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Abstract

The concept of boundary-layer flow is of utmost importance in the science of fluid dynamics,
playing a significant role in a wide variety of engineering applications and natural phenomena.
The proliferation of research on heat and mass transfer in boundary layers over perpetually moving
surfaces can be attributed to the diverse range of manufacturing processes in which they are used,
including paper production, metal extrusion, material-handling conveyors, and glass fibre
production. Additionally, the expansion of nanotechnology has spurred researchers to explore the
flow behaviour at the boundary layer in nanofluids. A nanofluid is a fluid that contains
nanoparticles, which results in a significant enhancement of its heat transfer properties due to the
increased thermal conductivity. The ability to boost heat and mass transfer with a low
concentration of nano-sized particles, and to regulate the transport processes, have led to a large
variety of applications for nanofluids. Furthermore, the interaction of a magnetic field with a
nanofluid has numerous potential uses that rely on the potential variation in the fluid perpendicular

to both its motion and the magnetic field.

This thesis presents numerical studies of boundary-layer flow and heat transfer from a moving flat
plate subject to different boundary conditions under the influence of an applied induced magnetic
field. The focus is on flows of two-dimensional, stable, viscous, incompressible, laminar, and
electrically conducting water-based nanofluids incorporated with different metallic and magnetic

nanoparticles.

At the beginning of this thesis, a theoretical model is studied for steady magnetohydrodynamic
(MHD) viscous flow resulting from the motion of a semi-infinite flat plate in an electrically
conducting nanofluid. Thermal radiation magnetic induction effects and thermal convective
boundary conditions are included. Buongiorno’s two-component nanoscale model is deployed,
which features Brownian motion and thermophoresis effects. The second study examines the
continuous laminar boundary-layer flow of Ag-water and Cu-water nanofluids with convective
heat transport from an inclined stationary or moving flat plate, with a convective surface boundary

condition, when there is an induced magnetic field. Then, we perform a computational analysis of
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the combined impacts of temperature- and space-dependent internal heat generation/absorption
across a moving flat surface in the presence of an induced magnetic field with a momentum slip
condition on the boundary-layer flow of a nanofluid. Later, we investigate the effects of viscous
dissipation on a convective aligned MHD flow of a nanofluid over a semi-infinite moving flat
surface, where the vectors of the magnetic field and the flow velocity are parallel far from the
plate. Lastly, the influence of an induced magnetic field on the MHD heat transfer flow of water-
based ferrofluids, under the influence of slip, over a moving plate subject to uniform heat flux, is

analysed. A transverse magnetic field is applied to the plate.

The aforementioned mathematical problems are solved by applying appropriate similarity
transformations to convert the governing boundary-layer equations and related boundary
conditions into a system of nonlinear coupled ordinary differential equations. The fluid is assumed
to be a water-based nanofluid containing metallic and magnetic nanoparticles with Prandtl number
Pr = 6.2, without a slip condition. The transformed system of differential equations is solved
numerically, employing the spectral relaxation method (SRM) via the MATLAB R2018a software.
The SRM is a simple iteration scheme for solving a nonlinear system of equations that does not

require any evaluation of derivatives, perturbation, or linearization.

Throughout this thesis, the profiles of velocity, induced magnetic field, temperature, and
nanoparticle concentration are derived numerically and displayed for a range of physical parameter
values. The significance of multiple embedded physical parameters, including the sheet velocity
parameter, magnetic field parameter, Prandtl number, magnetic Prandtl number, thermal radiation
parameter, Lewis number, Brownian motion parameter, thermophoresis parameter, Grashof
number, Biot number, angle of inclination, nanoparticle volume function, Eckert number, and slip
parameter, on the fluid flow is examined, and the findings are presented graphically. The numerical
values of the skin friction coefficient, heat transfer rate, mass transfer rate, and other missing slope
characteristics are tabulated. The impacts of different metallic and magnetic nanoparticles on the
boundary-layer flow, friction drag, and heat flow rate are also investigated. To determine the
validity of the computational results, they are compared with those of earlier studies. Thus, this

study yields a conclusion that supports the accuracy and reliability of the SRM outcomes.

The significance of the electrical conductivity of nanofluids is that the flow and heat transfer may

be controlled by an external magnetic field, which could lead to important applications in areas
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such as electronic packing, mechanical engineering, thermal engineering, aerospace, and
bioengineering. Increasing the magnetic body force parameter strongly reduces the flow velocity
and suppresses magnetic induction, but increases the temperature due to the extra work expended
as heat in dragging the magnetic nanofluid. Temperatures also increase with the nanoscale
thermophoresis parameter and radiative parameter, whereas they are reduced by a higher wall
velocity, Brownian motion parameter, or Prandtl number. Both the hydrodynamic and magnetic
boundary-layer thicknesses are reduced by greater reciprocal values of the magnetic Prandtl
number. The nanoparticle (concentration) boundary-layer thickness increases with the
thermophoresis parameter and Prandtl number, whereas it decreases with increasing wall velocity,
nanoscale Brownian motion parameter, radiative parameter, and Lewis number. The simulations
are relevant to electroconductive nanomaterial processing. The nanofluid with Ag nanoparticles is
found to have remarkably high thermal conductivity, whereas the lowest cooling rate is observed
in the T'i0,—water nanofluid. Moreover, higher flow resistance and a faster rate of heat transfer are
detected in magnetite nanofluids. The magnetic field’s principal effects are to lower the
dimensionless velocity and raise the dimensionless surface temperature compared with the

hydrodynamic situation, which in turn increases the ferrofluid skin friction and heat transfer rate.

In recent times, there has been a growing trend of companies recognizing the potential of nanofluid
technology and directing their attention to its specific industrial applications. The utilization of
boundary-layer flow over a flat surface coupled with nanofluid has found extensive application for
addressing thermal management issues. The interaction of magnetic fields and fluid dynamics is
crucial in various applications such as liquid metal cooling, magnetic drug targeting, and MHD
power generation. In essence, the investigation of boundary-layer flow involving nanoparticles on
an evolving surface subjected to an induced magnetic field is of great importance due to its capacity
to enhance heat transfer, diminish friction, and propel advancements in fields such as energy

production and medicine.
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Chapter 1

Introduction

This introductory chapter provides a comprehensive overview of the steady laminar two-
dimensional convection boundary-layer flow of nanofluids made up of water and various types of
nanoparticles. The research concentrates on analysing the dynamic interaction between a nanofluid
and a moving flat plane. The study considers the remarkable influence of a magnetic field on the
convective behaviour exhibited by the nanofluid. Incorporating different types of nanoparticles
adds an extra layer of complexity, requiring a thorough analysis of their effects on the boundary-
layer flow. This exploration enhances our understanding of the interplay between fluid dynamics,
nanotechnology, and external magnetic influences, advancing our theoretical knowledge and

providing valuable insights for practical applications.

To lay a strong groundwork for the ensuing discussions, a thorough literature review is presented,
focusing on key themes that will be explored further in the upcoming chapters. The process of
problem identification is then discussed, followed by the research goals and phenomena to be
investigated. This sets the stage for the subsequent chapters, ensuring a comprehensive exploration
of boundary-layer flow induced by magnetic fields in nanofluids. The study promises to provide

valuable insights at the intersection of fluid dynamics and nanotechnology.

1.1 Overview of the Literature

The study of fluid dynamics has received a great deal of attention due to its widespread applications
in engineering, science, and technology. Boundary-layer flow is among the most widely researched
topics. Blasius (1908) was the first to investigate and present a theoretical result for boundary-
layer flow over a flat plate in a uniform stream. Using both exact and approximate methods,
Sakiadis (1961) was the first to investigate the action of boundary-layer flow caused by the motion
of a flat surface through an otherwise quiescent fluid. Later, Tsou et al. (1967) conducted
experiments to support Sakiadis’ research hypotheses for Newtonian fluids and found a perfect

match between the analytical predictions and measurements of the laminar velocity field.
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Additional studies examining the boundary-layer flow over a moving plate include those of
Kumari et al. (1996), Ali et al. (1998), Chen (1999), Elbashbeshy et al. (2000), and Weidman et
al. (2006), which added impulsive velocity, temperature-dependent viscosity, transpiration,

radiation impact, forced convection, and suction or injection influences, respectively.

The heat transfer problem induced by a continuous moving plane or an axisymmetric surface was
studied numerically by Lee et al. (1972). Other researchers have periodically expanded the concept
(Char et al., 1990; Chiam, 1993; Al-Sanea, 2004). Bataller (2008) used the fourth-order Runge—
Kutta algorithm in conjunction with the shooting method to investigate the effects of thermal
radiation on the laminar boundary layer around a flat plate. Under a convective surface boundary
condition, Bataller (2008) investigated the effects of thermal radiation on the laminar boundary
layer around a flat plate in a uniform stream of fluid, and around a flowing plate in a quiescent
ambient fluid. Aziz (2009) studied heat transfer in boundary-layer flow with a convective
boundary condition. The boundary-layer flow of nanofluids over moving surfaces was investigated
by Bachok et al. (2010). In the context of thermal radiation, Ishak ef a/. (2011) examined steady
laminar boundary-layer flow over a moving plate in a fluid with convective surface boundary
conditions. In this work, they combined two processes, Blasius flow and Sakiadis flow, using the
composite velocity (U = U, + U,) introduced by Afzal et al. (1993). Ishak et al. (2011)
investigated the effects of radiation on the conventional Blasius and Sakiadis flows in fluid
dynamics. They discovered a reduction in the heat transfer rate in the presence of thermal radiation.
Ferdows et al. (2012) studied the steady 2D flow of an incompressible viscous and electrically
conducting nanofluid generated by stretching a sheet in the vertical direction with viscous
dissipation in saturated porous media. Ferdows et al. (2021) analysed the effects of the suction and
injection on boundary-layer viscous fluid flow and heat transfer via a moving flat plate. They found
that, with an increase in suction/injection parameter, both the skin friction coefficient and Nusselt

number decrease.

Nanofluids have, in recent years, been proposed as a way of improving the efficiency of heat
transfer liquids. Thermal conductivity significantly influences the heat transfer coefficient between
the fluid and the surface. Heat transfer fluids are employed in thermal systems to carry out heat
transfer procedures. The efficiency and compactness of many engineering systems are hampered

by the low thermal conductivity of convectional heat transfer fluids like water, methanol, ethylene
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glycol, and engine oils (Oztop et al., 2016). It is well established that the suspension of solid
particles, such as millimetre or micrometre-sized particles, can improve the thermal conductivity
of traditional heat transfer fluids. Adding even a small quantity (fewer than one percent by volume)
of nanoparticles to conventional heat transfer liquids may increase the fluid’s thermal conductivity
by as much as twice that of the base fluid. Researchers and technologists have found a new class
of fluid known as a nanofluid. Nanofluids are fluids in which solid nanometre-sized particles are
suspended. The term ‘“nanofluid” was first proposed by Choi (1995) to explain how solid
nanoparticles are suspended in a base fluid. These dispersed nanoparticles can modify the base
fluid’s thermal and transport properties (Lotfi et al., 2010). Enhanced thermal efficiency is
provided by nanofluid once nanoparticles (e.g. Cu, Ag, TiO,, and Al,05) are mixed with a carrier
fluid (e.g. water, methanol, ethylene glycol, and engine oils; Tripathi et al., 2014; Darbari ef al.,
2016; Bhatti ef al., 2016; Mahanthesh et al., 2017; Gireesha et al., 2018).

Researchers are becoming more interested in using nanofluids next to flat plates to accelerate the
heat transmission rate. There are numerous studies in the literature, including those of Maiga et al.
(2004), Buongiorno (2006), Trisaksri ef al. (2007), Wang et al. (2007), Kakac et al. (2009), and
Ahmad et al. (2011). Long et al. (2011) investigated stagnation-point flow over a shrinking or
expanding nanofluid sheet. Haile et al. (2015) examined the boundary-layer flow of nanofluids
across moving objects, considering viscous dissipation, heat transfer, and chemical reactions. The
explicit mathematical solution of two-dimensional laminar flow and heat transfer of nanofluids via
a microchannel with nonlinear velocity slip and temperature was studied by Zhu et al. (2018). A
great deal of research has also been conducted to demonstrate the benefits of nanofluids by
considering various effects, physical characteristics, surfaces, and shapes. Prasad et al. (2016),
Mishra et al. (2018), Farooq et al.(2019), and He et al. (2020) have all published reviews on

nanofluid studies.

Magnetohydrodynamics is the study of the motion of electrically conducting fluids with magnetic
properties. These include both inviscid and viscous fluids. A current induced in the presence of a
magnetic field in an electrically conducting fluid polarizes the liquid, and as a result, the magnetic
field also changes. The fluids can be driven electrically in various applications for processing
materials in chemical and mechanical engineering, and as such, they will react to an applied

magnetic field. Such a system may be used to monitor, for example, the heat transfer rates in
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stretched sheets and to fine-tune the final materials to industry requirements. This process takes
advantage of the effect of the Lorentzian drag force that abates flows in a direction perpendicular
to the magnetic field applied (i.e. transverse; Hughes & Young, 1966). Magnetohydrodynamic
(MHD) boundary-layer flows also arise in applications such as MHD power generator designs,
liquid metal manipulation, plasma studies, cooling of nuclear reactors, induction heating, and
plasma cutting. Jafar et al. (2011) examined MHD flow and heat transfer over stretching or
shrinking sheets with an external magnetic field. The effects of thermal radiation in MHD flow,
free convection flow, and viscoelastic flow were analysed, respectively, by Chamkha (1997),
Raptis (1998b), Jumah et al. (2001), and Mohammadein and EI-Amin (2000). Recently,
researchers have paid substantial attention to MHD boundary-layer flow with heat and mass
transfer of nanofluids owing to the significant thermal enhancement properties exhibited by these
nano-engineered liquids. Furthermore, by combining magnetic and nanofluid material properties,
one can obtain magnetic nanofluids with exceptional magnetic responsive features. Magnetic
actuation offers specific capabilities as it can be controlled temporally and spatially and applied

externally to the device, offering a noninvasive approach to remote control.

Unsteady boundary-layer flows of nanofluids over a stretching sheet with thermal radiation in the
presence of a magnetic field were numerically addressed by Ferdows et al. (2012). Mabood et al.
(2015) and Mustafa et al. (2015) studied MHD flow and nanofluid heat transfer due to a nonlinear
stretching sheet. Srinivasacharya et al. (2015) investigated the steady laminar MHD nanofluid flow
over a wedge in a variable magnetic field. MHD boundary-layer flow of nanofluid over a
continuously stretching surface was studied by Rasheed et al. (2017). Yohannes and Shankar
(2014) successfully analysed melting heat transfer in the MHD flow of nanofluid over a permeable
exponential stretching sheet. The heat and mass transfer of free convective MHD flow of Ag—
kerosene oil nanofluid was elucidated by Upreti et al. (2020). The results showed that the heat and
mass transfer rates grew consistently as the quantity of surface mass flux shifted from injection to
the suction domain. Nadeem et al. (2019) analysed the characteristics of heat and mass transfer for
the three-dimensional unsteady, laminar, and incompressible flow of a micropolar nanofluid.
Kumar ef al. (2022) analysed the impact of magnetohydrodynamics on the flow of an ethylene
glycol-based nanofluid containing copper nanoparticles over an exponential stretching sheet with

Navier velocity slip conditions and thermal radiation.
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The free convection flow of a nanofluid in the presence of a magnetic field over a vertical semi-
infinite flat plate was investigated by Hamad et al. (2011). The impact of thermophoresis and
Brownian motion on heat transfer enhancement in natural convection of nanofluids was examined
by Haddad et al. (2012). Daniel et al. (2018) studied the combined effects of thermal stratification,
applied magnetic fields, and thermal radiation on a boundary-layer flow of electrically conducting
nanofluid over a nonlinear stretching sheet. The radiative heat transfer is sensitive to the fluid
temperature and thermal boundary-layer thickness. Das et al. (2016) studied the impact of
thermophoresis and thermal radiation on heat and mass transfer for the second-grade fluid flow
over a semi-infinite stretching sheet with convective surface heat flux. They found that the fluid
velocity and temperature in the boundary-layer region rise significantly to increase the value of

the thermal radiation parameter.

Most of the above research has employed the “no-slip boundary condition”, which is one of the
fundamental concepts of Navier—Stokes theory. In the flow of a suspension such as foam, a
polymer solution, or a nanofluid, the phenomenon of “slip” may appear on the stretching border.
There are a few instances in which the no-slip criteria are inappropriate and replaced with the
partial slip condition because boundary slip has many implications, like refining inside cavities
besides artificial heart valves. The impact of partial slip on laminar boundary-layer flow and heat
transfer over a flat surface was analysed by Martin et al. (2006). Navier (1827) developed a
fundamental boundary condition that allows for fluid slide at a solid barrier to explain the
occurrence of slip. He suggested a proportional relationship between the stress and the fluid
velocity tangential to the boundary walls. Rashidi et al. (2014) used similarity variables to
investigate mixed convective flow with MHD, slip, and thermal convective boundary conditions
and a moving vertical flat surface. A numerical analysis of nanofluid flow along a straining tube
in the presence of velocity slip was provided by Mukhopadhyay (2013), who observed that slip
increases the temperature but decreases velocity. Aminreza et al. (2012) examined how slip affects
boundary-layer flow and heat transfer over a stretching surface developed in the presence of
nanoparticle fractions. They discovered that the slip parameter significantly reduces the Nusselt
number. Wang et al. (2016) analysed the laminar forced convection of Al, 0;—water nanofluid
flows with slip velocity and jump temperature conditions at a solid—fluid interface. Their numerical
results demonstrate that the increase in convection along the solid—fluid interface caused by the

slip velocity can significantly enhance heat transfer. Analytical studies have been carried out on
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the boundary-layer flow and heat transfer of a nanofluid from a nonlinear stretching flat surface
with slip boundary conditions by Adem et al. (2018). Mishra et al. (2020) examined the effects of
slip on MHD boundary-layer flow through a stretching tube, including viscous—Joule heating, and

considered uncertainties in the thermal conductivity and dynamic viscosity.

In fluid mechanics, viscous dissipation refers to a velocity profile distortion due to an applied
viscous stress. This is presumed to be the process by which kinetic energy is transformed into the
internal energy of the relevant fluid. Viscous dissipation significantly impacts natural convection
in various systems that experience significant fluctuations in gravitational force or that operate at
high speeds. When a magnetic field is introduced into the system, the energy released from the
fluid’s motion is retarded, causing the surface to heat up or cool down, significantly transferring
heat to the liquid in the boundary-layer region. The conversion of mechanical energy into thermal
energy is characterized by viscous dissipation. Viscous dissipation is relevant to various
applications since it has led to significant temperature increases in polymer manufacturing
processes like high-speed extrusion and injection modelling. The dimensionless Eckert number is
used widely to describe viscous thermal dissipation of convection, particularly for forced
convection (Chazal, 1972; Oosthuizen, 1999). It expresses the relationship between the kinetic
energy of a flow and the enthalpy difference at the boundary layer. The energy equation is adjusted
by adding a factor corresponding to the viscous dissipation effect. The impact of viscous thermal
dissipation on fluid flows and heat transfer has been studied extensively by various authors. It has
been observed that in fluid flows with high Eckert numbers, heat generated from viscous thermal
dissipation dominates the fluid temperature; therefore, the Eckert number cannot be zero in the
study of convection heat transfer. Brinkman (1951) seems to have been the first to perform a

theoretical analysis of viscous dissipation.

In the presence of the combined effect of Hall and ion-slip currents for the situation of power-law
fluctuation of the wall temperature, Abo-Eldahab et al. (2005) investigated the effects of viscous
dissipation and Joule heating on MHD-free convection flow across a semi-infinite vertical flat
plate. Aydin et al. (2006) employed numerical analysis to investigate steady laminar MHD mixed-
convection heat transfer around a vertical plate while considering the effects of ohmic heating and
viscous dissipation. The steady boundary-layer flow of a viscous and incompressible fluid across

a moving vertical flat plate in an externally flowing liquid with viscous dissipation was



investigated theoretically by Bachok et al. (2013). Desale et al. (2015) studied boundary-layer
flow with viscous dissipation and convection along a flat plate. They noticed that the temperature
distribution for variable temperature rises as the Eckert number increases. Reddy et al. (2017)
analysed the impact of viscous dissipation on MHD natural convective flow over an oscillating
vertical plate. The influence of viscous dissipation on the boundary-layer flow of an electrically
conducting viscoelastic fluid across a nonlinear stretching sheet was investigated numerically in
the work of Jafar et al. (2019). Ajibade et al. (2020) theoretically analysed the influences of
boundary plate thickness and viscous dissipation on the steady natural convection flow of an

incompressible viscous fluid with variable characteristics.

There has also been a substantial increase in research into analysing the flow of nanofluids in the
context of magnetic field interaction. Ferrofluids, or magnetic nanofluids, are suspensions of
magnetic nanoparticles with a 5- 15 nm diameter in carrier liquids like glycerol, water, ethylene
glycol, or oil (Papell, 1965). Research on ferrofluids reveals that the presence of these particles
significantly enhances heat transfer in the fluid flow (Neuringer, 1964; Rosensweig, 1987).
Ferrofluids are strongly magnetized and display a significant rise in thermal conductivity in a
magnetic field since heat is rapidly transferred through percolating ferroparticle paths. Recently,
nanofluids containing ferroparticles have become significantly more important in engineering
applications, including shock absorbers, magnetorheological fluids, biomedicine, printer inks, and
heat transfer (Popplewell, 1984; Pankhurst, 2003; Scherer, 2005). Although performing numerical
and analytical investigations of such fluids is challenging, it is crucial for industrial applications.
Hard disks, revolving X-ray tubes, shafts, rods, and other components are examples of applications
in electrical devices. Magnetic fluids are also used in devices such as sensors, densimeters,

accelerometers, and pressure transducers (Maruno, 1983; Raj, 1990).

Tzirtzilakis et al. (2010) examined the forced and free convective boundary-layer flow of a
magnetic fluid over a flat plate in a specific magnetic field. Finite element simulations of heat
transmission to a ferrofluid in the presence of an external magnetic field were performed by
Tangthieng et al. (1999). They studied a problem based on the flow between vertical parallel plates
and in a box. They concluded that a magnetic field gradient considerably increased the heat
transfer. Alternating magnetic fluids have been applied to treat cancer and tumours in the medical

sciences (Feynman, 1963; Shliomis, 2004). Ferrites, such as magnetite (Fe30,), cobalt ferrite



(CoFe,0,), and Mn- Zn ferrite (Mn- ZnFe,0,), have a variety of uses in biomedicine, such as
therapeutic applications for hyperthermia, cancer treatment, and drug delivery, as well as
diagnostic tools, such as nuclear magnetic resonance imaging (Cabuil, 2004; Frey, 2009;
Singamaneni, 2011; Akbarzadeh, 2012). Khan et al. (2015) investigated the MHD boundary-layer
flow and heat transfer of ferrofluids along a flat plate with slip velocity. They concluded that, in
comparison with the hydrodynamic situation, the magnetic field increases the dimensionless
momentum and reduces the dimensionless surface temperature, raising the ferrofluids’ skin
friction and heat transfer rate. Ramil et al. (2017) analysed how uniform heat flux and slip
influence MHD flow and heat transfer of ferrofluids across a moving flat plate. Anuar et al. (2019)
focused on the MHD boundary-layer flow of ferrofluid via a permeable flat plate, taking into
account the impacts of thermal radiation. Bognar et al. (2020) investigated water-based ferrofluid
flow over a moving surface in a spatially varying magnetic field. They found that the velocity and
temperature of a ferrofluid are affected by even a small concentration of ferroparticles. Bognar et
al. (2020) also examined the ferromagnetic viscoelastic flow past a stretching sheet with the
suction and injection effect of a magnetic dipole. Mohamed ef al. (2021) analysed the convective
heat transfer of a blood-based Casson ferrofluid on a flat surface, considering slip effects. Ferdows
et al(2023) studied the fluid flow, including magnetic particles, over an unstable

stretching/shrinking cylinder, taking blood as the base fluid.

1.2 Identification of Problems

In recent years, much interest has been given to studying nanofluids owing to their greatly
enhanced thermal conduction properties (Keblinski et al., 2005). A large number of numerical and
experimental studies have been carried out by numerous researchers on thermal conductivity,
thermal diffusivity, viscosity, and convective heat transfer characteristics of nanofluids (Choi et
al., 2004; Liu et al., 2005; Maiga et al., 2005; Das et al., 2006, 2007; Kang et al., 2006; Tyler et
al., 2006; Tiwari & Das, 2007; Abu-Nada, 2008; Oztop & Abu-Nada, 2008; Tzou, 2008; Yu et al.,
2008; Choi, 2009). Nanoparticles can help extract energy from the earth’s core, improve the
efficiency of cooling systems employed in nuclear reactors, and help in targeted drug delivery in

pharmaceutics. Additionally, the presence of a magnetic field in a fluid (e.g. liquid metals,



electrolytes, plasma, or salt water) affects the rate at which heat is transferred in a flow system.
The magnetohydrodynamics of electrically conducting fluid has an important effect on various

vital processes in fields as diverse as astrophysics, geophysics, and fire engineering.

In recent years, research in the field of magnetohydrodynamics has progressed rapidly (Davidson,
2006). MHD natural convection flow is widely used in chemical engineering, reactor cooling,
aeronautics, heat exchangers, and electronics. The induced magnetic field affects fluid flow
configuration, and so the rate of flow must be precisely regulated. In many significant phenomena,
such as cosmic rays, sunspots, geothermal energy, solar flares, and groundwater flow, the
interplanetary magnetic field plays a dynamic role in studying MHD flow. Based on the problems
mentioned above, a study was carried out to examine the MHD viscous flow resulting from a semi-
infinite flat plate moving through electrically conducting water-based nanofluids with different
metallic nanoparticles (Cu, Ag, Al,03, and Ti0,) and magnetic nanoparticles (Fe30,, CoFe,0,,
and Mn-ZnFe,0,), and to explore how velocity, induced magnetic field, temperature, and
concentration profiles, in addition to the skin friction coefficients and Nusselt and Sherwood
numbers, are influenced by the parameters of physical problems, such as the sheet velocity
parameter 4, the magnetic field parameter M, the Prandtl number Pr, the magnetic Prandtl number
Prm, the thermal radiation parameter Rd, the Lewis number Le, the Brownian motion parameter
Nb, the thermophoresis parameter Nt, Grashof number Gr, the Biot number Bi, the slip parameter
a, the Eckert number Ec, and the nanoparticle volume percentage ¢. An efficient MATLAB-based
numerical quadrature technique known as the spectral relaxation method (Motsa, 2014) is

employed to obtain solutions to boundary-layer equations and achieve a faster convergence rate.

1.3 Goals of the Thesis

The purpose of this thesis is to present theoretical investigations into the heat and mass transfer
characteristics within the boundary-layer flow of nanofluids. The theoretical framework aims to
provide a comprehensive understanding of the intricate interactions between nanofluid behaviour,
the influence of an induced magnetic field, and the dynamics of a moving surface. The research

objectives are as follows:



Explore and analyse the free convection flow characterized by convective heat transport
from both a moving flat plate and an inclined stationary or moving flat plate. The goal is
to contribute insights into the interaction between free convection, plate motion, and plate
inclination, enhancing our understanding of heat transfer in these configurations.
Examine and assess the influence of various factors on boundary-layer flow, including the
effects of an induced magnetic field, momentum slip condition, space- and temperature-
dependent internal heat generation and absorption, and uniform heat flux. The objective is
to conduct a thorough analysis of how each of these factors individually, as well as their
combined effects, influences the behaviour of boundary-layer flow.

Construct a nanoscale formulation and solve the Tiwari—Das model to investigate the
material properties of specific nanoparticles and the base fluid. Use similarity
transformations to convert the governing equations of the problem into sets of ordinary
differential equations (ODEs) with multiple degrees, incorporating appropriate boundary
conditions at the far-stream and convective wall.

Solve the local transformed equations numerically, employing the spectral relaxation
method (SRM).

Clarify the impact of embedded physical parameters on flow distributions, skin friction,
and heat and mass transfer rates within a system involving water-based metallic and
magnetic nanofluids. Analyse how variations in these physical parameters, such as
nanoparticle concentration and magnetic field strength, influence the overall flow patterns

and the rates of skin friction, as well as heat and mass transfer.

1.4 Research Significance

This research intends to investigate the heat transfer within the external boundary layer of a fluid

supplemented with various nanoparticles. A comprehensive inquiry has been undertaken to

ascertain the effects of multiple nanoparticles, induced magnetic fields, and other parameter-

dependent flow characteristics. Nanofluids have received much attention from researchers due to

their high electrical conductivity, high melting point, low electrochemical migration behaviour,

and low cost. They have various commercial and domestic applications, such as catalysis, imaging,
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medical applications, energy-based research, and environmental applications. In addition, this
research unequivocally establishes that the induced magnetic field influences both the momentum
and thermal boundary layer thicknesses. The momentum boundary-layer thickness of a nanofluid
drops when the magnetic field strength is increased, while the thermal boundary-layer thickness
increases. The Ag nanoparticles demonstrated the highest cooling performance for the problem of
a flat moving plate. This is because Ag has high thermal conductivity, while Al,03, Cu, and TiO,
have low thermal conductivities. Moreover, the use of magnetic nanoparticles to enhance both
thermal and magnetic capabilities has been investigated. The results show that Fe;0,
demonstrates greater fluid flow resistance and a faster heat transfer rate than CoFe,0, and
Mn-ZnFe,0,. Another significant factor is implementing the spectral relaxation method (SRM)
to solve the nonlinear coupled partial differential equations (PDEs) numerically. Able to resolve
large algebraic systems of equations, SRM is an iterative approach similar to the Gauss—Seidel
relaxation process. Compared with other numerical and analytical techniques, SRM has been

shown to be accurate, simple to apply, convergent, and highly efficient.

1.5 Structure of the Thesis

The research described in this thesis aims to provide a comprehensive overview of the MHD free-
forced convective flow of water-based nanofluids containing various metallic and magnetic
nanoparticles. The central results presented in the thesis originate from papers that have been
published, submitted for publication, or presented at international conferences. The introduction,
which comprises a literature review, an overview, and discussions of the primary goals and

significance of the thesis, is included in Chapter 1.

The solution methodology is thoroughly outlined in Chapter 2. A novel method is presented for
solving a set of PDEs that model the flow of unstable two-dimensional MHD flow and mass
transfer over a moving flat surface. The spectral relaxation method (SRM) is an algorithm that
decouples a system of nonlinear PDEs into a system of linear PDEs, which are then solved
sequentially, much like the well-known Gauss—Seidel iteration. This approach is accurate,

convenient, and computationally efficient.
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Chapters 3 to 7 demonstrate the mathematical models created to achieve the identified research
goals. Chapter 3 investigates a theoretical model for steady MHD viscous flow resulting from the
motion of a semi-infinite flat plate in an electrically conducting nanofluid. Thermal radiation,
magnetic induction effects, and convective boundary conditions are included. Buongiorno’s two-
component nanoscale model, which features Brownian motion and thermophoresis effects, is
deployed. The governing nonlinear boundary-layer equations are converted to nonlinear ODEs

using suitable similarity transformations.

Chapter 4 describes a mathematical model for incompressible free convection flow with
convective heat transport from an inclined stationary/moving flat plate under the impact of an
induced magnetic field. The current flow model is formulated to consider different water-based
nanofluids with metallic nanoparticles (copper and silver). A nanoscale formulation with the
Tiwari—Das model was effectively deployed to study specific nanoparticle and base fluid material

properties.

The purpose of Chapter 5 is to investigate the combined effects of space- and temperature-
dependent internal heat generation or absorption on MHD heat transfer flow. This study aims to
observe boundary-layer movement in nanofluids near a flat surface under an induced magnetic

field and momentum slip.

Chapter 6 concentrates on the study of the free convective heat transfer phenomena of an
electrically conducting flow past a semi-infinite moving flat plate under the influence of an aligned
induced magnetic field and viscous dissipation, where the flow velocity and magnetic field vectors
far from the plate are parallel. The goal of this research is to determine how the Eckert number
influences the heat and mass transmission rates during the simultaneous flow transfer of nanofluids

containing various nanoparticles.

Chapter 7 presents a study on the influence of an induced magnetic field on the MHD heat transfer
flow of water-based ferrofluids, under the influence of slip, over a moving plate subject to uniform
heat flux. A transverse magnetic field is applied to the plate. The novelty of this research is to
examine how an induced magnetic field affects gravity-driven flow in electrically conducting

ferrofluids.
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The key conclusions and observations are finally summed up in Chapter 8. Future research
proposals are presented after identifying several open questions. A complete list of all references

cited in this thesis follows Chapter 8.
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Chapter 2

Spectral Relaxation Method

The numerical solution of PDEs leads to some of the most important and challenging problems in
numerical analysis. Nonlinear coupled PDEs are a class of systems encompassing various physical
phenomena in applied science and engineering. Several sophisticated numerical algorithms have
been used to solve these equations. Many researchers have expended considerable effort to develop
new numerical methods that can overcome challenges like high computation times and low
convergence rates. This thesis adopts the spectral relaxation method (SRM) for the numerical
solution. This approach was introduced by Motsa (2014), and has been applied by Motsa and
Makukula (2013) to solve the swirling von Karman disc flow of a Reiner—Rivlin fluid with Joule
heating, viscous dissipation, and wall transpiration. It has also been implemented for thermal
ignition flows of rheological rocket gel propellants by Awad ef al. (2014) and in micropolar

convective wall plumes in geothermics by Haroun et al. (2015).

Illustration of the solution methodology

The SRM is an iterative algorithm intended for nonlinear systems of differential equations in which
some of the unknown functions have exponentially decaying profiles. The method has been shown
to be efficient and convenient in solving boundary-layer problems in which at least one of the
profiles, such as velocity, temperature, or concentration, decays exponentially. The SRM approach
is derived by linearizing the Gauss—Seidel concept of decoupling a system of equations by a simple
rearrangement of the order in which they are described and sequentially resolved. The resulting
SRM iterative scheme is then implemented using the Chebyshev spectral collocation process. The

use of Chebyshev polynomials provides good accuracy and fast convergence in the computations.

Consider a system of m nonlinear ODEs with m unknown functions x;(¢),i =1,2,...,n for
& € [a, b]. The vector X; represents the derivatives of x; with respect to &, that is,

Xl(f) = [xl-(o),xi(l), ...,xl-(p), ...,Xi(mi)] (21)
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in which x;(® = x;, x;® is the pth derivative of x; with respect to &, and x;™? is the highest

derivative. The system is reformulated as a sum of its linear and nonlinear components as follows:
Ll‘[Xl,Xz, e 'XTL] + ]\G[Xl'XZ’ e ,Xn] == Rl(f)' l == 1,2, e, n (2.2)

where R; is a known function of £. If the nonlinear component in equation (2.2) can be expressed
as a combination of nonlinear components, with at least one of them being a multiple of x;, we can

further divide JV; into a sum of two nonlinear functions:
]\G[Xl;Xz, ---an] = xiTi[Xli ---;}?i' ---'Xn] + Si[Xl'XZI ---:Xn] (23)

where X; = [x;V, ..., x;0™)] and F; is a nonlinear function that is a factor of x;, while S; is a

nonlinear function of X;, X5, ..., X;, that either has x; absent or as a nonlinear factor.

The solution to equation (2.2) is contingent upon two-point boundary conditions, denoted as

Tk kPl P (@) = Koy, v=12,.m 2.4)

1ka 1ﬁ0‘k xk(p)(b) = f}Cb P g = 1,2, -, Ny (25)

Here, av,k[p] and ,Ba,k[p] indicate constant coefficients of x;, ® within the boundary conditions,

and n, and n, are consecutive boundary conditions at @ and b.

To develop the iteration approach, we use the Gauss—Seidel relaxation method to decouple linear
algebraic equations and use updated solutions in the solution process. From initial approximations

X1,0,X2,0, -, Xn 0, the iterative approach is obtained as follows:

Ly[ X111 Xarr o Xnr | + X0ri1F1[Xim Xopr oo X
=Ry — S1[ X1 Xop s X ]
Lo[X1r11 Xorer Xar oo Xor] + X2r11F2[Xirrr Ko Xar s Xy
=Ry — S| X1rs1, Xor s Xnr |
Lo-1[X1ri1 e Xno1 b0 Xnr| + Xno1rs1Froa [Xaren oo Xnoa e n Koo X

=Rp_1— CS‘71—1[X1,r+1' 'Xn—Z,r+1:Xn—1,ern,r]
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Ln[Xl,r+1r 'Xn—l,r+1'Xn,r+1] + xn—l,r+1Tn[X1,r+1: ---:Xn—l,r+1')?n,r] (2'6)
=Ry — Sn[Xl,r+1f ---'Xn—l,r+1'Xn,r]

This is a system of n decoupled linear equations. The goal is to solve them iteratively for different
values of r = 1,2, ... starting from an initial approximation X;,. Here X;,,; and X;, are the
estimated values of X; at the current and prior iterations, respectively. The iterative process
typically involves updating the values of X; ., based on the previous approximations X; ,- and the
given equations. This process continues until convergence is achieved or until a predefined
stopping criterion is met. The specific details of the iterative method, such as the update rule and
convergence criteria, would depend on the context and the nature of equation (2.6). The
convergence criteria are evaluated by examining the error arising from the decoupling and
subsequent solution of the governing equations. This error, denoted as E; at the (r + 1)th

iteration, is determined using the following formula:

Ed = max (”xl‘r_l_l - xl’r”m; ||x2’r+1 - xZ'r”oo; ey ||xn‘r+1 - xn‘r”w)

The strategy stated above for decoupling a linear algebraic system of equations is analogous to the
Gauss—Seidel relaxation method. Applying this algorithm leads to a series of linear differential
equations with variable coefficients that are solved here using Chebyshev spectral collocation
methods (Shateyi ef al., 2013; Awad et al., 2014; Haroun et al., 2015). Due to their relatively high
precision and efficiency, spectral methods are used here in the discretization and for the subsequent
solution of variable-coefficient linear differential equations with smooth solutions over a simple
domain. There is currently a substantial quantity of literature on the practical application of spectral
collocation methods, notably the works by Mosayebidorcheh et al. (2018), Fakhar et al. (2020),
Arain et al. (2021), Rasool et al. (2022).

To apply the spectral method, the physical region [0, o] is transformed into the domain [—1, 1],
employing the domain truncation process in which the problem is solved on the truncated interval
[0, L], where L is a finite number selected to be large enough to illustrate the behavior of the flow
properties when ¢ is large. The mapping of intervals from [0, L] to [—1,1] is done using the

transformation
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= —l<t<1
5 T

§ 1+1
L

Applying the spectral collocation method, the unknown functions are determined at N + 1
collocation points by demanding that the decoupled equations be satisfied precisely. A suitable set

of collocation points is the Gauss—Lobatto points, defined on [—1, 1] by

AN
Tj=COS(ﬁ), j=012,..,N; -1<7t<1

The derivatives of the unknown variables at the collocation points are approximated by applying

a differentiation matrix D of size (N + 1) X (N + 1) as the matrix—vector product of the form

dxl- N
s - z D;x;(t;)) =DX;, 1=012,..,N
=0

where D = % and X = [x(zg), x(71), ..., x(ty)]" is the vector function at the collocation points.

Higher-order derivatives are obtained as powers of D, that is,
x,P) = DPX,

where p is the order of the derivative. Depending on the nature of the interpolating polynomials
employed in the collocation process, the elements of D can be evaluated with various methods
(Canuto et al., 1988; Don et al., 1995; Trefethen, 2000; Weideman et al., 2000; Boyd, 2001). The
method used by Trefethen (2000) in the cheb.m Matlab code is applied in this thesis.

To implement the Chebyshev differentiation method for the governing equation (2.1) and the

iteration scheme (2.6), we note that (2.1) can be expressed in an analogous form,

n Mg (27)

Z Z Y Pl P + N [Xy, Xy, oo, Xn] = R;
k=1p=0

where yi'k[p] are the constant coefficients of x, P, the differential of x; (k = 1,2, ...,n) emerging
in the ith iteration for i = 1,2, ..., n. Therefore, with respect to the notation employed in (2.7), the

iteration scheme delineated in (2.6), for i = 1,2, ..., n, can be succinctly described as
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iomy (2.8)

Z Z yi,k[p]xk,r+1(p) + xi,r+1Ti [Xl,r+1: ---:Xi—l,r+1in,r:Xi+1,r' :Xn,r]

k=1p=0
n Mg

=R, — z z Vi Plx P + Si[X1r+1 o Xicrer Xirr o X |
k=i+1p=0
By using (2.2) in (2.8) and incorporating the relevant boundary conditions, we derive the spectrum

relaxation method (SRM) iteration scheme as

iomi (2.9)
z z )/i,k[p]DpXk,T+1 + xi,r+1Ti [Xl,r+11 'Xi—l,r+1'Xi,r'Xi+1,rl an,r]
k=1p=0

n Mg
=Ri= > D Xy + SiXapins o Xiarin X oo X
k=i+1p=0
subject to
;<l=1 Z?:I{()_l av,k[p] Z?I=0 Dpijk,r+1(Tj) = :Ka,v ) v=12..,n,4 (2.10)
-1
k=1 Z;,nzko ﬁa,k[p] 29’:0 Dp0jxk,r+1(fj) =Kpo o=12,..,n (2.11)

Hence, the SRM algorithm for self-similar boundary-layer problems can be stated as follows:

1) The governing nonlinear equations are sorted in a specific order, starting with the set of
equations with the fewest unknowns. The ordered equations are labelled with f;(n),i =
1,2,..,m,n € [a,b], where each f;(n) is the unknown function associated with the
highest-order derivative in the ith equation.

2) The iteration scheme is developed by assuming that f; (1) is known from an initial guess,
then arranging the converted equations in a specific order, with the equations with the
fewest unknowns first.

3) An iteration scheme is constructed by assuming that only linear terms in f; (1st equation)
are to be evaluated at the current iteration level (denoted by r + 1), and that all other terms
(linear and nonlinear) in f, f3, ... are assumed to be known from the previous iteration

(denoted by 7). Nonlinear terms in f; are also computed during the preceding iteration.
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4) Comparably, in creating the iteration scheme for f, (2nd equation), only linear terms are
used, with all other terms aside from f;, which is already known from the first equation’s
solution evaluated at the prior level.

5) The updated solutions for f;_; from the preceding i — 1 equations are used to repeat this
process in the ith equation (i = 3,4, ...).

6) The iteration schemes for the other governing dependent variables are created similarly,
using the updated solutions of the variables obtained in the previous equation.

7) The iteration is repeated until convergence is achieved. Errors resulting from decoupling
and solving the governing equations can then be used to evaluate the intended convergence.

The formula below establishes the error E; at the (r + 1)th iteration:

Eq = max (||f1,r+1 - f1,r||ooi ||f2,r+1 - fz,r”ooi T | fmr+1 — fm,r”oo)

The SRM approach can quickly solve an extensive range of PDEs and ODEs compared with older
techniques. Below are some of its key advantages:

1) The outcomes are relatively precise for coupled systems of equations.

2) It yields smaller matrices, which leads to greater accuracy.

3) CPU times are of the order of several minutes, and the solutions converge quickly.

4) It drastically reduces the number of iterative steps needed to achieve a convergent result.
However, the SRM also has some limitations:

1) It can be sluggish, prolonging the period needed to obtain reliable results.

2) Itis inapplicable to power-law equations and boundary conditions with all zero values.
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Chapter 3

Spectral Relaxation Simulation of Electroconductive Radiative
Nanofluid Flow with Magnetic Induction over a Moving Surface

This chapter presents an MHD induction—convection model of an electrically conducting nanofluid
flowing over a moving semi-infinite stretching surface with appreciable thermal radiative heat
transfer. The novelty of the present simulations is the use of a spectral relaxation method (SRM)
and the combination of electromagnetic induction, moving sheet velocity effects, nonlinear
radiative flux (for high-temperature material processing), and heat and mass transfer. The
Rosseland diffusion flux model is deployed for optically thick magnetic nanofluids (Khan ef al.,
2013; Beg et al., 2014). Using suitable similarity transformations, the momentum and energy
equations are converted into dimensionless coupled ODEs and solved with the SRM technique
(Beg et al., 2014, 2016; Haroun ef al., 2015). Validation against the earlier study of Shateyi and
Prakash (2014) is included. The effects of embedded parameters, i.e. the moving sheet velocity
parameter 4, magnetic field parameter f, Prandtl number Pr, magnetic Prandtl number Prm,
thermal radiation parameter Rd, Lewis number Le, Brownian motion parameter Nb, and
thermophoresis parameter Nt on velocity, induced magnetic field, temperature, nanoparticle
concentration, skin friction, local Nusselt number, and Sherwood number profiles, are visualized.
The simulations are relevant to multiphysical magnetic nanoliquid material processing (Ali ef al.,

2018).

3.1 Governing Equations for Magnetic Induction Nanofluid Flow

Consider the 2D, steady, viscous MHD thermal-convection boundary-layer flow of an electrically
conducting nanofluid over a moving semi-infinite surface (sheet). The physical model is shown in

Fig. 3.1. A uniform magnetic field of force H, is applied to the surface in the
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Fig. 3.1 Magnetic induction nanofluid radiative convection physical model

normal direction. In contrast, the normal component of the induced magnetic field H, vanishes as
it hits the wall, and the parallel component H; approaches the value of H,. It is also assumed that
the velocity of the free stream is U and that of the plate (sheet) is U,, = AU. Maxwell displacement
current, Hall current, viscous and ohmic dissipation, and chemical reaction effects are neglected.
Under the boundary-layer approximations, using the Buongiorno two-component nanoscale model
(Buongiorno, 2006), as elaborated in detail by Beg (2018), and the Rosseland diffusion flux model
for radiative transfer (Beg ef al., 2014; Ferdows et al., 2014; Uddin et al., 2015), the conservation

equations can be written as follows:

Mass:
Ju Jv .1
ou v _, (3.1)
dx dy
0H, OH 32
OH, oH; (32)
dx  dy
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Momentum: (3.3)

6u+ ou 62u+u0(H 8H1+H 6H1>
Yax Ty T Yoy T o (M ey 2 9y

Induced magnetic field: (3.4)

0H, N 0H, ou u ou  0°H,
“ax TPy 19x 2y T %1752

Thermal energy: (3.5)

oT  oT  9°T aadgq, l aC aT (DT)(GT)Zl
Te,

_ gy 1T D, —— _
u6x+v6y “ayz K0y+T Bay6y+ dy

Nanoparticles: (3.6)
0C+ OC_D 02C+D362T
Yox T Vay T TBay2 T T, 9y?

The radiative heat flux g, is evaluated by using the Rosseland diffusion approximation (Hossain

& Takhar, 1996) and, following Raptis (1998a) among other researchers, is found to be

_ 40" 0T* (3.7)
3K, 0y

ar

where ¢* and K, are the Stefan—Boltzmann constant and the Rosseland mean absorption
coefficient, respectively. The temperature differences within the flow are sufficiently small under
the assumption that T# can be approximated as a linear combination of the temperature, as shown
in Chamakha (1997). Expanding T* as a Taylor series about T,, and neglecting the higher-order

terms, we obtain

T4 = 4T3 T — 3T% (3.8)

Using (3.7) and (3.8) in equation (3.5), we obtain
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0q, 160*T3 0T (3.9)

dy 3K, 0dy2

The prescribed boundary conditions at the wall (plate) and in the free stream for equations (3.1)—

(3.6) are defined as follows:

u:w,vzo,‘;_”ylzyzzo,T:TW, C=2C, aty=0 (3.10a)

u-U, H ->Hy, T->T, C—-Cs aty — o (3.10b)

We now introduce the following similarity transformations to normalize the boundary-layer

equations:
1 1)
= @Uvi f), @ = (50) Hog @), n=(5-)
¥ =(@2Uvx)z f(n), @ = —) Hog(m), n=(5— yl Gy
6()—T_T°° ()_C—Coo | '
wET T, o) =t )
. . L Y oY . .
Here, Y is the stream function, which is defined by u = ™ andv = — I and @ is the magnetic

stream function, defined by H; = g—j and H, = — g—j Mass conservation (3.1) and magnetic field

continuity (3.2) are satisfied identically. Substituting the similarity variables into equations (3.3)—
(3.6) gives the following nonlinear similarity momentum, magnetic, thermal, and species

(nanoparticle) boundary-layer ODEs:

"+ ff" ~ Bgg” =0 G.12)
——g" +fg" —gf" =0 (3.13)
(352) 6" + £6" + Nbo'¢’ + Ntg'? = 0 (3.14)
¢" + Lef¢' +--0" =0 (3.15)

The dimensionless boundary conditions for the tenth-order problem now become
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f(0O)=0, f'(0)=24 g(0)=g"(0)=0, 6(0)=1, p(0)=1asn=0 (3.16a)

f'-1, g -1, 6-0 ¢—->0 as n—- oo (3.16b)

Here, primes denote differentiation with respect to n, Pr = % is the Prandtl number, Prm = al is
1

. Ho? . . 40" T .
the magnetic Prandtl number, f = ”;’Tg is the magnetic body force number, Rd = (;—Kw is the

S

TDp

radiation parameter, Nb = (C,, — Cy) is the Brownian motion parameter, Nt = z:l (T, —
o]

v

T,) is the thermophoresis parameter, and Le = Dl is the Lewis number. The physical quantities
B

of interest in magnetic materials processing are the skin friction coefficient Cr, the local Nusselt
number Nu,, and the local Sherwood number Sh,.. These parameters characterize the surface drag,

wall heat transfer rate, and wall nanoparticle mass transfer rate, respectively. The skin friction

coefficient is defined as

Tw (3.17)
Cr=—
f pU?2

Here, 7, is the shear stress at the surface of the wall (sheet), which is given by

w=nl2] = pUi Lo 19

ay y:O

Using equation (3.18) in (2.17), we obtain the dimensionless skin friction coefficient (surface drag)

as
J2ZReC; = f"(0) (3.19)

The Nusselt number is defined as

X (3.20)

Nuy, = —— W
Y T KT, — T,

where the heat transfer rate at the surface is given by
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(3.21)

U
=— = —K(T,, —Ty) |—6'

Using equation (3.21) in (3.20), the dimensionless wall heat transfer rate is obtained as

(3.22)

2
— Nu, = —6'(0
po Nitx = =0'(0)

The nanoparticle mass transfer rate at the surface is given by

=0, [%]  =_pc,-c.) -0 e
in=Ds[35] =-DaCu=Cu) [720'©

The Sherwood number is defined as

Xqm (3.24)

Sh, = ——
* DB(CW - Coo)

From equations (3.23) and (3.24), the dimensionless nanoparticle mass transfer rate becomes

’ 2 (3.25)
R_exth = _d),(o)

Here, Re, = % is the local Reynolds number. According to Bachok et al. (2010), Rex_l/ “Nu,

and Rex_l/ %Sh,, are referred to as the reduced Nusselt number and reduced Sherwood number,

which are represented by —0'(0) and —¢’(0), respectively.

3.2 Computational Solution with the Spectral Relaxation Method

The SRM algorithm, when applied to the transformed equations (3.12)—(3.15), can be summarized

as follows:
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1) The order of the velocity and induced magnetic equations is reduced by introducing the
transformation f'(n) = F(n) and g'(n) = G(n), and the original equations are expressed
in terms of F(n) and G(n).

2) The iteration scheme is developed by assuming that only linear terms in F(n) and G (1)
are to be evaluated at the current iteration level (denoted by F, .1 (n) and G,1(n7)), and all
other terms (linear and nonlinear) in f(n) and g(n) are assumed to be known from the
previous iteration (denoted by f,-(n) and g,-(7)). Nonlinear terms in F(n) and G (n) are
also calculated at the previous iteration.

3) The process is repeated for the other governing variables using the updated solutions of the

variables determined in the previous equation.

To apply the SRM to the nonlinear ODEs, we define f'(n) = F(n) and g’'(n) = G(n) and then

express the problem as the following set of equations:
f'=F
F'"+ fF'—BgG' =0
9 =G
1 " / 1 _
;;;C; +ij -'gC; =0

1+Rd

Pr

0" + f0' + NbO'¢p' + Nt6'? =0

" ' Nt Hp _
¢+ Lef¢' +-—-6" =0

The associated boundary conditions become
f(0)=0, F(0O)=21, g(0)=0, G'(0)=0, 8(0)=1, ¢(0)=1

F(o) =1, G(w)=1, () =0, ¢(0)=0
In the context of the SRM algorithm, we obtain the following iteration scheme:

Fliq + fiFlyq = BgrGY (3.26)
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fre1 = Fria (3.27)

Gy + fra1Grar — 9rGlyq = 0 (3.28)
Gr+1 = Gria (3.29)
20,1 + fra16ra1 + NDOJ 1) = —Nt6] (3.30)
Bror + LefriiPrar = =1 07 (3.31)

subject to the boundary conditions

Fry1(0) =4 Fryq(0) =1 (3.32)
fr+1(0) =0 (3.33)
G'r41(0) =0, G 14(0) =1 (3.34)
9r+1(0) =0 (3.35)
0r41(0) =1, 0,4,(0) =0 (3.36)
$r41(0) =1, Ppy1(0) =0 (3.37)

To solve equations (3.26)—(3.37), we discretize them using the Chebyshev spectral method.
Applying the Chebyshev pseudo-spectral method to equations (3.32) to (3.37), we obtain

A1Fry1 =Ry, Fry1(ty) = 4 Frya(ro) = 1 (3.38)

Azfri1 = Ry, fraa(ty) =0 (3.39)

A3Gryq = R3, G'ri1(Tn) =0, Gryq(79) =1 (3.40)

A4Gr+1 = Ry, Ir+1(ty) =0 (3.41)

As0r.1 = Rs, Or+1(tn) =0, Or44(70) =1 (3.42)

AcPri1 = Re, Gri1(Tn) =0, Prya(re) =1 (3.43)
Here,
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Ay = D* + diag[fr]’ R, = ﬁng’r (3.44)

A, =D, R, =F,yy (3.45)
A3 =5 —D* +diaglf,s1—g,1D.  R3=0 (3.46)
A, =D, Ry =Gryy (3.47)
4s = (Z22) D? + diag[f,, + NDID, Rs = —Nt#',” (3.48)
Ag = D? + diag[Lef 411D, Rg=—--0", (3.49)

In equations (3.38) to (3.43), the size of the matrix O is (N + 1) X 1, diag [] is a diagonal matrix
of size (N + 1) X (N + 1), where N is the number of grid points, and f, g, F, G, 0, and ¢ are the
values of f, g, F, G, 0, and ¢, respectively, evaluated at the grid points. The subscript r denotes
the iteration number. Equations (3.38) to (3.43) constitute the SRM scheme and can be solved
using the spectral collocation method starting from the following initial conditions, which are

chosen to satisfy the boundary conditions:

fo=n+@-1DA-e™), [k =1+ A~ 1)e"’,} (3.50)
Gom) =1, gom =mn, 6,(m) =e™, Po(n) =e™"

3.3 Validation of the Spectral Relaxation Method

The nonlinear boundary value problem is defined by equations (3.12) to (3.15) subject to the
boundary conditions (3.16a) to (3.16b), and is solved numerically using the SRM. The SRM results
are obtained here using N = 50 collocation points, and the infinity value 7, is taken as 15. This
study adopts the following default parameter values for computations: Pr = 0.7, Prm = 0.5, 1 =
0.1, =01, Nt =0.1, Nb = 0.3,Rd = 0.5, and Le = 5. These data correspond to metallic
nanofluids in base fluids, which reduce the Prandtl number, have strong magnetic induction,
appreciable radiative flux, and species diffusivity twice the thermal diffusivity (Le = 0.5),
following Daniel et al. (2018; for radiative effect), Das et al. (2007), Beg et al. (2014), Uddin et
al. (2015), Aly and Sayed (2017; for nanofluids), and Hughes and Young (1966; for
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electromagnetic drag and induction effects). All data are realistic and apply to the case studied,
that is, magnetic nanofluid stretching sheet flow for coating. All results, therefore, conform to
these values unless explicitly stated otherwise. To verify the accuracy of the SRM, the results are
compared with the earlier solutions of Shateyi and Prakash (2014) and shown in Table 3.1 for skin
friction - f''(0) with different values of the sheet velocity parameter 4. Close agreement is

achieved, verifying the accuracy of the present SRM code.

Table 3.1 Comparison of SRM solutions for - f”(0) when Pr = 0.7, Prm = 0.5, = 0.1,
Nt=0.1,Nb=0.3,Rd =0.5,and Le = 5

A SRM Shateyi and Prakash (2014)
0.1 0.46251223 0.46251223
0.2 0.44315478 0.44315478
0.4 0.37509516 0.37509516
0.5 0.32874112 0.32874112

3.4 Results and Discussion

Extensive computations have been conducted in MATLAB, and SRM solutions are shown in
Tables 3.2-3.4 and Figs. 3.2-3.18. Table 3.2 presents the effects of Prandtl number Pr, radiation
parameter Rd, moving surface (sheet velocity) parameter A, Lewis number Le, Brownian motion
parameter Nb, and thermophoresis parameter Nt on the skin friction coefficient Cy, the reduced
Nusselt number Nu, and the reduced Sherwood number Sh. It is observed that the rate of heat
transfer at the surface increases with the Prandtl number: a lower thermal conductivity of the
magnetic nanofluid reduces temperatures in the boundary layer and promotes heat transfer to the
wall. In contrast, the rate of mass transfer falls as the Prandtl number increases: the nanoparticle
concentration is increased in the boundary-layer regime, which decreases the rate of nanoparticle

mass transfer to the wall.

Increasing the Lewis number Le and the radiation parameter Rd increases the reduced Sherwood

number at the border. This is because a larger Lewis number implies higher thermal diffusivity
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relative to the nanoparticle mass diffusivity, which boosts nanoparticle concentrations in the fluid
regime and suppresses transport to the wall. However, this reduces the heat transfer rate at the
border, because a higher radiative flux elevates temperatures in the boundary layer, which
decreases heat transfer to the wall. It is also evident that increasing the moving surface parameter
value A decreases the skin friction at the wall plate, since this inhibits boundary-layer growth and
destroys momentum, leading to deceleration. This also increases the reduced Nusselt and

Sherwood numbers, that is, it significantly enhances heat and nanoparticle diffusion to the wall.

Increases in the Brownian motion parameter Nb and thermophoresis parameter Nt have no
substantial influence on the skin friction coefficient. However, the rate of heat and mass transfer
at the wall increases as the Brownian motion parameter increases, which corresponds to smaller
nanoparticles and encourages thermal and species diffusion to the boundary. Both the Nusselt
number and the Sherwood number are reduced as the values of the thermophoresis parameter
increase since temperatures and nanoparticle concentration magnitudes in the boundary layer are
elevated, and this mitigates transfer to the wall, as noted by many other researchers, such as Hamad
et al. (2011) and Haddad et al. (2012). Table 3.3 depicts the heat transfer rate for various values
of the Prandtl number Pr with other flow parameters constrained. The reduced Nusselt number

increases with negative wall velocity at all Prandtl number values.

Table 3.2 Skin friction coefficient Cf, the reduced Nusselt number Nu, and the reduced
Sherwood number Sh with Prm=0.71,=0.1

Pr|Le|Rd| 2 | Nb | Nt £(0) —6'(0) —¢'(0)
121 [o1]01 [01] 043850546 0.24324811 0.62176714
2 2] 1]01]01]01] 043850546 0.32268809 0.59315154
L [10] 1 [01] 01 [0.1] 0.43850546 0.24543873 1.20585872
122 01]01 [01] 043850546 0.20192103 0.63398262
1210501 01] 030817145 0.27678430 0.84214287
I [ 21 [01]0501] 043850546 0.27990286 0.64700386
I |21 01]01 [05] 043850546 0.23536033 0.49264088
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Table 3.3 Reduced Nusselt number Nu with Prm =0.71,=0.1,Le = 1, Nb = Nt =

0.3,Rd=1

A —6'(0),Pr =0.71 —-0'(0),Pr =5 —6'(0),Pr =10
—0.3 0.17039064 0.27824451 0.30238506
0.1 0.22008309 0.46040570 0.54910057
0.5 0.24559296 0.56481218 0.69755154

1 0.26900089 0.66560004 0.84272786
1.5 0.28787633 0.74959618 0.96437941

2 0.30409146 0.82329138 1.07133585

Table 3.4 lists the mass transfer rate (the reduced Sherwood number) for different Lewis numbers

with other parameters constant. The reduced Sherwood number decreases with an increasing Lewis

number for negative wall velocity, whereas it rapidly increases with Lewis number for the positive

wall velocity case.

Table 3.5 demonstrates the influence of the magnetic force parameter  on the skin friction

coefficient Cr for different values of the sheet velocity parameter A. It can be seen that the skin

friction coefficient reduces rapidly as these parameters are increased.

Table 3.4 Reduced Sherwood number Sh with Pr = 0.71,Prm=0.71, =0.1, Nb =
Nt=0.3,Rd=1

2 —¢'(0),Le = 1 —$'(0),Le = 5 —$'(0), Le = 10
0.3 0.23757681 0.21076314 0.12930055
0.1 0.46154611 0.90775090 1.20149742
0.5 0.59332949 1.33118606 1.86506212

1 0.72134948 1.73296536 2.47937544
1.5 0.82831705 2.06229602 2.97641263

2 0.92225761 2.34770012 3.40422563
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Table 3.5 Skin friction coefficient C; with Pr = 0.7, Prm = 0.5,4 = 0.1, Nt = 0.1,

Nb=0.3,Rd =0.5,and Le = 5

A —f7(0) —f"(0) —f"(0)

B =01 B =02 B =03
0.1 0.46187385 0.46119457 0.46049300
0.2 0.44273586 0.44229701 0.44184741
0.3 0.41319222 0.41280996 0.41241846
0.4 0.37464177 0.37417205 0.37368768
0.5 0.32805632 0.32734220 0.32659778
0.6 0.27411112 0.27291390 0.00069248
0.7 0.21317965 0.21099046 0.00085186
0.8 0.14491586 0.00168838 0.00099312
0.9 0.00321266 0.00167927 0.00098807

Fig. 3.2 (a—d) displays the effects of the moving wall velocity parameter A on the velocity, induced
magnetic field, temperature, and nanoparticle concentration profiles. It is seen that increasing the
velocity parameter A leads to an increase in speed (Fig. 3.2 (a)), that is, the flow acceleration and
induced magnetic field (Fig. 3.2 (b)) magnitudes. The hydrodynamic boundary-layer thickness
decreases, whereas magnetic boundary-layer thickness grows. Asymptotically smooth profiles are
achieved in the free stream, verifying that an adequately large infinity boundary condition is
prescribed in the MATLAB SRM code. The temperature (Fig. 3.2 (c¢)) and nanoparticle
concentration (Fig. 3.2 (d)) both decrease rapidly as the moving wall velocity parameter increases.
The thermal boundary-layer and nanoparticle concentration boundary-layer thicknesses are

reduced as A increases.

Fig. 3.3 (a-b) visualizes the effects of the magnetic force number 8 on the velocity and induced
magnetic field profiles. This parameter features in the magnetic induction term in the
dimensionless momentum boundary-layer equation (3.9), —fgg’’ , which also couples the
momentum equation (3.9) to the magnetic induction equation (3.10). It is an opposing body force,

and high values of  will inhibit momentum and magnetic induction in the regime.
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Fig. 3.2 The influence of A on a) velocity profile, b) induced magnetic field profile,

¢) temperature profile, and d) concentration profile
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Fig. 3.3 The influence of magnetic force parameter,  on a) velocity profile and b) induced

magnetic field profile

This will manifest as a decrease in velocity and induced magnetic field magnitudes and a
concomitant increased momentum boundary-layer thickness and reduced magnetic boundary-layer

thickness, as noted earlier by Hughes and Young (1966), among other researchers.

Fig. 3.4 (a—b) shows that increasing the Brownian motion parameter Nb noticeably decreases the
temperature and nanoparticle concentrations. Conversely, in Fig. 3.5 (a-b), increasing the
thermophoresis parameter Nt significantly elevates the temperature and concentration profiles.
Thermophoretic body force encourages heat and nanoparticle mass diffusion with a thermal
gradient. The thermal and nanoparticle concentration boundary-layer thicknesses, therefore, both
grow with the thermophoretic body force. These trends concur with many other investigations,
including those of Bachok et al. (2010), Ferdows et al. (2012), and Mabood ef al. (2015), although

these studies neglected magnetic induction effects. The nanoscale effects, that is, Brownian motion
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and thermophoresis, do not significantly influence the nanofluid velocity or induced magnetic field

profile. Therefore, these plots are omitted for brevity.

Fig. 3.6 (a-b) illustrates the variation of the temperature and nanoparticle concentration

distributions in response to a change in Prandtl number Pr. Increasing Pr induces a substantial

decrease in nanofluid temperature and reduces the thermal boundary-layer thickness. The

nanoparticle concentration profiles exhibit a monotonic response to the Prandtl number: as Pr

increases, nanoparticle diffusion is promoted, and the nanoparticle concentration boundary-layer

thickness also increases.
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Fig. 3.6 The influence of Pr on a) temperature profile and b) concentration profile
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Fig. 3.7 The influence of Prm on a) temperature profile and b) concentration profile

Fig. 3.7 (a—b) visualizes the impact of the magnetic Prandtl number Prm on the velocity and
induced magnetic field profiles. Both the velocity and induced magnetic field profiles of the
nanofluid increase with Prm. This parameter is equal to v/a;, is invoked because of magnetic
induction effects, and determines the ratio of magnetic to viscous diffusivity. It features
exclusively in the magnetic induction conservation equation (3.10). Thus, the magnetic Reynolds
number is high enough for the flow field to cause magnetic field distortion. The magnetic field is
considered to be undistorted by the flow for a case in which this parameter is much less than one.
However, the induction effects of a large magnetic Reynolds number are significant and
necessitate a separate conservation equation, as considered in the present model. As Prm is
elevated, both momentum and magnetic induction are increased in the regime. The velocity and
magnetic boundary-layer thicknesses will increase and decrease, respectively. It is also apparent

that Prm has a greater effect on the magnetic induction g’(n) than on f'(n).
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Fig. 3.8 (a—b) depicts the influence of the radiation parameter Rd on the nanoparticle volume
fraction (concentration) and the temperature distribution, occurring in the augmented thermal
diffusion term in the energy conservation equation (2.11), viz. (1 + Rd)6"' /Pr. The quantity R =
160*Ts,> /3K K, expresses the relative contribution of thermal radiation and thermal conduction
to the heat transfer. When Rd = 1, both modes contribute equally. For Rd < 1, conduction
dominates, and vice versa for Rd > 1. An increase in Rd leads to a decrease in the nanoparticle
volume fraction (Fig. 3.8 (a)) since greater energization of the nanofluid with radiative flux inhibits
nanoparticle diffusion; however, the opposite response is induced on temperature magnitudes (Fig.
3.8 (b)), which are strongly elevated with a greater radiative contribution. The nanoparticle
concentration boundary-layer thickness is decreased, whereas the thermal boundary-layer
thickness is increased, with greater radiative parameter (this agrees with the decrease in reduced
Nusselt number at the wall, discussed earlier). The computations agree with several other
investigations, including those of Aly and Sayed (2017) and Uddin et al. (2015). Therefore, the
inclusion of radiative heat transfer in magnetic nanomaterials fabrication produces more accurate
temperature and nanoparticle concentration predictions than neglecting this mode of heat transfer

(which leads to underpredicting temperatures and overpredicting nanoparticle volume fractions).

Fig. 3.9 illustrates the variation of the nanoparticle concentration profile with the Lewis number
= v/Dg , which defines the ratio of the momentum diffusion rate to the nanoparticle species
diffusion rate. When Le = 1, these rates are equal, and the momentum and nanoparticle
concentration boundary-layer thicknesses are similar. However, for Le > 1 (as considered here),
the momentum diffusivity exceeds the species diffusivity, which inhibits nanoparticle diffusion
and results in a reduction in nanoparticle concentration boundary-layer thickness. The latter may,
therefore, be successfully controlled in nanoliquid material processing via careful selection of

nanoparticles based on appropriate diffusivities.

Figs. 3.10-3.12 show plots of the skin friction coefficient Cf, the reduced Nusselt number Nu, and
the reduced Sherwood number Sh against the velocity parameter, for different values of the
magnetic parameter, Prandtl number, and Lewis number, respectively. The values of the skin

friction coefficient C; decrease as the magnetic force parameter increases, and the reduced Nusselt
number Nu grows rapidly with the Prandtl number. The reduced Sherwood number Sh increases

with the Lewis number.
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Fig. 3.10 Influence of B and 4 on the skin friction coefficient C

Fig. 3.11 Influence of Pr and A on reduced Nusselt number Nu
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3.5 Summary

In this chapter, the steady thermal-convection boundary-layer flow of electroconductive nanofluids
over a moving surface with magnetic induction and radiative heat transfer effects has been studied.
The Buongiorno model has been deployed, incorporating the results of Brownian diffusion and
thermophoresis. The variation of the skin friction coefficient, the heat transfer rate, and the mass
transfer rate, as well as the velocity, induced magnetic field, temperature, and nanoparticle volume
fraction profiles, has been illustrated in tabular and graphical form for various values of the

physical parameters. The MATLAB SRM code has been validated against published results.
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Chapter 4

Spectral Relaxation Method for Convective Metallic Nanofluid Flow
with an Induced Magnetic Field past an Inclined Stationary or
Moving Flat Plate

This chapter describes a mathematical model for incompressible free convection flows with
convective heat transport from an inclined stationary/moving flat plate under the impact of an
induced magnetic field The current flow model is formulated considering the heat transport in the
nanofluid external boundary layer from an inclined stationary/moving flat plate with a range of
metallic nanoparticles in water as the base fluid. A nanoscale formulation with the Tiwari—Das
model is effectively deployed to study material properties for specific nanoparticles and base fluid.
The nonlinear model is rendered into a system of coupled ODEs with suitable far-stream and
convective wall boundary conditions by developing appropriate transformation similarity
variables. The effects of embedded parameters, like the Grashof number Gr, Biot number Bi, angle
of inclination a, magnetic field parameter M, and magnetic Prandtl number Prm, on the velocity,
induced magnetic field, temperature, nanoparticle concentration, skin friction, and local Nusselt
number profiles, are visualized. The results are verified for limiting cases by comparing them with
various studies for the case of stationary and moving flat plates, and are found to be in excellent
agreement. Furthermore, computed numerical results for skin friction and Nusselt number, for
different emerging parameters in Cu and Ag nanofluids with a moving plate, are tabulated and

discussed in detail.

4.1 Mathematical Modelling

The steady two-dimensional boundary-layer flow of a stream of cold, incompressible, viscous,
electrically conducting nanofluid of temperature T,,, passing through a moving flat plate with
constant velocity U,,, in the same or opposite direction to the free stream U, is considered. The
plate is inclined with an acute angle « with the vertical. The x —axis is measured along the plate,
and the y —axis is measured in the direction normal to the plate, as shown in Fig. 4.1. An induced

magnetic field of strength H, is applied orthogonal to the plate; H; and H, are the parallel and
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normal components of the induced magnetic field; in the free stream, H; becomes H, while H,
vanishes near the wall. It is also assumed that the lower surface of the plate is heated by convection

from a hot fluid of temperature Tr, which provides a heat transfer coefficient of hy.

Free steam conditions:T __

Thermal boundary layer
i . Momentum boundary layer
I" :.:. :

!' P )

r o o Cu

Ag

Vertical direction

-
~

ar

wall conditions:T,,,

Y, 7z

Fig. 4.1 Physical model of the problem

Under these assumptions, following the nanofluid model proposed by Tiwari and Das (2007), the

governing mass, momentum, induced magnetic field, and energy equation are described as

follows:
Continuity:
a_u + a_v _ (4.1a)
ox dy
0H, O0OH 4.1
OHy 9H, (4.1b)
0x dy
Momentum: 4.2)

d G oH oH 92
u U o ( 1 1> L 07U G(PB)ny (T —T.)cos a

u—4+v—=—|H—+H,—|+—
0x 0y pur\ L 0x P 0y)  papdy? ps

43



Induced magnetic field: (4.3)

0H, 0H, ou ou 0%H,

u6x+v6y L ox 29y “1ay2

Energy: (4.4)
oT oT ko 0°T
U—+v—= W
ox 0y  (pCplns 0y

where a is the angle of inclination and @y = 1/47ma, is the magnetic diffusivity of the nanofluid.

The appropriate boundary conditions (Ramesh, 2016) for the current study are described by

0H oT
u->U, H —-Hy,, T->Ty, aty > o

For a similarity solution of momentum and energy equations, let hy = c/vx , where c is a

constant.

4.2 Thermophysical Properties of Nanofluids

The fluid is water-based and contains two different types of nanoparticles, namely copper (Cu)
and silver (Ag). It is assumed that both the base fluid and the nanoparticles are in thermal
equilibrium without a slip condition between them. Following Sheikholeslami (2015) and Bég
(2018), the thermophysical properties of the base fluid and nanoparticles are given in Table 4.1.
The mathematical relations for the thermophysical properties of nanofluids are listed in Table 4.2.

The nanoparticle volume fraction parameters related to the study of nanofluid are listed in
Table 4.3.
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Table 4.1 Thermophysical properties of the base fluid and nanoparticles

Physical property Base fluid (water) Copper (Cu) Silver (Ag)
Cy, (J/kg - K) 4,179 385 235
p (kg/m?) 997.1 8,933 10,500
k(W/m-K) 0.613 401 429
o (S/m) 0.05 5.96 x 107 3.6 x 107
£ x 1075 (1/K) 21 1.67 1.89

Table 4.2 Mathematical relations of thermophysical properties of nanofluid

Property Nanofluid
Kinematic viscosity v = Hnr
n pnf
Viscosity __
SNCETEE
Density pnr = (1= P)ps + Pps
Thermal diffusivity PBIny = (1 =) (B + P(pB)s

Heat capacity

Electrical conductivity

Thermal conductivity

(pCp)nf =(1- d’)(pcp)f - ¢(pcp)s

ﬂ: 1+ 3((0-5/O—f)_1)¢
Of ((Us/Uf) +2) - ¢((Us/0f) -1)
. ks k5+kf
kyy 1920 5
k - . kf k5+kf
ro1-g+2¢ Lo

45



Table 4.3 Nanoparticle volume fraction parameters

¢ = (1 - ¢)25(1—¢>+¢ )
¢2=1—¢+¢>E
¢3=1—¢+¢E§§§;
LT 3((05/0;) — 1)¢b
Yoo ((05/07) +2) — p((0s/0F) — 1)
ks ks+k
¢5=knf= 1—¢>+2¢)kaln7ff
ko 1+ 29 LTt
(pC
bo=1-9+07 C”)S
p p)f

Let us introduce the following non-dimensional variables to simplify the mathematical analysis:

¥ = QUv? ), @ = (22 Hy g, 0 =22, 1 = (L) y (4.6)

Tw—Too 2vx

Here, Y (x,y) and @(x, y) are the stream functions defined by

_w v

u_ay'v_ ox )
_ 9 L 4.7

Hi=5 Ha="%

The continuity equations (4.1a) and (4.1b) are identically satisfied with the above transformations.
Moditying the governing equations (4.2)—(4.4) by using (4.6) and (4.7), along with the boundary

conditions (4.5), reduces them to the following non-dimensional form:

M 4.8

f"'+ff"——gg”+26rcosa¢—9—O (4.8)
b2 b2

29" + Prinafg" — Prinugf” =0 (4.9)
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2¢s ., y_ (4.10)
prg 0 10" =0

The corresponding dimensionless parameters appearing in equations (4.8)—(4.10) are the magnetic
interaction parameter, the local Grashof number (Kierkus, 2008), the magnetic Prandtl number,

and the Prandtl number, which are defined as follows:

_ oot o 9B Tk g a o Y0G), (4.11)
prZ’ Uz ’ Vr ’ kg

It is observed from equation (4.8) that when a = 0°, the problem reduces to the vertical flat plate,
whereas @ = 90° reduces it to the horizontal flat plate. In the above, ¢, ¢,, @3, P4, Ps, and g

are the nanofluid volume fraction parameters listed in Table 4.3.

The boundary conditions given in (4.5) can be described as:

f(0)=0, f'(0) =21, g(0)=9g"(0)=0, 6'(0)=—-Bi(l1—06)as n= 0} (4.12)
f'-1-21 g -1, 6-50 asn—-»
where A = U, /U is the velocity ratio parameter, and Bi = (c¢/kf),/vf/U is the Biot number. The

problem reduces to the Blasius flow (stationary flat plate) for A = 0 and Sakiadis flow (moving

flat plate) for 4 = 1.

In the present study, the most important quantities of physical interest are the skin friction

coefficient Cr and the heat transfer coefficient Nu,, which are defined as

— 2w = Xdw 4.13
Cr = U7 and Nu, = K TTo) (4.13)

where 7, and q,, are the wall shear stress and wall heat flux, respectively, defined as

Ty = Unf (Z—;)yzo and q,, = —kyy (g_:/)yzo (4.14)

Using equation (4.14) in (4.13), we obtain

1 1 4.15
Ex/Refo=mf 0) (4.15)
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(Rex) Y2Nu, = —¢56'(0) (4.16)
where Re, = Ux /vy is the local Reynolds number.

The spectral relaxation method (SRM) is employed here to solve the ODEs (4.9)—(4.11) together
with the boundary conditions (4.12). We derive the following iteration scheme within the

framework of the SRM algorithm,

%F”rﬂ + fiF iy — %ng’r + 2Gr cos a%@r =0 @17
2G" 41 + Prmufr1G'ryy — Prmug, Fryy =0 (4.18)
%Bnrﬂ + fr410'741 =0 4.19)

subject to the following boundary conditions:
Frin(0) =2, Fryy(e0) =1-2 (4.20)
fr+1(0) =0 (4.21)
G'r41(0) =0, G'riq(0) =1 (4.22)
9r+1(0) =0 (4.23)
6'r+1(0) = —=Bi(1 = 6,11(0)),  6r41(0) =0 (4.24)

The above equations form a system of linear decoupled equations that can be solved iteratively for

r =1, 2, ... starting from initial approximations F, (1), Go(17), and 6, (n).

By using the Chebyshev pseudo-spectral approach on equations (4.17) to (4.24), the following

results are obtained:

A1F, 11 = Ry, Fr+1(TN) =1- A’Fr+1(T0) =1 (4.25)
Azxfri1 =Ry frya(ty) =0 (4.26)
A3Gryy = R3, G'ryq(ty) = 0,G,41(79) =1 (4.27)
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Asgr+1=Rs  Gria(ty) =0 (4.28)

As0,41 =Rs, 0,11(1y) =0,0'11(10) = —Bi(1 — 0,41(70)) (4.29)
where

A, =diag ( )D2 + diag(f,)D, R, = ™ X 9,G' + 2Gr cos a 0 (4.30)
A, =D, R, =F,,, 4.31)
A; = 2D? + diag(Prme,fr41)D, R; = Prm¢,g, F'r i1 (4.32)
A, =D, R, = Gy (4.33)
A = diag (2= )D2 +diag(fos1)D, Rs=0 (4.34)

The spectral collocation method can be used to solve equations (4.25) to (4.34), which make up

the SRM scheme. The initial conditions listed below are selected to meet the boundary conditions:

fo=n+eM—e™, g, =n—Q2+ne+2, 6,(n) = %e—Biﬂ (2.35)

4.3 Numerical Results and Discussion

A broad range of spectral relaxation method (SRM) computations have been performed to
investigate the effects of nanoscale, thermophysical, and hydrodynamic parameters on the non-
dimensional velocity, induced magnetic field, temperature, skin friction, and Nusselt number. The
results are visualized in Figs. 4.2—4.17. The infinity value 1, is chosen to be 15, and the SRM
findings are achieved with N = 60 collocation points. To justify the numerical results obtained, a
comparison has been made with the values of —6'(0) at A = 0 with the published results of Aziz
(2009) in Table 4.4 for Pr = 0.72 and Pr = 10, and in Table 4.5 with those of Ramesh (2016)
for both a flat plate (A = 0) and a moving plate (1 = 1) at different values of Biot number.
Excellent agreement has been found. Extensive calculations have been performed to obtain the
velocity, induced magnetic field, temperature profiles, skin friction coefficient, and local Nusselt

number for various values of physical parameters such as ¢, a, Gr, Prm, and Bi.
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Table 4.4 Comparison of the SRM —8'(0) results with Aziz (2009) for different values of
Biot number whena = /2, =0,6Gr=0,M =0,Prm=0,and A =0

Bi Present SRM Aziz (2009)
Pr =0.72 Pr =0.72 Pr =10 Pr =10
0.05 0.04301040 0.04684338 0.0468 0.0468
0.10 0.07514188 0.08800435 0.0879 0.0879
0.20 0.11993571 0.15699452 0.1569 0.1569
0.40 0.17091211 0.25833066 0.2582 0.2582
0.60 0.19912003 0.32914211 0.3289 0.3289
0.80 0.21704351 0.38137649 0.3812 0.3812
1 0.22940863 0.42159040 0.4213 0.4213
5 0.28062282 0.63591888 0.6356 0.6356
10 0.28870770 0.67904684 0.6787 0.6787
20 0.29289876 0.70294207 0.7026 0.7026

The numerical values of the skin friction coefficient C; and the reduced Nusselt number Nu for
various values of the volume fraction ¢, magnetic field M, angle of inclination &, and magnetic
Prandtl number Prm, with fixed values of the Grashof number Gr and Biot number Bi, are shown
in Table 4.6 for Cu-water and Ag-water nanofluids and a moving plate (4 = 1). The impact of
increasing ¢ and a is to increase the skin friction coefficient Cy while decreasing the reduced
Nusselt number Nu for both the Cu-water and Ag-water nanofluids. Growing magnetic field M
and Biot number Bi values reduce the skin friction coefficient, but enhance the non-dimensional
rate of heat transfer for both the Cu-water and Ag-water nanofluids when the direction of the free
stream is fixed (A = 1). It is also observed that the Cu-water nanofluid has a lower skin friction

coefficient and a higher reduced Nusselt number than the Ag-water nanofluid.
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Table 4.5 Comparison of the SRM —0'(0) results with Ramesh (2016) for different values
of Bi whena =m/6,Gr =0.5,¢p =0,M =0,and Prm =0,for A=0andA1=1

Bi Present SRM Ramesh (2016)
A=0 A=1 A=0 A=1

0.1 0.07599846 0.0759 0.0759 0.07599846
0.5 0.20217874 0.2021 0.2021 0.20217874
2.0 0.29983621 0.2997 0.2997 0.29983621
5.0 0.33295986 0.3328 0.3328 0.33295986
10 0.34578606 0.3456 0.3456 0.34578606
50 0.35678464 0.3567 0.3567 0.35678464
100 0.35819841 0.3581 0.3581 0.35819841
500 0.35933003 0.3593 0.3593 0.35933003
1000 0.35941088 0.3594 0.3594 0.35941088
5000 0.35953216 0.3595 0.3595 0.35953216
10000 0.35957663 0.3595 0.3595 0.35957663
100000 0.35958067 0.3595 0.3595 0.35958067
1000000 0.35958472 0.3595 0.3595 0.35958472
5000000 0.35958876 0.3595 0.3595 0.35958876
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Table 4.6 Numerical data for f''(0) and —6'(0) for Cu-water and Ag-water nanofluids
with ¢ = 0.2, Gr = 0.5,Pr = 6.2,Bi =1,and A = 1

[0) M a Prm Cu-water (1 = 1) Ag-water (A = 1)

f7(0) —6'(0) f7(0) —6'(0)
0.05 | 0.01 45° 0.1 | —0.41545475 | 1.07155641 | —0.42858764 | 1.05392909
0.1 —0.52568297 | 0.95286723 | —0.54954923 | 0.92345929
0.2 —0.77040321 | 0.84552535 | —0.81299751 | 0.79909409
0.2 0.01 45° 0.1 | —0.77040321 | 0.84552535 | —0.81299751 | 0.79909409
0.02 —0.76977043 | 0.84575730 | —0.81238217 | 0.79932789
0.1 —0.76477838 | 0.84757755 | —0.80752212 | 0.80116472
0.2 0.01 30° 0.1 | —0.73280627 | 0.84716475 | —0.77295072 | 0.80129091
45° —0.77058266 | 0.84462326 | —0.81318129 | 0.79827185
60° —0.82210282 | 0.83156288 | —0.86807820 | 0.78537822
0.2 0.01 45° | 0.05 | —0.77074870 | 0.84539911 | —0.81299751 | 0.79991601
0.1 | —0.77040321 | 0.84552535 | —0.81080856 | 0.79909409
0.5 | —0.76549070 | 0.84725537 | —0.76359696 | 0.81629551

Fig. 4.2 (a-b) presents the evolution of the linear velocity, induced magnetic field, and temperature
profiles with various nanoparticle volume fractions (¢p) for Cu-water and Ag-water nanofluids
for both a stationary flat plate (A = 0) and a moving flat plate (A = 1). Fig. 4.2 (a-b) shows the
response of the transverse velocity to a modification in nanoparticle volume fraction, for Cu and
Ag nanoparticles and for a moving flat plate and a stationary plate. It is evident in the case of a
moving flat plate that the flow is reduced substantially with a higher fractional volume of

nanoparticles, and the thickness of the hydrodynamic boundary layer reduces; it is evident for the

52



case of a stationary plate that a strong increase in the flow is induced by a higher fractional volume
of nanoparticles. The Cu nanofluid produces the maximum velocity while Ag achieves the least.
It is apparent from Fig. 4.3 (a—b) that a strong increase in the case of a moving plate and a strong
decrease in the case of a stationary plate is obtained with a higher nanoparticle volume fraction. In
Fig. 4.4 (a-b) an increase in nanoparticle volume fraction is observed to substantially elevate
temperatures throughout the boundary-layer regime, irrespective of whether the plate is moving

and stationary and the nanoparticle considered.
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Fig. 4.2 Effect of nanoparticle value fraction ¢ on velocity for (a) A =1and (b)A =0
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Therefore, the thickness of the thermal boundary layer increases. The flow distributions indeed

confirm the non-trivial effect of nanoparticle doping as a robust mechanism for elevating both

convection and conduction coefficients. Hence, the use of nanofluids is an effective method for

energizing base fluids without the clogging effects encountered with micro-scaled particles. They

increase the thermal efficiency of processes, which is beneficial in coating dynamics since an extra

mechanism is available for regulating heat transfer effects and more precisely manipulating

finishing characteristics. It is observed that thickening of the thermal boundary layer and velocity

are less pronounced in an Ag-water nanofluid than in a Cu-water nanofluid. In addition, since

silver has a higher conductivity than copper, the temperature distribution in the Ag-water

nanofluid is greater than in the Cu-water nanofluid.
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Fig. 4.4 Effect of nanoparticle value fraction ¢ on temperature for (a) A =1and (b)A =0

The velocity, induced magnetic field, and temperature profiles for different values of the thermal

Grashof number Gr are illustrated in Fig. 4.5 (a—c) for a moving plate (A = 1). An increase in the

thermal buoyancy parameter (the ratio of thermal buoyancy force to viscous hydrodynamic force,

Gr) significantly boosts the velocity distribution by mobilizing more intense thermal convection

currents near the wall (Fig. 4.5 (a)). As the buoyancy effect increases, the thermal convective

influence on the nanoparticles is enhanced due to the intensification of free convection currents in

the energy boundary layer, reducing the ambient heat diffusion. Hence, the thermofluid

characteristics are strongly influenced by the Grashof number. Fig. 4.5 (b) shows that the induced

magnetic field strengthens rapidly with increasing Gr.
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Fig. 4.5 Effect of Grashof number Gr for A = 1 on (a) velocity, (b) induced magnetic field,

and (c) temperature
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Despite the absence of the thermal buoyancy effect in the magnetic induction equation (4.9), there
is a robust coupling between the magnetic induction and linear velocity fields via coupling
equations (4.8) and (4.9). Therefore, the influence of the thermal buoyancy term in equation (4.8)
is considerable. Fig. 4.5 (¢) displays the physical behaviour of thermal buoyancy on the evolution
of nanofluid temperature. A Grashof number Gr > 0 corresponds to free convection in which
intensified thermal convection currents cool the moving plate, i.e., depletion of temperature near
the plate with a point of inflection computed in the vicinity 7 < 4. Beyond this point, however, a

heating effect is observed, i.e., the thermal boundary layer is thickened.
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Fig. 4.6 Effect of magnetic Prandtl number Prm on induced magnetic field for A = 1

Fig. 4.6 shows the response of the induced magnetic field component to an expanding
dimensionless distance 7, for several values of the dependent parameter magnetic Prandtl number,
for moving flat plates with different nanoparticles. The nanofluid-induced magnetic field
strengthens with rising values of the magnetic Prandtl number, because the bounder layer becomes
thinner as the surface is moved. The copper nanoparticles consistently achieve the highest induced

magnetic effect, while silver corresponds to a lower induced magnetic impact.
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Fig. 4.7 (a—c) demonstrates the influence of the angle of inclination a on the dimensionless
velocity, induced magnetic field, and temperature profile for a moving flat plate for both the
Cu-water and Ag-water nanofluids. The velocity and induced magnetic field strength both
decrease with increasing values of a because the effect of the buoyancy force due to the thermal
variations decreases by a factor of cos , and consequently, the buoyancy force is maximum when
a = 0. The momentum boundary-layer thickness reduces due to the increasing values of « for
both the Cu-water and Ag-water nanofluids. It is also observed that the nanofluid temperature
increases with the angle of inclination, and that the thermal boundary-layer thickness for the

Ag-water nanofluid is higher than for the Cu-water nanofluid.

1 1
| Pr= 62, t;b = 02, o= 1'(’4, | 0.9+ 4
09 Gr=0.5,M=0.01, Prm = 0.1 A=0 g
0.8} Solid line:  Cu-water 0.8 4
Dashed line: Ag-water
0.7¢ 1 0.7+ W
W
0.6/ 0-56 0.6 A, ,
—_ 0.54 | ? II Bi=0.1,1,10
\\50.5 — 05
g 0.52 S
0.4} ¥ A 0.4 —
\\ Solid line:  Cu-water
\ ina R
03l \ Bi=04,1,10 | 0.3} Dashed line: Ag-water
\
0.2 \\ 0.2+ Pr=6.2, ¢ =0.2, o = 7l4,
¥ Gr=0.5,M=0.01,Prm=0.1
0.1t \=1 0.1¢
0 : 0 )
2 3 4 5 1 2 3 4 5
n n
(a) (b)

Fig. 4.8 Effect of Biot number Bi on velocity for () A =1 and (b) A =0
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Fig. 4.9 Effect of Biot number Bi on induced magnetic field for (a) A =1 and (b) A =0

The impact of the nanoscale Biot number (Bi) on the nanofluid velocity, induced magnetic field,
and temperature is displayed in Figs. 4.8—4.10 for the case of a stationary flat plate (1 = 0) and a
moving flat plate (A = 1) with Cu-water and Ag-water nanofluids, respectively. The Biot
number measures the heat transfer in the form of a ratio of the resistance inside the body and at its
surface. The momentum boundary-layer thickness and the induced magnetic field strength increase
with the Biot number. In the case of the Cu-water nanofluid, the velocity and induced magnetic
field are higher than those of the Ag-water nanofluid for a moving flat plate. The opposite trend
is observed for a stationary flat plate. Higher values of Biot number (>> 1) correspond to non-
uniformity of the temperature fields within the object and are known as “thermally thick”. On the
other hand, small Biot numbers (< 1) imply thermally simple or “thermally thin” scenarios due
to uniform temperature fields inside the body. Temperatures significantly increase with the Biot
number for both a stationary and moving flat plate. The silver nanoparticles consistently achieve

the highest temperatures, while copper corresponds to the lowest temperatures. Hence, smooth
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distributions are computed in the free stream, confirming that the MATLAB quadrature solution

has employed a sufficiently large infinity boundary condition.
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Fig. 4.10 Effect of Biot number Bi on temperature for (a) A =1and (b)A =0

Shown in Fig. 4.11 (a—c) are the impacts of the magnetic parameter M on the velocity, induced
magnetic field, and temperature for the moving flat plate with different nanoparticles. The body
force inhibits the flow and acts transverse to the applied magnetic field, i.e., along the plate
extrusion direction. The velocity and induced magnetic field increase with M for both
nanoparticles, and this is associated with the anticipating nature of the body Lorentz force. The

decrease in temperature for both metallic nanoparticles is reduced slightly as M increases.
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Fig. 4.11 Effect of magnetic interaction parameter M for A = 1 on (a) velocity, (b) induced

magnetic field, and (c) temperature
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Fig. 4.12 (a—c) depicts the influence of the nanoparticle volume fraction ¢ on the velocity, induced
magnetic field, and temperature profiles of Cu-water nanofluid for both a flat plate and a moving
plate. As ¢ increases, the velocity is reduced, and the momentum boundary-layer thickness is
increased for a moving flat plate, but the reverse phenomenon is observed for a stationary flat plate
(Fig. 4.1 2(a)). The induced magnetic flow is strongly reduced with a higher fractional volume of
nanoparticles for a stationary flat plate, and the opposite effect is observed for a moving plate (Fig.
4.12 (b)). Surprisingly, a strong increase in temperature is seen with higher nanoparticle volume
fractions for both stationary and moving flat plates (Fig. 4.12 (c)). The flow distributions confirm
the non-trivial effect of nanoparticle doping as a vital mechanism for elevating both convection
and conduction coefficients. Hence, copper nanoparticles are effective for energizing base fluids
without the clogging effects encountered with micro-scaled particles. The influence of the
Magnetic field parameter M on velocity, induced magnetic field, and temperature profiles for
Ag-water nanofluid, for both a flat plate and a moving plate, is shown in Fig. 4.13 (a—c). A higher
magnetic parameter reduces the velocity in the case of a stationary flat plate and increases it in the
case of a moving flat plate (Fig. 4.13 (a)). Meanwhile, the induced magnetic field decreases with
the magnetic field for a stationary flat plate and increases for a moving flat plate (Fig. 4.13 (b)).
The temperature profiles increase for a stationary flat plate and decrease for a moving flat plate

(Fig. 4.13 (c)).

The influence of the skin friction coefficient Cr and the reduced Nusselt number Nu for various
values of nanoparticle volume fraction ¢ and magnetic interaction parameter M, for both the
Cu-water and Ag-water nanofluids in the case of A = 0, are highlighted in Figs. 4.14 and 4.15.
The skin friction coefficient Cr increases monotonically with ¢ and M for both types of
nanofluids. The opposite trend is observed for the heat transfer rate. The maximum skin friction
value in the Ag—-water nanofluid case is achieved at a higher nanoparticle volume fraction ¢ and
magnetic parameter M. The Ag-water nanofluid exhibits a lower wall heat transfer rate than the
Cu-water nanofluid. The presence of nanoparticles increases the skin friction coefficient and

decreases the wall heat transfer rate with increasing values of ¢ and M for the stationary flat plate.
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Figs. 4.16 and 4.17 show the combined effect of nanoparticle value fraction ¢ and magnetic
interaction parameter M on the skin friction coefficient C; and the reduced Nusselt number Nu in
the case of A =1 for Cu—water and Ag-water nanofluids. The values of the skin friction
coefficient and reduced Nusselt number decrease as ¢p and M increase for both types of nanofluids.
It is found that the Cu-water nanofluid exhibits higher drag than the Ag-water nanofluid. It is also
noted that the nanofluid with Cu particles has a higher heat transfer rate for a moving plate than

the nanofluid with Ag nanoparticles.

4.4 Summary

A computational and theoretical study of hydromagnetic metallic nanofluid flows with induced
magnetic field effects on an inclined stationary/moving flat plate has been conducted, adopting
convective boundary conditions. A nanoscale formulation with the Tiwari—Das model has been
employed, assuming that the nanoparticle volume fraction at the boundary surface can be actively
regulated. Validation of the MATLAB SRM code with published results is included. The
numerical solutions obtained have been compared with previously published results, showing good
agreement. The influence of the different dimensionless parameters on the velocity, induced

magnetic field, and temperature profiles have been illustrated and discussed.
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Chapter 5

MHD Boundary-Layer Slip Flow with an Induced Magnetic Field
Simulated by Space- and Temperature-Dependent Internal Heat
Generation/Absorption over a Moving Plate

This chapter investigates the combined effects of space- and temperature-dependent internal heat
generation/absorption on the MHD heat transfer flow of an electrically conducting water-based
nanofluid, under the influence of slip, over a moving plate, with the effect of an induced magnetic
field. The physical laws governing the fluid flow are modelled as a system of PDEs and then
condensed into equivalent nonlinear ODEs with similar variables. The solutions for the flow and
heat transfer characteristics are evaluated numerically for various values of the embedded
parameters describing the motion, induced magnetic field, and heat transfer properties. These are
presented with plots and tables and discussed in detail. The skin friction coefficient and heat
transfer rate are also studied. To obtain a clear insight into the physical problem, the results are

discussed with the help of graphical illustrations for Cu-water nanofluid.

5.1 Problem Formulation

Consider a steady two-dimensional laminar boundary-layer flow of a nanofluid with an induced
magnetic field over a flat plate moving in the same direction, or the opposite direction, to the free
stream. The physical model with detailed geometries is shown in Fig. 5.1 (a-b). The basic
equations for incompressible flow and electrically conducting nanofluid, as described by Cowling

(1957), can be represented in vectorial form as follows:

V.v=0
V.H=0
.V ——H.vH =Ly
4pns Pnf
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Where ¢ = 1/4moyu, is the magnetic diffusivity, and the wall temperature is T,, > T,. An

induced magnetic field of strength H,, is applied orthogonal to the plate; in the free stream, H,

becomes H, while H,, vanishes near the wall.
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Fig. 5.1 Coordinates and the physical model
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With the assumptions and approximations mentioned above, and following the nanofluid model

proposed by Tiwari (2007), the governing mass, momentum-induced magnetic field, and energy

equations are described by

Ju 4 v 0
ox dy
(5.1)
0y  OHy _ (5.2)
ox 0y
ou  ou 0%u oH oH 5.3
I i .l He (Hx x+Hy—x> -3
0x 0y  pny0y?  Amp,; dx dy
OH, OH,  0u  Ou  on 0%H, (5.4)
L Hy— —Hy— = ¢y L
Uox TV oy Yox Yoy S0 or 0y?
oT T kn 0T  q" (5.5)

U—+v—= +
0x dy  (PCplnr 0¥*  (PCp)nr

Here, q'"" is the space- and temperature-dependent internal heat generation (> 0) or absorption (<

0; Abdul et al., 2014), which can be expressed for this problem as

w_ (KnfUw\ , ) (5.6)
q" = ( ”f W) [A"(Ty = T)f' () + B*(T — Too)]
xvnf
Therefore, equation (5.5) can be simplified to
6_T 6_T _ knf az_T ( anUW ) * _ / * _ (57)
The appropriate boundary conditions for the current study are as follows:
ou OHy _ _ _
u=Uy+A3, v=0 X=H,=0,T=T,At y—O} (5.8)
u—->Uy H,—>Hy,, T->Ty,At y—>

Taken from the work of Abu Nada (2008), the thermophysical properties of fluid and nanoparticles

are listed in Table 5.1. The fluid is water-based and contains a variety of nanoparticles, including
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copper (Cu), silver (Ag), and titanium oxide (TiO,). Oztop et al. (2008) provide the

characteristics of nanofluids, which are noted to be independent of nanoparticle motion:

HUn u
an = ﬁ) .Llnf = (1_‘1{)2_5 ’ pnf = (1 - d))pf + d)pS

2 (pCIny = (1= 9)(0Cy), — (0C,

a = A
nf (PCpInf

1—p+2¢ —5 ALY

O'nf — 3((0-5/0.f)_1)¢ knf _ ks—kf Zkf

or (os/0p)+2)=p((05/05)-1)" ke 129 kfkf lnkzzl;f
-

Table 5.1 Thermophysical properties of the base fluid and nanoparticles

Physical property Base fluid Cu Ag Tio,
(water)
C, (J/kg - K) 4,179 385 235 686.2
p (kg/m?) 997.1 8,933 10,500 4250
k(W/m-K) 0.613 401 429 8.9538
o (S/m) 0.05 5.96 x 107 3.6 x 107 2.6 x 10°

In accordance with Ellahi et al. (2018), we will now introduce the following non-dimensional

variables in order to streamline the mathematical analysis:

1 vyx v (Vs (5.9
Y = (Uvpx)? f(n), & = (3£ ) Ho g(m), 60 = 2= 5 = E(ﬁ)
The continuity equations are satisfied by the stream functions in such a way that
u=% and vz—@ (5.10)
dy dx
=2 =2 5.11
H, = % and Hy = —— (5.11)
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Modifying the governing equations (5.1)—(5.5) by using (5.9)—(5.11), along with the boundary

conditions (5.8), reduces them to the following non-dimensional form:

1 nr n M n
—f"+ff"'——g9" =0

a; a,

14

asxg"' +fg9" —gf" =0

a,0" + B.asf0' + 2 a,a,[A*f'+ B*0] =0
where
2.5 pS
a; =1 —-¢) (1_¢+¢E)

@=1-9+¢

=L -1+ 3((0-5/0-f)_1)¢
. ((05/07) +2) — p((0s/07) — 1)

knp (ks + 2kp) — 2¢0(kp — k)
YUke (kg + 2kp) + pUep — ko)

(pCp)
“5:1_¢+¢’(pcp)s
bl

The corresponding boundary conditions are

f(0)=0,f(0) =2+ af"(0),9(0)=g"(0)=0,6(0)=1asn=0

f'-1,9'-1,6-0 asmn — o

(5.12)

(5.13)

(5.14)

(5.15)

In the above equations, A = U, /U, represents the velocity ratio of the plate, @ = A\/us/2Vvsx is

the slip parameter, M = p,Hy? /4T 1oy pr is the magnetic parameter, y = ¢o/Vy is the reciprocal

magnetic parameter, and Pr = v¢(pc,) s /ky is the Prandtl number.

Other quantities of interest are given by
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= _w = Xw 5.16
ity and Nu, KTt (5.16)

where C; denotes the skin friction coefficient and Nu, denotes the rate of heat transfer.

Moreover, 7, and q,, are given by

d aT
Tw = tnp (Gy=0 and Gy = ks (5 )y=0 .17)

Using variables (5.10), (5.11), (5.16), and (5.17), we obtain

1 14 - !
JRexCr = sagzs/(0) and  (Rey/2) V2Nu, = —¢,6'(0) (5.18)

5.2 Spectral Relaxation Method Simulation

The SRM is used to solve the system of nonlinear PDEs (5.1)—(5.5). We define f'(n) = F(n) and

g'(m) = G(n) and then arrange the problem into the following iteration scheme:

fre1 = Fria (5.19)
o Flraa + fiF sy = 59,6 = 0 (5:20)
Gr+1 = Graa (5.21)
azxG" i1 + fr41G'r41 — GrF' 41 =0 (5.22)
40" 41 + Prasfry 0’41 + 220104 [A"Fryy + B70,44] = 0 (5.23)

The boundary conditions are as follows:

Fr11(0) = A+ aF'141(0), Frpq(e0) =1 (5.24)
fr+1(0) =0 (5.25)
G'r41(0) =0, G'rpq(0) =1 (5.26)
gr+1(0) =0 (5.27)
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0'11(0) =1, 6,41(0) =0 (5.28)

The following matrix equations are obtained in discretizing equations (5.19)—(5.28), employing

the Chebyshev pseudo-spectral method:

S1Fr41 = Ry, Fr1Gn) =1 Fpq1(o) = A+ aF'r11(0) (5.29)
S2fr+1 = Ra, fr1Gn) =0 (5.30)
S3Gr11 = R3, Gri1(§n) =1, G'ry1(§) =0 (5.31)
Sagr+1 = Ry, 9r+1En) =0 (5.32)
S50r41 = Rs, 0r+1En) =0, 0%41(5) =1 (5.33)
where

S, = diag (ail) D? + diag(f,)D, R, = aﬂz 9,6, (5.34)
S, =D, R, =F, 4 (5.35)
S; = diag(azx)D* + diag(fy4+1)D, R3 =g, F'rq4 (5.36)
S, =D, R, =G, yq (5.37)

Se = diag(a,)D? + diag(Prasf,,1)D + 2Aa,a,B*I, Rs = —21a,a,A*F, .4 (5.38)

The SRM scheme is represented by equations (5.29) to (5.38), which can be resolved through the
application of the spectral collocation technique. The initial approximation needed to begin the
iteration process can be chosen as a function that fulfils the underlying boundary conditions and is
based on known physical considerations of the flow parameters. For the governing problem, a

suitable set of initial assumptions is

fo =Q+A+a)n+e™, g =n—>A+n)e"+1,6,(n) =e™ (5.39)

Starting with the preliminary predictions (5.39), the SRM scheme (5.29)—(5.38) is executed

iteratively until the following criterion is attained:
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max(”Fr+1 - F;'”: ”Gr+1 - Gr”; “9r+1 - Hr”) < Er

where E, is a pre-set error tolerance. For the purposes of this study, E, = 107,

5.3 Findings and Discussion

The nonlinear system of coupled equations (5.10)—(5.12), together with the boundary conditions
(5.15), is solved numerically using the SRM. Fig. 5.1 (a) displays the hydrodynamic boundary
layer over a plate when it moves more slowly than the free stream velocity, i.e., A < 1. The
boundary layer becomes narrower in this scenario because the difference between the maximum
and minimum velocity vectors is smaller. This trend continues until the plate outpaces the fluid,
i.e., A > 1. When a plate pulls on the fluid adjacent to it, the friction force becomes inverse, and

the boundary-layer thickness grows with A, as shown in Fig. 5.1 (b).

The current results are described using graphical depictions of Cu-water nanofluid to explain the
physical situation thoroughly. Extensive computations have been conducted to identify the
influences of slip parameter, magnetic parameter, nanoparticle volume fraction, and space- and
temperature-dependent internal heat generation/absorption on the velocity field, induced magnetic
field, and thermal field, as well as the skin friction coefficient and the local Nusselt number, for
the nanoparticles Cu, Ag, and TiO, when the base fluid is water. The Prandtl number is fixed at

6.2 (water), following Oztop et al. (2008).

Fig. 5.2 (a—c) shows the variation of the slip boundary layer, for various values of A, for the
velocity profile of Cu-water nanofluid. The slip boundary-layer profiles differ for 4 > 1 and 4 <
1. When A > 1, the slip parameter a increases the momentum and induced magnetic field
boundary-layer thicknesses, and subsequently, the velocity decreases; if A < 1, then a enhances
the energy boundary-layer thickness and consequently, the velocity increases. Fig. 5.2 (c)
illustrates the effect of a on the nanofluid thermal field. The distributions of the slip boundary
layer differ for A > 1 and 4 < 1. As the value of the slip parameter increases for A > 1, the
thickness of the thermal boundary layer grows, while for 4 < 1, the surface experiences a drop in

the heat transmission rate.
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The influence of the magnetic parameter, for various values of A, on the velocity and magnetic
stream function gradients are shown in Fig. 5.3 (a—b). The MHD boundary-layer profiles diverge
for A > 1 and A < 1. It is apparent that the momentum boundary layers thicken as the value of M
increases for A > 1. The fluid receives a push from the magnetic field after first slowing down due
to viscous force since it can be observed that the magnetic lines of forces flow past the plate
towards wall velocity. Consequently, when the magnetic parameter M rises, the fluid’s velocity
reduces for 4 < 1, as does the induced magnetic field profile, while the opposite trend is observed
for A > 1. Fig. 5.3 (b) depicts the effects of the magnetic parameter M on the induced magnetic
field profile in the case of Cu-water nanofluid, for numerous values of 1. For 4 > 1, increasing

the value of M enhances the induced magnetic field. For 4 < 1, the reverse trend is observed.

The effects of the reciprocal magnetic parameter x on the induced magnetic field are illustrated in
Fig. 5.4. The boundary-layer thickness grows as this parameter increases. Nanofluid with a larger
x value produces a higher magnetic diffusivity, which enhances the induced magnetic field on the

fluid flow.

Figs. 5.5 and 5.6 demonstrate the influence of non-uniform space- and temperature-dependent
internal heat generation or absorption parameters on the temperature profiles. The thermal
boundary-layer thickness increases with the values of heat sources or sinks for all values of A. In
the case of heat sources (A* > 0, Fig.5.5) and (B* > 0, Fig.5.6), the boundary layer acquires
energy, which leads to an increase in the temperature of the nanofluid. Due to the presence of
nanoparticles, this rise in temperature causes an increase in the flow field. In the case of a heat sink

(A* <0, Fig.5.5) and (B* < 0, Fig. 5.6), cooling the fluid has the reverse effect.
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Fig. 5.4 Induced magnetic field for Cu-water nanofluid for different values of y
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Fig. 5.5 Temperature distribution for Cu-water nanofluid for different values of A*
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The impacts of the nanoparticle volume fraction ¢p and the magnetic parameter M on the thermal
field, with non-uniform heat generation/absorption (A", B*), are exhibited in Figs. 5.7 and 5.8. The
change in the thermal boundary-layer thickness resembles the concentration of the nanoparticles.
In the presence of a heat source/sink, the same value nanoparticle volume fraction ¢ has a different
impact on temperature. In the case of a heat source (4™ > 0, B* > 0), the temperature increases
with ¢ due to the production of additional energy in the boundary layer. The cooling rate in
conducting nanofluid is enhanced by the presence of a heat sink (A* < 0, B* < 0). The effect of a
magnetic field on the thermal behaviour of nanofluid with a heat source/sink (4", B*) is presented
in Fig. 5.8. The nanofluid temperature rises when a magnetic field is present. The fluid warms as
the value of the magnetic parameter M, grows. The temperature of the fluid changes according to

the presence of a heat source/sink for identical values of the magnetic parameter.

Figs. 5.9-5.11 demonstrate how different nanoparticles affect the velocity, induced magnetic field,
and temperature distributions of the nanofluid for various values of A. The different nanofluids
have distinct velocities; the titanium oxide nanofluid has a faster velocity and higher induced
magnetic field profiles than the copper and silver nanofluids for A > 1. The density of the
nanoparticles determines the velocity field of the nanofluid. Compared to other materials, the

silver—water nanofluid has a low velocity since silver has a far higher density than copper and
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titanium dioxide. Conversely, when A < 1, the opposite phenomenon is noted. The influence of
the nanoparticles’ thermal conductivity on the nanofluid thermal field is illustrated in Fig. 5.11.
Nanofluids containing nanoparticles with a higher thermal conductivity have higher temperatures.
It is evident from that for all values of A, 4g—water has an elevated thermal field, whereas the

thermal field is lower for Ti0,—water.

The fluctuations in the local skin friction coefficient and heat transfer rate depending on the
magnetic parameter M are displayed in Figs. 5.12-5.15 for specific values of the nanoparticle
volume parameter, with different nanoparticles, and in the cases of A > 1 and A < 1. The local
skin friction appears to decrease with rising ¢ for large values of M for 4 < 1, and Ag-water
nanofluid exhibits a higher drag than TiO,—water. When A > 1, the opposite phenomenon is
observed. Nanofluid with TiO, particles has the highest reduced Nusselt number values, whereas
Ag-water has the lowest. Consequently, TiO,—water has a higher heat transfer rate than other

materials at every possible value of A.
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Fig. 5.9 Velocity distributions for different nanofluids
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5.4 Summary

This study has investigated the effects of space- and temperature-dependent internal heat
generation/absorption on the boundary-layer flow of a water-based nanofluid, with different
nanoparticles, past a moving surface under the combined impact of induced magnetic field and
momentum slip condition. The consequences of the magnetic, slip, and velocity ratio parameters
have been investigated. For different nanoparticles, the effects of magnetic parameter M, slip
parameter @, reciprocal magnetic parameter y, non-uniform heat generation/absorption (A*, B*),
nanoparticle volume fraction ¢, reduced Nusselt number, and local skin friction coefficient have
been examined for various values of the velocity ratio parameter A. The change in the skin friction
coefficient and Nusselt number are higher for large values of ¢ with M. It was also observed that

TiO, has thicker momentum, magnetic, and thermal boundary layers than Cu and Ag.
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Chapter 6

Numerical Simulation for the Influence of Aligned-Field MHD
Nanofluids on Heat Transfer over a Moving Flat Plate

This chapter examines the impacts of viscous dissipation on a convective aligned MHD flow of an
incompressible, viscous, and electrically conducting water-based nanofluid across a semi-infinite
moving flat surface, in which the flow velocity and magnetic field vectors far from the plate are
parallel. The SRM technique is used to numerically solve the nonlinear coupled PDEs. To better
understand how well external magnetic fields can regulate nanofluid and magnetic properties, a
variety of different nanofluids are taken into consideration. The effects of various values of the
incorporated parameters, namely the nanoparticle volume function ¢, magnetic parameter M,
magnetic Prandtl number Prm, and Eckert number Ec, on the motion, induced magnetic field, and
heat transfer properties are investigated graphically and analysed in detail. The skin friction
coefficient and heat transfer rate are also studied. Comparing the outcomes derived from the SRM

and Maple shows strong agreement.

6.1 Mathematical Model with Flow Configuration

Consider a stable 2D MHD laminar free convective heat and mass transfer flow of nanofluid with
consistent physical characteristics. This flow originates from a moving flat plate within a magnetic
field aligned with the motion. Parallel to the plate, an induced magnetic field with intensity Hy is
applied and the velocity of the plate is U,, = €U, where € is the velocity parameter. Fig. 6.1
shows a schematic illustration and the coordinate system. We also note that both the viscous
dissipation and ohmic heating terms are considered in the energy equation. With these physical
assumptions and taking a boundary-layer approach, the governing equations for conservation of

mass, momentum, and thermal energy are expressed as follows:
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(6.1)

(6.2)

(6.3)

(6.4)

(6.5)
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The appropriate boundary conditions for the current study are described by

OH,

u=elev=07%=H,=0T=T, At y—O} (6.6)
u_>Uoo;H _)Ho, T_>T At y = @

The appropriate similarity transformations that convert the governing PDEs into ODEs are as

follows:

: : 6.7)
b= 0o 100, 0= (2 oo, 00 =220 =(2)

Using (6.7) along with the boundary conditions (6.6), the governing equations (6.3)—(6.5) are

transformed to the following non-dimensional form:

f" +Aff" —BMgg" =0 (6.8)
g" +CPrm(fg" —gf'") =0 (6.9)
D Ec (6.10)
N ’ e 17 2 2 —
p 0 TEO+5 0 4CPrm( 9" =0

where

A=0-9)*(1-¢p+o2

B= (1-)*
C = Inf — 3((05/0)”)_1)‘1)
of ((Us/o'f)+2)_¢((0's/0'f)_1)

D= kng _ (ks+2ks)=2¢(kr—ks)
" kp (kst2kp)+2¢(kp—ks)

E=1-9+ g0t

The relevant converted boundary conditions are given by
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f(0) =0, f'(0)=2e g(0)=g"(0) =0, 0(0)=1 asn = 0} (6.11)
f'=2, g -2, 0 —->0 asn—- o

In the above equations, € = U,, /Uy, represents the velocity ratio of the plate, M = u,Hy*/Us> Pr
is the magnetic parameter, Pr = vf(pc,)r/ks is the Prandtl number, Prm = p,vror is the

magnetic Prandtl number, and Ec = U,?/ AT (Cp)y is the Eckert number.

The physical quantities of interest are the skin friction coefficient € and the local Nusselt number

Nu,, defined by

= = Fdw__ 6.12
Cy Py and Nu, KT (6.12)

where 1, is the surface shear stress or skin friction, and q,, is the heat flux from the plate; these

are given by

=ty Gye0 and G = —knr (5D yo (6.13)

Substituting equation (6.7) into (6.12) and (6.13), the skin friction coefficient and the local Nusselt

number are obtained as

JRexCr = e ¢>25 ———f"(0) and (Re,/2)” 1/2Nux———a40 (0) (6.14)

where Re, = Uyx/Vf is the local Reynolds number.

The dynamic viscosity of the nanofluid, as given by Brinkman (1952), is

u
tor =T gy

where ¢ is the solid volume fraction of spherical nanoparticles. The effective density and heat

capacitance of the nanofluid are defined as

Pnr = 1- ¢)pf + ¢ps
(0CpIns = (1= )(pCy) , — D (PG,
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The effective electrical conductivity of the nanofluid can be approximated, following Maxwell

(1881), as

Ons _

3((a5/0r) = D

o (0/0) +2) - d(os/5) — D

The effective thermal conductivity of the nanofluid is expressed by the Maxwell Garnett (1904)

model as

ks
kyy 1T ®T20 500

ks+kf
2kf

kr

1—¢+2¢

kf ln ks+kf

2kf

Taken from the work of Abu-Nada (2008), the thermophysical properties of the base fluid and the

nanoparticles are provided in Table 6.1.

Table 6.1 Thermophysical characteristics of fluid and nanoparticles

Physical Base fluid Cu Ag Al, 04 Tio,
property (water)
C, (J/kg - K) 4,179 385 235 765 686.2
p (Kg/m?) 997.1 8,933 10,500 3970 4250
k(W/m-K) 0.613 401 429 40 8.9538
o (S/m) 0.05 5.96 x 107 3.6 x107 | 3.5x107 | 2.6 x10°
6.2 Solution procedure with the Spectral Relaxation Method Scheme
The SRM iteration scheme can be described as follows:
F”r+1 +AfrF’r+1 - BMng’r =0 (615)
fre1 = Frya (6.16)
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G"ri1+ CPrM(fr41G'rp1 — GrF'r41) = 0

! —_
Ir+1 = Gryq

D Ec
P_9’,r+1 + Efr+19’r+1 + 4B (F’r+1)2 +
T

subject to the boundary conditions
Fr1(0) = 2€, Fryq(0) =2
fr+1(0) =0

G'r41(0) = 0, G'ryq(0) = 2
9r+1(0) =0

0r41(0) =1, 0,41(0) =0

MEc
4CPrm (Gr1)* =0

(6.17)
(6.18)

(6.19)

(6.20)
(6.21)
(6.22)
(6.23)

(6.24)

The Chebyshev spectral collocation method is used to discretize the linear PDEs (6.8)—(6.10).

Applying the Chebyshev pseudo-spectral approach to equations (6.15) to (6.24) yields

A1Fi1 =By, Froy1(En) = 2,F41(8o) = 26

Az fri1 = By, fr+1(fN) =0

A3Gryq = B, Gr+1(fzv) =2, G’r+1(fo) =0

AyGri1 =Bs  Gr41(En) =0

As0,41 = Bs, 9r+1(§N) = 0’9,r+1(€0) =1

where

A, = D? + diag(f,)D,

Bl = BMng’r
B, = Frpq
B3 = Cprmng’r+1

By = Griq

(6.25)
(6.26)
(6.27)
(6.28)

(6.29)

(6.30)
(6.31)
(6.32)

(6.33)

93



As = diag () D? + diag(Efrs)D.  Bs = — o (Flr)? = 1o (GraaD? (639)
Here, diag [] denotes a diagonal matrix of size (N + 1) X (N + 1), where N is the number of grid
points and f,-(n), g,-(n), and 6,-(n) are the values of the functions f, g, and 0, respectively, when
calculated at the grid points, and the subscript r is the number of iterations. The spectral
collocation approach can be used to solve equations (6.25) to (6.34), which make up the SRM
scheme, beginning with the initial conditions listed below, which are selected to fulfil the boundary

constraints:

fo) =1+2en—e™, go(m) =2n— (2 +n)e "2, 6,(n) =e™" (6.35)

6.3 Computational Results and Physical Interpretation

Numerical computations for the solution of the system of ODEs (6.8)—(6.10) with associated
boundary constraints (6.11) are carried out using the SRM. The results are attained using N = 60
grid points, and the infinity value 7, is taken as 15. To evaluate the accuracy and convergence of
the SRM method, Table 6.2 compares the outcomes with numerical methods reported to be correct
within a specified number of decimal digits. The numerical simulations for dimensionless velocity,
temperature, skin friction, Nusselt numbers, and streamlines under the impact of the flow
parameters are presented in this section and are displayed in Figs. 6.2—6.12. Figs. 6.2—6.6 present

the results for an Al, 0;—water nanofluid.

Table 6.2 Comparison of —0'(0) values for various values of Ec when

€e=01,Pr=62,Prm=0.1,M=0.5,and¢p =0

Ec SRM value Maple value
—0.01 1.37696704 | 1.37552829551420052
0.01 1.35935417 | 1.35838992707996642
0.03 1.34174131 1.34125155862905387
0.05 1.32412844 | 1.32411319017906837
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Fig. 6.2 (a—c) illustrates the influence of the velocity ratio parameter € on the velocity, induced
magnetic field, and thermal field, respectively. An increase in € raises the speed and induced
magnetic field profiles while reducing the temperature profile. The thickness of the thermal
boundary layer decreases as the value of the plate velocity parameter (¢ > 0) rises, as seen in Fig.
6.2 (a—b). This is because an increase in € causes the ratio of the plate velocity to the fluid velocity
to increase. The fluid may circulate through the area more quickly due to the velocity differential,

which reduces the thickness of the thermal boundary layer.

The effects of the applied magnetic field are depicted in Fig. 6.3 (a—c) for the nanofluid flow. The
variable M, the reciprocal of the electromagnetic to the viscous force ratio, is the magnetic field
parameter. It measures the intensity of the applied magnetic field. Fig. 6.3 (a—b) demonstrates that
as M increases, the thickness of the momentum boundary layer decreases. An opposite force, the
Lorentz force, is induced when a magnetic field affects an electrically conducting viscoelastic
fluid. This force tends to reduce fluid flow in the boundary-layer region. Additionally, the fluid is
slowed down by the viscous action. The magnetic field exerts a force on the fluid, which

counteracts the effects of the viscous action that was dragging it down.

Fig. 6.3 (c¢) demonstrates that the temperature profile rises with M. It becomes apparent that
viscous heating causes the temperature to rise; this effect is more pronounced when a magnetic
field is present. A resistive force, the Lorentz force, is produced when a transverse magnetic field
is applied to an electrically conducting fluid. The outcome is consistent with the idea that the

magnetic field retards the free convection flow in the boundary layer and raises its temperature.

Fig. 6.4 (a—c) illustrates how the volumetric fraction of the nanoparticle affects the velocity,
magnetic stream function gradient, and temperature field. It is evident that increasing the volume
fraction causes the momentum and induced magnetic boundary-layer thicknesses to decrease,
whereas thermal profiles show the opposite effect. With a rise in nanoparticle volume fraction in
the range of 0 < ¢ < 0.2, there is an ongoing expansion in the thermal boundary layer. According
to physical behaviour, the thickness of the boundary layer also increases when the thermal
conductivity of the nanofluid and the volume fraction of the nanoparticles rise. The thermal
conductivity of the nanofluid is enhanced with a corresponding rise in the volume fraction of the
nanoparticles. Higher thermal diffusivity values and higher thermal conductivity values are

frequently present. The temperature gradients are significantly reduced due to the high thermal
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Fig. 6.2 Impact of velocity ratio parameter € on (a) velocity, (b) induced magnetic field, and

(c) temperature
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diffusivity. An increase in the nanoparticle volume fraction increases the thermal conductivity and
boundary-layer thickness. The form, size, volume percentage, and substance of the nanoparticles
can be adjusted to optimize the heat transfer process across the fluid volume. The convective heat
transfer technique for nanofluids depends on thermal conductivity and other factors, including
density, specific heat, and dynamic viscosity. Furthermore, it is apparent that combining these two

improvement methods allows a substantially higher heat transfer rate.

The impact of the magnetic Prandtl number Prm on the velocity and the induced magnetic field
profiles is apparent in Fig. 6.5 (a—b). The thickness of the boundary layer expands as this parameter
grows. This occurs because nanofluids with larger Prm numbers produce higher magnetic

diffusivities, which increase the induced magnetic field on the fluid flow.

Fig. 6.6 demonstrates how the Eckert number Ec affects the temperature profile. It is observed that
an increase in the Eckert number magnifies the temperature profile, and enhances the thermal
boundary-layer thickness by improving the temperature dispersion in the vicinity of the boundary
layer. Because of frictional heating, which results from viscous dissipation, thermal energy is
stored in the fluid. The fluid’s temperature increases monotonically with Ec. The ohmic heating

effect raises the fluid’s temperature and, as a result, reduces the surface temperature gradient.

The impact of different nanoparticles on the nanofluid’s velocity, induced magnetic field, and
temperature is shown in Fig. 6.7 (a—c). It is evident that different nanofluids move at different
speeds, with Al,05; nanofluids move faster than those of Cu, Ag, and TiO,. The density of the
nanoparticles affects how quickly a fluid moves. In comparison to others, the silver—water
nanofluid has a modest speed. This occurs due to the higher density of silver than copper,
aluminium oxide, or titanium dioxide. Fig. 6.7 (c) provides a concise overview of the impact of
nanoparticles on the thermal field when water is the base fluid. This figure depicts the influence
of the nanoparticles’ thermal conductivity on the nanofluid’s thermal field. Nanofluids with high
thermal conductivity have a greater temperature than those with low-thermal-conductivity

nanoparticles. It is evident from Fig. 6.7 (c) that Ag-water has a stronger thermal field.
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Figs. 6.8 and 6.9 confirm the impact of the magnetic field parameter on the skin friction coefficient
and heat transfer rate for various nanoparticles. These plots demonstrate how the magnetic field
parameter enhances the wall’s shear stress and maximizes the heat transmission rate as the
magnetic parameter reduces due to the Lorentz force. Ag-water nanofluids exhibit higher drag and

have the highest heat transfer enhancement than.

Figs. 6.10 and 6.11 show how the skin friction coefficient and the mean Nusselt number vary with
volume fraction for various nanoparticles. The plots indicate that skin friction and heat
transmission rise nearly monotonically with increasing volume fractions for all nanofluids.
Nanofluids with Ag particles exhibit higher drag than those with the other three nanoparticles. This
happens because silver has a higher density than copper, aluminium oxide, or titanium dioxide.
The greatest heat transfer is observed for Cu nanofluids. Due to their high thermal diffusivity,
copper nanoparticles reduce temperature gradients, impacting their performance. Since Ti0, has
a lower thermal conductivity than Ag, Cu, and Al,05, it has the lowest heat transfer due to the
dominance of the conduction mode of heat transfer. The contribution of the convection mode
grows as the volume fraction of nanoparticles rises, and the differences in mean Nusselt number

increase. The variation of heat transfer rate with Eckert number Ec for various nanoparticles is
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outlined in Fig. 6.12. It is noticeable that when the Eckert number rises, the Nusselt number drops,

and that T'i0O,—water nanofluid has the lowest cooling rate.

6.4 Summary

External magnetic fields are exceptionally efficient in managing nanofluids’ flow and heat transfer
characteristics and their thermal and physical properties. The strength of the applied magnetic field
influences the thermal conductivity of nanofluids. With this motivation, a water-based nanofluid
with different nanoparticles was investigated numerically for an unstable aligned MHD boundary
layer that flows across a moving surface, focusing on the impact of the induced magnetic field.
The effects of the velocity ratio €, magnetic parameter M, nanoparticle volumetric parameter ¢,
Eckert number Ec, and magnetic Prandtl number Prm on the momentum and thermal properties
(including the coefficient of skin dragging and the energy gradient) have been thoroughly
investigated. The temperature field is improved when the Eckert number and the viscous
dissipation parameter have higher values. To solve the governing equations and investigate heat
and fluid flow in nanofluids, we assumed the nanofluid to be homogeneous. The results
demonstrated that the model is sufficiently reliable to accurately describe the thermal and

hydrodynamic consequences of a nanofluid.
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Chapter 7

Slip Effects and Heat Transfer of MHD Ferrofluid Flow across a
Moving Flat Plate by Spectral Relaxation Simulation

This chapter examines the MHD heat transfer flow characteristics of an incompressible ferrofluid.
The investigation focuses on the effects of slip over a mobile flat plate, incorporating the influence
of an induced magnetic field and uniform heat flux. The physical scenario explored involves water
as the base fluid with the incorporation of three diverse types of magnetic nanoparticles: Fe30,,
CoFe,0,,and Mn—ZnFe,0,. Using a similarity transformation, the governing nonlinear PDEs are
converted into a system of ODEs and then solved numerically, employing the SRM. The study
explores the impact of different ferroparticles on the dimensionless velocity, temperature, skin
friction, and Nusselt number by examining the effects of moving parameters, the slip parameter,
and magnetic parameters. The analysis is presented with tables and plots, with comprehensive

descriptions provided for each pertinent physical parameter.

7.1 Mathematical Formulation

Consider a steady two-dimensional forced convection MHD boundary-layer flow and heat transfer
with magnetic nanoparticles over a moving horizontal flat plate in a variable magnetic field, as
shown schematically in Fig. 7.1. The plate is immersed in a water-based ferrofluid, and it is
assumed that the base fluid and nanoparticles are in thermal equilibrium. The flow is driven by a
moving surface with velocity u,, = AUy + Ug;p, Where the hydrodynamic slip ug;;, is considered
at the fluid—solid interface and A is a dimensionless quantity with A > 0 for a surface moving away
from the origin and A < 0 for a surface moving towards the origin. The uniform heat flux from the
surface is denoted by q,,. The energy equation includes both viscous dissipation and ohmic

heating.
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Fig. 7.1 Diagram illustrating the ferrofluid boundary-layer flow over a flat plate

Considering the boundary-layer approximations, following Khan et al. (2015), the governing
equations for the flow and heat transfer are represented as follows:

Continuity:
du OJv )
o v _ (7.1)
dx 0dy
OH; , OHy _ (72)
dx dy
Momentum: (7.3)
ou  Ju 0%u  u, o0H, OHy\ onrB?(x)
Uu—+v—=v —+—(H +H )— u—"Ug
ox “dy  May? T p,\Fax Y oy oy )
Induced magnetic field: (7.4)
OH, N oH, (H 6u+H 6u> 1 0°H,
“ox TV dy *ox Y 0y)  peons 0y?
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Thermal energy: (7.5)

oT 4 aT 02T Unf )2 1 0H, 5
u—+v—=a
0x dy nf dy? (pCp) O'nf(pcp)nf dy

These are subject to the following boundary conditions:

u=M&+y% —0———H =0, &”a = q. M'yzo} (7.6)

u-Uy, H, —>H0, T->T, At y—>

where B(x) = Byx~1/2, with B, # 0, is the magnetic field strength and H, is the value of the

uniform magnetic field at infinity upstream. The thermophysical relations of the base fluid and

nanoparticles are given by

HUn u
Vnf = T;' Unf = (1_;;)2_5: Pnf = 1- ¢).0f + ¢ps

tnp = = (Cny = (1= $)(pCy) . = $(0C,

(PCplnf
2 kS+kf
Inf _ 3((os/97)-D YR A TR T,
of (os/ar)+2)-p((05/0f)-1)’ kf 1- 420 kf l k;;kf
f

Following Ramli et al. (2017), let us introduce the following non-dimensional variables to
streamline the mathematical analysis:

T—Teo
Y =vpRee f(), @ = =Ho g(n). n = 3/Rey , 6(n) = 7% Re, (7.7)

where the stream functions are defined such that

) o

u 3y and v = Py
0P 0P
H,=— an H -
X ay and ox

Moditying the governing equations (7.3)—(7.5) by using (7.7), along with the boundary conditions

(7.6), reduces them to the following non-dimensional form:
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1 1 7.8
f" S af [ = Mgg” + asp(1 = f) =0 7

9"+ %agPrm(fg” —f"9)=0 (79)
010" + 3asPr(F0" = [10) 4 T (1) 420 (g2 = 0 (10
where
a=01-9)* a=1-¢+¢
= = 3((0s/97)-1)¢
of (os/af)+2)=¢((05/0f)-1)
. Taeet
The corresponding boundary conditions are
f(0)=0,f(0) =2+ af"(0),9(0) = g"(0) =0,6'(0) = —% asn =0 7.11)

f'-1,9"-1,6-0 asmn — o

The dimensionless parameters are the magnetic parameter M = p,Hy?/ Uoozpf, the induced
magnetic parameter S = afBOZ/Uoopf, the Eckert number Ec = UOOZ/AT(Cp)f, where AT =
ksy/Rey /qy, the Prandtl number Pr = v¢(pcp)r/ks , the magnetic Prandtl number Prm =
UeVr Oy , the velocity ratio parameter A = Uy, /U , the slip parameter @ = ¢,/Uy/Vf , ¥V = cVx,

and the local Reynolds number Re, = Ug,x/Vy.

The definitions of the skin friction coefficient and the rate of heat transfer are as follows:

= Tw :xq—w 7.12
iy and Nu, K (To—To) (7.12)

where 7, is the surface shear stress along the x —direction and gq,, is the heat flux; these are given

by
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.unf( )y 0 and aw = nf( )y 0 (7.13)

The non-dimensional forms of the skin friction coefficient Cr and the local Nusselt number Nu,,

in equation (7.12) are

1 " 1
JRexCr =gz /(0)  and (Re,) V?Nu, = o) (7.14)

7.2 Numerical Solution with the Spectral Relaxation Method

The nonlinear system of coupled equations (7.1)—(7.5), together with the boundary conditions
(7.6), are solved numerically using the SRM. We first define f'(n) = F(n) and g’'(n) = G(n) and

then arrange the problem into the following set of equations:
fr=F

—F" +=a,fF' = MgG' + azf(1—F) =0
1

G" +=asPrm(fG' — gF') = 0

PrEc MPrEc

n 1 !
as0" +>asPr(f0’ — FO) + — (F )2 + oprm ——(G"?% =

The associated boundary conditions become

F0) = 0,F(0) = 1+ aF'(0),g(0) = 6'(0) = 0,6/(0) = — 2L
F(©) -1, G()—>1, 6(0) -0

The following iteration scheme is obtained using the SRM algorithm

1 4 1 ! I
a_lF r+1+5a2frFr+1_Mngr+a3ﬁ(1_Fr+1):O (7'15)
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fre1 = Fra (7.16)

14 1 ! !
G ry1 + Ea3prm(fr+1G re1 — 9rF r+1) =0 (7.17)
9r+1 = Gry1 (7.18)
" 1 ' PTEC , MPTE ,
as0 g + EQSPT(fH_lH r+1 = Fri16r41) + %(F r1)” F asprmcl (Gr41)?>=0 (7.19)

The boundary conditions for the above iteration scheme are as follows:

Fr1(0) =2+ aF';44(0), Fryq(0) =1 (7.20)
fre1(0) =0 (7.21)
G'r41(0) =0, G'ryq(0) =1 (7.22)
9r+1(0) =0 (7.23)
60'r41(0) = —kk—;, B,41(0) =0 (7.24)

After discretizing equations (6.29)—(6.33) using the Chebyshev pseudo-spectral method, the

resulting matrix equations are as follows:

CiFprp1 =T, Frp1(En) =1, Frp1 (&) = A+ aF' 1 41(&p) (7.25)
szr+1 =Ts, fr+1(fN) =0 (7.26)
C3Gryq = T3, Gr+1(fzv) =1, G'r+1(fo) =0 (7-27)
CaGri1 = T4, gr+1EN) =0 (7.28)
, k
(50,41 =Ts, 9r+1(€N) =00 r+1($zo) = —é (7.29)
where
C, = diag (ail) D? + %azdiag(fr)D —azfl, T, =Mg,G, —asf (7.30)
Cz == D, TZ - Fr+1 (731)
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C; =D+ %ag,Prm diag(f,+1)D, T; = %a3Prmg,,F’,,+1 (7.32)

C4, = D, T4_ == GT+1 (733)
Cs = diag(a,)D? + %Prasdiag(le)D - %Prasdiag(FHl)I, (7.34)
PrEc , .., MPTE )
Ty === (F'ri)? = o (6r11)’

The SRM scheme is outlined by equations (7.25) to (7.29), which can be used to accurately
determine the estimated values of the controlling functions through the spectral collocation
approach. The iteration procedure requires an initial estimate that satisfies the boundary constraints
and is determined by the known physical properties of the flow parameters. The pertinent

preliminary estimations are as follows:

foM=Q+2+an+e™,gomM=n—A+ne™+1,001) = _k"_:;e—n (7.35)

The SRM scheme (7.25)—(7.29) is executed iteratively, starting with the initial assumptions (7.35),

until the following criterion is fulfilled:
max([[Fry1 — B 1Griqr — Gell; 10711 — 6-11) < E;

The convergence tolerance is set at E,, = 1078,

7.3 Observations and Discussion

Following the numerical procedure described above, the impacts of velocity slip, the magnetic
parameters, and the volume fraction of solid ferroparticles on the dimensionless velocity, induced
magnetic field, and temperature distributions, as well as the skin friction and heat transfer rate, are
presented graphically for three ferroparticles in a water-based nanofluid, namely magnetite, cobalt
ferrite, and Mn- Zn ferrite. The influence of the volume fraction ¢ of solid ferroparticles is varied
from 0 to 0.2, where ¢p = 0 denotes pure water. Taken from the work of Khan et al. (2015), the
thermophysical properties of the base fluid (water) and the ferroparticles (magnetite, cobalt ferrite,

and Mn- Zn ferrite) are provided in Table 7.1.
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A comparison with the corresponding computation has been done in Table 7.2 to assess the

accuracy and reliability of the numerical algorithm used. The f''(0) values are compared with the

previous studies by Khan ef al. (2015), Ramli et al. (2017), and Mohamed et al. (2021). The

numerical results are found to be in good alignment with this earlier research.

Table 7.1 Thermophysical properties of the base fluid and magnetic nanoparticles

Physical property Base fluid (water) Fe;0, CoFe,0, Mn—-ZnFe,0,
C, J/kg - K) 4,179 670 700 800
p (kg/m3) 997.1 5180 4907 4900
k(W/m-K) 0.613 9.7 3.7 5
o (S/m) 0.05 0.112 x 10° | 5.51 x 10° 5.32x 107°

Table 7.2 Comparison of ' (0) values for various values of a and 8 when

Pr=62,Prm=1,and¢p =M =A=Ec=0

a Present study Mohamed (2021) | Ramli (2017) | Khan (2015)
0 0.332057356335180076 0.332057 0.33206 0.33206
0 1 1.04400906092390411 1.044009 1.04400 1.04400
0.5 1 0.698724365148012726 0.698724 0.69872 0.69872
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Fig. 7.2 Impact of slip parameter a on (a) velocity, (b) induced magnetic field,

and (c) temperature
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Fig. 7.2 (a—c) displays the impacts of the slip parameter a on the velocity distribution f'(n),
magnetic field profile g'(n), and temperature distribution 8(n) of water-based Fe;0, ferrofluid.
There is significant resistance to fluid flow without slip effects. The flow resistance reduces as the
slip parameter rises, and consequently, the velocity increases at the surface, which is visible in Fig.
7.2 (a). It can be observed in Fig. 7.2 (b) that the induced magnetic field g'(n) exhibits the same
phenomenon. Fig. 7.2 (c) shows that the thickness of the thermal boundary layer decreases as the

slip parameter increases.

The variation of the velocity with the magnetic parameter M is depicted in Fig. 7.3 (a—c). The
velocity boundary-layer thickness grows with the magnetic parameter M. Unusually, a stronger
magnetic field prevents the flow of nanofluid. When magnetic nanoparticles are present, and the
magnetic parameter M is increased, the Lorentz force increases and works against the flow of the
fluid. Fig. 7.3 (b) shows how the magnetic parameter M affects the induced magnetic field. The
values rapidly approach 1 as the value of M is increased, and this causes the thickness of the
generated magnetic field boundary layer to expand as well. This occurs because the induced and
applied magnetic fields are in the same direction. A graphical representation of the variation of
temperature with the value of the magnetic parameter M is shown in Fig. 7.3 (c). Due to the
Lorentz force, the magnetic field retards the free convection flow in the boundary layer.
Consequently, the surface temperature and the thickness of the thermal boundary layer are

observed to grow with the value of M.

The effects of the magnetic Prandtl number Prm on the induced magnetic field are illustrated in
Fig. 7.4. In convection heat transfer, the magnetic Prandtl number, which signifies the ratio of the
viscous to the magnetic diffusivity, is equivalent to the ordinary Prandtl number, which is the ratio
of the viscous and thermal diffusivities. The magnetic Prandtl number usually measures the
relative magnitude of the magnetic and hydrodynamic boundary-layer thicknesses, often below or
equal to unity. Additionally, a significant reduction in flow velocity is seen when the magnetic

Prandtl number rises.
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Fig. 7.3 Impact of magnetic parameter M on (a) velocity, (b) induced magnetic field,
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Fig. 7.5 shows the positive effect of the heat dissipation term (Ec¢) on the temperature dispersion
of water-based Fe;0, ferrofluid. Increasing the Eckert number results in an elevated energy
profile. Because of the disparity between the kinetic energy of the nanofluids and the boundary-
layer heat enthalpy, the effect is intense close to the velocity slip plate. The local heat increases
with the difference between the local and plate heat. This increases the thickness of the thermal
boundary layer, leading to an intense heat distribution in the nanofluid. Consequently, the

temperature of the fluid increases.

Fig. 7.6 (a—c) shows the variation of the dimensionless velocity profiles f'(n), magnetic field
profiles g'(n), and temperature profiles 6(n), with the moving parameter « for three water-based
ferrofluids: Fe;0,, CoFe,0,, and Mn—ZnFe,0,.The velocity profile shows that Fe;0, has a
higher impact than the other magnetic particles and attains the highest velocity. For the induced
magnetic field distribution, CoFe,0, has a lower impact than the other magnetic particles, and
Mn—ZnFe,0, exhibits the highest induced magnetic field boundary layer. Fig. 7.6 (c) shows that
CoFe,0, has the highest thermal boundary layer.

The study of the magnetic effects on flow and heat transfer characteristics is displayed in Fig. 7.7
(a—b) for the three selected ferroparticles. Fig. 7.7 (a—b) shows that the Mn—ZnFe,0,—water
nanofluid has the lowest velocity and the thinnest boundary layer but the highest induced magnetic

field. The highest temperature profile of Fe;0, is seen in Fig. 7.7 (c).

Fig. 7.8 (a-b) illustrates the impacts of the concentration of magnetic nanoparticles ¢ on the
velocity distributions and induced magnetic field considering three water-based ferrofluids:
Fe;0,, CoFe,0,,and Mn—ZnFe,0,. It is observed that the ferrofluid flow increases with the solid
volume fraction ¢b. Due to an increase in fluid motion resulting from the addition of nanoparticles,
the nanofluid velocity and temperature increase as the volume fraction of the fluid increases. The
most elevated thermal boundary layer is found in manganese—zinc ferrite, while the highest

velocity distribution is identified in magnetite.
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Fig. 7.6 Impact of slip parameter « on (a) velocity, (b) induced magnetic field,

and (c) temperature for the ferroparticles
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Fig. 7.7 Impact of magnetic parameter M on (a) velocity, (b) induced magnetic field,

and (c) temperature for the ferroparticles
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Fig. 7.8 Impact of ¢ on (a) velocity and (b) induced magnetic field for the ferroparticles

The variation of the reduced skin friction coefficient Cr./Re, and the Nusselt number

Nu, (Re,)~ /2, for different values of velocity slip, are shown in Figs. 7.9 and 7.10, respectively.
For each ferrofluid, the skin friction decreases as the slip parameter increases due to a reduction in
flow resistance. For the same volume fraction, it is observed that the magnetite nanoparticles
exhibit a higher resistance than the other two ferroparticles. Since the magnetite nanofluid is more
viscous than the cobalt ferrite and manganese—zinc ferrite nanofluids, there is more surface
friction. From Fig. 7.10, with increasing slip parameters, the Nusselt numbers rise, indicating the
capacity for fluid convection. The increase in a induces the fluid velocity at the surface to rise,
promoting greater fluid particle movement and convective heat transfer in the boundary layer.
Again, the Nusselt numbers are higher for magnetite nanoparticles. In comparing the three
ferroparticles, magnetite’s high thermal conductivity has the greatest impact on the fluid heat

transfer capability and leads to a higher Nusselt number.
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Figs. 7.11 and 7.12 depict the cumulative impact of the magnetic nanoparticle volume fraction ¢

and the magnetic interaction parameter M on the reduced skin friction coefficient Cr+/Re, and

Nusselt number Nu, (Re,) /2

in the case of three different ferroparticles. For all types of
ferrofluids, the skin friction coefficient and Nusselt number fall as M increases but grow with the

concentration of magnetic nanoparticles ¢.

7.4 Summary

The MHD flow and heat transfer of nanofluids containing three preferred magnetic nanoparticles
across a moving flat plate with velocity slip, in the presence of an induced magnetic field and
uniform heat flux, have been numerically investigated. The characteristics and impacts of the slip
parameter «, the magnetic parameter M, and the ferroparticle volume percentage ¢ of three
distinct types of magnetic nanoparticles on the Nusselt number and the skin friction coefficient
have been investigated and discussed. Ferrofluid skin friction and the rate of heat transfer are
increased when the magnetic field is applied because it lowers the dimensionless velocity and

raises the dimensionless surface temperature in comparison with the hydrodynamic scenario.
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Chapter 8

Conclusions

8.1 Summary of the Qutcomes

The steady MHD viscous flow resulting from the motion of a plate through an electrically
conducting nanofluid containing several kinds of nanoparticles has been studied in this thesis. In
Chapter 3, an MHD thermal-convection boundary-layer flow of electroconductive nanofluids with
radiative heat transfer and magnetic induction has been investigated numerically. The key results

of this study can be summarized as follows:

e The velocity and induced magnetic field profiles decrease with increased magnetic body
force parameters.

e Increasing magnetic body force, thermophoresis, and radiative parameters enhance the
thermal boundary-layer thickness. In contrast, it falls with growing wall velocity, Brownian
motion, and Prandtl number.

e The induced magnetic field stream function is affected more strongly by the magnetic
Prandtl number Prm than the skin friction and heat transfer coefficients.

e The nanoparticle concentration increases with higher thermophoresis and Prandtl number
values, whereas it 1s suppressed with increasing moving wall velocity, Brownian motion,

radiative flux, and Lewis number.

In Chapter 4, hydromagnetic metallic nanofluid flows with generated magnetic field effects on an
inclined flat plate, either stationary or in motion, have been studied theoretically and
computationally with convective boundary conditions. From this study, some key results are as

follows:

e The velocity profiles increase with the Grashof number, Biot number, and magnetic field
parameter. The opposite trend is observed for the nanoparticle volume fraction and inclination

angle in a moving flat plate.
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e The induced magnetic field increases with the nanoparticle volume fraction, Grashof number,
Biot number, magnetic Prandtl number, and magnetic field parameter. The opposite trend is
observed for the angle of inclination in the case of a moving flat plate.

e The temperature profiles increase with nanoparticle volume fraction, angle of inclination, and
Biot number. In contrast, they fall with increasing values of the Grashof number and magnetic
field parameter.

e The skin friction coefficient increases with the nanoparticle volume fraction and magnetic
field parameter in the case of the stationary flat plate, and this trend is reversed in the case of
a moving plate, for both the copper—water and silver—water nanofluids.

¢ In the stationary flat plate and moving plate cases, the reduced Nusselt number decreases as
the nanoparticle volumetric fraction and magnetic interaction parameter increase, for both Cu

and Ag nanoparticles.

The impacts of temperature- and space-dependent internal heat generation/absorption are

examined in Chapter 5. The key observations are summarized as follows:

e Velocity and induced magnetic field increase for A < 1 but reduce for 1 > 1 as «
increases, and the opposite behavior is observed for the temperature profile.

e Motion and induced magnetic field both increase with M for A < 1 and decrease with M
forA > 1.

e The induced magnetic field strengthens or weakens as y increases, for A < 1land 4 > 1,
respectively.

e The thermal boundary-layer thickness increases with A* for all values of A.

e Increasing values of B* reduce the thermal boundary-layer thickness for 4 <1 but
increase it for 4 > 1.

e Changes in the skin friction coefficient and Nusselt number with M are greater for larger
values of ¢. Ag-water nanofluid exhibits higher drag than the Cu-water and Ti0,—water
nanofluid for 4 < 1, and the opposite trend is observed for 4 > 1.

e Nanofluid with Ti0, particles has a higher heat transfer rate than the nanofluid with Cu

and Ag nanoparticles for all values of A.

126


Mahamudul Hasan
Typewritten text
Dhaka University Institutional Repository


Dhaka University Institutional Repository

Chapter 6 studies viscous dissipation and aligned induced magnetic field when an electrically
conducting nanofluid passes a semi-infinite moving flat plate. The flow velocity and magnetic

field vectors away from the surface are parallel. The work’s key findings are as follows:

e Higher values of the velocity ratio parameter € increase the rate of change of velocity and
induced magnetic field in water-based alumina nanoparticles. However, the reverse pattern
is shown by the rate of change of temperature.

e The nanofluids’ momentum boundary-layer thickness decreases, while the thermal
boundary-layer thickness increases, with increased magnetic field parameter M.

e Rising Ec values accelerate the rate at which the temperature of water-based nanoparticles
changes.

e Ag has a thicker momentum boundary layer, while Al, 05 has a thinner boundary layer.

e Al,0; has more impact on temperature, whereas Ag has less impact.

e Ag-water nanofluids exhibit higher drag than other nanoparticles.

e The nanofluid with Ag particles has a higher heat transfer rate than the nanofluids with the
other three nanoparticles.

e The TiO,—water nanofluid has the lowest cooling rate.

The work in Chapter 7 investigates the phenomenon of unstable MHD magnetic nanofluid flow
across a moving plate. The fluid is water-based, and the influence of an induced magnetic field,
momentum slip, and uniform heat flux are examined. The significant findings from this study are

as follows:

e The velocity increases with the velocity slip @ and decreases when the magnetic parameter
M 1is increased.

e The induced magnetic field strengthens for higher velocity slip @ and weakens under the
action of the magnetic parameter M and magnetic Prandtl number Prm.

e The energy field lessens with rising velocity slip a and is significantly boosted by the
effects of the magnetic parameter M and Eckert number Ec.

e For a, Fe;0, obtains the maximum velocity, Mn—ZnFe,0, shows the largest induced

magnetic field, and CoFe,0, exhibits the thickest thermal boundary layer.
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e The highest velocity and temperature profile of magnetite and the greatest induced
magnetic field of manganese-zinc ferrite are noticed for growing M.

e Mn-ZnFe,0, exhibits the highest induced magnetic field, whereas Fe;0, has the highest
velocity dispersion with rising solid volume fraction ¢.

e The slip parameter has the effect of diminishing friction and accelerating heat transfer.

e With increasing nanoparticle volume fraction, skin friction and heat transmission rates rise.

¢ Both skin friction and the heat transfer rate grow with the magnetic field strength.

e Magnetite Fe30, exhibits higher drag and has a higher heat transfer rate than the cobalt

ferrite and Mn—Zn ferrite.

8.2 Future Prospects

This study has shown that the SRM is a versatile and powerful numerical technique for nonlinear
electromagnetic-induction nanofluid materials processing flows. However, attention has been
confined to Newtonian nanofluids. Future studies will explore rheological nanofluid behaviour,
including viscoelastic (Rana et al., 2017) and viscoplastic (Thumma ef al., 2020) models, and will
be communicated imminently. Generalizing this study to consider electric field effects (Beg et al.,
2013) is also under consideration. Additionally, several other physicochemical products arise in
magnetic nanomaterial synthesis, including shape effects of nanoparticles (Saleem et al., 2020),
Hiemenz stagnation and slip flows (Nadeem et al., 2020), Hall current effects (Bhatti ef al., 2019),
and bioconvection effects in which nanoparticles are combined with micro-organism doping to
achieve dual benefits (Bhatti et al.,, 2020). Furthermore, alternative nanoparticles, such as
molybdenum disulfide (Sowmya et al., 2019) and triple diffusion (with two nanoparticle species;
Archana et al.,2018), could also be considered, and efforts in this direction are also being explored.
In future, a multitude of physical and technical challenges might be resolved by the SRM (Kumar
et al., 2022; Golla et al., 2023; Maiti et al., 2023; Rafique et al., 2023). All these areas represent

promising directions for building on the studies presented.
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