agrange’s T heorem  for abstract groups, and 

we have no t been able to locate one in the literature o f  this period, except in [25, p .3 11.

9. The o rder o f  an abelian  group divides the product o f  the orders o f  all elem ents o f  Q . It is 

proved in [12, p .223], but F robenius does not m ention any reference.

10. F robenius thus effectively  proves C auchy’s T heorem  for abstract abelian groups. M odern 

authors, w ho prove S y lo w ’s first theorem  follow ing F robenius, usually  prove C auchy’s 

T heorem  for abelian  groups by induction (see Footnote 27), ra ther than appeal to structural 

properties o f  abelian  groups.

1 1 . It is the quotien t group o f  J 4  m odulo the cyclic and norm al (because contained in the centre) 

subgroup generated  by P.

12. H ere Frobenius com m its, perhaps inadvertently, another inaccuracy. He should say that Q 
runs through a com plete set o f  representatives o f  this subgroup (o f  the quotient group).

13. Frobenius uses the phrase 'absolutely different' to m ean that these are pairw ise d ifferent as 

e lem ents o f  ^  (contrasting  it w ith the notion o f  relative equality  in troduced in the proof).

14. N ow -a-days w e say: A and B are conjugate elements.

15. W e call it now  a conjugacy class.

16. H ere F robenius is suppressing  the argum ent, w hich runs as follows;

o  ( /c w - ') z ? , , ( / r /y - ') - ' = 

o / C / y - 'e G j ,  o  /C e G ^ ,// ;  

a n d th e c o s c t  has elem ents.
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17. T his is the resu lt that “the number o f  distinct conjugates o f  an element o f  a group is equal to 
the index o f  the normalizer o f  the element".

18. T his is called the class equation o f  the group. This, as far as we can ascertain , is the first 

appearance o f  the class equation, at least for abstract groups.

19. That is, “C au ch y ’s L em m a” (ro o tn o te  4).

20. “hi conncction with the application of abstract group concept we encounter the typical desire 
to see to what extent theorems from “concrete” group theory arc independent o f the specific 
nature o f the group elements, in order possibly to include familiar theorems of, say, the theory 
o f permutation groups in a final presentation of an abstract theory o f groups. As an example 
o f  such tendencies, I cite Frobenius’s paper of 1887 [dated: March 1884], in which he proved 
Sylow’s theorem ... .H e  admits that the fact that every finite group can be represented by a 
group o f permutations proves that Sylow’s theorem must hold for all finite groups, but 
nevertheless wishes [our italics] to establish the llicorem abstractly.” |41, pp.243-244)

M. K lin e ’s com m ent (quoted  in the text) m ay have been influenced by W ussing [41], whose 

G erm an edition appeared  in 1969.

2 1 . F robenius inserted  a footnote at this stage, saying that i f  the elem ents o f  J 4  were not 

com m utable w ith the pow ers o f  P, not even Condition I w ould be fulfilled.

22. N ot to be confused  w ith W . S. B urnside o f  “Burnside and Panton” fame (W .S. B urnside &

A. W. Panton, “The Theory o f  Equations, with an introduction to the Theory o f  Binaiy 
Algebraic Form s" (pp. xvi + 387), Dublin U niversity Press, 1881; m any subsequent editions 

in two volum es).

23. A p ro o f a long  these lines is found in S. Lang: Algebra (pp. xviii +  508), A ddison-W esley, 

1965 ,pp .33-34 .

24. Q uite a few  books include it as an exercise. This is a special case o f  the m ore general theorem  

to the effect that evety  nilpotent group has a normal subgroup o f  every order dividing the 
order o f  the group.

25. For a neat (inductive) p ro o f see Footnote 32.

26. M ost recent books on group theory or abstract algebra contain  som e account o f  group actions; 

e.g. R ose [33, p .68 ff.|.
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27. F robcn ius’s statem ent is as follows:

“ Is (he group C) o f order contained in the group of order /;, and is IZ) the 

largest invariant subgroup of . / /  contained in then can be represenled as

a transitive pcrnuitation uroup on — letters.” 116. p.648|
.4,’

l-’roben ius’s p roo f is in principle the sam e as that given here in the general context o f  group 

actions.

28. D edekind (p .548 o f  the paper m entioned in Footnote 36, C hapter I) called it the iwrm  o f  / /  

(hence the nam e "normalsubgroup').

29. 116. p.6'IO|; I 'roben ius 's  result is a n\orc general one (Ihe index being < />). w hich he proves 

using double cosels (see C hapter 6.4).

30. Singh & Z am eeruddin [36, p .68 ] prove it from first principle; but the p ro o f is aw kw ard, to say 

the least.

31. R o s e |3 3 . p .88 I.

32. A p ro o f along these lines was given by Frobenius in |20 , pp..332-333] “fo r  the sake o f  
coinpleieiu’ss". This p roo f is so attractive (as com pared with that found, for exam ple, in I. N.

I lerslein: Topics in Algebra  (pp. x + 342), B laisdell, 1964, p .52) that we reproduce it here.
A

fake  let o(c/) =  k, q be a prim e factor o f  k. Then b = a ‘‘ is an elem ent o f  o rd e r/;,

estab lish ing  the claim  in case q = p . O therw ise, the factor group G/B, w here B = <b>, has 

order d iv isib le by /;; so (by induction hypothesis), it contains an elem ent c =  cB  ( c e G ,  

a  B )  o f  order p. Then e B . and o(c) = p  or = /«/, according as c '’ = e or not. In the 

la ite rcase . c *' has o r d e r /;.

33. One can indeed interpret S y lo w 's  original p ro o f in term s o f  group actions; see 

Scharlau |34 , p.47).

34. Here we follow  II. A ilin ’s lecture notes “ A lgebra I” (Sum m er Sem ester, 1961, U niversity 

o f  H am burg).

35. The fact p  |  t suffices for the p roo f o f  S y low 's first theorem .

36. This generalized form o f  Sylow ’s third theorem  is due to Frobenius |17 , p .67 l ].

37. Frobenius [17. p .673 |.

85

Dhaka University Institutional Repository



C h a p ter  6  

F ro b en iu s  and  th e  T h eo ry  o f  F in ite  G ro u p s

6.1 Introduction

Ferdinand G eorg F robenius bom  on 26th O ctober, 1849, w as a native o f  Berlin. A fter graduating 
from a city high school he entered  initially the U niversity o f  G ottingen (1867) and then m oved to 

the U niversity  o f  Berlin  after ju s t one sem ester, l ie  earned the degree o f  Dr. phil. in 1870 under 

Karl W eierstrass (1815-1897). From  1875 to 1892 Frobenius w as a P rofessor at Zurich 

Polytechnikum  (P resent nam e: E idgenosische T echnische H ochschule), till his return to the 

U niversity  o f  B erlin  in the vacancy caused by  K ronecker’s death, w here he rem ained for the rest 
o f  his career.

F robcn ius’s early  w ork centered  around the theory o f  linear d ifferential equations, elliptic 

(especially , thcta) functions and the theory o f  m atrices <1>. H ere w e review  only a sm all, but 

representative, sam ple o f  his w ork in abstract group theory m ainly up to 1895. Even w ithout 

F roben ius’s p ioneering and extensive w ork on group characters, his contribution  to pure group 

theory is colossal and m ost im pressive < 2 >.

6.2 C ayley’s Q uery, Frobenius’s Lem m a and 

A C om m utativity Theorem  for G roups

A cryptic rem ark m ade by C ayley [1] im m ediately follow ing the in troduction o f  the abstract 

group concept deserves a special m ention. A fter observing that

“when n is a prime number, the group is, o f necessity, of the form l , a  , a ^ , ... , a " ” '

( a ' '= l ) ”; [p. 125]

Cayley says:

“and the same may be (but is not necessarily) the ease when n is a composite number”.

Cayley is here clearly  h in ting  at the possibility  that there m ay exist a com posite num ber n such 

that the only abstract group o f  order n is the cyclic group o f  that order.

The question  arises: W as C ayley m erely  hinting at a possib ly  hypothetical occurrence, or did he 

know  o f  a particu lar value o f  n for w hich this happens? N ow , the sm allest value o f /; for which 

this happens is: « = 15, and the fact that every group o f  o rder 15 is cyclic  w ould well have been 

w ithin C ay ley ’s reach, particularly  i f  we rem em ber that he concludes h is first paper (1 | with two 

exam ples o f  tw o non-abelian  gi oups o f  orders 18 and 27, and in his second paper [2] he clearly 

dem onstrates that he w as in possession o f  the notion o f  d irect p roduct o f  tw o subgroups. We are
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inclined to believe that C ayley w as aw are o f  the fact that every group o f  order 15 is cyclic and 

was, therefore, w as not speaking hypothetically  <3>. The question, therefore, arises:

Cayley's Query: Which are the natural numbers n such that every group o f  u n k r  n 
is cyclic?

The answ er is contained in the theorem  below;

""Every group o f  order n is cyclic i f  cmtl only i f  <p(») is coprinie to n."

N ecessity  By E u ler 's  form ula for if  divides /?, then divides cp(/7) .  a > l  . So

(//,(p(//)) I im plies n is square-free <4>, but the converse is not alw ays true; for a square-free 

num ber (»,(p(;/)) > I iff u has prim e factors p  < q such that </ = 1 (m o d /;). The necessity

will be proved if  we show  tliat w licnever ii is not coprim e to (p (» ). then there ex ists a non-cyclic

group o f  order h. Then either n is divisible by p ^  for som e prim e /;, or n is square-free and 

has prim e factors p  < q such that q s  I (m od /;).

In the first case, let n  = p ^ n i , w here a  > 2 and p  \ in. Then x C x  C^, x ... x C is clearly

a  fa c to rs

a non-cyclic (abelian) group o f  order n. In the second case, we know  |24 , p .49 | that there exists a 

non-abelian group / /  o f  order pq,  which is generated by tw o elem ents a  and b such that

d' '  = b ‘' = c ,  c f ^b a  = b ' \  w here r S  I (m od q). Indeed, this group is the sem idirect product o f

the cyclic group <a> with the cyclic group <h>, and r  is then a prim itive root m odulo q. Let

/» = — ; t hen  / / x C „ ,  is clearly  a non-cyclic (non-abelian) group o f  order /;.
IN

S u n ic ic iicv  will be proved in Section 3.

Rc-iiiark .hingnickcl |2 6 | has recently given an indirect p roof o f  “ Sufficiency” (assum ing  that a 

minimum counter-e.xam plc exists and then deriving a contradiction). The theorem  above can be 

traced back to L. B. D ickson (1905) in the sense that it is a special case o f  the characterization  by 

Dickson o f  the values o f  n such that every group o f  order n is abelian. L. Redei (1947), 

apparently  unaw are o f  D ickson’s w ork, reproved D ickson’s Theorem . Szele |3 7 | pointed out that 

the above claim  follow s im m ediately from R edei’s result <5>; but he went on to give a new  p ro o f 

using a theorem  o f  Frobenius.

We present w hat is essentially a variation o f  S zele’s p ro o f  W e enunciate and prove a general 

com m utativ ity  theorem  for groups and then apply it in conjunction with the T heorem  o f  Frobenius 

alluded to above, to prove the sufficiency part o f  the Theorem . O ur C om m utativ ity  T heorem  is an 

im m ediate consequence o f  a result w hich we shall call F robenius’s Lem m a < 6>.
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F ro b c n iiis ’s L c in in a

Suppose A" is a cyclic, norm al subgroup o f  G, o f  order k\ h be a generator o f  K. Suppose 

a e G  is such that a'" e  K  forsonne ni>\  and that («i, cp(^)) = 1. T hen  a com m utes w ith b.

Proof Since K  is norm al in G and h s  K  ,-we have a~^ba e  K  . Let

a " ‘Z?a = 6 ' ,  w here 1 < / < A .  ( 1 )

C la im  1 (/, /() =  1.

Let d  =  (t, k); I = t ' d , k = k 'd . From  (2), w e get (by induction) for all positive integers;

(2)

So, we have a' ^b^  a = b ^ ‘ = b ’̂ ' = ( 6 * ) ' = e ,  because k ' t -  —  = k t ' . Then  6 * = a a " ' = < ? . A s
d

b has order k and 1 < ^ ' < ^  , wc concludc; k ' =  k. Therefore, d =  1 and C laim  1 is proved. 

C la im  2 / =  1.

From  (3), w e get

a~^b‘a = b ‘ (3)

For, a~^ba^ = a ~ ' . a ' ^ h a  . a - a ~ ^ b ' a  = b" = h ‘ . In general (induction  again),

a~' ba'' = b ' ^ . (4)

In particular, a~"‘b a " ' - b ‘ . But a"' com m utes w ith b, because a " ' e  K . H ence b‘ = b .  
Therefore,

t'" s  1 (m o d /:) , because b has o rder k. (5)

Denote by ord*(/), the o rder o f  t in the Eider group  (the m ultip licative group o f  prim e residue

classes) m odulo k, w hich has o rder (p(/:). In classical term inology, ord*(/) is called  the “exponent

to which t belongs modulo k"\ it exists because {t, k ) = l ,  and (5) im plies

ord*(0 d ivides m. (6)

A lso, ord*(/) divides (p(Ar), (7)

because the order o f  any e lem ent in any group divides the order o f  the group. From  (6) and (7), 

we conclude that ord*(0 d iv ides («i, (p (^ )), w hich is 1. T hus ord*(/) =  1; that is, t s  l ( m o d ^ ) . 

Therefore, t = \ , because 1 < r < A'. So, C laim  2 is proved.

Then (1) becom cs, a~'ba = a ,  or ba = ab.
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Application (Frobcnius) [17, p .665]

Every norm al subgroup  o f  order o f  a /7-group (w here p  is prim e) consists o f  the pow ers o f  a 

central clem ent; hencc it is contained in the centre o f  the group. <7>

Proof Let K  = <b> be a subgroup  o f  order p\ a e G  be any elem ent. T hen | A"| =  p  and

o{a) = / 7*‘ satisfy  the hypothesis o f  F roben ius’s Lem m a; so ab = ba. T hat is, b is in the centre 

o f  G.

A Commutativity Theorem for Groups

Suppose is a norm al and cyclic subgroup o f  G, the factor group G/K  is cyclic and that 

(/«, (p(/c)) = 1, w here m  is the order o f  G/K and k  is the o rder o f  A'. Then G  is abelian.

Proof Let aK  be a generato r o f  G/K and 6 be a generator o f  K.  T hen 6 * = e and a"' €  K , 

bccause { a K ) " ' = K . By F roben ius’s Lem m a, ah = ba; so, a l ) ^  = b ^a ' ' ,  for all /- .i  e N  

(by successive induction).

Let g e G .  T hen  g K  = { a K Y  = a ' ' K , for som e r, w here 0 < r < m .  So, a ~ ' ' g e K ,  say

a~''g  = b ’‘ for som e s, w here 0 < < ^ . T hus g  = a''b'-, w here 0 < r  < m , 0 < s  < k  . I f  also

g ' s G ,  then g ' = a ' /?■', for som e 0 < r ' < « i ,  0 < j ' < ^  . T herefore,

g g ' = a ’’b^a ''b^ ' = a ' b \ / b ^ '

= a ' a ' ' h l /  =

Sim ilarly, g 'g  = o ' T h e r e f o r e ,  g g ' = g 'g  for all g , g ' e  G  . T he p ro o f o f  the theorem  is 

now  com plete.

Remark 1 In this situation, G has order ink, is generated  by a and h, and its elem ents are 

a '^ / /  as r  runs from  0 to in - l  and .v runs from 0 to  / r - l .

Remark 2 K  < G , K  cyclic  and G/K  cyclic, do not in general im ply that G  is abelian. For

exam ple, take G =  5 , and / ^ = { ( 1 ) , ( 1  2 3), (1 3 2)}.

Remark 3 T he condition  {in, cp(^)) =  1, though sufficient, is not iiecessaiy  for G to be abelian. 

For exam ple, take G  = and AT = C |2 , or K  = C is .

Application |24 , p.49j

Let p  < q be p rim es such that p  does not div ide q - \ .  T hen  every  group o f  order pq  is 

cyclic. < 8>
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P ro o f  G lias tlien a unique Sylovv (/-subgroup K, o f  order q (this is true vvitiiout tlie second 

condition). K  is, tiierefore, cyclic and norm al in G. And, G/K  has order /;, is therefore cyclic. 

The condition /; does not divide i{-\ enables us to apply the theorem  to conclude that G is

abelian. But every abelian group o f  square-free order is cyclic.

We can generalize the above result on tiie uniqueness o f  groups o f  order /;«/, if  we call upon the 
I heorcm  o f  I'robcnius quoted below; it will be proved in the next section.

I lieo rem  o f F ro b c iiiiis  |15 , p .568 |

In a group o f  order w here a  is square-free and every prim e factor o f  h is greater than every 

prim e factor o f  a , there are precisely h elem ents w hose orders d ivide b.

Therefore if h itse lf is prim e, then these h elem ents form the only, necessarily  norm al and

cyclic, subgroup  o f  order h.

The generalization  alluded to above is the follow ing, w hich is also the suffic iency  part o f  the 

statem ent which answ ers C ayley's Query.

T h e o re m  If ii is coprim c to (p(//), then every group o f  order ii is cyclic.

I*roof The theorem  is true when ii itse lf is prim e (induction beginning). Recall that if n is 

coprim e to cp(//), then n must be square-free, say / /=  P \P 2 ---P, ' w here the prim es are in their 

ascending  order. A ssum e r > 1 and that the theorem  is true for every (square-free) num ber //;, 

having few er than r prim e factors and such that in is coprim e to (|>(///) (induction hypothesis).

By (he observation follow ing F robenius's  Theorem , every group G  o f  order n has a (unique) 

cyclic norm al subgroup K  o f  order k = p,.. The factor group G/K  has the order 

III = P \P 2 -  Pr~\ ' m oreover, m is coprim c to both (|)(/») and to (p(^), because these are

(P i - l X (/’2 -  I)......(Pr
respectively, and because n is coprim e to cp(//). The induction hypothesis is, therefore, 

applicable to G!K: so G!K is cyclic. O ur theorem  now allow s us to conclude that G  is abelian. 

But every abelian group o f  square-free order is necessarily cyclic. This com pletes the induction 

step, and the theorem  is proved.

There is no easy charactcrization o f  the num bers n such that (p(») is coprim e to //. The 

follow ing corollary  gives a useful sufficient condition for this to happen.

C o ro lla ry  1 Suppose /;, < p ,  <•••< Pk are k { > 2 )  prim es such that p , S i  (m od P j )  for 

all / > /'. Then every group o f  order n = P \P 2 -Pk is cyclic.

P roo f <p(») = (/?| -  l)(/?2 ~ “  0  is then clearly  coprim e to u.
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R e m a rk  1 = 3  and = 5  satisfy the above iec|iiirem ent and yield the sm allest com posite

value o f  / / (  = 15) such that every group o f  order n is cyclic.

R e m a rk  2 U sing P. G. Lejeune D irichlet ( I 805-1 859)’s T heorem , ""every iiijiiiite arilhmelic 
progression a, a  i b, a i 2h, a \-2>b, whose common difference h is coprime to the first term a 
{( I .  h e  N). contains infniiteiy many prim e ninnbers'\ we can prove that for every k  = 2, 3, ... .

llierc exist inHnitely m any sequences o f  odd prim es P\. P i ......Pk satisfy ing the above

rct|u ircnicnt.

A = 2: G iven an odd prim e p ^, take any prim e P 2 o f  the form 2 i mp^ (then, | /;>2 -  2; 

and so, /;, j  P j -   ̂)■

( le n c ra l  C ase : fake  A-1 odd prim es p\ < p 2 < ...< , w hich satisfy the above

requirem ent, and p,. be any prim e o f  the form 2 \ m p \ p 2 ...pi^_\ . p ^ \  P j - \  for

every /  < /.

C o ro lla ry  2 For every k > 2 ,  there exist infinitely m any (square-free) com posite num bers n 

whicii a ie  products o f  k different prim es and are coprim e to (()(/;).

6.3 A Theorem  o f Frobenius (1893)

I or slalenienl o f  the theorem , please refer to the preceding page. We present an am plified  and 

sim plilled  version o f  I 'robenius’s proof, follow ing N etto |3 I | .  <9>

P ro o f  (by  in d u c tio n ) Induction beginning  The claim  is true when a = 2, b = 3, and when 

(I = I (the num ber o f  prim e factors o f  a is 0). and h>  I is arbitrary.

Induct ion hvnothesis The claim  is true for all groups o f  order a^b^ <ab  , and for all groups o f  

order ab when a  has few er prim e factors than / / ( »  > 0 ); c / , , a n d  c /,/? being as in the theorem .

flic Induction step  is accom plished in six stages.

1. Let (1 be a group o f  order ab and p  be the largest prim e factor o f  c/. W riting  the order o f

O' in the form — . pb , we can appiv the induction hypothesis <10> to conclude that G has 
P '

precisely pb elements whose orders divide pb.

2. fh e  num ber o f  e lem ents o f  order /; in G is a positive m ultiple o f  p  -  I , say / : ( / ; - I ) . Tw o 

o f  these elem ents generate the sam e (cyclic) subgroup o f  G if  and only if  one is expressible 

as a pow er o f  the other. Indeed, if  a  is an elem ent o f  order p, then
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arc all the elem ents o f  order p  w hich generate the sam e (cyclic) subgroup. H ence the 

k{p  -  1) e lem ents o f  order p  are split up in k m utually  d isjo in t classes, each containing 

(p  - 1 )  elem ents. From  each o f  these classes we choose one clem ent as representative and 

denote it again by  a  , and their set by A. For each a  g ^ , w e form  the norm alizer N { S ^ ) . 

W c w rite

and observe that = { 1} i f  and only i f  a ? ^ a '  ( a , a ' e / 4 ) ,  and that

N { P ^ ) = ) = N ^ ,  say. Each is a Sylow  /7-subgroup o f  G, because | G | contains p

only to the first pow er. H ence the subgroups P^,  a  & A ,  constitu te a single conjugacy class

o f  subgroups. The sam e is true for their norm alizers, bccause A^(a” ' f f a)  = a ~ ' N ( H ) a  < 1 1>.

The num ber o f  distinct subgroups N ^ ,  a  e  / I , is therefore equal to the num ber o f  distinct

I Cj  I
Sylow  /;-subgroups o f  G ( a e  A) .  T his num ber, as we know , is =  - — ^  .

I I

Since contains P^ and its order divides | G | ,  | | is a num ber o f  the form a 'p b ' ,

w here a d iv ides a and b' d ivides b. Setting a = a 'a ’.p  and b =  h 'b " , the num ber o f  

distinct subgroups becom es = a"b’ . It w ill ultim ately turn out that a" = 1.

3. B be the set o f  all e lem ents P o f  G w hose order is a m ultiple o f  p  and also a d iv isor o f  pb.

I f  o ( P )  = /p , then o ( P ' )  = /?; so P ' holds for a a e / l . T h e n  p e  ) ,

for this a  < 1 2 >.

N ow , cach contains an equal num ber o f  elem ents o f  B, because the subgroups , 

a €  A ,  are con jugates o f  one another; so each has the sam e num ber o f  elem ents o f  each 

possible order. O ur task is to determ ine how  m any elem ents o f  B  each contains.

4. be the set o f  elem ents o f  w hose order d iv ides p b ' . T he induction hypothesis is 

applicable to each ; so each contains precisely pb '  e lem ents w hose order divides 

p b ' . In o ther w ords,

I I =  p b ' , for each a.e  A .

Let P g 5 .  T hen , as proved earlier, P e j V „  for a unique a e A .  T herefore, o ( p )  divides 

I I =  a ' . p b ' . H ence o ( P )  div ides p b ' , because o ( p )  is a m ultip le o f  p  and also a divisor 

o f  pb.
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(1) 6. 5 a , 8a 6a ' '  '

has the sam e property as 5 ,  viz. that each has a divisor o f  p b ' as its order. An application o f  

Frohc’iiiiis's I.eiiiiiia < I3 >  yields:

(2) 8a  = a 5 .

Therefore. ( 5 a * =1,  for any h > 0 .  Thus, the pb'  e lem ents o f  are 

split in disjoint com plexes, each o f  p  elem ents o f  the form ( 1 ).

5. fvach coniple.x (1) contains p -  \ elem ents w hose orders are divisible by />, and one elem ent 

w hose order is not.

C ase  I p  \  cf = o{d).

T hen each o f  the elem ents 8a ,  5 a ^ , . . . ,  8a  has order = qp, w hile 5 has o rder not divisible 

by p  (accord ing  to the hypothesis).

C ase  11 (/ = rp. w here p  \ r <14>.

Ihen 0 ( 5 ' ) = p. So, = a ' '  holds for som e .v and a unique a s  A .  Let t ( l < / < / ; - l )

satisfy  the congruence st = 1 (m od /;); then 8" = a  , w here u =  rt. Hence (1) becom es

(3) 8, 8 "‘' ‘ , 8 ^ " ' ' ' . . . . ,8 ' ' ' ’ '*""'

I.cl b e  D,<. Then each of the p  elements

l et ^  o( 5 * " ' ') .  I'hen v{bu+1) = l i v h v  is d iv isib le by 7  = / / ;  <15>. then r  d iv ides v, 

say r  =  rm. So, vvc get the condition

A o o A o J .
(4) /« (/» /+ 1 ) sO  (m o d /;) . /

I'hcn /;? = 0 ( m o d  /;). when hu + \ S  0 (m od p). The congrucnce /?/( + l = 0 ( m o d  p )  has a

A A A 'j
iiiiic/iie solution /). \ < b < p - \ .  For this /?, the elem ent 8 "'^  has o rder not divisible 

by /) <16>; for every other value o f  h (in the range 1 < / ; < / ; ) ,  / ;  -  1 in all, the elem ent

5 * " '' has order d iv isib le by /;, because then v = rm = 0 (m od p).

[ fl¥l
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precisely  p b  e lem ents w hose orders divide pb,  and that these a"b{p -  1) elem ents all have 

this p ropeity , w e conclude pb  > a"b{p -  1) ,  because the latter elem ents do not include the 

identity. T herefore, ( a " - 1)(/?- 1 )  < 1 . S ince f l " > l ,  this im plies a" = \ .  T hus G contains 

precisely  b{p- \ )  e lem ents each o f  w hose order is a m ultip le o f  p  and also  a divisor o f  pb\  
therefore, there rem ain  in G p recisely  p b - b { p - \ ) = h  e lem ents w hose orders divide b.

6.4 The “D oppelm odul” Paper [12] <17>

This paper, as a lready  stated in C hapter 4.6, deals w ith double cosets. H ere w e expound the basic 

theory in a concise m anner.

D oub le  C ose ts

Like ord inary  cosets, tw o double cosets m odulo ( / / ,  K) are e ither equal o r disjoint. But unlike 

ordinary cosets, d ifferen t double cosets m ay have d ifferent cardinalities. I f  a double coset HxK  
contains one elem ent o f  the righ t coset Ha, or o f  the left coset ciK, then it contain the entire coset 

Ha o r aK  <18>. T herefo re, every double coset is the disjoint union o f  a (variable) num ber o f  

right cosets o f  H, and also  o f  a num ber o f  left cosets o f  K. T h is num ber is determ ined  below :

IK  I
T h e o re m  T he double coset H xK  is the disjoint union o f  — — -------- right cosets o f  H  in G.

\ x ~ ^ H x n K \

P ro o f  W e m ake use o f  group action. Let X  = [ H g : g  e  G} and K  act on X  by right 

m ultiplication. T he num ber in question is then ju s t the num ber o f  e lem ents in the orbit o f  Hx,  
w hich, as w e know , is

= \K-.S,^ (Hx) \ = \ K : x ~ ^ H x n K \  = ------  (v S/  ̂{Hx) = x ' U i x  n  K ) .
|,r  Hx n>K\

N ow , the union o f  the various right cosets o f  / /  in G that com prise the orbit o f  Hx is precisely 

tiie double cosct HxK, because

(i) If  Hg  ~  Hx, then H g = (Hx)k  for som e k e K  ‘,s o  H g  c  H xK  ;

(ii) S ince H xK  ~  Hx, for every  k e  K  , and reverse inclusion also follows.
UK

C o ro lla ry  I \ H x K \  ^  \ ^ ^ \ - \ ^ \
x - ^ H x r ^ K \
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I f  {x^ , x 2 ,..■, x^}  is a com plete  set o f  representatives o f  the d istinct double cosets o f  G m odulo

r
( / / ,  K), then (7 = U  HXj K is a disjoint union {Frobenius Decomposition)-, and 

(=1

( 0  - f  =  / i  + /2  + -  +  / r  > or equivalently  
h

(2 )

F robenius’s D ouble-C osct Form ula (16, p.636]

hk </| ( I2 d̂ .

w here g = \ G \ ,  h = \ H \ ,  '̂ =  | AT | , f j  = —  and rf,- = | ;c,- ' Hxj  n  AT | .

R e m a rk  I f  A' = IJ, then  at least one sum m and in F roben ius’s Form ula is =  1.

A p p lica tio n  (F ro b c n iu s )  [16, p .640]

Is p  the sm allest prim e num ber d ividing h and f  < p ,  then a subgroup  H  o f  order It in a 

group G  o f  o rder fli  is alw ays norm al. <19>

P ro o f  Let T  be a com plete  set o f  representatives o f  the double cosets m odulo  (77, IT), o ther than 

H eH  =  H  itse lf  { H c z G  assum ed). T hen we have, from  (1),

| / / |  / e r  \ t ~ ^ H t r > H \ '

IH I
Each sum m and — ;-------------  is a div isor o f  I / / 1; so it m ust be > /?, i f  it w ere > 1. Since the

I-IIS = / ,  w e m ust have

\ H \

= 1, for evety I e T .
\ t - ^ H t n l i \

=> t~ 'l i t  n i l  ^11 => t - ' H t ^ H .

Let x s G  ; then  x  -  atb  holds for a unique t e  T  and som e a , b e  H  . T h is im plies

x - ^ H x  = b - ^ t - ' ( a - ' l I a ) tb

c h - \ t - ' l l l ) h  (V a s  I I )

<^b~^Hb {■: t ' ^ H t ^ H )

c  H  (V b 6 H).
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Im m ediately after deriv ing  the D ouble-C oset Form ula, F robenius rem arks that som e very 

im portant theorem s found by M r. Sylow  can be deduced from  these considerations.

I. Is the highest power o f the prime number p  which divides the order of the 

group G, and is P  a subgroup of G whose order is , then every subgroup H of 

G whose order is p '' [ v < a ] is similar <20> to a subgroup o f P\ that is, there is an 

element x& G  such that xHx~^ is a subgroup o f P. In particular, any two 

subgroups o f order p °  arc similar to each other. [16, p.643]

Proof Consider the Frobenius Decomposition o f G with respect to the pair (P, H).

Since —— is not divisible by p, not all the numbers / ,  in the Frobcnius’s Formula can

be divisible by p. But each f j  is a divisor of | / /  | = / ; ' ' ;  .so f j  must be = I if it is not 

divisible by p. Then

| .v , r 'p . r ,n / / |  = | / / |

=> x J ^ P X i n , H = H  

=> H Q a:,” ' Pxj 

=> XjUxJ^ c  P

When V = 0 , then necessarily, / /  = xj^ Px j .

W e refrain from  d iscussing  F roben ius’s p ro o f o f  Sy low ’s third theorem  by th is m ethod, because 

essentially  such p ro o f  are available in the literature: Ila ll (24, p .4 4 | <21 >; see also Searcoid [35|.

The in teresting poin t here is how  Frobenius proves S y low ’s first theorem . T h is p ro o f is discussed 

in W aterhouse |38 , p p .282-283] in Section 4 entitled “The C auchy-Frobenius P ro o f’. Frobenius 

considers the given group o f  order u as a subgroup o f  the sym m etric group S „ , invokes 

"C auchy's L em m a ' (see Footnote 4 in C hapter 5) to get a subgroup M  o f  S„ w hose order is the 

highest pow er o f  p  d iv id ing  n\. An application o f  F robenius’s D ouble-C oset Form ula w ith 

respect to the pair (G , M) y ields the conclusion that for at least one i, the subgroup

P j = G  n  xJ^MXf  has index coprim e to p,  proving that Pj is a Sylow  /7-subgroup o f  G.

F robeiiius’s O ther P roof o f  S v low ’s T heorem s

6.5 T he “Endliche G ruppeii” Paper [13]

M any resu lts o f  this paper “O n Finite G roups” |1 6 | are now  standard m aterial in any account o f  

elem entary  group theory; som e o f  these results (e.g. the Extended C ayley Theorem , 

C hapter 5.3.1) have already  featured in our discussion.
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Frobenius begins w ith tiie definition o f  a finite group (m uch as in [13], to w hich he also  refers); 

then defines a com plex and m ultiplication o f  tw o com plexes. He proves L agrange’s T heorem  and 

designates it as such (p .634). H is next result -  rather a collection o f  results -  is the following:

“Theorem  Are a and b the orders of the two [subjgroups ^  and B , and is d the 

order of their greatest common divisor 2 ), then (he complex contains precisely

—  distinct elements, and each element d times. The complex ^ B  is always and only
g

then a [subjgroup, when ^  and B  are comiTiutable. Is c the order o f the least common 

multiple C  o f the groups ^  and B ,  then c d > a b ,  and cd -  ah, and therefore 

happens always and only then when ^  and B  arc commutabie.” | I 6, p.635|

I 'h e  greatest com m on div isor o f  tw o subgroups is their intersection, and their least com m on 

m ultiple is the subgroup  generated by Iheir union. So, here w e have (in notations custom ary 
today),

1. Frobenius's Counting Formula'.

( I )
\ H c x K \ '

2. T lico rc in  H K  is a subgi oup i f  and only i f  H K  = KH.

A p p lica tio n  An abelian  group has a unique Sylow  /?-subgroup, for each prim e p  d ividing the 

order o f  the group.

P ro o f  The existence  fo llow s from  the converse o f  L agrange’s T heorem  (C hapter 5.2) for abelian 

groups, w hile the uniqueness is a straightforw ard application o f  F ro b en iu s’s C ounting  Form ula.

The next resu lt is the form ula giving the num ber o f  elem ents o f  the double coset HxK  (see 

Section 4) <22>, F robenius then defines a 'norm al' subgroup ^  <23>  and explains the

J !
construction o f  the factor group , by w ay o f  m ultiplication o f  cosets <24>. Frobenius points

y

out that the groups M  and arc m eroedrically  isomorj^hic (m eaning: ^  is a hom om orphic 

im age o f  M ,  and enunciates three isom orphism  theorem s.)

“i n .  Corresponds to each element A, B, C , ... o f a group J 4  an element A', B \  C ', ... o f 

a group such that, always A'B' = C  holds when AB = C, then the elements
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subgroup Q  o f J4 , and the groups and J J '  are isomorphic.” |p.637|

I 'h is  is w hat is now -a-days referred  to as the First Isomorphism Theorem.

“IV. Can the elements A, B, C, ... o f a group ^  be partitioned into complexes, and the 

elements of a group J J ' , into corresponding complexes such that

AB and A'B' belong to corresponding complexes whenever A and A ', and B 

and B' do so. Then the complex of J 4  which contains the principal element

is a normal subgroup of and the same hold for the corresponding complex

, J 4  J J '
o f ; then the groups and are isomorphic and in them each

y  Q
complex reduces to one element.” (p.638|

T his is a generalization  o f  the F irst Isom orphism  Theorem  <25>. F robenius next states and proves 

Second Isom orphism  T heorem  (in present-day parlance). W e discuss tw o m ore results from 

Section 2 o f  this paper.

“I. Is ^  an invariant subgroup o f the group J J ,  arc a and h their orders, and are a

and — coprime, then every subgroup & of J /  whose order h is a divisor of a, is 
a

contained in ^ . Therefore, J 4  contains only one subgroup of order «, and it 

consists of all elements of J 4  whose order divides a." |16, p.639]

Proof Then ^ 3  is a subgroup of J4 . Let c = \ ̂ 3 \ ,  d=  3  \ \ then cd = ah.

h Ch is divisible by c, so — is divisible by —. Further, a is divisible by h, so also
a a

divisible by — . Hence — = — is a common divisor o f a and —; these latter 
d a d  a

o f  JJ  which coiTCspond to the principal element o f  form an invariant

numbers being coprime, we conclude;

rt d

d = h  =>

As a consequence F robenius proves that the norm alizer o f  a Syiow  subgroup o f  J 4  is never a 

norm al subgroup o f  J4, except w hen it coincides w ith J4. A nother consequence is:
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“II. Is ^  an invariant subgroup o f B  and B  an invariant subgroup o f C, are a and

b the orders o f ^  and B ,  and are a and — coprime, then ^  too is an
a

invariant subgroup o f C  <26>.” [16, p.639]

Proof Is C any element o f C", then C ~ ^ ^ C  is a normal subgroup o f C ~^B C = B .

By the preceding theorem, B  contains a unique subgroup o f order a; hence

The result III o f  this section has already been discussed in Section 4 “ A pplications” (see page 96). 

Frobenius notes that i f  f < p ,  then the group contains only one subgroup o f  o rder h.

In Section 4, F robenius obtains w hat w e called the Extended Cayley Theoretn. A s an application 

Frobenius proves:

“II. Is a group J J  of order gn contains a subgroup ^  o f order g, and is a the greatest 

common divisor of g and ( h - 1)!, then ^  contains a [subjgroup which is an

invariant subgroup of J J  and whose order is divisible by — |16,  p.649]

Proof Is the largest subgroup of ^  which is a normal subgroup of J J  and d its 

J J
order, then can be represented as a (transitive) permutation group on n letters.

Therefore, ;/! is divisible by
J J m .

d
( « - ! ) ' g . Hence --------- .d  is divisible by — . As

fff _ J\! a p
--------  ̂ and — are coprime, this implies that d  is divisible by — .

a (I (I

A p p lica tio n  (F ro b e n iu s )  |16 , p.641j

“ Is the order o f  a group JJ, w hich has a subgroup ^  o f  order ah, equal to aiih, w here every 

prim e num ber d iv id ing  a  is <  n, and every prim e divid ing  b \s > n, then ^  contains a 

subgroup, w hich is an invarian t subgroup o f  JJ and w hose order is d iv isib le by  6 .”

P ro o f  <27>  H ere g  -  ah  and « ' =  (g , ( / i - l ) ! )  divides So, the invariant subgroup has order 

, w hich is a m ultip le o f  h.
a'

In Section 5 F robenius in troduces the notion o f  a characteristic  subgroup in the follow ing manner:
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“Suppose, by any means, we have found a more general (larger) group J 4 '  which 

contains a given group >>(/ as a normal subgroup. If for every element R of every such

extended group J J ' , the relation R = ^  holds, then ^  will be called a

characteristic subgroup of | I 6, p.652|

Frobenius observes that if  /? is a norm al subgroup o f  C  and ^  is a characteristic  subgroup o f

B ,  then is a norm al subgroup o f  C.  He show s that the above definition is equivalent to the 

follow ing statem ent, w hich  w e now  adopt as definition:

is a characteristic subgroup of J 4  if and only if, under every isomorphism of 

onto itself, the elements of ^  go over to elements of |16, p.6541

I'Yobcnius proves this result by invoking C ayley’s 'I'heorem . l ie  show s: if  | ^ |  =  n and k  is the 

subgroup o f  S„ isom orphic to J 4  (under the right regular representation o f  J 4 ) ,  then is a

characteristic  subgroup  o f  J 4  i f  and only i f  its im age a  is a norm al subgroup li , the norm alizer 

o f  k  in S „ .

The rest o f  the paper (Sections 6, 7) contains som e very detailed and rather specialized results on 

groups o f  orders , w here p  and q are d istinct prim es, m is square-free

and /H(p(/7) is d iv isib le neither b y  p  nor by q.

6.6 G lim pses into Som e Further R esults o f  Frobenius

The paper [17] contains the generalized form s o f  Sy low ’s first and third theorem s (as we have 

stated and proved them  in C hapter 5.3). Both these proofs use the follow ing quantitative 

supplem ent to C au ch y ’s Theorem .

T h e o re m  T he num ber o f  elem ents o f  order p  in a group G (w here p  is a prim e dividing | G | )  

has the form

{ p - \ ) { n p +  \) = m p - \  ( / / > 0 , m > l ) .

P ro o f  T he num ber o f  e lem ents o f  order p  in G is a positive m ultip le o f  /? - 1 ,  say k{p  - 1);

see S tep 2 in the p ro o f  o f  F roben ius’s T heorem  in Section 3. O n the o ther hand, The num ber o f

solutions o f  the equation  x ’’ = e  in G is a positive m ultip le o f  p  (see p ro o f o f  C auchy’s 

Theorem  in C hap ter 5.3), say mp.  These include the identity  e and all e lem ents o f  order p  

(because p  is prim e).
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Therefore,

k{ p  -  1) =  mp -  1 

=> k =  ( k - m ) p  +  1 =  H/7 + 1 , w here n = k - m  .

Tliis proves the claim . F robcnius also proves the follow ing result and uses it in his proofs:

“Theorem  In a group of order h, the number o f elements whose order divides g, is 
divisible by the greatest common divisor o f g  and h." |17, p.664| <28>

In this paper, we also find the w ell-know n Decomposition Theorem  <29>:

“Are a and h relatively prime numbers, then every element o f order ah can be 
expressed in one and only one way as a product o f two elements whose orders are a and 
h, and which arc commutablc with each other.” |17, p.666]

T he T heorem  o f  F robenius proved in Section 3 at once y ields the fo llow ing corollary:

“Are />| < P 2 <...< p„ II different prime numbers, then every group J J  o f order 

P\P2 —Pn contains one and only one subgroup order Px+\Px+2—Pn
[X = 0 ,1,..., 7 ! - l] .  This is, therefore, an invariant subgroup o f J J  and is contained 

in A - l ” |15,p.5701

It follow s that every  such group is solvable. Frobenius further proves that every group o f  order 

P \P 2 —P„P^  > w here p^ < P 2 < ... < p„ < p  are distinct prim es, is solvable.

rh e  paper (18] beg ins w ith the observation (im plied but not explicitly  stated) that the “Theorem  

o f  F robenius” proved  in |1 5 | can be restated  in the follow ing form  <30>:

“Is nb the order of a group J J ,  and are the prime factors o f a mutually distinct, and is 

h coprime to « (p (a), then there are in J J  precisely ft elements whose order divides b; 

and when d is any divisor of a, then J J  has a subgroup o f order r/.” (18, p.677|

This paper deals w ith various m odifications o f  this theorem  w hen a is not a square-free, results 

w ith w hich w e need not be concerned.

In 1901 Frobenius published , in quick succession, tliree m ore papers w ith the sam e generic title as 

(15| and (18(: “On Solvable Groups", (m arked III, IV, V). T hey  w ere all published in the 1901 

volum e o f  the P roceedings o f  the Berlin  A cadem y (then called  the Royal P russian A cadem y o f  

Scienccs); these w ere reprin ted  in V olum e III o f  h is C ollected Papers consecutively  on pages 

180-209. In the first o f  these papers (Ober Aujlosbare Gruppen III), F robenius uses the theory o f  

group characters to prove that the b elem ents w hose orders d iv ide b (A  T heorem  o f  Frobenius, 

Section 3) form  a characteristic  subgroup.
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W e pass over the rem ain ing  tw o papers in this scries, except noting that the term s 'inner' and 

'outer'' au tom orphism  appear in V (p .204) and that IV (p. 193) contains the fo llow ing interesting 
result:

“Are /  and g coprime, and a group o f order fg  contains not more than /  elements 
whose order divides /  and no more than g  elements whose order divides g, then those 
/  and these g  elements each forms a group, every element o f one group is commutable 
with each [clement] o f the other [group].” |17, p.666)

In 119] Frobcnius proves that every  group o f  order {p, q d istinct prim es) is solvable in each 

o f  the follow ing situations, w here |a =  o rd^  (</) is the exponent to w hich q belongs m odulo p\

(i) (3 <2^1

(ii) the group contains not m ore than subgroups o f  order /?“ .

T he proofs are based on pure  group theory. Soon afterw ards, B urnside successfu lly  used the

theory o f  group characters to  prove that every group o f  order p^q'^'' (w here p , q are distinct 

p rim es) is so lvable <31>. T his result is now  know n as B urnside’s ip, </)-Thcorem. A pure 

group-theoretic p ro o f  o f  th is theorem  w as finally achieved by H. B ender in 1972 <32>. But 

B urnside’s p ro o f rem ains to this day a show piece for the theory  o f  group characters <33>.

In |20] Frobenius proves the theorem ;

“ The number o f elements of a group of order h which satisfy the equation X "  = A , \s
divisible by the greatest common divisor of n and g, where g  is the number of
elements o f the group which commute with A." [20, p.330]

The p ro o f here is pure group-theoretic . In [21], Frobcnius uses character theory  to prove the 

follow ing far-reaching  generalization:

“Is X a character o f the group J J  o f order /; and nins R through the elements of the

group J 4  which satisfy the equations R" = A and is g the number o f  elements o f J 4  

which commute with A, then an algebraic integer divisible by the greatest

common divisor of ;/ and /j.” [21, p.400|

To conclude this section w e recall the fam ous theorem  o f  F robenius to the effect that the only 
fin ite  dimensional associative division algebras over R {the f ie ld  o f  real numbers) are  R, C {the 
f ie ld  o f  complex numbers), and  H {the division ring o f  quaternions). It appears in the last section 

“On C om plex [hypercom plex] N um bers” o f  the paper: “Ober lineare Substitutionen und bilineare 
Fornten", Journal fur d ie rcine und angcw andtc M athem atik , 84 (1878), 1-63, Collected 

Papers 14, V olum e 2, 343-405.
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6.7 G roup C haracters

A lthough the subject o f  group characters lies outside the scope o f  our study, no account o f  

F roben ius’s contribu tion  to group theory can be considered com plete w ithout, at least, a fleeting 

reference to this enorm ously  im portant subject. C haracters first appeared in m athem atics 

explicitly  in D irich le t’s p ro o f  (1837) o f  the theorem  on infin itude o f  prim es in arithm etic 

progressions (see page 92). He used characters o f  the Eitler group  (see page 7) to define L-series 

and em ployed these w ith great ingenuity in establish ing this far-reaching result <34>. It is a 

straightforw ard m atter to carry  over the notion o f  characters to any finite abelian group; this is 

done, for exam ple, in W eber [39, pp.307-308 |.

W ith evei7  group o f  order n w ith  elem ents g | , g 2 , - . g „  (arranged in a fix e d  order) one can

associate the /?-th o rder m atrix  w hose (/, y)-th entry is

w here are n indetenninates. The determ inant o f  this m atrix, w hich is a* I 6 2 OH

polynom ial o f  total degree n in these indeterm inates, is called the group determinant. For an 

abelian group D edekind w as able to  determ ine the irreducible factors o f  th is polynom ial in term s 

o f  the characters o f  the group. D edekind w rote to Frobenius in A pril, 1896 posing  the problem  o f  

factorizing the group determ inant o f  a non-abelian group. In response to this query  Frobenius 

created the general theory o f  group characters, and the basic theory and its application to

answ ering D edekind’s  Query  w ere published before the year ended <35>. T he rest, as they say, is

history.

6.8 Cayley versus Frobenius

Cayley spent sevcnteen-odd years aw ay from C am bridge, w hile F robenius spent a s im ilar length 

o f  tim e aw ay from  B erlin , at about the sam e age. C ay ley ’s interlude w ith law  notw ithstanding, it 

is fair to say that they bo th  w ere fully com m itted to m athem atics. C ayley  w as by far the more 

productive o f  the two; he w rote  innum erable elem entary  o r short -  often very short -  notes on a 

w ide variety  o f  topics. Frobenius hardly  ever stooped to such m undane level o r engaged in such 

w riting <36>.

W hile F roben ius’s m ajor w ork  lies in group theory (at least one-th ird  o f  his publications belong 

strictly  to this area), group theory  was a m atter o f  occasional, w ell-spaced, pursuit to Cayley. 

C ay ley ’s involvem ent w ith group theory falls into three d istinct tim e periods: 1854-59, 1877-80, 

1889-94 <37>. T he first paper o f  the third period bears the title: ~  "On the Substitution Groups 
fo r  two, three, fo u r, fiv e , six, seven, and eight letters”. Q uarterly  Journal o f  Pure and Applied 

M athem atics, 25 (1891), 71-88, 137-155 <38>. Tackling a problem  -  the determ ination, upto 

conjugacy, o f  all subgroups o f  S„ , for // < 8 , w hich w as (alm ost com pletely) d isposed by Cauchy 

for /? < 6 , C ayley  w as here no t at his best. For, soon afterw ards G. A. M iller show ed (1893) that
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C ayley’s list o f  subgroups o f  w as far from com plete. T here is, thus, no denying the fact that 

C ay ley’s contribution  to perm utational group theory, or to abstract group theory  after it began to 

flourish in the eighteen-eighties, w as not significant. W e cannot, how ever, agree to the view  

expressed in |2 3 |:

“Although Cayley was impressively well-acquainted witli^the work of Galois and 
Cauchy, the continental tradition in group theory was to leave+» far beliind.” |p.63|

Surely, one cannot find fault v/ith C ayley for not having contribu ted  to the '"Continental tradition 
in group theoiy"  (the reference is, no doubt, to perm utational group theory). A s pointed out by 

Scharlau (see page 51), perm utational group theory offered a tem pting field to algebraists o f  the 

tim e; even Frobenius w as to contribute to it significantly  <39>. Perhaps this field did not appeal 

to Cayley, so he left it alone; that w as his choice and this cannot be a po in t for criticism .

Interestingly enough, the penultim ate paper in the last volum e o f  C ay ley ’s C ollected Papers 

(V olum e 13, p p .552-557) deals w ith the group sym m etries o f  the icosahedron, w hich is 

isomoq^hic to (the alternating  group on five letters), a fact proved by Felix  K lein (see (27|): 

“On the sixty icosahedral substitutions", Q uarterly  Journal o f  Pure and A pplied M athem atics, 

27 (1895), 236-242. As C rilly  says;

“hi his very last days he [Cayley] again worked over the sixty icosahedral substitutions 

which rotate the classic Platonic icosahedron [41]. The subject o f rotations was a 
thoroughly familiar one to him and probably his very last effort in mathematics. He 

would have readily admitted, it was done ‘for his own delectation’.” Ip. 111

W hen preparing his C ollected  M athem atical Papers for publication  (V olum e I -  VI appeared 

during his lifetim e). C ayley  is scrutinized each paper; as he did so he had reason to feel pleased 

that the abstract group concept, w hich he had form ulated nearly four decades before -  the seed 

w hich he had so lovingly  p lanted -  had by then blossom ed into a burgeoning, v ibrant tree.

Likew ise, F robenius at his retirem ent in 1916, could look back at h is life ’s w ork in group theory 

w ith unstinted satisfaction: no t only did m uch o f  his w ork in abstract group theory  belong to the 

basics o f  the subject but also  F roben ius’s b e lie f that the representation  and character theory o f  

finite groups had a brigh t future, had been fully v indicated by his ow n w ork and by  subsequent 

developm ents.

6.9 Epilogue: G roups Everyw here

W hile the group concep t is a relatively  recent developm ent, it can be said that people were 

im plicitly fam iliar w ith groups since tim e im m em orial as groups o f  sym m etries o f  geom etric 

configurations <40>. It has been truly said that “groups measure symm etry"  and sym m etries occur 

in m any form s and m anifesta tions in the natural w orld (like, arrangem ent o f  petals in a flow er or 

snow flakes. See D ’A rcy T hom son: ~  “On Growth and Form", C am bridge, 1917. Inspired no
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doubt by such sym m etries occurring in nature, m ankind has been creating geom etrical designs 

(specially , in m osaics) exhibiting  m any d ifferent form s and degrees o f  sym m etries (so-called 

ornam ental designs). T he sym m etric groups o f  these ornam ental designs are called “plane 

crystallographic g roups” or “w allpaper groups” . 'I'he surprising poin t here is the fact that there 

exist precisely  17 d ifferen t (non-isom orphic) plane crystallographic groups. < 4 I>

G eom etric designs exhib iting  these groups w ere know n to m ankind, as already stated, since 

ancient tim es. Such geom etric designs occur profusely in m edieval and renaissance art <42>. 

There is only one place in the m edieval world w here all the 17 p lane crystallographic groups are 

found in d ifferent parts o f  one com plex: this is the A lham bra in G ranada in A ndalucia in Southern 

Spain, the pinnacle o f  Islam ic civ ilization in Europe. This am azing fact m eans that the artists o f  

G ranada had em pirically  discovered all the 17 w allpaper groups.

Sym m etries also p lay  a sign ifican t role in natural sciences, especially  in physics and chem istry. A 
good and elem entary  account is found in J. Rosen: "SymmeDy in Science: An Introduction to the 
General Theoty"  (pp. xii +  213), Springer-V erlag, 1995. B efore taking leave o f  the reader, we 

m ention that the classic in this area is H erm ann W eyl (1885-1955)’s ~  “Sym metiy", Princeton 

U niversity  Press, 1939.

Footnotes

1. hnm edia te ly  after h is return to Berlin, Frobenius was elected  to the Berlin Academ y. In his 

"Antrittsrede" (Inaugural speech). C ollected Papers 44, V olum e 2 (1893), 574-576, Frobenius 

says:
“This distinction I rate all the more highly as during the last dccades the Berlin 
Academy counted among its members three practitioners o f  mathematics who 
unquestionably belong to the foremost rank among all scientists. I had the fortune to 
have been introduced to the study o f mathematics by these gentlemen -  Kummer, 
Weierstrass and Kronecker. My own scientific endeavours have also centered around 
the disciplines which these researchers preferably cultivated -  algebra and 
arithmetic, analysis and theory o f functions.” |p.574|

2. In view  o f  their continu ing  and overriding im portance, F roben ius’s C ollected Papers were 

published (in three volum es) m ore than fifty years after h is death  (1917):

Ferdinand G eorg Frobenius: Gesammel^te Abhandleungen, V olum e I (pp. viii +  650), 

V olum e II (pp. iv + 733), V olum e III (pp. iv + 740), Springer-V erlag , 1968.

3. All we im ply here is that C ayley  may have guessed this fact. See also  Footnote 8 below .

4. A positive integer n is called  square-free if f  n >  1 and n is not d iv isib le by the square o f  

any integer exccpt 1 ; that is, i f f  n is the product o f  one or m ore distinct prim es.

5. For precise reference sec Szele [37, p .265 |.
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6. The designation is justified because I'robenius proved and used special cases o f  this result at 

several places in his work (e.g. |17 , p .65 |. [15, p .569 |).

7. This is Theoreni 4.3.4 in Hall [24, p .43], w ho gives a different proof.

8 . A p ro o f o f  this result w hich docs not use Sylow ’s Theoreni o r the notion o f  norm al subgroup

has been given by .1. A, G allian and D. M oulton: "’’On Groups o f  Order pq". M athem atics

M agazine. 68 (1995), 287-288.

9. It was an altogether new book. As W aterhouse [381 says:

"Netto’s later book Gnippen- iiiul Subslitulionenlheorie (Leipzig, 1908), which is 
strongly influenced by Frobenius, treats abstract groups and is group-theoretic 
tliroughout.” |p.286|

10. B ecause a is square-free and p  is the largest prim e factor o f  a.

11. TGA' ( a  ' / / ct) T(cr“ '/7 a )  = ( a ^ '/ /o ) T

o  c5T a ~ '. / / = / / . a t a " '  o  axCT“ ' 6 A^(//) cc> x N { H ) a .

12. (i' = a ' (I < .V < / ;  -  I) im plies f V ' = a ,  w here / is the inverse o f  s in {{\\q Euler 

^roup  m odulo p). So, p  com m utes with a , hence with each pow er o f  a  .

13. Cj = N^^. = k -  p, m = ph'  (<^"'=1); ( / ^ - l ,  / ; / / )  = 1, bccausc each prim e factor o f

/ /  is greater than p.

14. B ecause p r \  ph'  and because every prim e factor o f  h’ is g reater than p.

15. r  =  o ( 5 ' ) =  ^  >
(/-</) C!

^  . r p  r
16. Settinsi Ini + \ -  iiy>, wc have 0( 8 ''''’ ) =  ----- ------- = -------- , w hich is not divisible by p,

" (rp. i>\ 1' )

because p  \ r.

17. rh c  term  '(/oiihle niodii/e' refers to the pair o f  subgroups.

18. Suppose hci. or ak, is in /7.v/C; then for any h ' e H , o v  / r ' g  AT, we have

h'a )ha e  II.  I h K  = H x K , or

ah' = a k { k ~ h ' ) ^ H x K .  K  = HxK .
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20. riie relation o i  cinijugacy is called simi/arify  by Frobenius. O ur notations differ som ew hat 

from Frobeiiius.

21. M. Hall |2 4 | proves the follow ing .s /w /y w /(;/•/« o f  Sylovv’s first theorem :

•Tlicorciii If (j is of order n= p ' " s ,  where /; \ s (/; prime), then G contains

subgroups o f orders . / = l ,2 ......nr, and each subgroup o f order / / ,

/ = 1, 2...... -  I , is a norma! subgroup of at least one subgroup of order

22. Frobenius neglects to point out that the form ula ( ! )  is a special case o f  the form ula

for | / / vA' | .

23. Frobenius consistently  uses the term invariaiil subgroup.

24. In this connection Frobenius refers to both Jordan and Holder.

25. riiis. and all o ther known isom orphism  theorem s in group theory, can be deduced from a very 

general isom orphism  theorem  by specializing param eters: M. R. Chovvdhury, “Eiue 

Verallgcnieiruiig des Hoinoivorpliiesalzes" (A G eneralization o f  the H om om orphism  

T heorem ), Blem ente der M athcm atic, 21 (1966), 135-136:

■‘If u : G - > G '  is a homomorphism of groups, M < G ' , L<iG and A' =o~*(A/ ) ,  

then there is a canonical isomorphism

a  I LK  = 0"^ M  I M , 

given by ul.K A/ (where </" =c(</),  / "  = ct(/.) . etc.).”

26. J  <3 / 3  and E  <iC do not in general im ply So, this result gives a sufficient

condition for this to happen.

27. I robenius proves this result by an application o f  the D ouble-C oset Form ula to the pair 

( (j. P ). w here P  is a Sylovv subgroup o f  corresponding to a prim e num ber dividing h. 

He al.so points out that this is a special case o f  the theorem  under discussion here.

28. S pccia l C ase  |17 , p.667] "Is the order o f  a group divisible by //, so is the num ber o f  

elem ents o f  the group whose orders divide // a [positive] mult iple o f  n."

I'he (inductive) p roo f o f  the general theorem  is based on this im portant special case. An 
in teresting p ro o f o f  this spccial case, based on a C ounting Form ula, has been given by

!9. In rrobciiius's enunciation, is the subgroup of order g  ol'a group ^JJ o f order
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1. M . Isaacs &  G. R. Robinson, “On a Theorem o f  Frobeniits: Solutions o f  x"  = 1 in Finite 
Groups'', A m erican M athem atical M onthly, 99 (1992), 352-354.

29. Singh &  Z am eeruddin  |36 , p .69 |.

30. T he im plication is that the p ro o f given there is valid under the m ore general hypothesis made 

here.

31. P roceedings o f  London M athem atical Society, (2) 1 (1904), 387-392.

32. "'A group-theoretic p r o o f o f  Burnside's p "q '^ -T heorem ", M athem atische Zeitschrift, 126 

(1972), 327-338.

33. See W. Lederm ann: Introduction to Group Characters (pp. viii + 174), C am bridge, 1977, 

pp. 136-140.

34. T he m ost penetrating  and  com prehensive treatm ent o f  this topic is found in B asse ’s book 

(pp. 167-269) m entioned  in Footnote 9, C hap te rl.

35. For a lucid account see W . Lederm ann: The Origin o f  Group Characters, G A N IT  (Journal o f  

B angladesh M athem atical Society), 1 (1981), 35-43. See also C. W . Curtis: Representation 
Theory o f  Finite G roups’. From Frobenius to Brauer, M athem atical h ite lligencer, 14/4 (1992), 

48-57.B oth  L ederm ann and  C urtis refer to T. H aw kins’s three exhaustive studies on the 

subject, all published  in Archive fo r  History o f  Exact Sciences’.

7 (1 9 7 1 ) , 142-170; 8 (1972), 242-287; 12 (1974), 217-243.

In his first paper on this subject {Uber Gruppencharaktere, C ollected  Papers 53, V olum e 2 

(1896), 1 -37) F robenius says:

“hi April o f this year Dedekind communicated a problem to me to which he liad been 
led to in 1880 and which -  because it belongs to group theory and determinant theory
-  miglit interest me, so he thought. The solution, whicli I hope to communicate very 
soon, brought me to a generalization o f tlie concept o f cliaracters to any finite group.
I shall develop this concept here in the opinion that through its introduction group 
theory should receive a substantial advancement and enrichment.” |p.2|

36. They also exhib it a shaip  contrast in their choice o f  m eans o f  publication . C ay ley ’s papers 

w ere published  in a staggeringly  broad spectrum  o f  Journals; besides various British (and, 

later, A m erican) period icals, these included Crelle's  and Liouville 's  Journals. Frobenius 

stands a lm ost at the o ther extrem e; all but three o f  his 41 papers published before his election 

to the B erlin  A cadem y (1893) appeared in C relle’s Journal, w hile all bu t four o f  his 64 later 

papers appeared in the Proceedings o f  the Berlin Academ y.
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37. C ay ley ’s g roup-theoretic  w ork o f  the first tw o periods form ed the subject m atter o f  C hapter 2 

and C hap ter 3.2. Four papers belong to the third period; the second paper, [91, was discussed 

in C hapter 4 .8 , w hile the first paper o f  this period, [8 ), w as touched upon briefly  on page 42. 

The third paper o f  this period is, ""Illustrations o f  Sylow's theorems on groups". M essenger o f  

M athem atics, 23 (1894), 39-42. Collected Papers 957, V olum e 13, 530-533.

38. T he im m ediate m otivation  for this paper was E. II. A.skwith (1864-1946)’s w ork on groups o f  

substitu tions that can be form ed w ith upto eight letters in Q uarterly  Journal o f  Pure and 

A pplied M athem atics, 24 (1890), 111-167; 263-331.

39. For exam ple, [13] contains substantial results on , not to m ention F roben ius’s extensive 

w ork on characters o f  and .

40. “Sym m etries are m aps w hich preserve certain properties. In m odern m athem atics the 

investigation o f  the sym m etries o f  a given m athem atical structure has alw ays y ielded the m ost 

pow erful resu lts.” [E. Artin: Geometric Algebra  (pp. x + 214), W iley-Interscience, 1957, 

p.54.1

41. M. A. A rm strong: “ <9/j Croups and Sym m etty"  (pp. xii +  186), Springer-V erlag, 1988, 

C hapter 26 (pp. 155-165).

42. Som e exam ples appear in A. Speiser: “Die Theorie der Gnippen von emiliclier Ordnung" 

(The T heory  o f  G roups o f  F inite O rder) (pp. x + 251), Springer-V erlag , 1927, C hapter 6 

(Sym m etries o f  O rnam ents), p p .77-98.
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L ist o f  (M ajor) R eferen ces

1. Cayley, A. : On the llieoiy o f  groups, as depending on the symbolic equation 0" = 1. Philosophical 

M agazine, 7 (1854), 4 0 -4 7 . C ollcclcd Papers 125, V olum e 2, 123-130 . Dated: Nov. 2, 1853.

2. C ayley, A. : On the theory o f  groups, as depending on the sym bolic equation  0" =1. -  Second  
Part. Philosophical M agazine, 7 (1854), 408 -4 0 9 . C ollected Papers 126, V olum e 2, 131-132.

3. C ayley, A. : On the theory o f  groups, as depending on (he sym bolic equation  0" = 1. -  Third Part. 
Philosophical M agazine, 18 (1859), 34 -37 . C ollected Papers 243, V olum e 3, 8 8 -91 . Dated:

June 9, 1859.

4. C ayley, A. : The Theoty o f  Groups. A m erican Journal o f  M athem atics, 1 (1878), 5 0 -5 2 . C ollected 

Papers 694(1), V olum e 10, 4 0 1 -403 . i:>atcd: 26th N ovem ber, 1877.

5. Cayley, A. : A Theorem on Groups. M athem atische A nnalen, 13 (1878), 561 -5 6 5 . Collected 

Papers 659, V olum e 10, 149-152. Dated: 3rd April, 1878.

6 . Cayley, A. : On the Theory o f  Groups. Proceedings o f  London M athem atical Society, 9 (1878), 

126-133. C ollected  Papers 690, V olum e 10, 324-330 . Read: M ay 9, 1877.

7. Cayley, A. : The Theoiy o f  Groups: Graphical Representation. A m erican Journal o f  M athem atics,

1 (1878), 174-176. C ollected  Papers 694(2), V olum e 1 0 ,4 0 3 -4 0 5 . D ated: 16th M ay, 1878.

8. C ayley, A. : On the Theoiy o f  Groups. Am erican Journal o f  M athem atics, 11 (1889), 139-157. 

C ollected Papers 887, V olum e 12, 639-656 .

9. C ayley, A. : Note on the so-called Quotient G/H in the Theoiy o f  Groups. A m erican Journal o f  

M athem atics, 15 (1893), 336 -3 3 7 . Collected Papers 934, V olum e 13, 387 -3 8 8 . Dated:

2nd June, 1893.

10. C how dhury, F. : Arthur Cayley and the Theoiy o f  Groups. Journal o f  M athem atics and 

M athem atical Sciences, 10 (1995), 2 1 -31 .

11. Dyck, W. : Gruppentheoretische Studien. M athem atische A nnalen, 20 (1882), 1-15.

12. F robenius, F. G. &  S tickelberger, L. : Ober Gruppen von vertauschbaren Elementen. Journal fur 

die reine und angew andte M athcm atik, 86 (1879), 217 -262 . C ollected Papers 28, V olum e 1, 

5 4 5 -590 . Dated: Ju ly  1878.

13. Frobenius, F. G. : Neuer Beweis des Sylowschen Satzes. Journal fiir die re ine und angew andte 

M athem atik, 100 (1887), 179-181 . C ollected Papers 35, V olum e 2, 3 0 1 -3 0 3 . Dated: M arch 1884.
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15. Frobenius, F. G. : Uher aufldsbare Gruppen. S itzungsberichte der K oniglich Preussischcn 
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