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Abstract

The boundary layer flows of a Non-Newtonian power-law fluid along
with a particular Newtonian fluid flow have been considered for different
specific cases. In case of a Non-Newtonian fluid the steady flows along
the wall of a convergent channel and past a wedge, and the non-steady
flow of aji electrically conductii”* fluid through a porous medium past an
infinite vertical porous plate and having a constant transverse magnetic
field are taken into account. As for the particular case of the Newtonian
fluid, the unsteady boundary layer flow along a flat plate with suction and
blowing is taken into consideration. The solutions to these flows are
obtained by an integral method proposed by Bianchini, Socio and Pozzi
(BSP). Following the BSP method the governing equations to these
problems are converted to the ordinary first order differential equations
each having a scale fiinction. In cases of the steady flows, these scale
fimctions are taken to be dependent of x, the downstream position, while
for the non-steady flow a time dependent scale fiuiction is considered.
Unlike the cases of the steady flows the potential flow in the non-steady
case of an electrically conducting fluid is taken to be an exponential
function of time. The first order differential egiiations of the scale
fimctions thus obtained are then solved analytically in closed form.
Velocity distributions in each case are then obtained for various values of
the flow index n and the exponent m of the potential flow. The skin
fiiction coefBcient corresponding to the velocity distributions in each case
are also obtained. The results for the individual cases are finally displayed
graphically and discussed thereafter.
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Nomenclature
v Shear Stress Acting in the x direction on a
Surface Normal to the y direction
F Force
A Area
X Shear Stress
y Shear Strain
D Viscocity
o« Conversion factor
D Density of thiid
k Fluid consistency index in the power law
q Heat transfer rate
0 Temperature
(0] Specific heat
a Thermal diSusivity
Yield Shear Stress
Coefficient of rigidity or plastic viscosity
il Constant plastic viscoscity
M Apparent Viscosity, Ratio of shear stress to shear rate
N Viscoscity at zero shear rate
n Flow behavior index in the power law fluid
a,b, c Constants

Vi



Nomenclature

XY, Z

u,v, w

NRej c

NReL

h(xt)

U(x)
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Time

Co-ordinate directions

Concentration of component

Velocity component at x, y and z directions
Boundary layer thickness at a given value of x
Linear velocity of the undisturbed stream

Critical value of x at which Laminar flow end in the
boundary layer

Shear stress at the Solid surface

External Linear Velocity at an effectively infinite normal
distance from the solid surface

Reynolds number defined as Xuo
Reynolds number defined as XW ”p/K
Frictional drag force

Plate width normal to flow

Length of plate in the direction of flow
Frictional drag Coefficient for a flat plate
Reynolds number defined as L*“uo™“‘p/K
External Velocity

Scale function

Velocity profile

External Velocity

Vil
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Tow ; Wal Shear Stress
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P Wedge Angle Factor
D Displacement current density
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Chapter 1

INTRODUCTION

The classical theory of fluid dynamics was developed from studies of an imaginary
‘ideal" or 'perfect’ fluid taken to be incompressible and having no viscosity or
elasticity. During shear the fluid movement is completely fiictionless so that
shearing stresses are absent. Detailed mathematical relationships have thus been
obtained for the behavior of a perfect fluid in a wide variety of physical situations.
Some of these results have proved to be useful approximations to the performance
of real fluids in certain special cases, but their practical applications were
substantially limited until the introduction of the boundary layer concept by Prandd.
In essence, Prandtl showed that frictional effects are confined to a relatively thin
fluid layer adjacent to solid surfaces, this layer being called the Boundary layer. The
flow outside the boundary layer may be regarded as essentially fiictionless, so that
the relationships developed for ‘ideal’ flow will prevail in this region.

Severe limitations in the application of fiictionless flow theory to real situations led
to the development, although in less detail, of a dynamical theory for the simplest
class of real fluids those which are commonly described as Newtonian.

A third stage in the evolution of fluid dynamical theory is currently being
developed. This is occasioned by the increasing importance in the processing
industries and elsewhere of materials whose flow behavior in shear cannot be
characterized by Newtonian relationships and hence are treated as Non-Newtonian.
Examples of many substances which exhibit non-Newtonian behavior include
solutions and melts of high polymers, suspensions of solids in liquids, emulsions
and materials possessing both viscous and elastic properties.

Industries in which Non-Newtonian behavior will be encountered include

those dealing with the following; rubber, plastics and synthetic fibers, petroleum.
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soap and deteients, pharmaceutical, biological fluids, atomic enei”, cement,
foods, paper pulp, paint, light and heavy chemicals, fermentation processes, oil
field operations ore processing and printing.

It is evident, therefore, that an imderstanding of Non-Newtonian flow may enable
substantial economic improvement to be made in a wide diversity of processing

techniques.

1.1 Newtonian Fluids

Consider a fluid located between two parallel flat plates which are
separated by a nonnal distance dy, as shown in Figure 1.1.
A force F in the plane of the upper plate causes it to maintain a constant velocity
du relative to the stationary lower plate. At steady state, F is balanced by a shearing
force beneath the top plate resulting from the viscosity of the fluid, which is in

laminar flow. The shear stress Xx is defined as

~ (1.2

where the second subscript on « gives the direction in which the stress acts and the
first subscript shows the orientation of the surface on which it acts. Thus Xx is a
shear stress acting in the x-direction on a surface normal to the y-direction, positive
when material at greater y exerts a shear in the positive x-direction on material at
lessery. Inview of the usual assumption of zero slip between the fluid and the solid
surfaces, the velocity distribution will be as fetched. The distance traveled in the x-

direction by a fluid particle immediately beneath the top plate.
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Sur face are a =A

2Z —» du

dut
dy Fluid

720002 1

Stationary—

Fig. L1 Steady laminar shearing motion between two

parallel plates.
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during time t will be tdu as shown. A measure of the deformation of the fluid

caused by t,, is provided by the angle p, and for small p itis assumed that

P=tf (12)

By analogy with deformations in elastic soUds, p may be described as a stain. The

rate of stain or rate of deformation is therefore given by

# =N 13
dat dy (13)

This is also caUed the shear rate or velocity gradient. Newtonian fluids are
defined to be those exhibiting a direct iwoportionality between shear stress and

shear rate in laminar flow, as proposed by Newton.

Thus AN

where gc is the conversion factor and |j. is tiie viscosity- a proportionality constant

which is independent of shear rate, being affected only by temperature and pressure

for a given fluid system. A plot of shear stress Xy, against shear rate  in laminar
flow is known as a *flow c\«ve'. The slope of this curve is evidently constant for a

Newtonian fluid and is given by as shown in Figure 1.2.
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Fig.1.2. Flowcurve for a Newtonian fluid
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In Newtonian materials enei” is dissipated by the collision of relatively small
molecules. In consequence Newtonian belmior is found in ~ gases and in liquids
and solutions of low molecular weight.

An alternative interpretation of the shearing process illustrated in Figure 1.1 is
facilitated by reversing the direction considered as positive fw y. The

cOTiventionally positive X/ must now be expressed as

du

. (19

and for an incompressible fluid,

The quantity up has dimensions of momentum per unit volume and may be

regarded as a momentum concentration. The momentum concentration gradient in
the y-direction is and is negative for this sign convention regardingy; v &

may therefore be regarded as the flux of x-directed momentum in the y-direction.
This is entirely analogous to the transfer of heat by conduction according to

Fourier's law,

A m¥dy

Where the temperature 9 decreases in the direction of increasing y, so that

negative.
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For an incompressible fluid,

q_ k djdc”™p) djdc”p)

A "CpP dy dy
: o . d{0c p) ., .
0 p is avolumetric ttiomal concentration, —- -/"~--— is a dermal concentration
gradient, and a is the thermal difiiisivity.
1.2 Non-Newtonian Fluids
AHthose fluids for which the flow curve (Xy, versus is not linear throng the

origin at a given temperature and pressure are said to be Non-Newtonian. In other
way it may be said as fliiids having a variable proportionality between stress and
deformation rate are called Non-Newtonian. These materials are commonly divided
into three broad groups, although in reality these classifications are often by no

means distinct or sharply defined :

0] Time-independent fluids are those for which the rate of shear at a given
point is solely dependent upon die instantaneous shear stress at that point,

(@) Time-dependent fluids are those for which the shear rate is a function of
both the magnitude and the duration of shear and possibly of the time lapse
between consecutive applications of shear stress.

(i) Visco-elastic fluids are those that show partial elastic recoveiy upon the
removal of a deforming shear stress. Such materials possess properties

of both fluids and elastic solids.
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1.2.1 Time-Independent Non-Newtonian Fluids

These materials are sametimes referred to as ‘Non-Newtonian viscous fluids' or
alternatively as "purely viscous fluids'. A convenient preliminary classification may

be made into those substances which exhibit a yield stress and those which do not.
1.2.1.1 Fluids with a Yield Stress

The physical behavior of fluids with a yields stress is usually explained in terms of
an internal structure in three dimensions which is capable of preventing movement
for values of shear stress less then the yield value, X/ For Xy, greater than Xy the
internal structure collapses completely, allowing shearing movement to occur. The
internal structure is considered to be reformed virtually instantaneously when X7
becomes less than X Flow curves typical of such materials are those with intercepts

Xyon the shear stress axis of the sketch in Figure 1.3.

Some of the empirical 'models’ which have been proposed for relating shear stress
to shear rate in these substances, die Bingham plastic, model I and model Il

respectively are

A (>=»)

Ho

V = e (£ (L.10)
HCT. T )" A
yx oy
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X

YO Q "I9vv

(%]

>

Fig,1.3. Flow curves on arithmetic coordinates for various
types of time-independent fluid.
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The Bingham plastic model, containing the two constants 'yield stress' Xy and
‘plastic viscosity' 4, describes a linear flow curve and has received the most
analytical attention. Although true Bingham plastic behavior is encountered
somewhat rarely, departure from exact Bingham plasticity is sometimes small
enough for procedures based on this model to be decidedly useful in design.
Models I and 11 describe non-linear flow curves. By analogy with Newtonian fluids

an "apparent viscosity' is customarily defined as

Hence for a Bingham plastic fluid we have

(1.12)
dy

Which shows that for these materials the apparent viscosity decreases with
increasing shear rate. A value for apparent viscosity is therefore without meaning

unless accompanied by the corresponding shear rate.

Examples of fluids with a yield stress may sometimes be found in the following
materials: Certain plastic melts, oil well drilling muds, ores, sand in water, coal,
cement, rock and chalk slurries, chocolate mixtures, toothpaste, soap and paper
pulp etc.
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1.2.1.2 Fluids without a Yield Stress

The majority of Non-Newtonian materials are to be foimd in this category. The
flow curve is sketched in Figure 1.3 and is characterized by linearity at veiy low
and very high shear rates. The slope of the linear portion of the curve at very high
shear rates (times gc) is called the *viscosity at infinite shear' and is symbolized by
fj.. Similarly, the slope (times gc) in the immediate vicinity of the origin gives the
Viscosity at zero shear rate’, |[Jo Some of the empirical 'models’ which have been
proposed for relating shear stress to shear rate in pseudo-plastic fluids are

mentioned below

(1.14)

A logarithmic plot of X¥xversus ~  for these materials is often found to be linear

over a wide range of shear rate and this accounts for the widespread me of the
power law equation 1.13 to characterize fluids of this type. The "flow behavior
index n' is the slope of ttie logarithmic plot, which ranges from unity towards zero
with increasing pseudo-plasticity; the ‘consistency’ index Kk is calculated from the
intercept on the Xx axis at unit shear rate. In general, k is much more sensitive than

n to changes in temperature.
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The appropriate flow relationship correspondii”™ to the model which fits the flow
curve is then applied to the problem at hand. Naturally the simplest model (the
power law equation 1.13) is tried first and will be found adequate in many cases.

Equations 1.11 and 1.13 show that the apparent viscosity for power law fluids is

Hence equation (1.13) is transformed to

Nk .du.n-I( (1.16)
~(dy)
Now for a general case of power law fluid flows the equation (1.16) modifies to

N (1.17)
yx g/

It is the above equation with flow index n unity represents the Newtonian fluid but
n less than unity signifies pseudo-plastic fluids. Equation (1.15) shows that the
apparent viscosity decreases with increasing shear rate. This st”ests at least two

possible mechanisms to account for this rheological behavior.

1.2.2 Time Dependent Non-Newtonian Fluids

Time-dependent Non-Newtonian fluids are usually classified into two groups,
thixotropic fluids and rheopectic fluids, depending upon whether the shear stress

decreases or increases with time at a given shear rate and constant temperature.



Dhaka University Institutional Repository

1.2.2.1 Thixotropic Fluids

Thixotropic fluids exhibit a reversible decrease in shear stress with time at a
constant rate of shear and fixed temperature. The shear stress will of course

~proach some limiting value consistent with the structural equilibrium within the

fluid corresponding to the particular shear rate being used. If the flow curve is
measured in a single experiment in which the shear rate is steadily increased from
zero to a maximum value and then immediately decreased steadily towards zero, a
form of hysteresis loop would be obtained, as sketched in figure 1.4. A rotaly
viscomcter would be most convenient for this type of study. The arrows in figure
1.4 indicate the chronological progress of the experiment. It is important to note

that for the same fluid the location of the loop would be different for a different

time history. Thus merely altering the rate at which the quantity  is increased or

decreased would be sufficient to modify the hysteresis loop. Examples of
thixotropic properties have been foimd in the following materials : Some sdutions
or melts of high polymers, oil well drilling muds, printing inks, many food materials

and paints etc.
1.2.2.2 Rheopectic Fluids

Rheopectic fluids occasionally referred to as antithixotropic fluids, are relatively
rare in occurrence. They exhibit a reversible increase in shear stress with time at a
constant rate of shear under isothermal conditions. A hysteresis loop may be
obtained for these substances by the procedure already described for thixotropic
fluids. The direction of the arrows and the concavity of the curves will however be

reversed, as shown in Figure 1.4. The location of the loop for a given fluid is again

dependent on the time history of the material, including the rate at which ~ s

increased and decreased during the experiment.

13
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Fig. 1. 4. Flow curves for thixotropic and
rheopectic fluids in single

continuovs experiments.

14
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Rheopectic characteristics have been observed in the following materials, although
for some of these examples rheopexy is confined to moderate rates of shear:
bentonite clay suspensions, vanadium pentoxide suspensions, dilute suspensions of

ammoniimi oleate and gypsum suspensions etc.
1.2.3 Visco-elastic Fluids

Visco-elastic fluids exhibit both viscous and elastic properties. In a purely Hookean
elastic solid the stress corresponding to a given strain is independent of time, where
as for visco-elastic substances the stress will gradually dissipate. In contrast to
purely viscous liquids, on the other hand, visco-elastic fluids flow when subjected
to stress but part of their deformation is gradually recovered upon removal of the

stress.

Examples of visco-elastic fluids include bimmens, flour dough. Napalm and similar

Jellies, polymers, polymers melt such as nylon and many polymer solutions etc.

Out of the three broad groups of Non-Newtonian fluids, the time dependent Non-
Newtonian viscoxis fluid are of special interest due to its frequent applications in our
day to day scientific purposes. Most flows thus fall into the category of Bingham
plastic fluid described as power law fluids. Oxir interest is thus focussed on the
boundary layer flows of Non-Newtonian power law fluids. In these light some

theoretical works on Non-Newtonian power law fluids are discussed below.

15
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1.3 Some previous works

The boundary layer flow of a Non-Newtonian power Uw fluid along a flat plate
was dealt earlier respectively by Acrious and Shah* and Schowaltei”™. In recent past
such a flow past a wedge was studied by Tapas and Roy”. By using the method of
successive approximations, Abdel and Khidei™® obtained solutions of electrically

conducting Non-Newtonian power law fluid past a semi-infinite porous plate. Using

the same method Jadhav and Waghmode** obtained the same power law fluid flow

along the wall of a convergent channel.

A study of the Non-Newtonian power law fluid along the waU of a
convergent channel has recently been made by Sattar and Newaz™ employing an
integral method proposed by Bianchini et al™

In view of the works mentioned above in this dissertation we proposed to
make calculations on Non-Newtonian power law fluid flows for three different
cases by the BSP method mentioned earlier. Our aim is thus to test the capability of
the BSP method in computing Non-Newtonian boundary layer flows, although this
method has been successfully tested in cases of Newtonian boundary layer flows.

In chapter 2 the important of the Non-Newtonian power-law fluid is
elaborately discussed. In chapter 3 the BSP method for the solutions of the three
cases mentioned above has been described. In chapter 4 the solutions of the
boundary layer flow of a Non-Newtonian power-law fluid along the wall of a
convergent channel has been obtained. In chapter 5 the same flow past a wedge is
considered. In chapter 6 an Unsteady magnetic boundary layer flow of a Non-
Newtonian power-law fluid through a porous medium past a infinite vertical porous
plate is investigated. In chapter 7 the unsteady boundary layer equation for a
Newtonian flow with suction or blowing have been obtained for very small values
of x which represent the longitudirul direction. Finally results and general

discussion is produced. The essence of this method is to assume a similarity

16
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solution even in those situations where similarity solutions do not exist and to find a
suitable scale factor for the similarity variable. This method does not require
lengthy calculations as compared to classical approximate methods and other
numerical methods. Moreover, no linearization is required. Thus it is easier to find
a solution of the non-linear boundary layer equations by this method. The BSP
method has also been successfully applied by Palekar and Sanme™’ and
respectively to the case of a steady and unsteady boundary layer flows of

Newtonian fluids.

The study of the Non-Newlonian flow of an electrically conducting fluid layer in
tlie presence of magnetic field tlirough a porous medium is of immense importance
from its engineering point of view particularly in respect of its application to ground
water hydrology, geophysics or sohd sciences. Eldable et al.”\ thus, studied a model
for a power-law Non-Newtonian conducting fluid in a poroiis medium past an
infinite vertical porous plate. The effect of the magnetic field along with the
porosity of the medium for all values of the flow index n has been shown by
Eldable et a” in comparison with the results of Sapunkov™® who obtained solutions
only for n=2. Earlier, Sarpkaya”, Martinson et d/ and Markarrov et d/® dealt
similar problem. Eldabe et al.”» however employed Galarkin method to solve tlie
Non-Newtonian boundaiy layer problem by taking the free stream velocity to be an

exponential function of time.

17



Dhaka University Institutional Repository

The total fluid behavior can be classified according to the following
Flow-Chart.

18
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Chapter 2
2.0 Importance of Non-Newtonian Power law Fluid

A conunonly encountered physical situation is one involving steady
relative movement between a solid and a large voliime of fluid. The relative
motion between the solid and the fluid at the surface will be zero, and a velocity
gradient normal to the direction of flow will extend throughout the fluid because
of the drag force resulting from retardation of the fluid at the surface. The effect
of this drag becomes smaller at greater distances from the solid surface and from a
practical point of view may be considered to be confined to a layer close to the
surface. This layer is known as the boimdary layer. Viscous effects are considered
to be confined to the boimdary layer the flow being frictionless outside it. This
concept of the boundary layer was introduced by Prandtl in 1904.

Itis evident from the above description that the thickness of the boimdary layer
IS a matter of arbitrary defmition. A conwnon defmition of boundary layer
thickness is the normal distance from the surface to the point at which the velocity
is 99% of the external velocity u*. The thickness of the boundary layer 5 is a
function of the distance along the surface from the leading edge x. The term Lk is
an external velocity at an effectively 'infmite’ normal distance from the surface
and is parallel to the surface at the point in question. Thus it is only in the case of
a flat plate at zero incidence to the undisturbed stream (of velocity W ) that W
equals uo for all values of x. In most other cases u* and the velocity at the edge of

the boundary layer are functions of x.

In the case of Newtonian materials the boundary layer at a flat plate is in fact very
important practically, since the skin friction drag on the flat plate at zero
incidence constitutes a substantial share of the drag on turbine and centrifugal

pump blades, on ships, and on airfoils and fuselages, .\mong examples of the

19
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importance of Non-Newtonian boundary layer theory, may be cited the possibility
of reducing frictional drag on bearings and on immersed bodies such as ships’
hulls and submarines by injecting an appropriate Non-Newtonian fluid into the
boundarv on these objects.

As in the case of Newtonian fluids, it is thus important from fusible
point of view to fmd the frictional drag coefficient in a non-Newtonian boundary
layer. For this purpose the case of the laminar boundary layer flow of power law
fluid over a flat plate will be considered here.

We start with the integral momentum boundary layer equation for a steady
incompressible Newtonian flow over aflat plate at zero incidence.

This equation is of the form

AeAyx\' =0 _d S{u’\-u)udy 2.1)
dx.

Based on the above defmition the drag coefficient of a non-Newtonian power law
fluid over a flat plate at zero incidence have been successfully obtained in case of
three velocity profiles originally used by Pohlhausen for Newtonian fluids.

The thickness of the boundarv™ layer of a non-Newtonian fluid at any value of x
may in general be determined as follows for tlie case of a flat plate at zero
incidence to the stream.

a.  Assume some plausible expression for the velocity profile in the boundary

layer. These expressions usually take the form ~ = f(§)-

b. Eliminate X0 from equation (2.1) by use of the equation to the flow curve,
which for power law fluids is

f
Sy y-0“0gckj  y=0 (2-2)

c. Solve the resulting differential equation for 6.

20
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The velocity profiles to be assumed here will be three of those which have
proved most successful for Newtonian fluids. The accuracy of the results obtained
by applying these velocity profiles to flow of power law fluids over a flat plate

will thus give the importance of the Non-Newtonian fluid flows.

They are :
A. Assume the velocity profile in the boundary layer to be given by

u = a+by+cy” (2.3)

where u is parallel to the surface. Constants a, b and ¢ are evaluated fixsm the

following boundary conditions :

u=0 at y=0

U=U«=Uo at y ->00 (24)
ou _

5y-0 at y =5

Applying the above boundary conditions in equation (2.3), Then the values of a, b

and c as follows :

a=0
K= 37
” 25
u
c=- 0
250

Substituting the above constant in equation (2.3), we have

u”"3y 1y3

Uq 218N INGN (2-5)
Putting the values of equation (2.S) in equation (2.1), we get
u y\2
0~ y ;
> dx s * w6, Y (@26

pAl
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Inserting the limits of integration in (2.6) and then integrating we finaUy obtain

after simplification

Now the equation to the flow curve for a power law fluid evaluated at y=0 is

(2.8)
Substituting the equation (2.5) in equation (2.8), we get
~Noryl )
Vc="‘5y s) 2{Sj _
3Ug 3Uqy2
or
28
2 52 V=0
29
mn V C: "(I)IIIIO(I) ( )
Thus equation (2.7) yield
(2.10)
N®c™ 280p0dx  \2/  015)
Integrating both sides in equation (2.10), we have
wyo - 280k 3
6%d8 = 39pr2y 0 -odX
280fc|3jr,,«- dx (2.11)
n+l  39p"2> Jo
The following rearrangement may be made as
1/ nn-2 n+l
N N N\
5=~ (n+ || n+l] ?( X, (2.12)

"V /
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Which is the expression for the thickness of the boundary layer at a given
distance x from the leading edge of the plate. For the special case of a Newtonian

fluid n=l and k= p. so that
4-64x (2.13)

XUnp
which Nr* X= I\?’I . namely a Reynolds number in which the characteristic
length dimension is x. This expression agrees with the well-known result using
this velocity profile for Newtonian fluids.

n,2-N

xta= -p Xup _ _ _
The quantity reduces to —— for Newtonian materials and is

evidently a form of Reynolds number for power law fluids, it will be denoted here

by NERex
Thus

n+l Voin+1
5= 48%n+Dn2) Rex: X (2.14)

Differentiating equation (2.12), we get

\Y4
d6 1 280. n+1 0 n+l (2.15)
dx n+1 39 Re x>
Then putting the value of equation (2.15) in (2.7), we have
n .1
Ve o 280( il n+lp0 n+1 (2.16)
. =39 \n+I/n Re,x
Plo
ThtJS for the special case of Newtonian fluids n-1, k- n, NBg X~ Nr*xand we
have
Vc 0.323

(2.17)
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Which coincides with the known cession for Newtonian fluids obtained by
assuming the velocity profile of equations (2.3) and (2.5).

Eqtiation (2.16) gives the local or point value of the shearing stress at the
surface corresponding to some given value of X The total frictional drag force on

one Side of the plate of length L and width w is

(2.18)
n wy  NEIV
2' 39 n+1 U TP
~df~he
Integrating and inserting tlie limits of integration.
39 15 (« +D)L«+1
1-280 "«+1
Multiplying by
n
2, n+l n+l (2.19)
Fdfrc = (n+1)~280\n+1/J "Re,L;
where
The frictional drag coefficient Cdf for the flat plate is defmed as
~dfre (2.20)
n PUQ)

This should not of course be confiised with another common defmition of drag
coefficient in which the wetted area wL in the denominator is replaced by the
projected area of the body normal to the direction of flow. Substitutmg equation

(2.19)forFdfgc,
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15 n+1
IntlL 2.21)
1
)
" Re,Ly
For a Newtonian fluid this reduces to
df /NL292 (2:22)
\' Re L

WTiich agrees with the established resuh for Newtonian fluids when assuming the
velocity profile of equation (2.3) and (2.5).

B. The velocity profile in the boundary layer may alternatively be assumed to be
given by

'Y) + (2.23)

Which also satisfies the boundary conditions listed below equation (2.3). A

treatment analogous to that based on equation (2.5) then results in

1
) N n oy (2.24)
1
n+1
2" 315(n-1)j V Rexy (2.25)
Puo
74 21/ \ +1
TRl (2:26
n
74 n+li A0 n+1
C df-2(nAl) 315(n+i)j | WReL: (2.27)
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C. Alternatively the velocit\’ profile in the boundary layer may be assumed to be

as

(2.28)

Which again satisfies the three boundary conditions listed in equation (2.4).

A development parallel to that based on equation (2.5) gives the following
results.

r 1
0.136 (2.29)
n V& 1
n+ 11 xtO n+1 (230)
n™ 112/ V Re,x; '
puq
OU36yb~fxrO N« |l
K+1'21 l Re,lj (2:31)
1 T
_ n+

All the expressions of the above three cases A, B and C reduce to the known
Newtonian forms corresponding to these velocity profiles upon substitution of
unity for n and u for k

Inspection of the above results shows quantitatively close similarities between the
expressions for a given quantity corresponding to each of the three assumed

velocity profiles. These approximate results can be effectively compared with
"exact'’ solutions to the boundary layer differential equations.
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Chapter 3

3.0 METHOD OF SOLUTIONS

A simple approximate method of calculating the characteristics of the
boundary layer flows has recently been described by Bianchini, Socio and Pozzi
(BSP, 1976), Socio and Pozzi (1979). The essence of this method is to assimie a
similarity solution even in those situations where similar solutions do not exist, and
find a suitable scale factor for the similarity variable. This scale function is obtained
as a solution to a single first order linear partial differential equation. In comparison
with the highly sophisticated and time consuming computer oriented techniques,
this method does not require lengthy calculations. The solutions are obtained in the
closed analytical form and noteworthy, no linearization is required. BSP method
can be applied to a very wide range of initial and boxmdary conditions. We tiy to

explain this method with an example mentioned below.

Consider the basic dimensionless equations governing the unsteady laminar

boundary layer flow over a semi-infinite flat plate which are
3u dv

dn dn du dMx
di dx dy dy dt

where x andy are respectively the Cartesian co-ordinates along the plate and

normal to it. u and v are the velocity components along x andy directions, u”(x, t)

is the external velocitv.
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Here we will consider the following boundary conditions:

u=0,v=0a y=0

u=u~(tas y~oo.

v=-1%
0/\

infinity, using equation (3.4), then we have

or

or

or

or

:'I;Jau 5u Su
dx dy
I - U—
ax
Ifau au au
| — +u— -
~Lat ax *ax
JINOO  5u !
7a(u™-u)n 2
J - (mmmeee- dy +u
at

i
dt |

28

Integrating equation (3.1) from zero to infinity, we have

y= Jd—?(dy
at _
au "au™
dy =-
atj y dy
au
dyj
u u "
(I")dyj_ \d

(3.3)

(3.4)

Integrating equation (3.2) across the boundary layer equation from zero to

(3.5)
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The basic assumption of the method is that the velocity profile has the form

Y
U= U,f(TI) With

where h(x, t) is a scale function.

Integrating equation (3.6) in the equation (3.5), an equation for the unknown scale

function h(x, t) is obtained as

(3.7)

where ai=J(-f)d~, a, = IF(-HdiL
0 0

_3(0) (38)

Tliis equation (3.7) is a first order partial differential equation in h(x, t) a solution
of which yield the scale function h(x, t).
With this scale function h(x, t), the velocity distribution can easily be obtained from

equation (3.6) by a suitable choice of the function f(r|).

29



Dhaka University Institutional Repository

Chapter 4

4.0 CONVERGENT CHANNEL

If the motion of a fluid consist of inward radial flow at which fluid absorbed or
annihilated continuously is called convergent channel. The case of potential flow
given by the equation U(x)=-Ui/x, is leads to similar solutions with Ui>0 it
represents two dimension motion in a convergent channel with flat walls. The
volume of flow for a flat opening angle 2n and for a stratum of unit height is Q=
27U, in Figure 4.a.

The boimdary layer differential equations to the steady two dimensional,
incompressible flow are obtained from the Naviar Stokes equations of motion by
Prandtl's order of magnitude analysis of each term in the equations. Then the
resulting boimdary layer equation and the equation of continxjity for a convergent

channel with a potential flow U(x) are

da dv du g,
Uu—+v— - t/— +

9x Sy dx p Sy (4.1)

da dv
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Fig. 4.0. Flow in o convergent channel

31



Dhaka University Institutional Repository

Where tyx is the shear stress. Now for the general case of a Non-Newtonian power

law fluid Tyxis taken from the relation (1.17) and hence equation (4.1) becomes

da
oX ¢y dx p5y| dy)

or

3u  9u du d da
U—+VvV— = U-T—- V . (4.3)
k. dy ax. dy dyj

where x and y are respectively the Cartesian co-ordinates along the plate and
normal to it, u and v are the velocity components along x and y directions, U(x) is
the external velocity along the wall of the convergent channel, k is the fluid
consistency index in the power law, v = k/p is the kinematics co-efiBcient of

viscosity and n is the flow index.
The boundary conditions associated with the above system are :

u=v=0 at y=0
u=UX) a y->® (4.4)

The equations (4.2) and (4.3) will now be solved by using the method discussed

in the previous section.

32



Dhaka University Institutional Repository

4.1 SOLUTION PROCEDURE

The external velocity U(x) is now taken to be as

X (u. ->0) (4.5)

where | is a constant but has the dimension of

Now, following BSP (1976), the velocity profile is assumed to have the form

u=UX)f(Ti) (4.6)
where = hz;) (4.7)

Integrating the continuity equation (4.2) the normal velocity component v, can

be replaced by

v=- oy (4.8)

Again Integrating the equation (4.3) across the boundary layer from zero to

infinity, we have

du d
f dv= U-=dv-v " (4.9)

where the equation (4.8) has been introduced.

l“
du
1u ----- 'dy
LA~ dx vV 4V (4.10)
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Integrating by parts, we obtain for the second term of (4.10) as

A3c
/ \ 00
/\ 1
so that f 2u U dt UdU_]dy:-v a F
ax ax dx j

Adding and equally subtracting the term u” in the left hand side

of equation (4.11), we get

100

Su du du ,,duUu\2
— — N =
i 3 o o et TV
0
00
Su duSu duU _ Su N
or + — 2h~ +— (Cl-M) dv=vV
ac dxac’ dx | A
/0
v ). duf VoG
or —{Uu-u *)dy+-—I(t/- u)dy =
{ )dy=+-1(t/ - u)dy vi_LV4A
-0
which on multiplication of both sides by ™ vyield
1 1 du v R
A-[u(U-u)]dy \(U-u)dy”-
U263C U dx I 4n;
NG
d( 1 1 1 a 2u(U-u)
But u(U-u) ¥ aX[u(U-u)]- _,
2u(U-u)du

or -*"Mu(U-u)]= dx\_—flzr-u(U-u) g 43 o

34
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Hence introducing equation (4.13) in (4.12), we get

. N«
A A C\]_ rT"/I “ XlJ 173 nl
0 0
Finalh' introducing the assumption (4.5) and (4.6), it is obtained that
(_utE_r
hdr]] \
NT
or
«-2
— jy(i-t7— y(i-Nif/7-- (i-1)I [1=— - il Vo
NQ ) nQ ok vV / SA4 =0
or
dh" 2h" hi- M
A lI(r- el - — |/(I—/)C"7——If(1-f)dv:-V( /\) £
dx e . .
or
4.14
dx (4.14)
where
& = (4.15)

The boundary conditions (4.4) now reduces to
f(r[)=0 at T=0
f(r])=0 a nQC (4.16)
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The equation (4.14) is now rearranged as

ah"~"-(2a
X

My ta,) g =— (4.17)

1 X

The non-linear boundary layer equations (4.1) and (4.2) are now converted to an

ordinary first order differential equation of the scale function h(x).
Now to solve equation (4.17)

let h**A"(x)= z(x) (4.18)

so that the equation (4.17) is transformed to

dz 0
-V . 419
dx X X y ( )
where
(n+h(2a +a ) +
------------ +--—-and O ——

' “i 2 “i

An integration to the above equation gives the scale parameter h(x) and hence a
solution for the velocity profiles. The constant of integration arising out of this
integration will be determined by adding an initial condition to the set of boundary
conditions adopted in equation (4.6), that is usii”* equation (4.15).

Thus a solution of equation (4.19) is obtained as

SV ETEE
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Hcnce

h(x) = Kj+n -3 (4.20)

In order to have a solution for the velocity profiles, following BSP (1976), a choice

for f(ri) is now made as

£(T1) = erf(Ti) (4.21)
where  erfirf) - —Er? e A dx.
0

With this choice of f(r|) from equation (4.15), we have

v'2 -1 = 1
a,- V7T_’ q _\/It_’ @' (4.22)
Putting the value of h(x) from equation (4.20) in (4.7) we get
T=rik (4.23)
- u Iler.I
where n, a1
VX" J

_e*(n+)(2a,+ a2)+a,(n-3) ™

and L (n+1)a3
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4.2 PARTICULAR CASE (n=1)

For n =1. from equation (4.23), we get

N
_fZ, I (4.24)
v J

Hence equation (4.6) becomes

U6 ~f(il) = erf(Ti). (4.25)

and n, =Y

Here rii exactly corresponds with the similarity transformation adapted by
Polilhausen (Schlichting, 1968).

With the above value of 1] the velocity profiles obtained firom equation (4.25) is
dowTT in Fig. 4.1 aloi™ with the classical result of Pohlhausen. The agreement

between our result and that of Pohlhausen is seen perfect.

4.3 GENERAL CASE (n 1)

For different values of n, the velocity profiles are obtained fiom equations
(4.21) and (4.23). These profiles are shown in Figure 4.2. It appears fi-om this
figure that the velocity at any point decreases with increasing values of the flow
index n.

It is also obseived tliat as n becomes lower than 1, there is less difference in

numerical values of the velocity profiles.
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4.4 THE SKIX FRICTION COEFFICIENT

The skin friction coefficient is proportional to the wall shear stress t,

which is defined as
lau

=R/,

Using equations (4.6), (4.21) and (4.23), Xvis obtained in the following form

(U an -
or
i (5f 1
= MU
no
2 N\
or ! vT
M
1
or _ 27U\ («+D)(2ar+q)) +aj(«-3) ™
1
or 20t 1 M« +D(2aN +02) +«1(«-3) ™
W\ VUl i (n+1)a,
2-n 2-n
Ifjk U \% Ux).x
w f— \ n_2 3-n 2-n 2~n
n~] T7 nt1V
7N U< 1-
or W f— =m < . -AX
L. J
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where

_ (n+1)(2a, +a2)+a,(n-3) ™
B (n+1)a3

and R = U(x)x

where R* is the Reynolds number.

The skin fiiction coefficient then follows as

3—
n¥l 2-n 41 2-n

3 _yiJrﬁAX (4.26)

Now for the Newtonian fluid where n=I, the skin friction coefficient is obtained
from (4.26) as

(4.27)

The result obtained in equation (4.25) is consistent with the classical result of
PoWhausen.

A graph of 1/2Q versus R™is shown in Fig. 4.3 for a fixed Reynolds number
Rx, the skin friction is found to increase sharply with increase of the flow index n.
Again for a fixed n, the skin fiiction decreases sharply for low values of the
Reynolds number R*visibly up to Rx=40, then decreases gradually for larger values
of Rx . The calculations of skin fiiction coefficient in the limit situation of the

Newtonian flow correspond well with the classical results of PoWhausen.
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Fig. 4.1. Velocity profiles by the present method and

the Classical Pohlhausen method.
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Fig. 4.2. Velocity distributions for various values of the

flow index n.
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R

Fig, 4.3. Variation of skin friction coefficient with Reynolds
number R.
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Chapter 5

5.0 FLOW PAST A WEDGE

A similar solutions of the boundary layer equations are obtained when the
velocity distribution of the potential flow is proportional to a power of the length of
arc, measured along the wall from the stagnation point of a wedge whose included
angle is equal to Tip, as shown in Fig.(5.a). It is easy to verify with the aid of
potential theory that we have here

U{x) =ex"
where Cis a constant, p is the wedge angle factor and m is exponent.
The boundaiy layer equation to steady two dimensional, in compressible flow of a
Non-Newtonian power law fluid past a wedge are given by

U +Vdu dU.-V d (5.1)
3c 3c

di
+ =0 (5.2)

where x and y are respectively the Cartesian co-ordinate along the plate and
normal to it, u and v are the velocity components along x and y directions, U(X) is

the external velocity for the flow past a wedge, v is the kinematics co-efficient of
viscosity and n is the flow index.
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Fig. 5.0. Flow past a wedge. In the neighbourhood
of the leading edge the potential velocity

distribution is U (x) = Cx'.
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The boundaiy conditions associated with the above system are ;

u=v=0 a y=0
u=UK) a y”™ © (5.3

For the flow past a wedge the external velocity U(x) is now taken to be as

Ux)=UX" m >0 (5.4)
where | is a dimensional constant and has the dimension of "/j-

5.1 SOLUTION PROCEDURE

Let us take the velocity profile is to have the form according to the following

BSP (1976) method as

u-U(x)f(Ti) (5.5)

with n:mm (5.6)

where h(x) is a length scale.
Integrating equation (5.2) we get the normal component velocity, v as follows

v=-\~dv (5.7)
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Integrating equation (5.1) across the boundary layer from zero to infinity, we get

. A
U-(-:--l:|+ |V — K= Sn dy
o ckdyq nyg
putting the value of v, we have
TV dtf oydu e Ui v Si dy
g dx dy
Integrating by parts, we obtain for the second term
\ourwau . o _ o0 o N
aAp T WVEU Ty L
So that
Su”
A A dx yO
which can be contracted to
du
\
Multiplying both sides, then
. U-upiy'+=y L0 uyety = o
U(U-u)liy'+=Y = {U-u)cfy =-
N d U-u) i= u(U-u)l-~fu(U-u) iy
ow dx 12 u(U-u) = ox dx
1 d d\ I 2 du
- = — : - u(U-u
or e u(U-u)] il u{U -u) (U-u)
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So that
u ) 2 du | - A dy+1/\ 1-“ dy = -
f/c U Udx | uJ. 9 & uJ {

Introducii™ the assumption equations (5.4), (5.5) and (5.6), it is obtained

dhr -1, 2mfr..... L, m
or
dh  mh P (5.8)
where ar= f(X~f)df] «2=
and ttj = Y= (-1) - (5.9)
and boundary conditions are
f(ti)y=0 at T=0
f(Ti)=1 a T->om (5.10)
The equation (5.8) is now rearranged as
dh h"" X P
otih -mT+ --X-+ “ 2) = /\(2: N A (511)
Now let
h’lll(x) - Z (5.12)
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Then the equation (5.11) is transformed to
dz z k.

N\
_ m(2a,+aa2Xn+ )} and Kk = gn_;zl_)p

where K,

An integration to the above equation gives the scale parameter h(x) and hence a
solution for the velocity profile. The constant of integration arising out of this
integration will be determined by adding an initial condition to the set of boundary
conditions adopted in (5.5)

Thus a solution of equation (5.13) is obtained as

K,-(2-n)m +1
Fenmi
h(X):"k,-(Z-n)m n (5.15)

In order to have a solution for the velocity profile, following BSP (1976), a choice

for f(Ti) is now made as

f(T1) = erf(ii). (5.16)
With this choice of f(Ti) fi-omequation (5.9), we have

Now, putting the value of h(x) from equation (5.15) in equation (5.6), we get

T=Tik3 (5.18)
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where
(-ir

and

m(2a, +a2)(n+1)-a,((2-n)m -1) M
(n +)®.

In particular case for n=I, from equation (5.18), we get

N ="Hik3 (5.19)
where
- m+1 Ux™!
W=yt .o 7
and

5m+2'V2ni +1
2(m+D(V2+1)_

Hence equation (5.5) becomes

A=fW =erfw . (5.20)

Here ti exactly corresponds with the similarity transformation adopted by the

classical method (Schlichting, 1968).
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5.2 THE SKIN FRICTION COEFFICIENT

The skin friction coefficient is proportional to the wall shearing stress t  which

is defined as

5u
Tw

Using equations (5.5), (5.16) and (5.18), x” is obtained in the following form

or

or

or

or

where

and

="\U-

1
AT2enr@-mmel g m(2ai+a2)(n +1)-ail2_,)™ i ™

L (1en | (n+1)a3
1 2-n 2-n
aMm-kau BT AGIMM-l sy ntlru (x)xi
f- \
V31 1U (x)x_ .V
5-n
2)ak,  U"+i na
7-n
\7t
D" +lvn+l

m 2ai +aj j(n+1) - aj {(2- n)m-1} n*t
(n+Nai

U(x).x
RXx-
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Where Rx isthe Reynolds number.

The skin friction coefficient then follows :

3-n

2k (5.21)

Now for the Newtonian fluid where n =1, The skin flriction coefficient is obtained

from equation (5.21) as

1 X", 2\ 5m+iJIM +1

R;2. (5.22)
2AN ~ pUA ~ yinl2im +1)(j2 +1)_

The result obtained in equation (5.22) is found to be consistent with the
classical result (Schtichting. 1968).
Variations of N2CfWith R™are shown in Figures (5.6), (5.7), (5.8), (5.9) and

(5.10) respectivefy for ascending values of n.

5.3 RESULTS AND DISCUSSION

In particular case for n-1, the velocity profiles obtained fi-om equation (5.20)
is shown Fig. 5.1 along with the classical results. The agreement between our
results and those of the classical results is seen quite satisfactory.

In general case, for different values of n other than 1, The velocity profiles are
obtained from equation (5.16) and equation (5.18). These profiles are shown in
Figs. 5.2, 5.3, 5.4 and 5.5. For each value of n, velocity profiles are also shown for
different values of the exponent m. It thus appear from these figures that velocity at
any point increases with the increasing values of m. More over comparing these
figures, it is also observed that for a ftxed value of m, velocity mcreases with the

increases of flow index n at a fixed point. From these figures it appears that for n=2
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(Fig.5.9) the skin friclioii goeliiciem is constant for aJvalues of R ,. But for values
of n<2 (Figs. 5.6 to 5.8) the sk.n ttction coefBdent decreases with increases of
R”. This decrease is proininent for lower values of R, while for larger values of
r . The vaiiatiou of skm friction cocfBcient is negligible. A similar opposite trend
is seen for values ot n>2 (Fig. 5.10).

As for the effects of the exponent m, for all values of n and for a fixed

The skin friction coefficient is found to increase with the increase of m.
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n=10

N — Present method
<sl//l 1] 0 o o oClassical method

3.0 3.5 4.0

Fig. 5 Velocity profiles showing the comparison of the clossi
col method with the present method for n= 1.0 and for

different values of m.
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Fig.5.2. Velocity profiles for n=0.5 and for

different values of m.
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Fig.5.3. Velocity profiles for n=1.5 and for

different values of m.
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Fig.5. 4. Velocity profiles for n=2.0 and for
different values of m.
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_____________ \ n
Fig.5.5. Velocity profiles for n=2.5 and for
different values of m.
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Skin friction

Fig. 5.6. The skin friction coefficient against Reynolds
numiier Rj~for n=0.5 and for different values
of m.
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0
(VI

R

Fig. 5.7. The skin friction coefficient against
Reynolds number Rx “~or n=1.0 and
for different values of m.
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R.

Fig.5.8.The skin friction coefficient against Reynolds
number R~for n=I1.5and different values of m.
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- n=2.0
yr-m=4.0y~*m =.0 y—m=I/3 =1/9
i — O 70 o/ O----Cl—

Fig. 5.9. The skin friction coefficient against Reynolds

number Rj~for n=2.0and fordifferents values
of m.
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D 40 50 60 /0 80 90 100

Fig, 5.10. The skin friction coefficient against Reynolds
number R for n=2.5 and different values of m.
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Chapter 6

6.0 Unsteady Magnetic Boundary Layer Flow

6.1 THE BASIC EQUATIONS

The basic electromagnetic equations of Maxwall’'s and Ohm's Law (with out Hall

current) are

V.D=0 (6.1)
V.J=0 (6.2)
V.B=0 (6.3)
VxH =J (6.4)
VXE =~ (6.5)
B=nH (6.6)
J=0(E+qxB) (6.7)

Where D is the displacement current density, J is the current density, B is the
magnetic field, £ is the electrostatic field, H is the magnetic field strength, n is the

magnetic permeability and ctis the magnetic conductivity.
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Now, for an electrically conducting and unsteady incompressible Non-Newtonian

power law fluid the equations of motion can be written as :

V.q=0

~+(q.V)a a ay p ep

where is the conversion factor, ty, is the shear stress, k is the permeabiHty
constant, is the electrical permitivity.
From equations (6.6) and (6.7) we have

J =cl(E+qx"H]
In absence of the electric field.

J = cj[gxNiH] (610)
But since the magnetic field is acting along the y axis which is perpendicular
to the plate, we have

B = (0,mHaO)
Thus fi-om (6.10) we get
J =0(0,0,muH o)

From the above equation we get the Lorent's force term (J X B) as .

JXB =0(Jj,dy,Ji)x(0,jiHo,0)
J XB = 0(0,0, fiuHo) X(0,jiH0,0)

or

JXB =ap. HS(U-u) (612)
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Now using the relation (6.12) and taking X'y from the relation (1.17), which is for a

general case of the Non-Newtonian power-law fluid, the equation (6.9) becomes

5 +(q.V) —5U+kd
TR T RY dyj, .

In Cartesian coordinate the continuity and the above momentum equation reduce to

da  dv dw _3 (6.13)
dx dy di

9 ~ 9 5 du kd du au™H
o Tu £V ---E--}W g +—— A

.= —+ m" (U+u)+ -—lf—(U -u)
dt di dy di - a1 pdy{ dy e p

(6.14)
Now since the plate is considered to be of infmite extend, all physical quantities,

therefore, depend on y and t only. Hence the equations (6.13) and (6.14) can be
approximated as

av (6.15)
dy
du du dV d\ bu n
du du_dv o dV U Ay iu).A(U -u (6.16)
at Vay dt Vdy\K dyj ; AR S

where p = — is the kinematics coefiBcient of viscosity.
P

The boundary conditions associated with the above system are:
u=0,v=v(t) at y=0
u=U(t)as vy © (6.17)

Wriere v(t) is the velocity' of suction or injection at the plate as mentioned above.
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The equations (6.15) and (6.16) thus constitute the governing equations of the
problem considered in this chapter. As in the other problems discussed in the
previous chapters, we will also use the BSP method to sohe the above equations

subject to the boundary conditions given by (6.17).
6.2 SOLUTION PROCEDURE

In order to obtain a realistic solution of the equation (6.16), it is important to
make an assumption of the potential velocity U(t). For this purpose, following
Eldabe et al., the outer potential velocity U(t) is considered to be as

u(t) =ue™ (6.18)
Where U* is amean velocity and a is a constant having the dimension reciprocal
to that of time.

With the above choice of the outer potential velocity and a similar
choice of the suction velocity v(t), Eldabe et al. solved the system of equations
(6.15) to (6.17) numerically by using the Galarkin method. We, however, make a
different approach based on Bianchini et al. Thus , the velocity profile is assumed

to have the form

u=U(t)f{rj) (6.19)
Where
Here h(at) is the scale function which is required to be determined. Now in term

of the scale function h(at), the equation (6.15) can be integrated to obtain

v(t) = ah(at) (6-21)

where a <0 indicates suction and a > 0 indicates injection.
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Equation (6.21) constitute the point of departure from the assumption of Eidabe
et al. for the suction or injection velocity.

Now defining = N tiie equation (6.16) becomes

du Ou du d y V"

 fV— = — +V_— + N+-_U-u 6.22
at " ay at VR U ) ed ) (6.22)

Now introducing u, "\ and v(t) from equations (6.19), (6.20) and (6.17) into the

equation (6.22) and then integrating it across the whole boundary layer from zero
to infinity, we have

/I a N / \D

(fy+ N*-
a a o>0
(6.23)
We now calculate the followings :
au ,au af N
at” at"™ at"
N f- r? "
dt alf-aU h dt
a df dn 1 U
LS P TR Dt
at dr\dy h h
d
— = —(Uooe™*) = U,,ae“*=Ua
at at
With the above calculations the equation (6.23) reduces to
aUf-aUf'— hdr]+v{t)j{t)= aUhdrj-vr» + AT+- U(Q\-f)hdii
oV h dt) lo ¢ /o
or
-a if'dTj+v(t)=ah {I-f)drj+ N +-
dt 3 =0
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or
a M ai +ah=aha? + N+ha? - v o (6.24)
S U VAP M S T |
where
a,=]7jf'd7j and aj = (M) (6.25)
Vo
The boundary conditions (6.17) now reduce to
f(/7)=0 at  T]=0
f(ri)=1 asTi->o00 (6.26)

Now introducing the potential flow from (6.18), equation (6.24) becomes

dh 1
+M + S)a2 +l}h''~*

i o ((1FM+S)a2 +1}

or
nl
aj a
which can be reduced to
h'"— + AN =B — ———-- (6.27)

dt a

N
Where M(= ;) is the magnetic Prandti number and S(= E\;) is the parameter of

permeability,
and

n-1

(6.28)
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The partial differential equation (6.16) has thus been converted to an ordinary
differential equation (6.27). An integration to this equation (6.27) gives the scale
function h(at) and hence the solution for the velocity profiles.

In order to integrate equation (6.27)

Let
z=h""*(at),
Thus

dh 1 dz
dt («+Da dt

Hence equation (6.27) becomes
1 dz Az=B
(n+a dt - a

which in its final form reduces to
/at +A(n+at=B(n+ . (6.29)
Thus, integrating the above differential equation, we have

A(n+l)at+(n-I)(xt

2= +1)A(n+|)a+(n-|)_a+c

where C is a constant of integration.

Butsince z->0 when ? 0, the constant of integration
B(n+1)
A(n+ha+(n-l)a
Thus we get
B(n + I)[en"-*"%]
An+Da+(n- Na

N"+780= A(n+1)a+ (n- Da
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va3(U,)"-"n-l)e”('n-l)at i+l
@D =y g1+ M+S)t2+1|(n +Da(n - ! J
1 N
a3(n+1) +1 nl (6.30)
h(m =1 j(1+ M+ S)tt2+ 13N +1) + (n - Dai
where T=at.

In order lo have a realistic solution for the velocity profile, foUowing B.S.P a choice

for f(ii) in equation (6.19) in made as

This choice is made with a view that erf (n) gives a very good approximation for
Steady as well as unsteady boundary layer solutions.

With the above choice of f(Ti), from equation (6.25), we have

\n
1 ) (6.32)
cli=ci2- \ff a, l\ijl

Thus along with the constants of equation (6.28), putting the value of h(T) in

equation (6.20), the similarity parameter is finally obtained as

(6.33)
a In+l
where ni :ylSVUI"\]
rur(I+M+S)g™H(n+l) +(n-l)ai n+t
and G="

(n+1)a3
TTte functional dependence of the similarity variable r, to the time variable t exactly
cotresponds to that of Eldabe et al.. Eldabe et al. assumed this fimctional
dependence a priori, but we have estabUshed this dependence by employing the
integral method proposed by BSP.
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6.3 THE SKIN FRICTION COEFFICIENT

The skin friction coelficient is proportional to the wall shear stress  which

is defined as

"du ]

(6.34)

Now adopting the value of from equation(6.27), the velocity Fofiles can be

obtained from the combination of (6.15) and (6.25). It is now important to

calculate the drag coefficient of the wall which is of primary physical interest.

obtained in the following form

~=Q

n
df 1

_an h(T) j,

1
Lvti h(T)V0
2Il
ffi - C n
71-1h (T)}”

n

2" g '~ [I-f @AM AS)a2@~ D) - ai (1- n) ™

~cD“ M-Uad ~* n

n n n(n-1)
- (n+1)"-lvn-ia3,,71(U«) T
2n n
un+iotnAi 2" [Jr 1+M rSIttj}n+1) - a, (- n, "*!
n

nYtas3 Y«ti fn o Dn+l

72

e n+l



Dhaka University Institutional Repository

2n n
Un+la“s .
'Go=M n Cje
Jnl

n(l-n).

2"[{1 + (1+M +S)a2}(n + 1)-ai(l-n) ™
where Cj =

7i2(a3)™+i(n + 1)+

Denoting the drag coefficient as Cf we obtain it as

C, =
In n n(l-n).
Cr =
puU>
n(l-n).
Cr = n
D+l
2 n n(l-n)
n+l
rula-Viib _
Cf = Cie “H
V

Cf=R,"*AC{n,M,S)

1
=C(n,M,S)

C2"[l+(1+M +5K Kn+1)- <(1-

Y (03 )n+1 (L+ Nke
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Here C(n,M,S) s the shear stress parameter and Rg is the Reynolds number.
The above expression for the shear stress parameter is however, different from that
obtained by Eldabe et al. This difference is due to different assumptions employed
by us and Eldabe et al.

6.4 RESULTS AND CONCLUSIONS

Following Bianchini et al.(B.S.P,1960) an analytical solution to the two
dimensional boundary layer flow of an incompressible power-law Non-Newtonian
electrically conducting fluid through a porous medium in presence of a constant
transverse magnetic field has been obtained. The results of this solution are shown
graphically (Figs. 6.1-6.6) in terms of velocity profiles and curves for the shear
stress parameter C(n, M, S). Figs. 6.1-6.2 thus show the effects of the theological
parameter, magnetic parameter and the permeability parameter on the velocity field.
In Fig. 6.3, taking no effects of the induced magnetic field and the permeability (M
= S =0), it is observed that velocity decreases with the increase of the flow index n.
This figure in fact show the velocity distributions for a usual boundary layer infinite
vertical plate in case of a Non-Newtonian as well as Newtonian fluids.

In Figs. 6.4, 6.5 and 6.6 the effects of the theological parameter, the magnetic
parameter and the permeability parameter on the shear stress parameter are shown.
From these figures it is apparent that C(n, M, S) increases with the increase ofn, M
and S. These figures also depict that C(n, M, S) increases linearly approximately
for n>0.5, but for veiy smaller values of n, for example n=0.2, the curve of

C(n, M, S) against M show a very small gradient.
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Fig.6.1. Velocity distributions for various values of

the magnetic Prandtl number Mand S=I.0
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Fig .6. 2. Velocity distribtion for various values of permeabi-

lity parameter S and M=1.0
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w<y

Fig. 6.3. Velocity distribution for various values of flow

index n
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0

c

0
0.0 |
Fig.6.4. C(n,M,S)
for S=1.0

.0 2.0 3.0 4.0

M
plotted M for different values of n and
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n
Fig.6.5. C(n,M,S) plotted n for different values of Mandfor S=0.0
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n
Fig. 6.6. C(0, M, S) plotted against n for different values of
S and for M=0.0
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Chapter 7

7.0 UNSTEADY FLOW WITH SUCTION OR BLOWING
7.1 THE BASIC EQUATIONS

The unsteady boundary layer equations for a Newtonian flow with suction

or blowing are:

3 A
5u  5u Qu 5u (1
— +u— tv—=v-~"

ax N Yy

with boundary conditions

u=0, V=v*x) fory=0 (7.3)

where (x, y) is the Cartesion co-ordinate x being along the plate and y normal to it
u and V are the velocity components along x &y directions, v is the kenamatic
co-efficient of viscosity and v jx) is the prescribed suction or blowing velocity at
the wall.

The equations (7.1) and (7.2) will now be solved by using the method

discussed in the previous section.
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7.2 SOLUTION PROCEDURE

Following the procedure of BSP(1976), let us take the velocity
profile to have the form

u=U.,,f(Ti) (7.4)

. Y
with Ti= h(X) (7.5)
where 0 and X= /a (7.6)

and c[a(t)] is alength scale but a function of time

In the general case of an arbitrary body shape and an arWtraiy law of suction we
must resort to approximate methods based on the momentum equation. We find
that the equation for the normal component of velocity at a distance y fi'om the wall

on integrating of equation (7.1) becomes

\du
V=v, -

dy (7.7)

where v« the velocity of suction.
Now integratii™ equation(7.2) with respect to y from zero to infinity

wc get
U % N du
=dy+ U—dy+ v-~ay=
dt y i d;cdir y

Putting the value ofv, from equation (7.7) we have

du Su
—dy + v, - - =V 7.8
Sidy+ udxy v dxdy Sydy (7.8)
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We now calculate the following ;

y da -y dhdx
L-a™h dt ah dxdt.

5u tida Tidh-x da
YT adt hdka dt

50 U, da x dh ~

s adh ax M
and
-211 = — =
ay “ an my Yot ah ah

With the above calculations the equation (7.8) reduces to

Uqu(T Xdh «aj +Jm -u (fy+.\u/\/%fy:_v du
a dt hadx o 0 A J
daf_dh ' .. .. . IKS§i
----- tf'di]+]{'2MN-UN Ndy +vIIN+ = - v :
or . de h/0 1+1{ )dy ah Sij
dcr o
or C.
e &
or U, 93 (xd
dt N dX \oO A ]]0
or ’da( OIh-h AFAN - af lu | f(l-fdri+v,C/, =-n " £
dt  dx c7X a a 7
or U, da dh-h"x,-U/\~a,+v,,u,:_A (7.9)
"dt  dx
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where
®
«, = rfdi] f\S-fPV  and ot3=— (7.10)
The boundary conditions (7.3) now reduce to
fCl)=0 a n=0
f(n) = 1 as  T-> 00 (7.11)
) ) o ) vU.
The equation (7.9) is now rearranged on divided both sides by to
obtain
ado dh U,,0 dh—a " _V__’El/\ a (7.12)
V dt v dx \ h

i . Ua .
Then putting V"~ =-V(, and taking Rg= is a Reynolds number, the
equation (7.12) can be written as
(7.13)
vV dt

The two dimentional boundary layer equations (7.1) & (7.2) are now reduced to a

single first order differential equation for the scale function h(x) accept for tiie term

_Where time t appears explicitly. But, since the notion of the present problem

v dt
) ) o ) o . ) ado
is to obtain a similarity solution, the similarity condition requires that must
be a constant, hence it is supposed that
odo (7.14)
V dt

where Kk is an arbitrary constant.
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Now integrating (7.14), one obtain

a= Vzkvt (7.15)

where the constant of integration is determined in such away that 0 =0
when t=0.

Hcncc the equation (7.13) can finally be written as

Z dh dh a.
dx
dh a.
or
) dh kajh” - Vph- Uj
or (kaiX- Rq®@ dx

dh ka,h’\-Voh-a3 (716)
or dx  h(kax-Rgaj)

Now using the variable separable method fi-om equation (7.16) we have

hdh _ dx
ka,h”~-V ,h-a, kajX-R~an
hdh dx
or NE Rpai
kai ktti ktti
, hdh dx
0 hA-eh-j x-d
or lhdh  _ 2dx
h~"-eh-j x-d
or to2h-e . dh= 2% (7.17)
\h~-eh-j h”-eh-j x-d
where
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Integrating botli side of equation(7.17), we have

(" 2h-e e
y h -eh-j h -eh-jj X - d

dh

or L«(/2*-eh- JjJ - - ILn{x - d)+LnA
1/7-_
2j
A is any arbitrary constant.
Thus
+e
Ln{h* - eh- j)+ ~ .f—1Ln =2Ln{x-d)+LnA. (7.18)

When h(x) 0 asx -> 0 equation (7.18) becomes

= 2Ln{- d)+LnA
V4T

LnA =Lni- j)+ Ln------=-2Ln{-d). (7.19)

Putting the value of LnA in equation (7.18), we get

Z.,(a =2L~x-dhLn{-j)
+ 2h-e+yj4j +er
+-7=J= X - 2ti(--0)

J=
yjAj +e? e-"4j +e-
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or

AhAr-eh-j A '2h-e- + -
ri h____e__r_]__l],'r & % :2Lnrx

“ly-e=  [2h-enyjij+  e+-"Ajrern '

L

Now putting 4/ + =g , we have

Further putting e-~g =p, e-g =qinthe above equation, we have

LV IEAV I S S\ WO S S 7 VP
voJ JJ S P) Vo oa)

/ \-W A\ r \
or Ln\-~h- U ‘Ln 1 2/hI7 iI:ZLnI
VjJ) s d]

. A \
or Lm\+?h'-———— 1+—eL«| EZhI\ iLn 1-—- =2Ln 1-/
"/ 7y g\ p) g <) d
Now for very small x, we make logarithmic expansion
I )
h-\ Iie,( p\z

NN I BN

/

e\ 2h 14/r
g q a-

Now neglecting h terms higher than 2nd order and that x is very small, we have

z e 2h 200 e 2h 2N 2
ool o210 9 p opy g d
or e, h e 2e le h2 +§A+ 2X
I ® P 9q g
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e 2e 2e 2e 2e
or = + — —t o +
WSP  s<i u- 2/ gp* 99"
or h e 2e 1-1 h —t - 1
J s 9J jo2f g k"
N _ A 2eqih-ph
or e 9-P _p- _ q”-p
J g' R . J " g mgiph
2 -2 1 2e
or ¢ ¢ g -t +— <I2-g
i g enr-gn J 2t g
' -4
or -1+ eT+Ze 99
i g J 2f g vie/,
or e e _hn 2X
i j 2f g \ef
j £ 2X
or -hs ™= — —
12/ 2j
or
or
or [»= 2)x
V
Putting the value of j & dwe get finally
h()A 12a, Ika,
X)=, — 3l--—-- .
myka, 'Rott.
2a3
=> h =
(x) \Roa

2X
1 2X
<]_/\) d
2X
z\ 2x
2X

(7.20)
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In order to have a solution for the velocity profile, followii* BSP(1976), a

choice for f(ri) is now made as

f(n) = erf(ti) (7.21)
where erf{r]) = —12=r/\\e' dx

With this choice of f(ri) from equation (7.10), we have

1 >/2-1 2

(7.22)
Putting the value of h(x) from equation (7.20) in (7.5), we get
i 2 2a ~ 2a (12)
a ) )
Vg © RT2 Re02
where z= y

So the velocity profiles are

where z=
Six '

The above solution has been obtained for very small values of x which represent
the logitudinal direction. This also represent that the solution inthis case has been
obtained close to the initial point of the flow. It appears fi-om this analytical solution
that for very small x there is no effect of suction. However, to see the effects of
suction one should go for numerical approach which is beyond the scope of this

work.
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7.3 THE SKIN FRICTION COEFFICIENT

The skin friction coefficient is proportional to the wall shear stress

_M< du\
= NWiyo

Using equations (7.4), (7.5), (7.23), is obtained in the following form

‘ou 9n
Vo

(df " 1

V5r|

T = Thegua

MU, |RdY2 al7aR,
‘o a T2 | omuix

we know
1
4Ula,R, \Y
2" purK & TKYX
N\ N 1 /\| A
4v UMUMaaja  Ka™Ro
UNaTivaj X Tia,
4a,
*Ron
7ta
U,,Xx
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Putting the value of a"&a”

1 [4iv2-)v™,, |

R .“
we get 2nVS TN »

1 j2(v'2-)V5 -1

1

P Cf = 0.360551.Ro™

\7
. = 0360551,

2 N
The skin friction coefficient is inversely proportional to the square root of the

Reynolds number but do not show any effect of suction or blowing.
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Chapter 8

Results and General Discussion

The boundary layer equations of the Non-Newtonian power-low fluid flow along
with a Newtonian fluid flow have been solved by reducing the non-linear partial
differential equations to a simple first order ordinary dfiferential equation
following the method of Bianchini et al.,. The method does not require rigorous
mathematical approach, rather a much more simple form of solution have been
obtained in comparison witii those obtained by classical approximate method and
other numerical methods. In the analysis several flow configurations have been
considered. They are the Non-Newtonian fluid for the steady flows along the wall
of a convergent channel and past a wedge, and the non-steady flow of an
ekctricaUy conducting Non-Newtonian power law fluid through a porous medium
past an infinite vertical porous plate and having a constant transverse magnetic
field. As for tfie particular case of flie Newtonian fluid, the unsteady boundary
layer flow along a vertical plate with suction or blowing has been taken into

account.

The solutions of the boundary layer flow of a Non-Newtonian power-law
fluid along the wall of a convergent channel have been obtained in the form of
velocity profiles for various values of the flow index n. For n=I, present result is
in perfect agreement with the classical result of the Pohlhausen method. The
velocity profiles drawn for various values of n show the characteristic of the
power-law fluid. It is observed that velocity at any point decreases with
increasing values of the flow index n. Variations of skin fiiction coefficient with
Reynolds number (R as well as with the flow index n are shown in Fig. 4.3. Itis
found that for a fixed Reynolds number the drag coefficient increases sharply with
the increase of the flow index. Further more, for a fixed value of n, the said

coefficient is found to decrease with the increase of Reynolds number Rx. This
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decrease is prominent for lower values of  visibly up to Rx= 40, but for R >40,
the skin friction coefficient do not show much decrease instead reaches a constant
value roughly for Rx =100.

The solutions of the boundary layer flow of a Non-Newtonian power-low
fluid past a wedge have been obtained in the form of velocity profiles and skin
friction coefficient for various values of the flow index n and the exponent m of
the potential flow. For n=I (which indicates Newtonian Flow) the results agree
well with those of the classical results of the Newtonian fluid. The velocity
profiles for this case are shown in Figs. 5.1 to 5.5 which show the characteristics
of the flow for different values of n and different values of the exponent m. It
appears from these figures that velocity at any point increases with increasing
values of m. Moreover comparing these figures, it is also observed that for a fixed
value of m, velocity increases witli the increase of flow index n at a fixed point.
For n<2 (Figs.5.6, 5.7, 5.8) the skin friction coefficient decreases with the
increase of Rx This decrease is prominent for lower values of Rxwhile for larger
values of Rx, the variation of skin fiiction coefficient is negligible. From Fig. 5.9
it is observed that for n=2 the skin fiiction coefficient is constant for all values of
Rx and for n>2 (Fig. 5.10) variation of skin fiiction with Rx show an opposite
effect to that for the case of n<2.

The solutions of the non-steady flow of an electiically conducting Non-
Newtonian power-law fluid through a porous medium past an infinite vertical
porous plate where the medium is induced by a constant transverse magnetic field
have been obtained in the form of velocity profiles and shear stress parameter for
various values of the rheological parameter, the magnetic parameter and the
permeability parameter. Figs. 6.1 and 6.2 thus show the effects of the rheological
parameter, magnetic parameter and the permeability parameter on tlie velocit>'
field. In Fig. 6.3, taking no effects of the induced magnetic field and the
permeability ( M = S =0), it is observed that velocity decreases with the increase

of the flow index n. This figure in fact show the velocity distributions for a usual
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boundary layer flow past an infinite vertical plate in case of a Xon-Xevvtonian as
well as Xewtonian fluids. A4 for tlie shearing stress it is apparent from Figs. 6.4 to
6.6 that the shear stress parameter C(a S) increases with the increase of n. M
and S. These figures also depict that C(n. M, S) increases linearly approximately
for n>0.5. but for \er\' smaller values of n. for example n = 0.2, the auv'e of
shear stress parameter C(n, M, S) against M show a ver\' small gradient.

The solutions of the unsteady boundar\- layer equation for a Newtonian
flow with suction or blowing have been obtained for very small values of x which
represent the longitudinal direction. lhis also represent that the solution in this
case have been obtained close to the initial point of the flow. It appears from this
analytical solution that for very small x there is no effect of suction or blowing.
However to see the effects of suction one should go for numerical approach which
is beyond the scope of tills work. It is also obsen'ed that the skin friction
coefficient is inversely proportional to the square root of the Reynolds number but
do not show any effect of suction or blowing, lliis is a limitation of the anal>tical
Pprocess.

I he calculations of the velocity profile and the skin friction coefficient in
the limit situation of the Newtonian flow correspond well with the classical results
ofPohlhausen. Tlierefore, in solving the Non-Newtonian power-law fluid flow, as
far as the simplicitj- is concerned, the BSP method is found to be advantageous

over tlie rigorous analytical and time-consuming numerical metliod.
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