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Abstract

Hepatitis B is a life-threatening liver infection due to the hepatitis B virus. Hepatitis B
virus (HBV) infection is one of the predominant public health challenges globally. We
develop a deterministic model to understand the underlying dynamics of HBV infection at
the population level. The model, which incorporates the vaccination and treatment of
individuals, the re-infections of infected classes, is rigorously analyzed to gain insight into
its dynamical features. The mathematical analysis reveals that the model exhibits a
backward bifurcation due to exogenous re-infection. It is shown that, in the absence of
re-infection, the model has a disease-free equilibrium (DFE) which is globally
asymptotically stable using Lyapunov function and LaSalle Invariance Principle whenever
the associated reproduction threshold is less than unity. Further, the model has a positive
unique endemic equilibrium (EEP) which is globally asymptotically stable (GAS) when the
associated threshold quantity is greater than one. Next, we incorporate optimal control
strategies as vaccination and creating awareness in the model. A system of differential
equations with control variables is considered and Pontryagin’s Maximum Principle is
applied to characterise the optimal controls. In the optimal control system, the main focus
is to minimize the cost of two controls as well as to decrease the disease burden. The
numerical simulations indicate that the optimal control strategy is effective not only to
minimize the infection but also the most successful way to control the infection.
Furthermore, we have extended the model considering dose-structured vaccination for
assessing the impact of vaccines among the population. Here we have analysed the stability
of equilibria and threshold analysis for imperfect vaccine impact on population-level. The
local sensitivity analysis is done and observed that some parameters play a prominent role
to determine the magnitude of the threshold. Latin Hypercube sampling-PRCC analysis

illustrates that disease transmission rate, the fraction of the acutely infected individuals
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who developed the chronic infection, development rate of symptomatic chronic carriers and
disease complications are the most influential parameters in the disease dynamics.
Additionally, we have formulated and rigorously analysed a new basic model for HBV in
vivo to attain insight into its qualitative aspects. The numerical analyses reveals that the
model has a globally-asymptotic stable (GAS) virus-free equilibrium (VFE) and a positive
virus persistent equilibrium (VPE) when the basic reproduction number is less than and
greater than one, respectively. Finally, the basic HBV model is extended incorporating the
effect of immune systems namely cell-mediated and humoral immune responses. Numerical
simulations show that the humoral immune system is more effective (to control HBV
burden in vivo) than the cell-mediated immune system because of the increasing antibody

level within the host due to vaccine impact.
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Chapter 1

Introduction

1.1 Hepatitis B Virus

A virus that created disease is a small infectious particle that could simply replicate inside
into the cells of an organ. Hepatitis B virus, abbreviated HBV, is partially a DNA virus, a
species of Orthohepadnavirus. It is a member of the hepadnavirus family [1]. Hepatitis B is
an infectious disease because of the HB virus that affects the liver, that is called viral
hepatitis [2]. The disease has two stages, such as, acute phase and chronic carrier phase.
Many people do not have any symptoms at the beginning of the infection. At the acute
infection phase, a few people may also increase illness with vomiting, yellowish skin,
weakness, dark yellow urine and both lower and upper abdominal ache. It can take 30 to
180 days for symptoms to start [3].

Persistent liver infection that means chronic infection of the liver can keep people at high
risk of death from liver cirrhosis or liver cancer [4]. The virus enters the body and reaches
the liver through the bloodstream. When the virus is in the liver, it releases a large
number of new viruses into the bloodstream. The hepatitis B virus can survive for a
minimum of 7 days outside of the human body. But by this time, the virus can cause
infection if it enters the body of someone who is not immunized by the vaccine. The
incubation period is approximately 75 days but it can vary from 30 to 180 days for
hepatitis B virus [3]. The virus can be detected between 30 to 60 days after infection and

can persist and progress to chronic infection [3]. The infection with the virus becomes
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chronic if the virus persists within-host at least more than 6 months. Within the age of 6
years, 30% — 50% infected children become chronic carriers of the infection [3]. 20% — 30%

of adults who are chronic carriers will progress to liver cirrhosis or liver cancer [3].

Hepatitis B Virus
Baltimore Group VII (dsDNA-RT)

E antigen HBedg

Core antigen
HBcAg

i
Large surface protein -
T‘BW [ Small surface proten
HBsAg

Medium sueface protein
Héshg

FIGURE 1.1: Structure of Hepatitis B Virus (Source:[32]).

1.2 Transmission of HBV

The hepatitis B virus is usually transmitted by the contaminated blood or infected body
fluids of an infected individual and perinatally from mother to baby for the duration of
childbirth and from person to person. HBV also can be transmitted through unprotected
sex, used needles and syringes by an infected individual and during transfusion of blood [5].
Hepatitis B infection can also be caused by sharing inanimate objects with infected blood,
such as washcloths, towels, razors or toothbrushes. Other risk factors for transmitting HBV
to others are if someone working in healthcare, dialysis, living together with an infected
individual, travel in those countries with high infection rates. The hepatitis B virus cannot
outspread by holding hands, kissing, hugging, coughing, sneezing, or breastfeeding and the
faccal-oral route [6, 7]. HBV can be transmitted along with the mucous membrane of

infectious blood and body fluids of an infected person containing contaminated blood.
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Transmission of Hepatitis B
Infection

Transfusion (blood,
blood products)
Mother to baby | "

Individuals with contaminated

multiple 8 needle
sexual partners r &

Organ and tissue

transplantation-

FIGURE 1.2: Transmission of Hepatitis B Viral infection (Source:[32]).

1.3 Public health and Socio-economic Impact

Hepatitis B is one of the common infectious diseases and public health concerns in the
world. Hepatitis B is the main reason for chronic liver disease and is a substantial public
health problem. The World Health Organization (WHO) reported that more than 250
million people have a chronic liver infection and more than 800,000 people die worldwide
each year due to hepatitis B, and its prevalence is the highest in sub-Sahara Africa and
East Asia [13]. The disease is common in sub-Saharan Africa and East Asia, wherein
5% — 10% of the adult has the persistent (chronic) infection. Such chronic infections are
also observed in the Amazon and central Europe. About 2% — 5% of the general
population is chronically infected in the Middle East and some Indian subcontinent [11].

Viral hepatitis is the most typical liver infection in Bangladesh. Since Bangladesh is a
country of the Asia Pacific region, it is considered a high-risk country for both hepatitis A
and B [17]. In Bangladesh, this infection becomes a public health issue and there are about
10 million population are chronically infected with the hepatitis B virus [18]. A proportion
of them is hepatitis B carriers and another proportion is affected by the long-standing
consequences of this infection. Those who have long term infections can also progress to
chronic hepatitis eventually leading to liver cirrhosis and hepatocellular carcinoma. Early
detection of HBsAg can save many lives from the dangerous complications of cirrhosis and

hepatocellular carcinoma by proper treatment. The HBV vaccination program has proved



Chapter 1. Introduction 4

to be constructive to enhance long term immunity against hepatitis B infection and is
suggested for decreasing HBV-related disease burden [14]. Understanding the significance
of HBV vaccination, WHO approved the inclusion of HBV vaccination at the birth time in
the country wide immunization programs [15]. There are some social and economic factors
that affect hepatitis B prevalence, such as, age, gender, migration, education, employment,
training and awareness [16]. It is important to identify which factors are affecting HBV
prevalence of the disease. The most crucial policy for controlling the factors is increasing
obligatory immunization programmes for all. Vaccination for all is acceptable based on
economic evaluation. Increasing the level of education, increasing awareness of society
people and gathering knowledge about the disease also helps us to decrease the spread of

HBV [16].

1.4 Control Strategies against HBV

To prevent HBV infection a safe and effective vaccine is must for all age groups. The
vaccine is introduced for the prevention of the disease in 1982 [8]. The hepatitis B vaccine
consists of an antigen that stimulates the body to make preventative antibodies [10]. For
the full effect of vaccination, two or three doses are required for a person. Including
scheduled infant vaccination, 150 countries or more than have vaccine immunization
programs [19].

For controlling the disease progression and to stop viral replication, efficient therapy is very
important. It is predicted that without taking treatment, who are chronically infected,
among them approximately 15% — 25% could progress liver cirrhosis and Hepatocellular
carcinoma at the last stage of infection [20]. With long-term virological response in a
patient, it is evident that antiviral therapy can develop liver histology by giving indirect
support and possibly can control liver damage [21, 22].

About 95% acutely hepatitis B infected individuals need no treatment because of their own
immune system and can clear the virus within by six months [9]. From the opposite aspect,
treatment of chronic carriers may be essential to reduce the risk of liver cirrhosis and liver
cancer. Chronic carriers are usually used antiviral medication, namely tenofovir or

interferon [3]. Liver replacement is sometimes required for liver cirrhosis. Some antiviral



Chapter 1. Introduction 5

drugs, namely, lamivudine, adefovir, tenofovir, telbivudine and entecavir, and
interferon-alpha immune system can also control the disease complications. But these
regular drugs can not properly clear the infection. They are able to only prevent viral
replication and suppress liver cirrhosis and cancer. But, some infected people are much
more likely to respond than others and this is probably due to the genotype of the virus.
The primary motives for analyzing infectious diseases is to develop control techniques and
to get rid from the infection. The optimal control strategy is such a technique of
mathematics that is broadly used to control the outspread of infectious diseases. It is an
important mathematical tool that can help us to make resolutions related to complicated

biological situations [24].

1.5 Literature Review

Mathematical models are developed and used for finding the mechanism insight into the
transmission dynamics of hepatitis B at a population level. Many of the models in the
literature are formed using a deterministic system of continuous-time differential equations.
A number of mathematical models, notably by G. F. Medley et. al. [25-28] developed a
simple SIR model of hepatitis B to describe the transmission of HBV dynamics. Without
considering vaccinated individuals separately, I. K. Dontwi et. al. [29] considered a SIR
model of Kermack and Mckendrickand for hepatitis B with vaccine parameter. Jianhua
Pang et. al. [30] used a model to investigate the effect of vaccination and other controlling
system for the HBV infection. In [26, 27], a compartmental mathematical model (SECIR)
is constructed at the population level considering age classes. They focused to eliminate
HBV in New Zealand using control strategies. They also estimated that the vaccination
campaign has substantially reduced the value of basic reproduction number below one. K.
Wang et. al. [31] considered a diffusion model and analysed the properties of hepatitis B

virus infection.
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1.6 Thesis Outline

This thesis is comprised of seven self-contained chapters and they are organized as follows:
Chapter 1 presents an introduction about HBV transmission including control strategies
against HBV infection, literature reviews and the outline of the thesis. In Chapter 2, we
have presented some elementary mathematical preliminaries (related to the thesis) which
will be required to analyze the models in different chapters of the thesis. In Chapter 3, a
basic HBV transmission model at a population level is formulated and analyzed
mathematically and numerically. HBV dynamics n wivo is rigorously analyzed
qualitatively and numerically in Chapter 4. In chapter 5, we have considered the model of
HBYV using optimal control technique and presented the analysis of the behavior of the
disease dynamics. Chapter 6 is contained the HBV vaccination model. Finally, the main
mathematical and epidemiological implications of the models in this thesis are presented in

Chapter 7.



Chapter 2

Preliminaries

Necessary definitions, theorems and epidemiological preliminaries from [24, 33, 34], which

are related to the thesis, are presented here in this chapter.

2.1 Equilibria of System

Let
t=g(z,t;a),z€ PCR", tc R and o € Q C R?, (2.1)

where, P, () are respectively the open sets in R", R? and « is a parameter. The above
equation is an ordinary differential equation (ODE) and ¢ is a vector field. A
non-autonomous system is explicitly depends on time whereas an autonomous system
does not depend explicitly on time.
Let the system be

t=g(x), zeR" (2.2)

Definition 2.1. [33]. The number T is known as equilibrium point of above ODE (2.2),
which has an equilibrium solution x =7 € R" if g(7) = 0.

Theorem 2.1. (Existence and Uniqueness Theorem [33]). If g(t,w) and 4 are continuous

functions of ¢ and w in the region R(aj,as) of R™ x R", where,

R(ar,a2) = {(t,w) : [t —to] < a1, |w—wo| < az},
7
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there exists a unique solution w(t) to the following IVP:
w = g(t,w), w(ty) = wo.

on

. a2
t—to| <h <ay, h= ( ,—),M: tw).
—tol <h <o, h=min (o0, ), M= mas glt.

Definition 2.2. [33]. The Jacobian matrix of g at T is given by

S9v(z) ... 29()

Df(r) =

%(g) %(g)

2.2 Stability analysis

Definition 2.3. [34]. The equilibrium Z(¢) is stable if for any £ >0, 3a d =€) > 0>
for any arbitrary solution u(t) of (2.2), the inequality

T(to) — ulty)] <& = [F(t) —u(t)| <& ¥ t>tg, tyeR holds.

Definition 2.4. [34]. If the solution Z(t) of (2.2) is stable then it is called asymptotically
stable and 3 a constant quantity dy > 0 > for arbitrary solution u(t) of (2.2) satisfy the
condition |Z(tg) — u(ty)| < do, then

lim |Z(t) — u(t)| = 0.

t—o00

Definition 2.5. [34]. The equilibrium Z(t) of (2.2) is unstable when it is not stable.

Theorem 2.2. [34]. If all the eigenvalues of the Jacobian matrix have negative real parts
then the equilibrium solution of (2.2) is LAS (locally asymptotically stable) and the solution

is unstable if at least one of the eigenvalues has a positive real part.

Theorem 2.3. (Castillo-Chavez and Song [60]). Let the ordinary differential equations
with a parameter &

2 — p(z,€),h: R" x R = R"andh € C*(R" x R),

where, 0 is the equilibrium point of the system (h(0,£) =0V &)
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1. B = D,h(0,0) = | 2:(0,0) | is a linearization matrix of the ordinary differential

equations system around 0 with & estimated at the equilibrium point 0;

2. 0 is a eigenvalue of B and all other eigenvalues have -ve real parts;

3. Matrix B has corresponding right and left eigenvectors (w and v) to the simple
eigenvalue, 0.

Let h, be the r*" component of h and

n zhr
a = Y v -L(O,O),

= Wi Ox;0x;
rg,7=1 9 3)
n @2 . ( :
by = Zvrwia 285(0,0)
ra=1

By the signs of a; and b; we can illustrate the local dynamics of the required system around
the point 0. On the other hand, if a; > 0 and b; > 0, there exists a backward bifurcation
that occurs at £ = 0.

(i) a3 > 0,b; > 0. When & < 0 with | £ |< 1 then the equilibrium point is LAS and 3 a
positive unstable equilibrium point, when 0 < ¢ < 1, the equilibrium point is unstable

and 3 a negative LAS equilibrium;

(i) a1 <0,by <0. When £ < 0 with | £ |< 1 then the equilibrium point is unstable, when
0 < £ <1, the equilibrium point is LAS and 3 a positive unstable equilibrium;

(iii) a3 > 0,0y < 0. When & < 0 with | £ |[< 1 then the equilibrium point is unstable and
3 a LAS negative equilibrium , when 0 < £ < 1, the equilibrium point is stable and a

positive unstable equilibrium occurs;

(iv) a1 < 0,b; > 0. When ¢ changes from negative to positive, the equilibrium point
changes its stability and a -ve unstable equilibrium point becomes +wve and is locally

asymptotically stable (LAS).
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2.3 Methods for LAS of Equilibria

There are two standard methods for the local stability analysis around the equilibria. The

methods are discussed below:

2.3.1 Linearization

To establish the stability of Z(¢) we have to understand the behavior of solutions near Z(t).
Consider

x =) +e (2.4)

Substitute (2.4) in (2.2) and g is two times differentiable function. The expression of Taylor

series around the equilibrium gives
i =a(t)+ ¢ = Dg(z(t))e + O(|e|?) (2.5)

where, |.| denotes norm. Therefore,

¢ = Dg(x(t))e + O(|el*) (2.6)

The above expression (2.6) represents the evaluation of orbits in the neighbourhood of Z(t).

The solution’s behavior close to Z(t) is obtained by the associated linear system

¢ = Dg(z(t))e, (2.7)

Here if Z(t) is an equilibrium then Dg(Z(t)) = Dg(z) is a Jacobian matrix with constant

entries and the solution ((2.7)) through the point €,(¢) € R™ at t = 0 gives

€(t) = exp(Dyg(z(t)))eo, (2.8)
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Theorem 2.4. [34]. If all the eigenvalues of Dg(T) have -ve real parts then the equilibrium
r =T of (2.2) is LAS(locally asymptotically stable) and if at least one eigenvalue has

positive real part then z = T is unstable.

Example 2.1. Let we have the following ODE system
i =g (r,u) =u® — 22,0 = go(z,u) = 2* — 4u.

Suppose T = (0,0) is the equilibrium point. The Jacobian matriz J can be expressed as

991 991 -2 3u?
T,y = Dyla) = | 20 2 =
FEvaluating J at T gives
-2 0
J(0,0) =
0 —4
Here, the eigenvalues of J(0,0) are \y = —2, Ay = —4. Since the eigenvalues have negative

real parts so the equilibrium T = (0,0) is asymptotically stable.

2.3.2 The Next Generation Operator Method

The above linearization method is applied to analyze the local stability of an equilibrium
point. But to establish the local asymptotic stability of (DFE), another linearization
technique, which is known as next-generation method, is also used. The method was first
proposed by Diekmann and Heffernan et al.[35, 36] and applied for different epidemic
models by van den Driessche and Watmough [37].

Assume the epidemic disease model, with positive initial conditions and can be represented
as:

;= g(z;) = Fj(z) = Vi(x),j=1,...,n, (2.9)
where, V; =V~ — VjJr and the function ¢ satisfy the following properties.

Xs={z>0]z; =0,7=1,...,m}
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is represented non-infected state variables as well as the disease-free states of the model,

where, the number of individuals of the model is denoted by x = (z1,...,z,)", x; > 0.

(1) ifoO,thenFj,VjJr,Vj_20forj:1,...,m,

(2) if z; = 0 then V;” = 0. Particularly, if z € X, then V" =0 when j =1,...,m,
(3) if F; =0 for j > m,

(4) if z € X, then Fj(x) =0 and V;*(z) = 0 when j =1,...,m,

(5) If F(z) is set to zero, then all eigenvalues of Dg(zo) have negative real part.

Here, F)j(x) represents the new infection terms in different compartments j; whereas ‘/]+(£L‘)
denotes the rate of transfer of individuals into compartment j by all other means, and Vj’(x)
denotes the rate of transfer of individuals out from compartment j. It is assumed that these

functions are at least two times continuously differentiable [37].
Definition 2.6. An n x n matrix such as, V' is said to be an M-matrix if and only if every

off-diagonal elements of V' is negative and the diagonal elements are all positive.

Lemma 2.1. (van den Driessche and Watmough [37]). If T is a DFE of (2.9) and the
function g satisfy (1)-(5), then the derivatives DF (z) and DF(Z) are given as

B F 0 _ Vo0
DF(z) = ,DF(z) = ,
0 0 s Jy

where F' and V' are the m x m matrices such as,

F:[f)gf) ]vz[@g_i)} with 1 < j,k < m

Further, F' s a positive matriz and V' is a non-singular M-matriz, JsandJy are matrices
associated with the transition terms of the epidemic model and all eigenvalues of Jy have

positive real parts.

Theorem 2.5. (van den Driessche and Watmough [37]). Let (2.9) is the disease transmission
model with g(x) satisfying properties (1)-(5). The DFE (z) is locally asymptotically stable
if Ro = p(FV~1) <1 (where p is dominant eigenvalue of matrix), but unstable if Ry > 1.
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2.4 Global Asymptotic Stability (GAS)of Equilibrium
Point

If x* is an equilibrium that attracts all the solutions of a feasible region containing that
equilibrium then it is LAS. Otherwise, the equilibrium is globally asymptotically stable
(GAS). There are different techniques for analysing the global asymptotic stability of
equilibrium. One of the important techniques is constructed by the Lyapunov function and

LaSalle’s Invariance Principle and this is discussed below.

Equilibrium Point Equilibrium Point

S S

FIGURE 2.1: (2.1A) illustrating LAS and (2.1B) GAS of equilibria (Source: [33]).

2.4.1 The Lyapunov functions and LaSalle’s Invariance Principle

The Lyapunov Functions

Lyapunov functions are such functions that decrease along trajectories [38].

Theorem 2.6. [34]. Let us consider
t=g(z), v€R" (2.10)

Suppose that T is an equilibrium of the above system (2.10) and let S : T — R is a C*

function defined on some neighborhood T of equilibrium (Z) such that

1) S is positive

2) S(x) <0in T\ {7} then the equilibrium (Z) is stable.

3) S(z) <0in T\ {Z} then the equilibrium (7) is asymptotically-stable.
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If S satisfies the above conditions is called a Lyapunov function[34, 35]. If 7" = R", then the
equilibrium (Z) is GAS whenever (1) and (3) hold.

Example 2.2. [35].: Let

& =3y — 22°,

§ = —3x — 2°.
Suppose the system has a solution at (z,y) = (0,0). Let S(x,y) = x? + y*. It is clear that
S5(0,0) =0 and S(x,y) > 0 in any deleted neighborhood of (0,0). Further,

S (z) = 2xd + 2yy
= 22(3y — 22%) + 2y(—3z — 2y°)
= —4(z" +y*) < 0.

Hence, S < 0 if (z,y) # (0,0). Therefore, by the above Theorem 2.6, the equilibrium solution
(0,0) is asymptotically-stable.

Invariance Principle
Since the epidemiology models are constructed on human populations, it is necessary to

consider that associated population sizes are always positive.

Definition 2.7. [34]. Suppose S C R™ is a non empty set. Then, S is called invariant under
vector field ©# = g(x) if for arbitrary = € S, we get x(¢,0,29) € SVt € R.

If we restrict for positive times (i.e., ¢ > 0), then S is a positively-invariant set. That
means, all solutions in a positively-invariant set remain there for all time. If we go backward

in time then the set is known as negatively-invariant .

Theorem 2.7. (LaSalle’s Invariance Principle [39, 40]). Let V : R” — R is a continuously

differentiable, positive definite, and unbounded function such that

aa—‘;(x —7)f(x) <W(z) <0, VoeR"

Then, the equilibrium, T is GAS. The solution z () converges to the largest invariant set S

contained in B = {z € R" : W(z) = 0}.
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2.5 Epidemiological Preliminaries

2.5.1 The Incidence Functions

Disease incidence is defined as the number of new infections in that community is
generated per unit of time. In the disease models, the incidence is generally characterized
by an incidence function. Different types of incidence functions [41] have been used in
epidemic models.

Let X (t), Y(t) and N(¢) respectively denote the number of susceptible, infected and the
total number of population at time t. Suppose the effective contact rate per person is
B(N). Then S(N)Y/N is the average number of contacts with infected individuals that
makes a susceptible individual infected at time ¢. Thus, the newly infected individuals
move from the susceptible individuals (X) at the rate AX, where A = G(NN)Y/N is called
the force of infection. If we consider S(N) = 3, then AX is known as a standard incidence

function.

2.5.2 The Basic Reproduction Threshold

The basic reproductive threshold is used to calculate the potential of the disease to repeat
and is represented by Ry. That is expressed because of the expected quantity of secondary
cases reproduced by the infection of one infected person in his or her total infectious
period. While Ry < 1, every infected person can produce on average less than one new
infected individual throughout his or her total infectious duration. In this case, the disease
will no longer persist among the population and may be eliminated. But when Ry > 1,
every infected individual during the total infectious period can be able to produce more
than one new infection among the population. In this situation, the disease can persist for
a long time among the population.

The dynamical behaviour of the disease models are generally determined by a threshold,
Ro [41]. Generally, when Rg < 1, then the infected individuals will not create large
outbreaks and the disease can eradicate (when the associated DFE is LAS. Again, if
Ro > 1 then the disease will persist ( where EEP is stable and exists). At forward
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bifurcation, Ry = 1 the DFE and an FEP exchange their stability. Figure 2.2 illustrate

forward bifurcation phenomenon.

For disease transmission models forward bifurcation exhibits, Ry < 1 is the necessary and

Force of infection, L

0.024

0.06

0.044

Stable Endemic
Equilibrium

Stable DFE Unstable DFE

LI S s s e p s s
i} 05 1 15 2

Ry

FIGURE 2.2: Forward bifurcation diagram (Source: [42]).

sufficient condition for disease elimination.

depends on Ry.

We can say that the number of infectives

Some studies have established that Ry < 1 is only necessary but not sufficient for disease

elimination. Again when a stable FEP exists with a stable DFFE for Ry < 1 then the

backward bifurcation occurs.
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FIGURE 2.3: Backward bifurcation diagram.(Source:
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2.6 Basic Definitions and Theorems related to optimal
control

The following definitions and necessary related theorems and results are presented from

[24]:

Definition 2.8. [24] A function m(t) is called concave on [ay, as] when

V 0 <60 <1 and arbitrarily a; < tq,ts < as.

Definition 2.9. [24] A function m(t) is called convex on [ay, as] when

V 0 <60 <1 and arbitrarily a; < tq,ts < as.

2.6.1 Method of Optimality

For an optimal control problem of ODE, generally we use wu(t) for the control parameter
and the state variable is denoted by x(t). The state variable which is depends on control

parameter satisfies the following system of differential equation :

/

v () = f(tx(t), u(t)).

here, 2" denotes derivative of the function w.r.t. to time t. Both the control parameter
(u(t)) and state variable (z(t)) contribute to the optimality problem, as the control function
changes then the behave of the solution of the differential equation is also changed. The basic
optimal control problem consists of the control parameter (u(t)) and the corresponding state

variable (z(t)) that either maximize or minimize the given objective functional. The basic
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optimal control problem can be defined as follows:

max /Otl g(t, z(t),u(t))dt

u

subject to theconstraint « (t) = f(t,z(t),u(t)) (2.11)

where, x(tg) = xo and z(ty) isfree.

Theorem 2.8. Pontryagin’s Maximum Principle: If u*(t) and z*(t) are optimal pair,
then there 18 a  piecewise differentiable adjoint  wvariable  A(t) as
H(t, 2%, u(t), A(t)) < H(t, 2%, u”(t), At))

for each control u at time t, where the Hamiltonian H is given by
H = g(t, x(t), u(t)) + A(0) f (£, 2(2), u(t)),

and

Here, g represents the integrand of the objective function and f represents the right hand

side of the dynamical system. The optimal control variable uw* must maximize the

Hamiltonian.

2.6.2 Existence Theorem

Several proofs are required for determining control parameters in an optimality problem.
At first, we have to prove by using theorem the existence of a control parameter of a given
system and the associated objective functional. To prove existence, we use theory from

Fleming and Rishel [44].

Theorem 2.9. Let
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be a system of n state variables and wu(t) is a control variable satisfying the differential
equation system x;(t) = fi(t,z;(t),u(t)) where i = 1,...n, with corresponding objective
functional

MazximizeG(u) :/Z(Q(t,m(t),u(t))dt

t
There exists an optimal control minimizing G/(u) if the conditions are hold:
(i) The system is non-empty.
(ii) The set of controls must be closed and convex.
(iii) The system of state variables must be continuous and bounded above by a linear
combination of the control and the state.
(iv) The integrand of the objective functional is convex and is bounded below by

—By + By(u)X with B; > 0 and x > 1.

To prove that the system of control parameters with associated state is non-empty, here we

used a result in Boyce and DiPrima ([45]., Theorem 7.1.1): and by the following theorem.

Theorem  2.10. Suppose that Gy,...,G, and their partial derivatives

%—%, e %, ceey %, ceey % are continuous in a feasible region ® of t. wzix,...,x, is
denoted by v <t <, 71 <x1 <M1,y Y < T1 < N, and consider (to, ..., 2% 29,...,20)
be in &. Thus there is an interval [t,tg) < d and 3 a wunique solution
xy =Y1(t), ..., x, = Y,(t) of the differential equations system

iCll = G1<t,$1,...,$n),

'7:/2 = G2<t7$17"'axn)a

z, = Gut,ay,... x,), (2.12)

also satisfies the initial conditions

x1(to) = .7}(1), xo(to) = xg, oo xp(te) = x%. (2.13)
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All the numerical calculations including detecting the eigenvalues, inverse and Jacobian
matrices, are done by using Maple, Mathematica and MATLAB software. These packages

are also used for numerical simulations in this thesis.



Chapter 3

The Dynamics of Mathematical
Modeling on HBV

3.1 Introduction

Hepatitis B virus (HBV) is a part of the Hepadnaviridae family of viruses. HBV is caused
by toxins that are responsible for human liver inflammation [48]. There are different routes
for transmitting the hepatitis B virus. This disease especially spreads through physical
contact, during transfusion of blood, percutaneous and mucous membrane exposures to
infectious blood and some body fluids that contain contaminated blood and from the
affected mother to their child to born at the time of pregnancy [46, 47]. Globally, Hepatitis
B Infection is one of the most deadly infectious diseases and it is affecting the whole world
greatly [13]. It is commonly categorized as acute (when the virus persists for less than 6
months) and chronic (when the virus persists for more than 6 months). Acute hepatitis
may cure without causing any major damage to the liver whereas chronic hepatitis can
cause cirrhosis [9]. Those who have had the infection for a long time can develop chronic
infection and that gradually leads to hepatocellular carcinoma. Chronic infection puts
people at high risk of liver cancer at the late stage of liver disease [3]. So, early detection of
HBsAg among the healthy population can save many lives from the dangerous
complications of cirrhosis and hepatocellular carcinoma by proper treatment. The infection

has also been preventable by vaccination since 1982 [8, 11]. For getting the full effect of the

21
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vaccine, two or three doses are required in the life of every person.

In this chapter, we develop a deterministic model to understand the dynamics of HBV
infection at population level. The model, which incorporates the vaccination and treatment
of individuals, the re-infection of latent, carrier and recovery individuals, is rigorously
analysed to gain insight into its dynamical features [12]. We have studied the stability
analysis of disease free equilibrium (DFFE) and endemic equilibrium (EE). Numerical

analysis of the model are carried out and presented in this chapter along with conclusion.

3.2 Formulation of the Model

To assess the transmission disease dynamics and prevalence of HBV we have designed a
deterministic model based on the model of [25]. In [25], the author considered five
epidemiological classes (Susceptible, Latent, Acute infection, Carrier and Protective
immunity) and in our model we have added the recovered and vaccinated classes. Some
studies (such as [74] and [50]) considered heterogeneous mixing with age and sexual
activity in their HBV transmission model. In [27], the author considered the model [25] to
predict chronic hepatitis B infection in New Zealand. In our model, we consider that the
latent, carrier and recovered individuals may become re-infected at any time by the contact
of HBV infected individuals. Some studies [52-55] have shown that nowadays the hepatitis
B acute infection found in newborns from infected mothers.

The total homogeneously-mixing population at time ¢, is denoted by N(t), is sub-divided
into six epidemiological groups; such as the susceptible individuals (X (¢)), individuals who
are protective immunized by vaccination Y (¢), infected but not yet infectious (latent)
individuals (L(t)), acute infected individuals (I(t)), chronic HBV carriers (C(t)) and
recovered individuals (R(t)) and so that

N(t)=X(t)+Y(t)+ L(t) + I(t) + C(t) + R(1).

The susceptible population is decreased by the force of infection A, where,

B +nC)
A= S (3.1)
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In (3.1), (§ is the contact rate and 7 is modification parameter, where, 0 < n < 1 and the
infectiousness of chronic carriers is less than acute infections.

The susceptible individuals increased by the unprotective immunized newborn carriers to
carrier mothers (at a rate pw(l — v(C')), unsuccessful vaccination (at a rate (1 — o)) and
decreased by vaccination (at a rate o) and natural death of individuals, at the rate, pu;.

Thus the rate of change of the susceptible population is given by

dX
— =uw(l —vC)=AX =X +(1—-0)Y — i1 X. (3.2)
The protective immunized individual is increased by the recruitment of successfully
immunized newborns at rate p(1-w)and vaccinated susceptible individuals (at a rate o) and
decreased by unsuccessful vaccination or vaccine waning (at a rate (1-0)) and natural

death (at a rate up). So the rate of change of protective immunized population is given by

% =pul-—w)+0X -(1-0)Y —nY. (3.3)
Here, v represents the portion of unvaccinated children who are born to carrier mothers.
They get infection perinatally during the birth time and enter to the latent class. £ is the
fraction of newly infected individuals with no clinical disease symptoms. These individuals
are slow progressors and moved to latent class (L). The other fraction, 1-£, of the newly
infected individuals with immediate disease symptoms, known as fast progressors and
forwarded to the acute class (I). Exposed or latent individuals are decreased by the
progression (at a rate 1) to acute HBV class by a fraction (at a rate w;) who develop
symptoms. These individuals are also reduced by the transmission probability, (i, with
transfer rate €5 to carrier class, by the reinfection at a rate wstb A, (where, wy is the
fraction of re-infected latent individuals who are detected) and by natural death (at a rate
p1). Thus

dL
E = [I,CUVC + 6)\X — W161L — 5152[/ — CUQ’I/)GAL — [,l,lL (34)

The population of acute HBV is increased by the symptomatic infection (at the rate (1—¢&)\)
and symptomatic latent individuals (at the rate wyeq). This class is also increased by the
re-infection of latent individuals (at the rate wyt).A) and chronic carriers (at the rate w3t A,

where, ws is the portion of re-infected detected carriers). The acute HBV individuals are
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decreased by the transmission probability, £, with the transfer rate e3 from acute to carrier
class and by getting treatment (at the rate ¢;) the individuals are transmitted with the
probability, (3, from acute to recover class and by disease-related death rate, p5. Thus the

governing equation is

dl
E = (1 — f)/\X + w181L + (,UQ’QDG/\L + W3¢C/\C — 5283] — Bgtll — [LQI (35)

The population of chronic carriers are increased by the transfer rate, (19, from latent
class and the transfer rate, fse3, from acute class and re-infection of recovered individuals
(at the rate wyi), A, here, wy is the portion of re-infected detected recovered individuals).
These individuals are decreased by re-infection of carriers (at the rate wsi.A) and by getting
treatment (at the rate ¢;), with the transmission probability, 84, from carriers to recovered
individuals. It is further reduced by natural death (at a rate u;) and disease related death

(at the rate po). Hence

ac

E = 5162[/ + 5263] — W3¢C)\C — ﬂ4t10 — ,u1C' — /1/20 + LU4¢T/\R. (36)
Recovery means recovery from illness but can get infected at any time. These individuals
are increased by getting treatment (at the rate ¢;) with transmission probabilities, 83, and
B4, from acute and carriers, respectively. But recovery rate is negligible and after some times

these individuals can get re-infection and go back to the carrier class (at the rate wyi),\)

and decreased by the natural death rate, p;. Hence

dR
P Bstil + B4t1C — wap, AR — i1 R. (3.7)
Considering all the above mentioned aspects and based on the characteristics of HBV

transmission dynamics the diagram and system of non-linear differential equations of the

model are given below. The description of variables and parameters are also presented in
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Table 3.1 and Table 3.2 respectively.

X

dd—t:pw(l—l/C’)—AX—JX+(1—0)Y—M1X,

dY

— =pul-—w)+0cX —-(1-0)Y — 1Y,

dt

dL

T pwrC + EAX — wie1 L — Brea L — woth AL — 1 L,

dI

E = (1 — f))\X + wlle + UJQ’(,DE/\L + W3’QDC)\O — 6263[ — ﬂgtll — /12[,
dC
P preal + Baesl — w3thAC' — But1C — 1y C' — poC + wath, AR,
dR

P Bsti ] + Bat1C — wyh AR — i1 R.

X

pa(l-vC) Y ul-a)
[ 1|
Susceptible (X) al y| Imimunized
+ population(Y)
(1-o)T
8AX
(I-5)ir 4L

Latent (I} [———— sovC
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51521
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"35{”(/: G
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J i @, iR
e H 5C HIR

Ficure 3.1: Model diagram of HBV vaccination model.

The main properties of the model (3.8) are summarized below:

(i) disease can be transmited by the individuals in the latent (L), acute (I) and carrier
(C) classes;

(3.8)
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(i) latent individuals show their disease symptoms (at the rate w;) and move to the acute

class;

(iii) re-infection of latent, carrier and recovered individuals (at the rates .\, Y.\, ¥, A

respectively);

(iv) disease progression rates of the latent class and acute classes are A and (1 — &),

respectively;

(v) re-infection individuals who develop symptoms (due to re-infection of disease) into the

acute and carrier classes ;

(vi) allows for the treatment (at a rate t;), temporarily release from the disease into acute

and carrier classes and moves to recovered class and can get re-infection at any time.

The model (3.8) extends some of the previous studies in [27, 28, 30, 50, 51] by including
treatment to the infected individuals. Furthermore it extends the study [28, 30] using
standard incidence function and considering re-infection. Additionally, the model
incorporates the slow and fast progression rates of HBV disease in the latent (L) and
acutely infected (C') classes. Here we consider the unprotective immunized newborn carrier

from chronic carrier to latent class [30].

3.3 Model Analysis

Lemma 3.1. The closed set K = {(X7 Y,L,I,C,R) e RS : N< ﬂ} 18 positively-invariant
M1
with respect to the extended model (3.8).

Proof. By adding all the equations of the model (3.8), we get the rate of change of the total

population is

dN
— = AN =il = psC (3.9)
dN dN
IfN > Ll then — < 0. Further, since — < p — iy N, it is clear that N(¢) < LAY,
1251 dt dt M1
N(0) < ﬁ. Therefore, for all ¢ > 0 all the solutions of the model with initial conditions in

21
K remains in K. Hence, the w-limit sets of the system (3.8) are contained in K. Thus, K is
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Variables Description

1 birth rate

w proportion of birth rate without protective immunity

(1 —w)  proportion of birth rate with protective immunity

o vaccination rate

(1—-0)  unsuccessful vaccination rate

[ natural mortality rate

(42 mortality rare due to HBV

A rate of force of infection

6] effective contact rate for HBV infection

n rate of infectiousness of carrier relative to acute infections

€1 transfer rate from latent to acute

€9 transfer rate from latent to carrier

€3 transfer rate from acute to carrier

51 transmission probability from latent to carrier

(o transmission probability from acute to carrier

B3 transmission probability from acute to recovered acquiring treatment

By transmission probability from carrier to recovered acquiring treatment

t1 rate of treatment

(1-¢) fast progression rate to display immediate disease symptoms

WeA reinfection rate, latent individuals have reduced infection rate in comparison
to wholly susceptible individuals

w1 fraction of latent individuals who develop symptoms are infected

W a fraction of latent individuals who are re-infected

w3 a fraction of carrier individuals who are re-infected

Wy a fraction of recovered individuals who are re-infected

TABLE 3.1: Variable’s description of the model (3.8)

positively-invariant and attracting. So, the model is epidemiologically and mathematically

well-proposed within the region C [62]. O

Disease Free Equilibrium (DFE):
DFE (g) is given by

1— 1-
eo = (X', Y*,L*, I",C*,R") = (“( o) ANZZUA Ho + i . “’),0,0,0,0). (3.10)
p1 + pq H1 A+

The stability analysis of the DFE, &, is done by the method of next generation [49]. The

matrices F and V are as follows:
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Parameters Values Reference
L 0.0247 [61]
w 00 [
(1-w) 099 61]
o 0.98 [61]
(1-o0) 0.3 [variable]
H1 0.008 [61]
P 0.31 [61]
s 0.95-20.49  [28]
n [0,1] [variable]
€t g 28]
€2 = [variable]
€3 75 [28]
P 0.1 [variable]
o 0.1 [variable]
B3 0.99 [variable]
B4 0.98 [variable]
ty 0.025 [28]
3 0.67 [variable]
Yes Yo, Yr 10 [variable]
w 0.045 [variable]
wo 0.4 [variable]
ws 0.6 [variable]
Wy 0.6 [variable]
v 0.11 [28]

TABLE 3.2: Values of the parameters of the model (3.8)

g X E8nX”
N N
— (A-9pX*  (1-§)BnX*
F=10 N Nn ’
0 0 0
kq 0 — pwv

V= —W1€1 k’Q 0 )
—5152 —5253 ks
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where, k1 = wiey + Bigg + i, ko = Bags + Bati + o and ks = Baty + p1 + o

and X* = “(1;‘1’)% The reproduction number, Ry, is defined by Ry = p(FV '), where
1

_ BX*(1 = &)kiks + BX nPa(1 — &)k + BX*Enky + BX*Ewriks + Npwrky
Nhkykoks + B1(1 — &) BX*uwv

Ro (3.11)

with,
ki = wier + Biga + pu, ko = Pagz + Baty + pio, ks = Baty + p1 + po, ky = Biky + w1 Bo.

Hence, the following result is established from Theorem 2 of [49] .

Lemma 3.2. If Ry < 1, then the DFE, ¢y is locally asymptotically stable (LAS) otherwise
unstable (i.e. if Ro > 1).

The epidemiological implication of the above statement (Lemma 3.2) is, the spread of HBV
infection burden may be managed within the community (while the threshold quantity,
Ro < 1) if the initial sizes of the populations are in the basin of attraction of the DFE
(varepsilong) of the model.

Here we consider the HBV model with re-infection in some stages. Usually, the model with
re-infections is often shown the backward bifurcation (where a stable DFE and a stable
EEP co-exists) when Ry < 1. It is also an indication to determine whether or not the

model (3.8) exhibits this dynamical feature [12]. The result is explored here.

Theorem 3.1. The model undergoes a backward bifurcation at Rg = 1 if the inequality
(3.15) holds.

Proof. By using the centre manifold theory [56] we can proof the theorem. For convenience
let X =x1,Y =9, L =23, =24, C = x5and R = x4, so that N = x1+xo+x3+214+25+76.

Further, by introducing the vector notation x = (&1, x2, T3, ¥4, 75, T¢)” , the model (3.8) can
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be written in the form ‘2—’; = F(x), where F = (f1, f2, f3, f1, [5, f6)T, as follows:

dzy B(x4 + nws) e
— = f1 = pw(l —vxs) — —ox1+ (1 —o0)xry — pyq,
dt = pel 2 T+ To+ 23+ 14 + 5 + T4 1+ )72 =
dx
_dt2 = fo = p(l —w) +ox1 — (1 —0)T — (1 T2,
dxs EB(xy + nxs) Ty
— = = uwres + — W1E1X3 — P92
dt Js=p > T+ To+ T3+ x4 + 5 + T4 18185 = Baeaty
wathe By + ns)xs
- — H17%3
L1+ Lo+ T3+ 4+ X5 + X
d&?4 (1 — f)ﬁ((h; + 77.175).’171
— = Ja= +wie1x3 — Pagzry — P3tix (3.12)
dt J4 T+ To+ 13+ 14 + 5 + T4 18125 = Paeaa = Fshia
wote (24 + N5)T3 wstheB(xs + nxs)xs
+ + — Ty,
$1+$2+$3+l’4+$5+l’6 $1+J32+I3+l’4+$5+1}6

dxs wathe (x4 + nas)Ts wathy By + nas)xe
—— = [5 = D1€2%3 + P2E3Ta — — Datixs +
dt Js = Pheaws + Prgsts L1+ To + T3 + 24 + T5 + 26 Patrs Ty + Ty + T3 + T4 + T5 + T6

— (1 + p2)ws,
dxg wathy By + nrs)xe
— = f¢ = Dat124 + Pat125 — — U1Z6.
dt Jo = Pstrza + Patrzs Ty + Ty + 13+ 14 + T5 + T4 f%e

where, A\ = M The Jacobian matrix of the system (3.12) evaluated at the DFE (go)

is

—(o+ 1) l—0o 0 —A —(pwv+B) 0
o —(l—otm) O 0 0 0
J(E) = 0 0 —ky EA pwv + BB 0 |
0 0 wep 1=8A—-k (1-¢)B 0
0 0 bz Pags —ks 0
i 0 0 0 Pty Bat1 —fh |

where A = xlﬁii;, B = —f»{TESS ky = wier + Biga + pa; ko = Bags + Bsty + pio
and ks = Bat1 + p1 + o
Now when Ry = 1, consider a bifurcation parameter (5). Hence solving (3.11) for Ry = 1,

so we have

N*kykoks + Brafuwv(l — €)

= Bkl =)+ mimki(l — €) + riEnks + rigaiks + Nk,
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where k1 , ko, ks, ks, x; and N* are mentioned earlier in Section 3.3. The linearized
system of (3.12) with 5 = §*, has a zero eigenvalue. Therefore, the Centre Manifold theory
[56] can be used to analyze the dynamics of (3.12) near § = (*.

Eigenvectors of J(&)|s—p

We have to find the eigenvalues for analysing the dynamics of (3.12) at DFE. The jacobian

matrix has a right eigenvector of the form: V=(v1, vy, v3, vy, vs, v6)T, Where,

U1 = O,

Vg = O,

N + 1205
3 — )

ka

vy = free,

vs = free,

Vg — = 0

and a left eigenvector of the form: W=(wy, ws, ws, w4, ws, wg)?,

where,

(1 —0)+ p)wy

w; = 9
o
we = free,
e = SAWL (pwv + EB)ws
3 kfl )
wy = free,
ws = free,
_ Batiwg + Batyws

We =

M1

Computations of a and b

Using Theorem in [60], a and b are defined by

n 2
a= Y v O (0,0),

w4—
J
T, 0T
ki j=1 Oz:0z;

b= i v w»%(o 0)
kji=1 S On0e

(3.13)
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For the partial derivatives for a is given by:

_ —23*(wsn + wy)
(z] + 23)?

[(1 = &) (vawsx] + vawea] + v4wyTT + VyW3T] (3.14)

+ vgwex] + vawiry) + (] + T3) (VaWsws e — VsWsw3the + Vawswatle
+ VsWewWs Yy — V3Wwswate) — V3WsETT — V3wadw] — vswaT] — V3w €y

+ vgwe€x] + vswséxy],

from which it can be shown that a > 0 if

where, By = v3x](ws + we) + (7] + 25) (Vawswste + Vawswrte + Vswewathy)

By = vy27[(1 — &) (w1 + we + w3 + wy + w5 + we)] + v3€x] (wa + wy + ws) + vawi £y

+ (27 + 23) (vswsw3he + v3wswahe).

For the sign of b it can be shown that

6
0% fx
b= g,::l R 05"

_ ol + (L= Quil(wsn +wy)
7 + 3 '

Therefore, at Ry = 1 we expect that the transformed system of the model (3.8) undergoes

backward bifurcation. This analysis is summarised below. O]

Theorem 3.2. The model (3.8) exhibits backward bifurcation at Ry = 1 whenever B; > Bs.
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*|

f2) e (&) | smeDm
| {astoble EED | - Thnstahle EEP
Susceptible class Vaccinated class
) w (d) e
, -, Unstaitle EEP et EER
' awhleDFE § | Erable TFE
Latent class Acutely infected class
(&) ' & g
“. Sizhle EEP
Unsizhle EEP =, . s
: . ., Unstable EEP
| SuhleDFE | swbleDrE
Chronic HB‘.J Ccarriers Becovered c'lass

FiGURE 3.2: Backward Bicurcation diagram of HBV vaccination model.

In the absence of re-infection terms (i.e. when ¢, = ¢, = 1, = 0), the backward bifurcation

co-efficient, a in the expression (3.14) reduces to

_ —2B(wsn + wy)
(z7 + 25)?

(0427 (1 — &) 4 v3€x)) (wa + w3 + wy + w5 + we)

+ wy(vgxy(1 — &) + v3€as)] < 0,

All the parameters and the eigenvectors w and v are positive or zero and 0 < £ < 1 so, in

the absence of re-infection the model will not have backward bifurcation at Rg = 1.

Lemma 3.3. In the absence of re-infection (when v, = . = 1, = 0), the model (3.8) does

not undergo backward bifurcation at Ry = 1.
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3.4 Global Stability analysis of DFE

From the above Lemma we can say that the DFE, &, of the model (3.8), is
globally-asymptotically stable (GAS) if Ry < 1 and ¥, = 1. = 1, = 0. This is explored

below.

Theorem 3.3. The DFE, &, of the model (3.8) with 1. = ¥, = ¥, = 0, is GAS in K if
Ry < 1.

Proof. Let us consider the following Lyapunov function

F = f[HL+ fol + f3C

where,
fi = wsks+nwiBe + nBiks,
fo = Kiks — Brpwr + nki P,
f3 = pwvwy + nkiks

Now

F= f1L+ f2j + f3C>
= filpwrC 4+ EAX — wie1L — BreaL — L] + fo[(1 = ) AX + wie1 L — Baesl — Bat1] — pol]

+ f3[preal + Bagsl — yt1C — p11C — poCY,

_ %[Nklkgkg + X (1 — )]

(ﬁX*(l — O)kiks + BX*nBa(1 — &)k1 + BX*Enky 4 BX*Ewiks + Npuwvky B 1)
Nk'lk'gkg + ﬁl(l - f)ﬁX*,LL(UV

1
+ NnC[Nk‘lek‘g + X pwr (1 — §)]

(BX*(l — §kiks + BX By (1 — ki + BX"Enky + BX"Ewiks + Npwrky 1)
Nklkgk'g—FBl(l —£>ﬁX*IMWV ’

Bi(1 = §)pwr][Ry — 1](1 +nC),

pX*
N

— [klkgkg "‘

Thus,j:<0if7€0<1Withf:OifandonlyifI:C’:(),Where,)\:M:(} So

from the LaSalle’s Invariance Principle[40], it is clear that [ — 0, C'— 0 as t — cc. ]



Chapter 3. The Dynamics of Mathematical Modeling on HBV 35

3.5 Existence of Endemic Equilibrium Point (EEP) for
a special case
For the existence and stability of positive endemic equilibrium point (EEP) of the model

(3.8), where, any infectious component may be non-zero and we consider the case of no

re-infection (i.e., ¥, = 1. = 1, = 0).

Let & = (X, Y™ L™ I** C**, R*) represents any arbitrary endemic equilibrium of the
model (3.8) with ¥, = 1. = 1), = 0, where,

Lo
X** _ v
Ry
1 ToO
Y** - - @ 1 _ e
e P =0 Fwp)[Ro = 1] [ opor (1 = &) + kaky€ + pwovka(l — f)}
Ro(l —O'—f—/JJl) L k1k2k3+,u(_UVk152(1 —5)

I — p(l—o+wpr)[Ro— 1] [ kiks(1 — &) + Ewrks + pwrky(1 — &) } (3.16)
= Ro(1 — 0+ 1) | kykoks + pwvki Ba(1 — &) 4+ pwrBi(1 =€)
o — (1 — o +wpa)[Ro — 1] [k1B2(1 — &) + Eka + puwvka (1 — g)]
Ro(1 =0 + ) L kikoks + pwvky fo(1 — €)
R™ = @I** + &C**.
M1 H1

So, we have positive endemic equilibrium points only where Ry > 1. At the endemic steady

state, \** is given by

A= e . (3.17)

Lemma 3.4. The model (3.8) with v, = 1. = 1, = 0 has a unique endemic equilibrium, &,

whenever Rg > 1.

3.6 Local Stability analysis of EEP for a special case

The local stability of the unique EEP, &, will now be explored for the special case where the

disease-related mortality rate s = 0 is negligible, no fast progression disease symptoms (i.e.,
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Total Infected Individuals

0 100 200 300 400 00 600 OO 8O0 900
Time (days)

Ficure 3.3: Illustrates the total number of infected individuals for Rg = 0.8680 < 1,
where, 8 = 0.95 and other parameter values are given in Table 3.2.

Total Infected Individuals

D 1 1 1 1 1 1 1 1
0 100 200 300 400 A00 600 00 BOO SO0
Time (days)

FiGURE 3.4: Illustrates the total number of infected individuals for Rg = 2.3339 > 1,
where, § = 1.59 and other parameter values are given in Table 3.2.

¢ = 1) and re-infection does not occur (so that, 1, = ¢, = ¥, = 0). Using the substitution
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X=N*"—Y—-L—-1—-C—Rand ¢ =1 in the model (3.8), the reduced model is:

%:M(1—w)+a[N*—y—L—1—c—R]—(1—0)Y—M1Y,

fl_f :/MVCJFM[N*—Y—L—I—C—R] —wnerL — BagsL — i L,

% — wie1 L — Bogal — Bsti1, (3.18)
% = BregL + Poesl — Byt C — iy C,

C;_]f — Byt] + ButsC — R,

We have easily shown that the system has a positive unique EEP, £ = &1, =p.=yo=y=0,¢=1,

whenever Rg; > 1. We claim the following:

Theorem 3.4. If Rg; > 1 then the reduced model has a LAS positive unique endemic

equilibrium point, &,.

Proof. To proof of the above theorem here we consider the technique in [62] (see also [12,
58, 63]), which is known as Krasnoselskii sub-linearity trick. This approach showing that

the linearization of the system (3.18), around the equilibrium &, has solutions of the form

Z(t) = Zoe™, (3.19)
Around the equilibrium, &, substitute (3.19) in the system of linearization of (3.18) we have

07, =(—=b—0)Zy —0(Zo+ Zs+ Zy + Zs),

07y = —a1Zy + (—ay — k1) Zy + (a2 — a1) Z3 + (pwv + nag — a1)Zy — a1Zs,

073 = w1 Zy — ko Zs, (3.20)
02y = 122 + PaZs — k3Za,

025 = B33 + PaZa — 1 Z5.

where, b = 1 — 0 + p1, wier = wi, biga = b1, bagg = P2, Osti = P3, fat1 = Pa, k1 =
wi + B+, ke = Bo+ B3, ks =B+ 1, a1 = W, ag = %
At first, consider all the negative terms in the last three equations of the system (3.20) and

shift them to the left hand sides of the equations. Solving these equations of (3.20) and
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substituting the result into the remaining equations and simplifying,

a wr + na
Zi[1+ Fi(0)] + Zs[1 + F(6)] = k—223+ 1 ; ey
1 1
Zs[1 + F3(0)] = %ZQ,
2
Bi, B (3.21)
Zy 1+ Fy(0)] = —Zy + —Z3,
s s
Z5[1 + F5(9)] == @Zg —|— &ZLL’
H1 H1
where,
0+
Fi(6) = — " Z—i
0 O0+4+ay 0 a1, w Br(0 + ko) +wifay  Prwr(0 + k3) + B184(0 + ka) + w1 P24
() = 2 7.4
S L By i /Y By e O+ k3) (0 + k2) (0 + 21) ’
0
F3(0) = T’ (3.22)
9
F4(0) — kj_37
0
Fy(0) =
5< ) H1
with,

ag  pwv+nag
0 0 22 T 0

00 & B g

p p1

Here, the notation M (Z); fori = 1,2, 3,4, 5 represents the ith coordinate of the vector M (7).

The matrix M has positive or zero elements and &, satisfies &, = ME,. Furthermore, if the
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system (3.21) has a solution Z, then there exists a minimal positive real number s such that
| Z ||< s&, (3.23)

where, || Z [|= (|| Z1 Il,1] Z2 I,1| Zs |I,1] Z4 ||,|| Z5 ||) with the lexicographic order, and

|| - || is @ norm in C.

We need to prove Re(f) < 1. Suppose that Re(f) > 0. Now we have two cases: § = 0 and
0 # 0. At first assume the case (i.e., § = 0). Then, (3.20) is a homogeneous linear system of
Z; (1=1,2,3,4,5). The determinant of the system (3.20) evaluated at &,

X*
A= —Al + 125} (b + O')(klkgkg — ,LLCL)l/k4) {R()l N — 1:| s (324)

where, A1 = bu1a1k4 —+ balwlﬂgkg -+ balulekg -+ balulwlkg -+ balﬁ4k4 and klkgkg — IUCUVIC4 >0

(we proved in section 3.3).

It can be shown that ﬁ— = RLM and then A< 0. Consequently, the system (3.20) can only

have the trivial solution Z = 0 (which corresponds to the DFE, &). Now considering the
case 0 # 0. In this case, Re(F;(0)) > 0 (i = 1,2,3,4,5) since, by assumption, Re(6) > 0. It
is easy to see that this implies | 1 + F;(6) |> 1 for all i. Define F'(§) = min | 1 + F;(0) |> 1
; (for i = 1,2,3,4,5). Then, F'(0) > 1. Hence, ﬁ < s. The minimality of s implies that
| Z ||> F@yC2- On the other hand, taking norms of both sides of the third equation of

(3.21), and using the fact that the matrix M is non-negative, gives

FO) [| Zs [|l< M(|| Z [)s < s(M [| &5 |[)s < sI™. (3.25)

Then we have || Z; [|< 7yl which contradicts our assumption that Re(F;(0)) > 0,

therefore only Re(f) < 0. Hence the endemic equilibrium, &, is locally asymptotically
stable (i.e. LAS) for Rgp; > 1. O
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3.7 Global Stability analysis of EEP for a special case

The global asymptotic stability of EEP, &, of the reduced model (3.18) is considered for a

special case when after taking vaccine some people get complete immunity. At this situation,

B
N*»

shown that the reproduction threshold of the reduced model (3.18) with ¢ = 1 and o = 1,

putting ¢ = 1 into the reduced model (3.18), and using the substitution £, = it can be

denoted by Rgq, is given by

P X kg + pwrky + Bo X wiks

Roz k1 koks

(3.26)

where X*, k1, ko, k3 are defined in Section 3.3. Furthermore, using the same technique given
in Section 3.4, it can be shown that the reduced system (3.18), where, 0 = 1, has a unique
EEP, of the form

&3 = Eal(1ooro = (X™5, Y™ L™ [, C™ R™),

where, X** > 0,Y*™ > 0,L* > 0, > 0,C** > 0, R* > 0 whenever Rgs > 1.

Theorem 3.5. The unique EEP, &3, of the reduced model (3.18) when o = 1, is globally
asymptotic stable (GAS) in K\ Ky if Rge > 1.

Proof. Let 0 =1 and Ry > 1. Let the non-linear Lyapunov function is:

L= (X — X X**zn£> + (L — L7 - L**an[;*)

X**
BoX**[(p1 + Ba) + 152)] ( T i)
AT B G == (3.27)

BonX** ( C >
+ C— ™ — O™ In—).
p1 + Ba C



Chapter 3. The Dynamics of Mathematical Modeling on HBV 41

Now Lyapunov derivative is:

.: B X** . _E . 50X**[(M1+ﬁ4)+7752]( B I**) . 5077X**( B C**) .
: (1 X )X+ (1 L )L+ (1 + B4) (B2 + B3) ! I It ! ¢,

X**
= (1 - ) [wrC™ 4 BoI™ X + BonC™* X ™ + o X + i1y X — pwvC — Bol X

k%

L
I ) [pwvC + Bol X + BonCX —wiL — B L — i L]

—ﬁonCX —UX+M1X] + (1 —

Bo X [(11 + Ba) + 1] (1 _ ﬁ) (w1l — Bol — Bsl] +

) [BiL + oI — B4C — 1 C],

(1 + Ba) (B2 + B3) I p1 + Ba C
= pwvC™ + B I X™ + BonC™* X + o X + i1y X™ — 0 X — 1y X — pwvC ~ = Bol™ X ~
— BonC** X ~ XS X pwvC < T BoIl X** + BnCX*™ + o X*™* + 11 X
k% L** k%
— (w1 + b1+ )L — pwrC 7 Bol X 7 BonCX i + (w1 + B1 + )L™
Bow1 - nwi Bo B2 I
324-53[ I }= 5o 0 (M1+54)(/@2+53)[ I ]
1+ Ba 1+ Ba C f1 + Ba C
= pwvC™ + BoI™* X™ + BonC™* X™ + o X™ + i1y X™ — 0 X — 1y X — pwvC ~ Bol™ X ~
BonC i ¥ M X Bo ~ O BonCX ¥~ pvC o X
C X* C X* L L
+ Bo O X + BonC O X +o + pwrC T Bo e
L L** kok *kk
— BonC’**X**F — pwrC 7 Bol X 7 BonC'X 7 + pwvC™™ + B I™* X + BonC™* X™*
+ i [ c ]+ Tor [I1X IX c | + BonC™* X,
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X L C* I C* X L~ C L L I

+ pwrC*™[2 — + - — -

=oX"[2— |+ X2 —

]

X x* X X L L
L X oo -
oXTR - A m AR s - TR - o
X* LI X L™ X= LI o

]

Since the arithmetic mean exceeds the geometric mean, then it follows that

5 X X <0
X X - ’
L L**
2 — — <0
I L — 7
3 - <0,
4 — — <0,

X L~ I*C X»LC»~

Again, from the above expression we have,

I~ I=c | X "o+ X

= BonC** X o (1 C) pwrC' X (1 C**>

Here, if we consider % < 1, then the sign of uwyC**% (1 — %) is positive and the sign

of 60770**)(**% (1 — %) is negative. So that £ < 0 for Rg, > 1. Thus, using £ (Lyapunov

function) and the LaSalle’s Invariance Technique [40], every solutions of the reduced model

(3.18) tends to &3 as t — oo when Rgy > 1. O

3.8 Numerical Illustrations and Discussions

In this section, we have presented some graphical representations using parameter values from

Table 3.2. In Figure 3.5, prevalence slowly decreases with vaccination, when Ry = 0.8595
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and also decreases without vaccination, when Ry = 0.8611. In Figure 3.6, prevalence is very
high when Ry = 1.1204 in the absence of vaccination and prevalence is gradually increasing
when Ry = 1.1101 in the presence of vaccination. In Figure 3.7, total infection decreases
when Ry = 0.8611 in the absence of vaccination and also decreases and reduces to zero when
Ro = 0.8595 in the presence of vaccination. In Figure 3.8, total infection is increased without
vaccination when Ry = 1.1204 and with vaccination, at the beginning disease increasing and
smoothly increases when Ry = 1.1101. So that, it is clear that the vaccine has a positive
impact for the reduction of infection in comparison to the case when the vaccination is not

used.

Prevalence
°
b
5

without vaccination,
025k RO=D.8611 "

100 200 300 400 500 600
Time t (days)

FiGURE 3.5: The figure illustrates the prevelence in the presence and absence of
vaccination for Rg < 1.
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=Y
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0-20 "2 :t 1"1 é 1‘0 1‘2 1‘4 1‘6 1‘8 20
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FIGURE 3.6: Simulation of the model (3.8) shows the prevalence considering the presence

and absence of a vaccine for Ry > 1.
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F1GURE 3.7: The total number of infected individuals considering the presence and absence
of a vaccine for Ry < 1.
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FiGUre 3.8: Total number of infected individuals considering the presence and absence
of a vaccine for Ry > 1.

3.9 Summary of Analysis

In this chapter, a new deterministic HBV model among population is formulated. Qualitative

as well as quantitative analysis have done rigorously. We can summarize some of the results

of the study as follows:

(i) The model has a locally-asymptotically stable disease free equilibrium (Lemma 3.2)
when the associated basic reproduction number Ry < 1. By Lyapunov function and

LaSalle Invariance Principle, the DFFE is GAS whenever Ry < 1.

(ii) The model has a locally stable unique endemic equilibrium point whenever Ro > 1.

And EEP is GAS where the vaccine is fully effective (Theorem 3.5).
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(iii) The model exhibits backward bifurcation when Ry < 1.

(iv) When there is no re-infection, the model does not undergo backward bifurcation.



Chapter 4

HBYV Dynamics in vivo

4.1 Introduction

Here, we have presented a mathematical model of immune responses to HBV infection. This
study focuses on how to control the infection by using immune responses, such as innate
and adaptive immunity. There may be little evidence that humoral immunity performs
a major role in viral clearance from infected hosts. But cell-mediated immune responses,
especially cytotoxic T-lymphocytes (CTLs) are very vital for viral clearance [64, 65]. At
the time of HBV infection, hepatocellular damage and viral clearance both occure by the
host immune responses. But in this process, the innate immune response does not play a
significant role. The adaptive immune response such as, cytotoxic T lymphocytes (CTLs),
contributes the liver injuries related to HBV infection. In an unvaccinated person, the
hepatitis B virus causes the chronic diseases. Nowadays alum adsorbed hepatitis B vaccine is
used for prophylactic immunization and that effectively increases humoral immune response.
It is evident that cell-mediated immune response is also a major component to control
the disease burden in vivo [66]. HBV infection is still the leading killer among diseases.
Our mathematical model describes the production of antibodies depends on the life span of
short-lived and chronically infected cells. We expect that sufficient levels of antibodies, either
pre-present in vaccinated people, can control the infection as well as the viral clearance. But,
while the antibody levels are not sufficient, cell-mediated immune responses are needed to

control the virus. Also antibodies work in late stages to reduce viral clearance [67]. Immune

46
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responses such as cell-mediated and humoral both are very important for HBV infection
clearance. Even though it is evident that the immune responsibilities for clearing viruses are
not fully understood.

The goal of this chapter is to understand better the dynamics of HBV in the infected host and
what is the role of the immune system on HBV disease dynamics in vivo. Some mathematical
models [68, 69] have been constructed and used to study the transmission disease dynamics
of HBV un vivo in the population level . Here, we explore the dynamics of hepatitis B in vivo
through mathematical formulation. This chapter is organised by giving model formulation,
basic properties, local stability analysis of virus-free equilibrium point (VFE) and virus

present equilibrium point (VPE). Numerical simulations are presented at the end of the

w:@

IFN»'I TNF-a, and IL-2

ACM: antigen adsorbed cationic microparticle

APC: Antigen presenting cells
B: B Lymphocytes Antibodies
CTL: Cﬂoto(it'l' Lymphocytes

chapter.

FIGURE 4.1: Graphical representation of HBV in host (Source:[66]).

4.2 Formulation of Model

The formulation of the model is based on the characteristics of transmission dynamics of
HBV in vivo. In this model, the total host population at time ¢, is represented by N (t).
The host population, N(t) is sub-individual into six epidemiological groups: the uninfected
target host cells H(t), the short-lived infected cells I(t), the chronically infected cells C(t),
the concentration of free virus particles V(¢), the density of HBV specific antibodies A(t),
which is humoral immune response and the density of CTLs cells Z(t), produced by the

cell-mediated immune response, so

N(t) = H(t) + I(t) + C(t) + V(1) + A(t) + Z(1).
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The uninfected host cell is reduced by infection, which can be acquired by effective contact

with free virus particles, at a rate A, where,

1%
)\ =
1+ aV

(4.1)

where, [ is the rate of infection and « > 0 is saturation incidence rate.

The uninfected target cell (H) is increased by a constant recruitment rate (II) of uninfected
healthy cells. It is decreased by the rate A(1 — o) and o (0 < o < 1) is the vaccination
efficacy. Short-lived infected hepatocytes (I) can be cured at a rate p and move to the target

host cell (H). This class is also reduced by the natural death of cells at a rate u. So

dH (1 — o)BHV
LA S o) [ec A Y
d p 1oy 7

The short-lived infected cells (1) is generated by the infection rate of uninfected healthy
host cells at 5(1 — 0)(1 — &), where, 0 < £ < 1 is the fraction of infection depends on the
short-lived and chronically infected cells. This class is decreased by the death rate (§), cured
rate (p), the cell-mediated immune response for short-lived infected cells at a rate p and by

the progression rate (). So the governing equation is

Al (1—&)(1—0)BHV

pri T av — o0l —pl —plZ —nl

The chronically infected cells (C) is produced by the infection of healthy cells at a rate
B(1 — 0)¢ and the progression rate of short-lived infected cells at 7. They are further
decreased by the death rate (a) and the cellular immune response for chronically infected

cells at the rate p. Therefore

dC _ €(1-0)BHV

_ —aC — pCZ 1+l
dt 1taV at = pLZ

The free virus particles (V) is generated by the number of virus production during the
life span of short-lived and chronically infected cells. Note that, the chronically infected
cells produce much smaller amounts of viruses and die at a slower rate than the short-lived
infected cells [71]. Further, it is reduced by the virus clearance (at the rate «y), by the

antibody neutralization rate ¢ and the response of cell-mediated immune system for virus
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particles at the rate p. Hence

av
o= NidI + NeaC — AV —qVA —pVZ

The humoral immune response produced by the production rate of antibodies (a4), where,
a4 is proportional to the number of short-lived and chronically infected cells. It is also

decreased by the loss of the antibodies (at a rate p4). Thus

dA
E = OéA(]-f-C) _NAA

The cell-mediated immune response consists of constant recruitment of CTL cells from the
thymus (at a rate b) and also expanded by the viral antigen which is derived from the infected
cells (at a rate ¢1(I + C)), where, ¢; is CTL response stimulation rate. This is decreased by

the loss of CTL (at a rate py). Therefore, the governing equation is

az
%:b—i—cl([—l—C)—uZZ

Considering the characteristics of HBV transmission within the host, the non-linear
differential equations of the system (description of variables and parameters are given in

Table 4.1) are given below:

dH (1—0)BHV

L S S ) A Y

a g T+av 7

Al (1-¢&)(1—0)BHV

@ [ —pl —plZ —nl
dt 1+aV O =pl=plZ =nl,
dC 1-— HV

d¢ _ 0 =o)BHV. o ozl

dt 14+ aV (4.2)
dVv

dA

— =aa(l +C) — pa4,

dt

dz

%:b—l—cl(l—i—C)—uZZ.

The main features of the model (4.2) are:

(i) Cell-mediated immune response against the infection of HBV: for infected cells and for

virus particle (at a rate p);
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(ii) Humoral immune response against the infection of HBV (at a rate ¢),where ¢ is the

antibody nutralization rate;

(iii) Two viral ifected classes: one short-lived infected class (1) and the other chronically

infected class(C);
(iv) HBV transmitted from cell to cell (at a rate f3);
(v) Short-lived infected cells becomes chronically infected cells (at a rate n);

(vi) Production rate of antibody (at a rate c4) which is proportional to the short-lived and

chronically infected cells;
(vii) HBV specific CTL stimulation (at a rate c¢;);
(viii) HBV infected hepatocytes can be cured (at a rate p) and move to the target healthy

cells [47];

The model (4.2), in the absence of immune response (p = ¢ = a4 = b = ¢; = 0), reduces to

the following:

dH (1-0)BHV

— =y - ——— 1

at s T+tav P

I 1— 1— H

d_(-Q(-opmy
dC_€1-o)BHY . |
dt 1+aV s

dV

E:Nléf—l—NcaC—vV.

4.3 Model without Immune Response

4.3.1 Positivity of solutions of the Reduced Model (4.3)

For the epidemiologically well proposed, we have to prove that the solutions of the reduced

model (4.3), with nonnegative initial condition, will remain nonnegative for ¢ > 0.
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o1

Parameters Description

Baseline values

T Constant rate of production of healthy host cells

1 Natural death rate of healthy cells

o The vaccination efficacy

6] The infection rate

Lz The lost rate of CTL cells

aa Production rate of antibodies

p Cured rate of infected hepatocytes

A The lost rate of antibodies

& The fraction of infection depends on the short lived

and chronically infected cells
) short-lived infected cell’s death rate
n Progression rate of short lived to chronically infected cell
D Cell-mediated immune response
a chronically infected cell’s death rate
v The free virus clearance rate
q The antibody neutralization rate
b Constant recruitment rate of CTL cells from the thymus
N

I The average number of virus particles produced during the

life span of short lived infected cell

N¢ The average number of virus particles produced during the
life span of chronically infected cell

c1 HBYV specific CTL stimulation rate

Hy Target host cells at initial time

Iy Short-lived infected cells at initial time

Co Chronically infected cells at initial time

Vo Free virus particle at initial time

10mm=3d~1 [69]
0.01d~" [69]

[0,1] [assumed]
0.00Lmm?d~" [69]
0.1d"" [69]

0.9 [assumed]

0 [67]

0.43d~! [assumed]

[0,1] [assumed]
0.0494d" [67]
[0,1] [assumed]
0.005mm?d~" [69)]
0.1d"" [69]
0.67d"" [67]
0.01lmm3d—" [69]
0.12 [assumed]|

10 [69]

5 [69]
0.5 [assumed]

13.6 x 10° per ml [67]

0 [67]
0 [assumed]
0.33 per ml [67]

TABLE 4.1: Parameter description of the model (4.2)

Theorem 4.1. Let us consider the initial condition is H(0) > 0, 1(0) > 0, C(0) > 0 and
V(0) > 0. Then, the solutions (H,I,C,V’) of the reduced model (4.3) are positive or zero

for all time ¢ > 0.

Proof. Assume that, T = sup{t > 0 : H(t) > 0,I(t) > 0,C(t) > 0,V (¢) > 0}. Then for

T > 0, the first equation of (4.3) can be written as follows:

dH (1—-0)pV (1)

— + [\Nt) + p|H =11+ pI(t), where A(t) =

dt 1+ aV(t)
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Thus,

so that,

H(T) exp UOT Aw)du + pT} — H(0) = /OT(H + p/ox I(u)du exp UO Aw)du + ,ux} .

Hence,

H(T) = H(0) exp{ . VUT A(u)du%—uT] }

+exp{ - [/OTA(u)du+pT} } x /OT(H+p/OII(u)duexp U;A(u)duwx]

> 0.

Similarly, it can also be proved that I(t) > 0, C(¢t) > 0 and V(¢) > 0 for all time ¢ > 0.
Therefore, all the solutions of the reduced model (4.3) remains non-negative for all initial

conditions. O

4.4 Existence and Stability analysis of Equilibria

4.4.1 Local stability analysis of virus-free equilibrium (VFE)
The reduced model (4.3) has a VFE of the form,
IT
Eo = (H*,I",C*,V*) = (E,o,o,o) . (4.4)

For analysing the stability of &, here we consider the next generation operator method [37].
Considering the new infection terms and transfer terms from the model equations, we have

the following F' and () matrices, respectively,
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(0 o £10-90-0)]
12

F = 00 BlIE(1—0)

[
00 0 |
and,
_5 +p+n 0 0-
Q= -1 a 0
I —Ni6 —Nca ol
Thus,

BII(1 — o)(§cd + ENep + nNe + Nro(1 =€)
n(0+p+n)y

Ro=p(FQ™") = : (4.5)

Hence, the following result is established [37].

Lemma 4.1. If Ry < 1 then the VFE, &, of the reduced model (4.3) of the form given in
(4.4) is locally-asymptotically stable (LAS), and otherwise unstable (i.e. if Ro > 1).

The above threshold quantity, Rg, is the basic reproduction number of the model. The
epidemiological meaning of Lemma 4.1 is that HBV infection in vivo can be controlled when
Ro < 1. To establish that, whenever Ry < 1, the viral clearance is independent of the
sub-populations of the model. For which it is very important to show that the VFE is
globally-asymptotically stable (GAS).

4.4.2 Global stability analysis of VFE

Theorem 4.2. The VFE, &, of the reduced model (4.3), is globally asymptotically stable
(GAS) for Ro < 1.
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o4

Proof. Consider the following Lyapunov function

where,

F = f[l(t)+ LCOt) + 3V (1),

fo= nNc + ON;
d+p+n’

f2 == NC7

f3 = 17

now Lyapunov derivative is

Fo_

AI®) + foVe(t) + faLy(t),

(1 -0 - o)BHHV ()

A== POV —s10) - prto - i)
NSRS 2T act) 4 i o)

L[N;OI(t) + NeaC(t) — 4V (t)],

(nNc + Ni6)(1 = §)(1 — o)BIV 6I(nNc + Nib)

w(@+p+n)(l+aV) d+p+n
pl(nNc + N1o)  nI(nNe + Nid)  ENc(1 —o)BrV
— +nIN¢c + Biol —~V,
S+p+n S+p+n p(l+ay) HAeTEeTy

u(@+p+ 717)(1 vy < VA = 0)(uNe + Nid) = FTIVE(L = 0)(nNe + Nio)

YWu(d+p+n)(1+aV)+ENc(l —o)pIIV (6 + p+n)l,
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which can be simplified to

vV
1+ aV

ENc(1 —0)BId + ENe(1 — o) Slp + BII(1 — o)nNe + BII(1 — o) No — SIIE(L — o) Nt
10+ p+mn)y

‘_F'-:

— (1+aV)

<

Here, all the parameters and variables of the model are positive for all time ¢ > 0 (Theorem
4.1), so it follows that F < 0 for Ry < 1 and only if V/(t) = 0 then F = 0. Thus, we have

V — 0 as t — oo (by using Lasalle Invariance Principle [40]). O

The epidemiological significance of Theorem 4.2 is that the threshold, Ry is less than unity
(i.e. Ry < 1) is necessary and sufficient condition for HBV clearance from an infected host.
Figure 4.2 reveals the solution trajectories of the reduced model (4.3) for Ry < 1, which

shows convergence of the total infected hepatocytes cells to VFE, & (Theorem 4.2).

Total number of infected hepatocytes cells

0 10 20 El 40 50 60
Time {(Days)

FIGURE 4.2: Figure illustrates the total density of the infected hepatocytes cells, where,
Ro = 0.8521 < 1, § = 0.01 and other parameters are taken from Table 4.1.
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4.5 Existence of virus present equilibrium point (VPE)

In this section, we want to show the existence and stability analysis of positive virus present
equilibria of the model (4.3) in the absence of immunity (p = ¢ = as =b =c¢; = 0). Let
& = (H™, I, C**, V™) be any arbitrary endemic equilibrium point. Consider

V**
)\** _ /8

= — 4.6
1+ aV** (4.6)

which is the forces of infection of the reduced model (4.3) at steady-state. To find the
conditions for the existence of the VPE, we have to solve the model equations (4.3) in terms

of force of infection, which gives

w4 pl™
N A+ (1 — o)’
o L= = o)A H™
(0+p+n) ’ (4.7
ovr A =0) @+ p+n) + 01— &1 — o) A" H™ '
a(d+p+n)) ’

poe = V01 = A — o) + Ne[{€(1 —0)(8 + p+ 1) + (1 — E)(L — o)} A" H™

(0 +p+mn) ’

Substituting (4.7) into the expression for \** in (4.6), gives

N (14 V™) = BV, (4.8)
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Substituting the non-zero VPE in the above expression and simplify:

A [0 +p+n) + (1 —0) {ENcd + ENep + Nen + Nid(1 — &) ) o™ H™]
= B{(1 =0)(1 = N0 +ENeo(1 — o) + ENop(l — o) + Nen(l — o)} A" H™
= N[0+ p+n)+[(1—0){{Ncd + ENep + Nem + Nio(1 — &)} e H™]
= B{(1 = 0){&Ncd + ENep + Nen + Npd(1 — &)} A H™

V(6 +p+n)
(6 +p+n)
O/R,o

= AN = Ry = 0

Ié] 1
> AN ==1- = 0.
Oé( R0>>

Lemma 4.2. The model (4.3) with (p = ¢ = ax = b = ¢; = 0) has a positive unique

endemic equilibrium, & when Ro > 1.

4.6 Local Stability analysis of VPE

Using the substitution H** = N*—]—C'—V in the model (4.3) withp =g=a4=b=¢; =0

we get the reduced model:

M _O—fﬂk—ﬂquw_[_c_VW—®+p+mﬂ

dt 14+aV

dC (1 —o0)pV

= TP INM* (O —V] = I 4.9
7 e C—V]—aC +nl, (4.9)
av

= Nidl + NeaC =4V,

To show the system has a positive unique VEP, &, whenever Rq > 1, we claim the following:

Theorem 4.3. If Ry > 1 then the reduced model has a LAS positive unique endemic

equilibrium, &;.
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o8

Proof. Here we use Krasnoselskii sub-linearity trick [58, 63]. We linearilize the system (4.9)

around the eqilibrium &; and obatin the given of solution

Z(t) = Zoegt,

(4.10)

Substitute the above solution form in the system (4.9) around the equilibrium &; and we get

the following linear system

07, = (—may — k1) Zy + (—may) Zo + m(ag — ay) Zs,
07y = (—nay + )21 + (—nay — a)Zs + n(as — ay)Zs,
923 = N]6Zl + NCaZ2 - ’7Z3.

where, m=(1-¢&)(1—0), n=¢&1—0), k1 =0+p+n,a = %, ag = % .
Solving the equations of (4.11) and after simplification
N nasNpo mas N1
1+ G Z + 1+ Go(0)]Zy = | = Z
[ 1( )] 1 [ 2( )] 2 a a(g_‘_,y) k’1(9+’7> 1

naaNe  masNca 7
O+9)  k@+7y)|7
Nié N,
1+ Ga(0)] 2 = 22, + 27,
Y Y
where,
0  ma ma N0  na;  na;Nio
G1(0) = — + + + ,
1( ) ]{Zl kl kl (9 + ’}/) a CL(& + ’Y)
0 nay naNe ma; maNoa
Ga(f) = =+ — + + ,
2(6) a a 0+~ ky k(0 + )
0
Gs(0) = —.
5(0) >

(4.11)

(4.12)

(4.13)
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with,
masN1d maaNca 0
k1 k1
M = n + nasN7d nas No 0
a ya ¥ ’
Nié Nca 0
v vy

The above form M (Z); (with ¢ = 1,2,3) represents the ith coordinate of the vector M (7).

Here, M has positive or zero entries, and the endemic equilibrium & = (H**, [**, C**, V**)
satisfies the expression & = M&;. Since & is positive, so system (4.12) has a solution Z, if

only there exists a minimal positive real number s such that
1 Z]|< s&, (4.14)

where, || Z ||= (|| Z1 ||, ]| Z2 ||, |] Z5 ||) with the lexicographic order, and consider the norm
in C.

Now, we want to establish that Re(f) < 0. Let us assume Re(f) > 0. Then we have the
cases § = 0 and 6 # 0. For 6 = 0 the system (4.11) is a linear with Z;, where i = 1,2, 3.
Determinant of (4.11) evaluated at &, is given by

A:A+”y(5+p+n)(7€0]\/[)% > 0. (4.15)

where, A = (1—-¢&)(1 —o)Mda+ (1 —0)&0yM + (1 — 0){pyM > 0 and

_ ay(d+p+n)
M= (1=0){ya(1-&)+Nrda(1-&)+(£d+Ep+n) (v+Nca)} > 0.

From the above expression (4.15), it is clear that A> 0. So, the system (4.11) has only the
trivial solution Z = 0 which is also the VFE. Next, we consider § # 0. Since Re(f) > 0, in
this case, Re(G;(f#)) > 0 for ¢« = 1,2,3. Thus | 1 + G;(f) |> 1 for all ¢. If
G0) =min | 1+ G;(0) |> 1 for i = 1,2,3. then G(A) > 1. Hence, Gy < s For the real

positive number s implies || Z ||> G@1- On the other hand, taking norms in the third
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equation of (4.11) and using the non-negative M matrix gives
GO) || Zs [[< M([| Z [)s < s(M || & )3 < sV™ (4.16)

Then, it follows from the above inequality that || Zs [|< zg V™, which contradicts our
assumption that Re(G;(f)) > 0 . Therefore, Re(d) < 0, so that if Ry > 1, then &, is
LAS. O

From the epidemiological aspects of Theorem 4.3, we can say that the disease will persist in
the infected body if Rg > 1. Hence Ry > 1 is the necessary condition for the HBV persistence
within the infected hepatocytes cells for our reduced model (4.3). Figure (4.3) portrays the
solution trajectories of the reduced model (4.3) for Ry > 1, which shows convergence of the

healthy cells, infected hepatocytes cells and virus cells density to the VPE, &;.
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FiGURE 4.3: Plot illustrates the density of healthy and infected hepatocytes cells and

virus particles using different initial conditions, where Ry = 1.89 > 1 and g = 0.05. The

corellation of the virus concentration of (0-7) days and (8-15) days after acute infection.
The parameters values are given in Table 4.1.

4.7 Global stability analysis of VPE

Theorem 4.4. If Ry > 1 then the unique VPE, &, of the reduced model (4.3) is globally
asymptotically stable (GAS).
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Proof. Let us consider the following non-linear Lyapunov function:

H I
L= <H - H™ — H**lnﬁ) + aq (I — I — I**lnﬁ) + as (C’ - — C’**lncc*’*>
y (4.17)
+ as (V -V — V**lnw> s
where, a; = -k%, as =0 and az = 0. with Lyapunov derivative given by,
. H** . p I** .
L=(1- H+—11- 1
(=57 ) 5= 7)
H* (1—0)BH™V* (1—o)BHV
—(1- o I —pyH - P T
( H)[’“‘ A W v Ttav 7
p (. I*\[(=90-o0)BHY
— 11— — kil
T < i ) 1 +aV !
(1—o)BH*V* (1—0)BHV
— uH** oy H — P ]
s * 14+ aV* P a 14+aV Tp
- - i
] Tlt+av= @ M T raw
pH*I  p [(1-€)(1—0)BHV (1-8)(1—o)BHV I
e 4 2 — kel — fe I
H +k1[ 1+aV ! I(1+aV) i
= 2p p +
H 1+ aV* 1+aV H(1+ aV*) H
(L—)BH"V pH"I p(l—&(1—0)BHV p(l—&)(1—0)BHVI"
1+aV H ki(1+aV) I(1+aV) ’
—ouH* — uH — . H* — oI H**
P H 7 1tave e D e
P H(1+ aV+) i 1+aV g’ I
=2uH™™ — uH — — . [ . — ol  ——
HET = 4 i tave ®H " H T 1rav M E
o PRi(I7)?
-
+Tp 7
= ouH*™ — pH — - : I M — pH™ + pI** | -
HET 4 H [ Ty A A i
kok ]**
_ [ . I** _ [** .
pL-——+p pka i
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:2uH**—uH—M<T**)2+ —H+uH**++(1_1(jr)i‘IiiV** 1711;]

—pI-IZ*—i—pI**—pkll**-I;*,

:2uH**—uH—MH—W+pI**-Lj-%— I+ pH™ + <1_1j_)§(§:v** }Z*

+p]**—pk1]**-];*,

WH  uH - M(]?)Q +pl**_$,%_pl**.f§* e I;* _pkll**_[;*’

=2MH**—MH—M(H**)QﬂLpI**'?'%_PI**'}Z*Jr —II+ pH*™
] L

= 2uH™ — pH — (H**>2+pf**'?'%_PI**'%JWI**'?_NM**'I;*,

:2MH**—MH—MHTW—/)I**.]—2*<1—I;*)—pI**.I;*(k1—1>,

<uH**(2—£*—}Z*).

The following expression occurs when the arithmetic mean exceeds the geometric mean.

H H**

p <0,

S H*  H —

Here, £ < 0 for R > 1. Hence, by using LaSalle’s Invariance Principle [40], we can say that

every solution of the reduced model (4.9) approaches to & as t — oo for Ry > 1. n

From the epidemiological view point, Theorem 4.4 implies (when Ry > 1) that HBV infection
will persist within the infected host.
In summary, we have the following:

(i) If Rp < 1 then the reduced model (4.3) has a VFE, &, which is GAS;

(ii) The reduced model (4.3) has a unique VPE, &;.
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(iii) If Ry > 1 then the reduced model (4.3) has a positive unique VPE, £ and the infection

will persist within the infected host.

4.8 Analysis of the Model with Immune Response

4.8.1 Basic Properties of the Model (4.2)

4.8.1.1 Positivity of solutions

To prove the following theorem here we use the same approach described in Subsection 4.3.1.

Theorem 4.5. Let us consider the initial condition be H(0) > 0, I(0) > 0, C(0) > 0,
V(0) >0, A(0) > 0 and Z(0) > 0. Then, the solutions (H,1,C,V, A, Z) of the model (4.2)

are positive for all time ¢ > 0.

4.8.2 Existence and Stability analysis of Equilibria
4.8.2.1 Local Stability analysis of VFE (with immune response)
The model (4.2) has a VFE of the form
IT
Eoo = (H", I",C*", V* A", ") = (;,O, 0,0,0,0> . (4.18)

Using the next generation method the matrices F; and @y from the model (4.2) are

respectively given by:
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_0 0 w 0 0_
0 0 2= g g
N
00 0 0 0
F1: 5
00 0 0 0
00 0 0 0

and,
(5+p+n 0O 0 0 0]
-0 a 0O 0 O
Q1 = —Ni6 —Nga v 0 0],
0 0 0 pa O
o 0 0 0 pg
so that,
Ro = p(F1Q7") = Ro. (4.19)

Hence, it follows, from Theorem 2 of [37], that:

Lemma 4.3. If Ro; < 1 then the model (4.2) has a LAS VFE, &y and otherwise unstable.

4.8.2.2 Global stability of VFE (with immune response)

Theorem 4.6. The VFE, &y, of the model (4.2), is GAS if Ro; < 1.
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Proof. Consider the following Lyapunov function

F = [I(t) + LC1) + V() + f1AQR) + f:2(1),

where,
fo= N1d + Nen
! b+p+n’
f2 - NC7
f3 = 17
f4 = 07
f5 = 07

Now Lyapunov derivative with respect to t is

F=HfIt)+ LC#) + V() + fAR) + f2(1),

N6+ Nen| (1 =€)(1 —o0)BHV E(1—o)BHV
= — (0 I —plZ| +Ng|>————aC —pCZ +nl
d+p+n 1+aV O+p+n)l—p e 1+aV ¢ pes
+ 1| N;oI + NoaC — vV — qAV —pV Z

Which can be simplified according to the approach in Subsection 4.4.2 to prove the following

result.
4 [ ___ 014
]:_1—|—on Ror =1 1+ aV @
W ]
<1+0zV Ror =1

Since all the parameters and variables of the model are positive for all time ¢ > 0 (Theorem
4.1), therefore F < 0 for Ro; < 1 and F = 0 if and only if V(¢) = 0. Thus, by using the
Lasalle Invariance Principle [40], it is clear that V' — 0 as ¢ — oo. Thus, for arbitrary € > 0
there exists a t. > 0 such that if ¢ > t., then I(t) < ¢, C(t) <€, V(t) < ¢,A(t) < € and

Z(t) < e. Consequently, for t > t, we get the following expression from the first equation of
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the model (4.2)

I1
H(t) > :
()_)\e—l—u

(4.20)

BHV
1+aV

in (4.20) gives

where \ = so that, by a comparison theorem [72], since € > 0 is very small so let ¢ — 0

II
liminf H(t) = —,

t—o00 M
so that,
IT
lim H(t) = —.
t—o00 7]
Hence,

lim (H (%), I(t), C(t), V (1), At), Z(t)) = (%,0,0,0,0,0) = &

t—o0

Therefore, every solution of the model (4.2) approaches to the VFE, &y, as t — oo, for
Ror < 1. O

The result of Theorem 4.6 implies that if Ry; < 1 then HBV infection will be removed from
the infected host.

4.8.2.3 Existence of VPE for a special case

For the existence of VPE we consider a special case where the response of cell-mediated
immunity is very low due to alum adsorb HBsAg vaccine (i.e. p = 0) and the response of

humoral immunity (¢) is comparatively better than the response of cell-mediated immunity

[66]. Let,
52 — (H***, I***, C***, V***, A***, Z***),
be any arbitrary positive equilibrium point of (4.2). Assume that

/BV***
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where A7** be the force of infection. Solving the model equations (4.2) we have the following

VPE with immune response. The VPE are

po+p+n)+ A1 —-0)(d+Ep+1)
I\ (1 —o)(1 =€)

! p@+p+mn) + A (L —o0)(d+E&p+n)
. X (1 = 0)(§6 + &p +1)

a{p(@+p+n) + A1 -0)d+Ep+n)} (4.92)
Ve AT {(1 = 0)(Ne&p + Ne&d + Nem + Nio(1 =€)} '

(v + A {0+ p+n) A (L—0o)(d+Ep+n)}
e — QAL = 0)((n +&p + &) +a(l — §))}
a{p(@+p+n) + A1 —0)(d+Ep+n)}pa’
e _ AL = 0)(0 + p+m)[ba(d +Ep +n) + e TT{(n + & +&p) +a(l — O}
@@ +p+n)+ A1 —=0)(d+Ep+n)}pz '
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Substituting (4.22) into the expression for A7** in (4.21), gives,

Al == ———
1+ V==

= A\ (1 — o) (voapa + yp§apa + allNcEpapa + allNenapa + allNoEdapa — allNd€apia

+ allNpdapa + qaallp + qaalln + dqaalls — qaallal + qaalla + ynapa) + ypapa(d + p +n)

= BHaps {(1 — 0)(Ne€p + Nc&6 + Nen + Npo(1 —€))}

= N (1 = o)[yapa(d +n+E€p) + gaalla(l — &) + allNidapa(l — £)

+ oIINcapa(n + &6 + p) + qaall(n + €6 + £p)]

= Bllapa {(1 — 0)(Nc§p + Ne§o + Nem + Nid(1 =€)} — ypapa(d + p + eta)

= A" (1 = o)[yapa(d +n+&p) + (1 — §)(qaalla + allNydapa)

+ (n+ &0+ Ep)(adlNcapa + qaall)] = apa[BI(1 — o) (Ne§p + Ne&d + Nem + Nio(1 = §))

— (8 + p +n)] (4.23)

= A (1= 0)(yaa(6 + 1+ €p) + (1 — €)(qaalla + alIN Sapa) + (1 + €6 + £p) (@TINpajia

BI(1 — o)(Nc€p + Ne&d + Nen + Nio(1 —£)) _
+ qaall)) | —apa [Y(0+ p+n)p Y F —1{ =0
= AN (1= 0)(yapa(d + 1+ Ep) + (1 — &) (qaalla + allNgdapa) + (7 + &0 + Ep) (eIINcajia

+qoaall)) | —apa |y +p+n)u(Ror —1)| =0

= al)\“{** —ap=20

Qo
= \N"=—=>0.
aq

since ag = apaly(d + p+1n)(Ro1)] > 0 where Ry > 1 and
ay = (1= o) [yapa(d +n+&p) + (1 = §)(gaalla+ oIINibapia) + (1 + €6 + £p) (eIINcapa +
qall)] > 0.

The model (4.2) with immunity system has a positive unique virus present equilibrium
(VPE), when Ry > 1.

Theorem 4.7. If Rg; > 1 then the model (4.2) has a positive unique VPE, &,.
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4.9 Local Stability of virus present equilibrium point

(VPE) with immune response

Now the local stability analysis of the positive unique VEP, &, is established for a case p = 0
in the model (4.2). Using the substitution H** = N** — | — C' =V — A — Z in the model
(4.2) we get the following reduced model:

AL _ (=0 =0V v 1 0 VA g~ Gt pin,

dt 1+aV

dC £(1—0)BV

= N[ C-V-—A—Z] - I
dt Tav | c-v | —aC+nl,
dv

= Ni8l + NeaC =V — qV A, (4.24)
dA

= aal — usA

7 aa(l +C) — pa4,

dz

E:b+01(1+0)—,uZZ,

It can be easily shown that the system has a positive unique VEP, & whenever Rg; > 1.

Theorem 4.8. The unique virus present equilibrium point, &, of the reduced model is

locally asymptotically stable when Rq; > 1.

Proof. The proof is similar to theorem 4.3. This approach shows that the linearization of

the system (4.24), around &, has the following form of solutions
Z(t) = Zoe”, (4.25)

Substitute the above solution into the linearized system of (4.24), around &, we get the

reduced following linear system

071 = (—may — k1) Z1 + (—may) Zs + m(ay — a1)Z3 — ma1 Zy — may Zs,

07y = (—nay +n)Z1 + (—nay — a)Zy + nlay — a1)Zs — nay Zy — nay Zs,

075 = N16Zy + NoaZs — (7 + qA) Zs — qV Zs, (4.26)
02y = anZy + anZy — pala,

075 = 121+ 14y — g Zs.



Chapter 4. Model for HBV Dynamics in vivo 70

where, m, n, ky, a; and as are mentioned earlier in section 4.6. Solving and simplifying the

equations of (4.26):

n+ Nio Nea az(m +n)

[1+F1(9)]Z1+ [1+F2(9)]ZQ+ [1+F3(¢9)]Zg = 3 Z + . Ly + s,
1
1+ Fi0)Zs = 22, + 2 2, (4.27)
Ha KA
[1+ F5(0)]Zs = 27+ 2L,
bz bz
where,
0 a(m-+n) gV ay ara(m+n)  cra(m+n)
Fi(0)=—+ + + ,
O =t T TR ay T kOt | k@)
0 ai(m+n) qV*™*ax aasa(m+n) ca(m+n)
F2<0) = -+ ;
a a a(f + pa a(0+ pz) a(d+ pz)
0 A***
R =2 447 almin) (4.28)
Y Y Y
0
F4(0) =
KA
0
F5(0) = —.
Hz
with,
= 0 - 00

A Ha
(R < 0 0 0
Bz 1z

The above matrix R(Z); for i = 1,2, 3,4, 5 represents the ith coordinate of the vector R(Z).

It is clear that all entries of the matrix R are positive and &, satisfies & = ME,. Hence, for
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the solution, Z of (4.27) there exists a minimal positive real number [
| Z ||< &, (4.29)

where, || Z ||= (|| Z1 [, 1| Z2 |I,1| Z3 ||, || Za |],|] Zs ||) with the lexicographic order. Our aim
is to prove Re(6) < 0. Let us consider Re(f) > 0. There are two cases: § =0, 6§ # 0.
If # = 0 then the linear system (4.27) is homogeneous. The determinant of the system (4.27)

evaluated at & is

A=apz(1 =& fi+pzf2{ne(d+p)} — R <O0. (4.30)

where, f1 = palNid — a qV*™** <0, fo = auaNe — aaqV* < 0 and
R=aapa(l —o)gV™la(l = &) +n+&0 +&p] > 0.

Since A< 0. So the system (4.27) has only the trivial solution Z = 0, which is the VFE.
Next if we consider the case 6 # 0 then Re(F;(f)) > 0 (fori = 1,2,3,4,5). If

F(0) =min | 1 + F;(0) |> 1; (for i = 1,2,3,4,5), then F(§) > 1. Hence, # < . For the

minimal positive number, [ implies that || Z ||> %52. Taking norms in the fourth

equation of (4.28) and also using the positive matrix R,

FO)[| Zse IS R Z [)a S UR || &2 [])a < TA™. (4.31)

Then, from the above inequality || Z; ||< ﬁA***, that contradicts our assumption
Re(F;(0)) > 0. Therefore, Re(f) < 0 and the virus present equilibrium (VPE), &, is LAS

when Ry; is bigger than unity. O]

4.10 Model Validitation

There are many statistical techniques for model validation. One of the most popular method
is Non Linear Least Square Method. This method demonstrate the least error between the

simulated data and the real data.
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4.10.1 Non Linear Least Square Method

The least-squares technique is a statistical technique to discover the suitable fit for fixed
data records by minimizing the sum of the residuals of points from the plotted curve. Least
squares regression is used to expect the conduct of dependent variables.

Here we expect that the time coordinates of the real data are exact, but their corresponding
virions data of a patient in the y-coordinate may be deformed. We adjust the solution curve
through the real data such that the sum of the squares of the vertical distances from the
real data points to the points on the solution curve is the lowest possible. This distance is

generally known as the least square error.

4.10.2 Parameter Estimation

Certain parameters are taken directly from the Table 4.1 and remaining parameters 6 = (v,
B, 0, p, n) are estimated from the set of data of a patient’s sample obtained from [70] at
the acute stage of HBV infection. Using initial guess 6y = (0.67,0.001,0.0494,0,0 — 1) for
the parameters from Table 4.1 and with initial conditions (Hy, Iy, Co, Vo, Ao, Zy) = (13.6 X
10%,0,0,0.33,0,0), we obtained most credible estimated parameters using above method in

the following table:

Parameters Description Value

ol The free virus clearance rate 0.61d~! [Estimated]

5 The rate of infectionn 0.005mm3d~! [Estimated]
) short-lived infected cell’s death rate 0.0124d! [Estimated]

p Cured rate of infected hepatocytes 0.4 [Estimated]

n Progression rate of short lived to chronically infected cell 0.012 [Estimated|

TABLE 4.2: Parameter best estimates of model (4.2)

From Figure 4.4, we can see that the virus and the fitting curve behave exactly as expected
for Rop = 1.9962. Upon initialization of infection, the virus particles increase significantly
until it reaches the peak of viral load. It is also clear from the figure that the high viral
peak was observed during the patient’s acute infection phase. Moreover, the best estimates

predict that virus clearance occurs following infection in the patient after 40 days. It is
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FIGURE 4.4: Figure illustrating (4.4A) solution curve of virus cells with Ry = 1.9962 > 1
and (4.4B) fitting curve of V(¢) as given by the model (solid line) to a patient’s data
(dot)(Source: [70]).

also predicted from the figure that the virus clearance rate decreases due to developing high

antibody levels in the patient for vaccination.

4.11 Numerical Results and Discussions

In this section, using different parameter values given in Table 4.1, we have numerically
analysed the model (4.2) with immune system to know the impact of immune system on
HBV dynamics in vivo. It is mentioned that real data of the parameters are not available

so the chosen parameter values for simulation may not be biologically realistic.

4.11.1 Humoral immune system strategy

The model (4.2) is considered only in the presence of humoral immune system only (when
the cell-mediated immune system is absent p = 0). For numerical simulation we consider
different levels of effectiveness of humoral immune system and contact rates.

The following arbitrarily levels of effectiveness are observed:

(i) humoral immune response at low level (i.e. ¢ = 0.09);

(ii) humoral immune response at moderate level (i.e. ¢ = 0.06);
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(iii) humoral immune response at high level (i.e. ¢ = 0.03);

When the effective contact rate is decreased from g = 0.5 to 0.005, the number of short-lived
infected cells increases at a slower rate. In all the cases, the number of infected cells increases
initially and become constant after some time.

However, when the effective contact rate is § = 0.5, the number of infected cells increases
to a maximum value and becomes constant. On the other hand for f = 0.005, the number
of infected cells slight decreases. In all three cases, the number of infected cells decreases at
a slow rate when the humoral immune response shows a high effectiveness rate. (See Figure
4.5)

So from Figure 4.5, it is obvious that a smaller contact rate and a higher response of humoral
immune system helps to decrease the infection rate of healthy cells. However, the high
effective level of the humoral immune system strategy has a significant role to reduction of

HBYV burden in vivo.
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FIGURE 4.5: Plot illustrates the total density of the short lived infected cells with p = 0,
different humoral immune response (¢ = 0.03,0.06,0.09) and 5 = 0.5,0.05,0.005. Other
parameters value are taken from Table 4.1.

4.11.2 Cell-mediated immune system strategy

In this scenario, different level of cell-mediated immune system is considered (i.e. p =
0.005 = 0.007 = 0.009). Also, for numerical simulation here we consider different levels of
effectiveness of immune response and contact rate.

The following arbitrary effectiveness levels of cell-mediated immune system are considered:
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(i) cell-mediated immune response at low level (i.e. p = 0.005);
(ii) cell-mediated immune response at moderate level (i.e. p = 0.007);

(iii) cell-mediated immune response at high level (i.e. p = 0.009);

When the effective contact rate is decreased from S = 0.5 to 0.005, the number of short-lived
infected cells initially increases and after some days gradually decreases to a constant value.
However, if the effective contact rate is f = 0.5 then the number of infected cells increases
to a maximum value and becomes constant after some time. On the other hand for § =
0.005, the number of infected cells behave as in the previous case , but at a slower rate. In
all three cases the number of short-lived infected cells increases initially but after some days
decreases at a slow rate when the cellular immune system shows a high rate of effectiveness.
(See Figure 4.6)

So from Figure 4.6, it is observed that a smaller contact rate and a higher presence rate of
cell- mediated immune system helps to decrease the infection rate of cells. Therefore, the
high effective level of the cell-mediated immune system strategy also plays a significant role

to reduce the HBV burden n vivo.

‘ \nm\cell mediated immune response I
ralea\c\el\ mediated immune response |

| high cell mediated immune response

Total number of Short lived infected cells

s . . . s
0 10 20 0 40 50 60
Time (Days)

FIGURE 4.6: Plot illustrates the total density of the short lived infected cells with
g = 0, different cell-mediated immune response (i.e. p = 0.005,0.007,0.009) and
8 =0.5,0.05,0.005. Other parameters value are taken from Table 4.1.

Figure 4.7 show that the absence of cell-mediated immune response and effective level of
humoral immune response with a high level of contact rate brings the number of short-

lived infected cells to a constant rate quickly. Again, when only the cell-mediated response
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is effective with a high level of contact rate then the number of short-lived infected cells
increases unboundedly. Moreover, a similar scenario is seen in Figure 4.8 that without
immune response the number of infected cells increases gradually than with immune response.
Moreover, the rate of contact and both the immune response will lessen HBV infection in

viwo if they are comparatively low and high respectively.
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FIGURE 4.7: Plot illustrates the total density of the short lived infected cells with 5 = 0.5

and Ry > 1. Model simulation considering only humoral immune response (p = 0 and ¢ =

0.005) and only cell-mediated immune response (p = 0.005 and ¢ = 0). Other parameters
value are taken from Table 4.1.
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FiGURE 4.8: Plot illustrates the total density of the short lived infected epithelial cells
without and with immune response(i.e.p = ¢ = 0 and p = ¢ = 0.005) with high contact
rate 5 = 0.5 and Rg > 1. Other parameters value are taken from Table 4.1.
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4.12 Summary of Contributions

A new basic (without immune response) deterministic model for the transmission disease
dynamics of HBV in vivo is constructed and numerically analysed. The basic model is
extended for cell-mediated and humoral immunity systems against HBV in vivo. The major

findings are itemized below:

Mathematical Aspect:

(i) If Ry < 1 then the reduced model (4.3) has a globally asymptotically stable VFE ;

(ii)) The reduced model (4.3) has at least one locally asymptotically stable VPE, &,

whenever Ry > 1. In this situation the infection persist in vivo);

(iii) The extended model incorporating immune system (4.2) has a GAS VFE when Ry <
1.

?

(iv) The extended model with immune system (4.2) has also at least one VPE, &, for
Ro1 > 1, which is also locally asypmtotically stable (and the infection will persist in

vivo under this situation;
(v) An HBV vaccine is fully effective for reducing disease burden in vivo when it increases
the rate of humoral immune response such as antibody level against HBV infection.
Epidemiological Importance:
(i) The humoral immune response with high effective level has a positive impact with low
contact rate in reducing HBV burden in vivo;

(ii) Due to vaccine impact, the humoral immune strategy is more effective than the cell-

mediated immune strategy for controlling HBV burden;

(iii) The high effective level of both immune system strategies provides the greatest

reduction of HBV burden in vivo;

(iv) The low contact rate can also reduce the life threat of HBV in vivo.



Chapter 5

Optimal Control of Vaccination and

Awareness in Hepatitis B Virus

(HBV) Infection

5.1 Introduction

Hepatitis B infection is a life long liver disease. The disease has two stages namely the
acute phase and the chronic phase. Persistent liver inflammation can put a human’s life at
excessive risk of death from liver cirrhosis or liver cancer.[4]. The virus enters the body
through the contaminated blood or body fluid of an infected person and reaches the liver
through the bloodstream, where it replicates itself, releasing a large number of new viruses
into the bloodstream. Most infectious diseases can be controlled reasonably within the
community if some precautions such as vaccination, treatment, awareness and educational
campaign etc. are taken in a timely manner. However, many of these infectious diseases
become endemic in our society due to the lack of such effective measures and timely taken
steps. So, it is important to identify the causes of epidemic and effective mechanisms to
control the transmission of the infection.

Mathematical modelling technique plays an important role for analyzing the spread and
control of infectious diseases. = Mathematical models have been used for planning,

comparing, optimizing various detection for implementation, prevention, therapy, in order

78
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to minimize costs for control measures and control programs [73]. Mathematical modelling
has contributed to the analysis of epidemiological surveys, suggested crucial data that
should be collected, identified trends, made general forecasts, and estimated the
uncertainty in forecasts [41]. The theory and application of Pontryagin’s Maximum
Principle [43] may apply to measure the optimal controls in dynamics of hepatitis B virus
infection mathematically. Treatment is not needed for acute hepatitis B infection and most
of the acutely infected adults can recover thanks to their own immune response [23]. Less
than 1% patients who are immuno compromised need antiviral treatment at the chronic
stage of infection. However, this treatment is essential to reduce the risk of liver cirrhosis
and cancer.

Mathematical models can help us to optimize the use of limited resources or simply to
target control measures more efficiently. Anderson et al. [74] constructed a simple
mathematical model to describe the effects of carriers on the transmission of HBV. Medley
et al. [25] developed a Hepatitis B virus mathematical model to establish a strategy for
eliminating HBV in New Zealand [27, 75]. Wang et al. [31] presented and analyzed a
diffusion model of hepatitis B virus infection. Xu and Ma [76] proposed a HBV model with
spatial diffusion and saturation response of the infection rate was investigated. Zou et al.
[28] also used a mathematical model to understand the transmission dynamics and
prevalence of HBV in China. In [30], Pang et al. constructed a model to find out the
vaccine impact of HBV infection.

In our study, we have applied the technique of optimal control to determine the vaccination

impacts and awareness among the population for the eradication of the disease.

5.2 Optimal Control Method

The state variable x(t) which depends on the control variable u(t) and satisfies a differential

equation such as:

/

(1) = g(t, x(t), u(t)).

Here, ' denotes the derivative with respect to time t. We consider u(t) as a piecewise

continuous function and the given objective functional is maximised or minimized by the
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state variable, z(¢). We assume the following:

Mam'mizeJ(u):/O f(t,z(t),u(t))dt

subject to 2 (t) = g(t, z(t), u(t)) (5.1)

z(0) = g and z(T) free.

The main objective of the optimal control problem is to solve a set of necessary conditions
that x(f) and w(t) must satisfy. Pontryagin’s Maximum Principle provides necessary

conditions for the optimal control using the Hamiltonian [24].

5.3 Formulation of Model

The total population, N(¢) is divided into sub compartments of homogeneously mixing
individuals who are unvaccinated susceptible (S(t)), vaccinated V(t)), acutely infected
individuals (A(t)), asymptomatic chronic carriers (C,(t)), symptomatic chronic carriers
(Cs(1)), individuals with disease complications (D.(t))and recovered individuals (R(t)), so
that

N(t) = S(t) + V(t) + A(t) + Cp(t) + Cs(t) + De(t) + R(t)

The population of unvaccinated susceptible individuals is increased at a rate I[I(1—p) into the
community, where, II is the birth rate and p is the proportion of newborns vaccinated. It is
also increased due to waning of the vaccine (at a rate w) in the vaccinated individuals. This
class is decreased by the administration of vaccine dose (at a rate 1), natural death (which
is assumed to occur in all compartments at a rate p) and by the acquisition of infection at
a rate A\, where, 8 means the probability of infection acquisition per contact, while A is the

rate of infection, and is given by
A = B(A+n,Cy +15Cs +n.D..). (5.2)

Here n,,, ns, n. are the modification parameters which account for differences in transmission
rates from the infected individuals with respect to the acutely infected individuals. Since
the infectiousness of symptomatic chronic carriers is higher relative to that of asymptomatic

chronic carriers, we assume that 7, > n,. Similarly, we consider that the individuals with
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disease complications are more infectious than the acutely infected individuals, so that,
n. > 1. The population of vaccinated individuals, V', increases with the vaccination rate
and decreases due to infection acquisition (at a reduced rate rA, where, 0 < r < 1 is the
vaccine efficacy), vaccine waning (at the rate w) and by natural death.

f is a fraction of the newly infected individuals to show no disease symptoms initially. The
other fraction (1— f), of the newly infected individuals who are assumed to display immediate
disease symptoms. The population of acutely infected individuals is generated at the rate
A (for unvaccinated susceptible individuals) and rA (for the vaccine dose recipients). This
class of population is decreased by progression to the chronic carriers (at a rate ¢) and by
natural death.

The chronic carrier with no clinical disease symptoms is increased by transferred fraction f
of individuals from A(t) and reduced by recovery (at the rate ) and the progression to the
symptomatic chronic carriers (at the rate £) and natural death (at the rate ). Similarly, the
chronic carrier with symptoms is increased by transferred individuals from A(t) and C,,(¢)
and decreased by recovery rate due to effective treatment (at the rate 6;) where, 6, > 1
and progression to disease complications (at the rate v), natural death (at the rate p) and
disease induced death (at the rate ¢).The individuals of complicated disease symptoms is
increased by the transferred individuals from C(t) at the rate v and decreased by natural
death rate, p and disease related death rate, 4. The population of recovered individuals,
R(t) is generated by the recovered asymptomatic and symptomatic chronic carriers (at the
rate ) and the population is decreased by natural death (at the rate ), (it is assumed that
recovered individuals do not lose their immunity and become susceptible to HBV infection).
We assume two control variables, u; and us. The two control strategies are : (i) cost of
vaccination and (ii) cost of awareness. Generally, it is evident that the vaccines are not
100% effective, so only a portion of vaccinated individuals are protected by the vaccine and
individuals in this class can be infected by the contact with infected individuals and move
to the infectious classes. The control function wq(t), with 0 < wy(¢) < 1 represents the
proportion of susceptible individuals that requires vaccination. When w; (¢) is close to 1, the
failure rate of vaccination is very low but then the implementation costs are high. Similarly,
us(t) is the proportion of susceptible that is aware of the transmission probability of HBV

per unit time.
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After applying control strategy, the differential equations of the HBV model are given below:

(i—f:H(l—p)+wV—/\S—¢S—M5—U15—U25
av

E:Hp—F’QZ)S—T)\V—WV—MV—{—Uls

A

Cil—t:)\5+r)\V—gbA—pA
dc,

= OfA =Gy — £C, = G, (5.3)
dCs

i (1—-fHHA+EC, — 0yCs — vCs — pnCy — 6C5
dD,

= —uD,— 6D
di VCs HL ¢ ) c
dR

with initial conditions,

S(0) = 5= 0, V(0) = Vp 2 0, A(0) = Ag = 0, C,(0) = Cyy > 0, C,(0) = Cly > 0,
D.(0) =D, >0, and R(0) = Ry > 0.
(5.4)

We consider the following objective function [78]:

T
1
Minimize J(uq(t), us(t)) = / apA(t) + a1C(t) + asCs(t) + asD.(t) + §(Blu12 + Bouy?)dt
0

where, ag,ai,as,as,by,b0 > 0. We want to minimize the infected individuals
(A(t), Cn(t),Cs(t), Do(t)) by keeping the cost of vaccination(u;(t)) and cost of
awareness(us(t)) low. The terms agA(t), a1Cy(t), aeCs(t), asD.(t) represents the infected

biu(t) bau3 (t)

individuals with the positive weight parameters, while the terms ——-= and 5

represents the cost of vaccination and awareness at the time t.

The aim of our study is to find out the optimal controls, uj and u3, such that

J(uj,uy) = min  J(uq,us) (5.5)

uy,u2eU

where, U = {(u1(t),us(t)): 0< uy(t) < 1,0 <wup(t) <1,t€[0,7T]}
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5.4 Equilibria of the System

The disease free equilibrium point (DFE) of the model is

gy = (5", V", A", C,Cy, D:,R") = (S*,V*,0,0,0,0, R") (5.6)

with, 5* = Hipw + ks(1 ~ p)) , Vi = M{kz(1 = p) + F1p) and R* = Hug(wp + k3(1 — p))
kiks — wko kiks — wko Iu(k;lk;g — wk2)
where, by = ¢ + p 4+ ui + ug, ko = Y +uiks = w A ks = o+ p, ks = v+ E+p,

ke =0y + pu+ 6, ky = u+ 6 and k1k3 — wky > 0. Considering the new infection terms from

the model equations, the matrix P and the non-singular matrix () are respectively as

(B(S* +1V*) Bpa(S*+1V*) Bia(S* +1V*) Bn(S* + 1V
0 0 0 0
P:
0 0 0 0
0 0 0 0 |
[k 0 0 0]
o_| ¢ k00
—o(1—f) =& ks O
L 0 0 -V 1{57_

The associated reproduction threshold is given by Ry = pPQ™1),

where,

BES* + V(A = f)woncks + dnskskr) (fvoéne + fo&nskr + fomnkekr + kskekr) }
kakskekz

ROZ

Hence, we have the following lemma [49].

Lemma 5.1. If Ry < 1 then the disease free equilibrium point (DFE) of the model (5.3) is
locally asymptotically stable (LAS) and otherwise unstable (i.e. if Ro > 1).
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5.5 Existence of the Optimal Control

5.5.1 Existence of the State

Here we consider the following control system:

T
1
min J(ul, ’LL2) = / {(IoA(t) + alCn(t) + a205<t) -+ agDC(t) + 5(61’&12 + b2u22)}dt
0

% =1 —p)+wV({Et)— A+0+ p+ u + u2)S(t)

% = Tp+ (& +w)S(t) = (rA +w+ p)V (1)

% = AS(t) + rAV(t) — (¢ + p)A(t)

ddi” = ofAR) — (v + &+ 1)Calt) 51)
dc% = ¢(1 — [YA(t) + EC, (1) — (0 + v+ p + 6)Cy(1)

dézc — VC(t) = (1 + 6)Du(t)

C;_]f = C0(t) + 07Cy(t) — uR(t) + usS(t)

with initial conditions,

S(0) = Sy >0, V(0) =V >0, A(0) = Ag > 0, C,y(0) = Crpy >0, C4(0) = C, > 0,
D.(0) =D, >0, and R(0) = Ry > 0.

Theorem 5.1. Given initial conditions are S(0)

0, R(0) = Ry > 0, and the solutions (S(t), V(t), A(t), Cy(t), Cs(t), D.(t), R(t)) are positively

invariant V ¢ > 0.

Let Z = Sup(t>0]S>0,V>0A4>0,C,>0Cs>0,D.>0,R>0)

for the first equation,

d
d—f:H(l—p)+wV—/\S—¢S—,uS—u15—uQS
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From the above equation we have,

d
d—i+()\+@D—|—,u+u1+u2)52H(l—p)+wV

The integrating factor is,

exp(N 4+ + p+uy + uy)t

Multiplying the above expression by the integrating factor we have

ds
= (exp A+ + 4 uy + uz)t) > (II(1 — p) + wV) exp(A + ¢ + p + ug + ug)t

Solving this inequality,we obtain

T
S(t) x exp(A+ 1+ p+ug +uz)t — S(0) > / (II(1 — p) + wV) x exp(A+ 1 + p 4 uy + us)tdt
0

Therefore, S(t) becomes

S(t) = 5(0) x exp (=(A+ ¢+ p+ur + u)t) + exp (=(A+ ¥ + p+ ur + up)t)
T
x/ (II(1 — p) + wV) x exp(A + ¥ + p + uy + ug)tdt > 0.
0

Similarly, it can be shown for the other states that they all are positive respectively.

5.5.2 Boundedness of the solution of the model

Theorem 5.2. All solutions (S(t),V(t), A(t),Cy,(t), Cs(t), D.(t), R(t) of the model are
bounded.

Proof. The model refers that the total population N(t) = S(t) + V(t) + A(t) + C,(t) +
Cy(t) + Do(t) + R(t). Adding all the states we have '+ V' + A +C +C, + D, + R =
M—pu(S+V+A+C,+Cs+ D.+ R) —(Cs + D,)
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implies

S+V +A+C +C.+D,+R <N—pu(S+V+A+C,+Cs+ D+ R)

and so
dN (t)
<IT— uN(t
o SI—uN(@)
Then we have,
IT
N(t) < —+ N(0)e "t €[0,T]

1
Thus it follows from above that as t — oo, then N(t) < % Therefore all the solutions of
the model are bounded.

Hence all the feasible solutions enter into the region U = ((S,V, A, C,,Cs, D, R) € R :
N < %, as t— 00). O

5.5.3 Existence of the objective Functional

To prove the existence of the optimal control technique we have to reveal the existence of

the objective functional which is obtained by using a result of Fleming and Rishel in [44].

Theorem 5.3. Cosider the control problem with system (5.5). Then there exists optimal

controls (u}, u3) that minimize J(uy,us) over the control set U. i.e.,

J(ui,uy) = min J(uyg,us) (5.8)

ul,uz€lU

To use an existence result in [44], we must follow the following properties from [77].

1. The set of controls and state variables is nonempty.
2. The control set U is convex and closed.

3. The right side of the state system is bounded by a linear function in the state and

control variables.

4. The integrand of the objective functional is convex on U and is bounded below by

—ks +k’1‘ (ul,u2) ‘77 with &k, > O, ko > 0 and n > 1.
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Proof of (i): Consider

% = F\(t,5,V,A,C,,C,, D, R)
Cil_‘t/ = [5(t,8,V,A,C,,Cy, D, R)
% — Fy(t,S,V, A, C,,Cy, D, R)
di” — Fy(t,5,V,A,Cy,Cy, Dy, R)
ddis — Fy(t,8,V,A,C,,Cy, D, R)
dch _ Fy(t,S,V, A,Cy, Cy, Do, R)
‘il_]: — F(t,5,V,A,Cy,Cy, D., R)

where, F|, Iy, F3 Fy , F5 , Fy and F; are expressed the right side of the model equation.
Let uy(t) = Cy and us(t) = Cy where C) and Cy are constants. Fy, Fy, F3 Fy F5, Fg
and F; are linear and continuous everywhere. Moreover, the partial derivatives of F;, (for
i=1,2,...,7) with respect to the states are constants and continuous everywhere.

So by using the theorem 5.4, we can say that a unique solution exists of the form S = o4 (t),
V = 09(t), A = o3(t), C,, = 04(t), Cs = o5(t), D. = 0¢(t), R = o+(t) satisfies the initial
conditions. Hence, the set of control parameters and associated state variables is non-empty.
therefore condition (i) is satisfied.

Proof of (ii): Let U is closed. Take any controls u;,us € U , 6 € [0, 1] and observed that
Ouy <60, (1—0)uy < (1—46). Then

Ouy + (1 —Q)uy <0+ (1 —0)=1.

Hence, 0 < Ouy + (1 — O)ug < 1 for all uy,us € U and 0 € [0, 1]. Therefore, U is convex, and
condition (ii) of the Theorem 5.4 is satisfied.

Proof of (iii):

Let us consider,

Fl SwV—uls—UQS
Fy <4S+u S

Fy < 9A
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F(t,X,Ul,Ug) S

Fy<o¢fA
Fy <o(1— f)A+EC,
FGSI/CS

F7 S ’}/Cn + 9{st + UQS

The state system is given below:

% = F\(t,5,V,A,C,,C,, D, R)
‘il_‘t/ = Fy(t,8,V, A, C,Cy, D,, R)
% — Fy(t,5,V, A,Cy,Cy, Do, R)
dc(l“;“ — F\(t,5,V, A, C,, Cy, Do, R)
dd(f — Fy(t,8,V,A,C,,C., D, R)
dcic — Fy(t,S,V, A,Cy, Cy, Do, R)
‘il_f = F(t,8,V,A,C,,Cs, D, R)

we can rewrite the system in matrix form:

S S
1% %
A A
mlt, | C, Xt+nlt, | C,
Cs Cs
D, D,
R R

ur(t)
Ug(t)
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where,
_S_ —O w 0 0 0 0 0_
1% v 0 0 0 00
A 0 0 ¢ 0 0 00
m|t | C, =100 éf 0 0 00 (5.10)
C, 00 ¢(l—f) € 0 00
D, 0 0 0 0O v 00
R 0 0 0 v 6~y 0 0
and
(s |\ [ -5+ ]
V +S
A 0
alt, | o, ||= 0 (5.11)
Cy 0
D. 0
R +S5

which gives us a linear function of the controls u; and us with coefficients determined by

time and state variables. So we can write,

P X ) | < ] m | \ X418 ] (a(0)us(t)) |

<p(1 X 1+ (0,00 |

where, S is bounded above and p is upper bound of the above constant matrix. Hence, the
right side of the system is bounded by a sum of controls and the state variables. Therefore,
condition (iii) is also satisfied.

Proof of (iv):

To proof the condition (iv) of the Theorem 5.4 we use the result of [44]. It is clear that the
state variables and controls are positive and non-empty. For the minimization problem, the
convexity of the objective functional in U is satisfied and the control variables uy,us € U are

convex and closed.
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Now we want to prove J(ui, us) > —ko + k| (u1,u2) |" with k; >0, ks >0 and n > 1.

Here,

T 02 >

J(ul, u2) = / (aoA(t) + alCn(t) + ang(t) -+ agDC<t) + blgl + bgé) dt
0
To verify the convexity of the integrand of the objective functional, J, we need to reveal that
Jt, X, (1—eu+ev) > (1—¢€)J(t, X, u)+eJ(t, X,v)
for arbitrarily small € such that 0 < e < 1 and
u? u
J(t, X, u) = agA(t) + a1C,(t) + axCs(t) + azD.(t) + b1 + b2

Now,

b b
agA + a1C,, + asCy + azD,. + 51((1 —)uy + evy)? + 52((1 — €)uy + evy)?

—(1-e [aoA—i—alC + a5C, + asD, +l’21 += %}
—e[aoAJralC + axCs + a3 D, + ]
= 2 (= e+ ) — (1= e — eof] + 2 [(1— ua + e021)? — (1 ) — 1]
= P gu e — (= + )] — 2 (1 9+ e — (L~ s+ eva)’]
= Pl e — Vel ) — 2L~ o — Vel — )’
= el ) — ) Ze(l — s~ 12)? <0
— (%6(1 —)(uy —v1)? + %26(1 —€)(uz — vy) ) <0
= (1= ) — ) 2l tr —2)? > 0

Since by and by both are positive, J(t, X, u) is convex.
We need to show that
J(Ul,UQ) ]fl —|—]€2|(U1,U2)|n
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where, k1, ky > 0 and n > 1. Now

b1 b

b b
= J(uy,up) > — (aoA + a1Cy + a2Cs + azD. + 511@ + 5@)

J(ur,ug) = agA + a,Cy, + axCs + az D, +

b b
J(ur,ug) = — (apA + a1 Cy, + a3Cy + agD..) — (éiﬁ + fug)

by + bo

= J(Ul, U2) Z — (@oA +a1C, + axCs + CL3DC) + | — (U17u2)‘2

B
= J(uy,uz) = — (apA + a1C,, + a2Cs + azD..) + §|(U1,U2)|2

where, ky = by + b = B > 0 that is constant and depends on upper bounds of the infected
classes and n =2 > 1, k; > 0. Hence, condition (iv) is satisfied. Therefore, the existence of

the objective functional is established.

Theorem 5.4. Let x; = Fi(t,xy,...,x,) for i € [1,n]is a n — th order differential equation

with initial conditions z;(ty) = x;o for i € [1,n]. If Fy,..., F, and their partial derivatives

o, - 9n OB, 9Fw gre continuous in R™, then 3 a unique solution of the form
Ox1’ Oxn’ ? Ox1? ? Oxn ?

1 = o1(t),...,x, = 0,(t), satisfies the given initial conditions.

5.5.4 Characterization of the Optimal Cotrol

The following Hamiltonian is derived by using Pontraygin’s Maximum principle [43]

2 2
H = agA+ a0, + asCy + azD, + bl% + @% + N1 = p) + wV — AS — (¥ + pt

up + u2) S|+ Av[IIp + (¥ 4+ u1)S — (TA+w + p)V] + Aa[AS + rAV — (¢ + p)A)
T A, (BfA = (v + &+ 1)Co] + A [p(1 = f)A+ECs — Oy + v+ p
+0)Cs] + Ap, [VCs — (u+ 0) D] + Ar[vCh + 0:7Cs + uaS — pR)|

Where, Ag, Av, Aa , Ac,, Ac., Ap, and A are the associated adjoints for the respective

states. The adjoints are obtained by differentiating the Hamiltonian H with respect to the
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respective state variables. Therefore, the given adjoint system is,

Ng = A+ 0+ p+ut1+u)hs — (¥ +u)dv — Ma — uzdg

Ay = —wAs 4+ (TA +w + Ay — rAA4

Na=—ao + BSAs + 1BV Ay — BSAa — 1BV Au + (¢ + p)Aa — 6fAc, — d(1 — f)Ac,
Ao, = —a1 + BnuSAs + 780V Ay — BnuSAa — B0V A+ (Y + €+ WAe, — X, — Ak (5.12)
Ao, = —az + BnsSAs + B0V Ay — BnsSAa — B0V Aa + 0y + v+ i+ 6)Ac, — vAp, — Oy Ar
Ap, = —as + BneSAs + A0V Ay — BnieSAa — rBnV Aa + (1 + 6)Ap,

)‘;% = AR

and the transversality conditions,

AZ(T) = 072 = 1a2737"' a7 and \ = 5(A+77ncn+77508+770Dc)

For the control u; we have from, g—ﬁ\ulzu; =0

= bhiui — SAg+ SAy =0
« _ S(As=A
- U,l - ( i’l v
Again, for the control uy we have from,
oH

a_w‘w=u;:0

— byul — SAg + SAp =0
* S(As—Ar

— u = (Sb2 R)

Thus the controls u] and uj satisfies the following optimality conditions

by

uy = man (mam (0, S*(’\i—;)‘“’)) ,1>

uj = min (max (O, S(’\S—_AV)> , 1>

5.6 Numerical Simulations and Discussion

The optimality is formed by the system (5.5) with the adjoints (5.12) with corresponding
time conditions. At first, we solve the model for the optimal system and represent the
diagrams of the state variables without and with controls separately. Then we observe how
the result changes after imposing a control strategy. Here, we also consider that the two

controls will not be 100% effective. So the upper bounds for the two controls u; and uy is
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between 0 and 1. The weight parameters in the objective function are ag, ai, as, as, by, bs.

For varying weight parameters, we can find how the controls are related to the respective

weight parameters. Here, the values of the paremeters in the simulations are given in Table

5.2.
Variables Description
S(t) unvaccinated susceptible individuals
V(t) vaccine dose recipients
A(t) acutely infected individuals
Cn(t) asymptomatic chronic carriers
Cs(t) symptomatic chronic carriers
D.(t) individuals with disease complications
R(t) recovered individuals
TABLE 5.1: Variable’s description of the HBV model (5.3)
Parameters Description Baseline values
T Birth rate 0.0121 [28]
p Proportion of newborns vaccinated 0.3 [variable]
6} Transmission rate 0.8-20.49 [28]
w vaccine waning rate 0.1 [28]
(0 Rate of administration of vaccine dose 0.885 [varialbe]
i Natural death rate 0.00693 [28]
J HBV related mortality rate 0.002 [28]
f The fraction of acutely-infected people become asymptomatic
chronically infected 0.7 [variable]
r Efficacy of vaccine dose 0.09 [variable]
10) the rate at which acutely-infected people become
chronically-infected 0.885 [28]
0% Recovery rate of chronically-infected individuals 0.06 [79]
13 Rate at which asymptomatic chronically-infected individuals
become symptomatic chronically-infected 0.12 [Variable]
0, Modified parameter for the assumed decrease of the recovery
rate of symptomatic chronically-infected individuals in comparison
to non-symptomatic chronically-infected individuals 0.0936 [79]
v Rate at which symptomatic chronically-infected individuals
develop disease complications 0.2323 [79]

TABLE 5.2: Parameter’s description of the HBV model (5.3)
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F1cure 5.1: HBV basic model without control parameters

From Figure 5.1, we can see that before applying any control strategy, the infected
individuals start to grow up. Since the acutely infected individuals can recovered by their
own immunity response, so recovered individuals grow up at a consistent rate.

We subsequently solve the optimality system with two controls. The two controls are
vaccination and creating awareness. Then we show how these controls affect the recovery

rate of the infected individuals. Since HBV acutely infected individuals may be recovered
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FI1GURE 5.2: HBV model with control parameters

within 6 months, so here we consider the time period for 1 year. We observed from Figure
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5.2 that for the first three months the controls are so much effective. As a result, the
recovered individuals increases for the first 3 months. After that, the change of recovery
rate is in a stable situation. After 3 months the effectiveness of the controls start to
decrease and for this, the infectious individuals start to increase gradually. Because of this
control strategy, the increasing rate of infected individuals is smaller than those who are
not using controls.

Now for with and without control, we will monitor the effectiveness of controls of the

model by placing the graphs on the identical co-ordinate axes. From the comparison Figure
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FIGURE 5.3: HBV model with and without control

5.3, it is seen that using optimal control we are able to control the disease over the finite
time interval. It is also clear from the figure that the growth rate of recovered individuals is
smooth after using control. The acutely infected population is also decreased after
introducing control strategies. Since the chronic carriers carry the virus for life long, so

after applying controls their increasing rate is smaller than without control.
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F1GURE 5.4: Total infection with different transmission rate using different controls

From the Figure 5.4, for a long time interval, we see that for different transmission rate

(8 = 0.8,0.99,1.28,1.49,1.98) and the use of controls (u; = 0,0.5,0.95,0.98,1 = uy), the

total infected individuals eventually decreases. For a high transmission rate with Ry > 1,

the infection can be controlled by using different values of controls.

Numerically, we examine the impact of the controls u; and us on the basic reproduction

number. We choose u; and uy in such a way that R is less than unity. We demonstrate

this situation by a surface plot and a contour plot in the following figure.

We can see from Figure 5.5 that for u; = 0 and us = 0 the value of R attains its maximum
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F1GURE 5.5: Contour plot of Ry
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FIGURE 5.6: Surface plot of Rg

value, which is Ry = 2.39. We choose the value from 0 to 1 for u; and us and also observed
the value of Ry, which is gradually decrease. From Figure 5.6 of the surface plot, it is clear
that u; is a more effective control than us to reduce the value of Ry as well as the disease

burden. This, in reality, reflects the effect of the efficacies of the control to clear the infection.

5.7 Conclusion

There are some numerical findings such as:

(i) Combination of with and without control strategy is consodered. The control
parameters are much more effective to reduce the infected individuals and control the

disease dynamics.

(ii) The controls are needed to be effective for a long time interval with a high transmission

rate.

(iii) The optimal control is also effective for minimizing the infected individuals as well as

the cost of the two controls.

(iv) From the simulation, it is monitored that vaccination is very prominent for disease

elimination.



Chapter 6

Qualitative Dynamics of HBV

Vaccination Model

6.1 Introduction

The liver is an essential part of the human body. Infections in the liver can arise through
distinct diseases. Hepatitis B is a liver infection causing an eruption of the liver. The virus
can not do direct damage to the epithelial cell, however, the immune mechanism leads to
the eruption of the liver. [80]. At the same time as hepatitis B virus enters the human
body and infects the cells of the liver, then it is known as hepatocytes. [81]. Hepatitis B
infection has two stages namely acute phase and chronic phase. The acute hepatitis B
phase is the first six months of the disease after the respective virus enters the human body
of an infected person [82]. At the acute phase, the immunity response is generally
responsible for removing a virus from the human body and for which that person may be
completely cured of the disease within a few months. Chronic infection of hepatitis B refers
to the infection when the virus remains in the human body for a long time interval and
progress to critical physical problems. People with persistent hepatitis frequently do not
have any history of acute symptoms. But at the late stage, it can cause liver failure and
liver cancer [83]. Most HBV carriers are asymptomatic during the stage of acute infection,
but some people have experience of acute illness that can last for several days.

Hepatitis B vaccine can prevent hepatitis B infection. Usually, three-dose Hepatitis B

98
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vaccine series is recommended to the individuals intramuscularly. The successive doses are
given during the birth time within 24 hours, then by the age of 1 month and six months.
Successful timely completion of three doses vaccine may ensure protection against infection
and reduce the risk of liver cancer. More than 90% of infants and approximately 50% of
unvaccinated young children who are infected with Hepatitis B will have lifelong infections
(by the reference of Hepatitis B foundation). Around the age of 40, after 1st dose, the
protective antibody response is approximately 30% — 55%, after 2nd dose, it is
approximately 75% and after 3rd dose, it increases > 90% [85]. It is evident that there is
no major effect on immunogenicity if the minimum spacing of the first two doses is 4
weeks, the second and third doses is 8 weeks and the first and booster doses is 16 weeks.
But if the interval between the first 2 doses is increased then there is a little affect on
immunogenicity or antibody concentration [86]. After the third dose, the maximum level of
protection is appeared for getting optimal long-term protection [87].

In this chapter, we construct a model with vaccination administered at three different
stages at different times for describing the dynamics of HBV transmission. The model can

also be used for predicting the long-term effectiveness of the immunization.

6.2 Formulation of the Model

The model is constracted by splitting the total population N(¢) at time ¢ into didderent
compartments of individuals such as unvaccinated susceptible (S(¢)), vaccinated
susceptible who received the first dose of vaccine (Vi(t)), vaccinated susceptible who
received the 2nd dose of vaccine (V,(t)) and vaccinated susceptible who received the 3rd
dose as a booster dose of vaccine (V3(t)), acutely infected individuals (A(t)), chronically
infected individuals with no clinical disease symptoms of HBV(C,,(t)), chronically infected
individuals with clinical disease symptoms of HBV(Cg(t)), individuals with disease

complications (D¢ (t))and recovered individuals (R(t)), so that
N(t) = S(t) + Vi(t) + Va(t) + Va(t) + A(t) + Cu(t) + Cs(t) + Da(t) + R(t).

Here, we consider acutely infected individuals are moved to the two chronic classes with

clinical symptoms and without clinical symptoms.  Approximately 0.5% adults of
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unvaccinated susceptible individuals and a smaller number of children with chronic HBV
infection will clear the infection and develop anti-HBs annually [54]. Many patients do not
develop symptoms, particularly when the infection occurs in both infants and children.

The population of unvaccinated susceptible individuals is increased by the constant
recruitment at the rate II(1 — p) into the community, where II is the birth rate and p is the
proportion of children born with maternal immunity and also by waning of first vaccine
dose (at a rate wy). It is decreased by the administration of the first vaccine dose (at a rate

1), natural death (at a rate p) and by the force of infection A, where X is given by,

B(A +1,C +nsCs + neDe)

A:
N

(6.1)

B is the effective contact rate, m,, s and 7o are the modification parameters, the
infectiousness of chronic carriers relative to acute infection. We assume that 0 < n, < 1
and ng > 1, n¢ > 1. The population of individuals who received the first vaccine dose
increases by the administration of the first vaccine dose (at a rate ¢1) and waning of the
second vaccine dose (at the rate ws). The class of population is further decreased by
infection (at a rate r1 A\, where, 0 < r; < 1 is the vaccine efficacy of the first vaccine dose),
vaccine waning (at the rate w;) and administration of second vaccine dose of the
individuals ( at a rate 1) and natural death. The second vaccine dose recipients is
increased at a rate 19, due to lack of immune protection in the V5 class (for taking booster
dose of vaccine in the appropriate time interval) move back to the V5 class (at a rate ws).
The population is decreased by infection (at a reduced rate roA; with 0 < ro < 1 is the
efficacy of second vaccine dose) and administration of booster dose (at a rate 13) and
natural death.

The population of individuals who received the booster dose in V3 class increases at a rate
13 and decreased by infection (at a rate rgA; with 0 < r3 < 1 is the efficacy of booster
dose), reverted individuals to V5 class (at the rate ws) and natural death.

The population of acutely infected individuals is generated at the rate AS (for
unvaccinated susceptible individuals), r1A (for the 1st vaccine dose recipients), r\ (for the
2nd vaccine dose recipients) and r3\ (for the booster dose vaccine recipients). This
population is decreased by the progression rate of the asymptomatic chronic infectious
phase (at a rate ¢) and the symptomatically chronic infection carrier phase and natural

death. At the stage of acute infection, treatment is not needed and the patient will get
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cure normally. But individuals with chronic hepatitis B need treatment to reduce the risk
of liver disease and to prevent from passing the infection to others [88].

The chronic carrier with no clinical disease symptoms is increased by transferred
individuals from A(¢) and decreased by recovery (at the rate ) and the progression rate
(at the rate £ ) of symptomatic chronic carriers and natural death. Similarly, The chronic
carrier with symptoms is increased by transferred individuals from A(t) and C,(¢) and
decreased by recovery rate due to effective treatment (at the rate 6; > 1), due to the
progression (at the rate v) of disease complications, natural death and disease related
death (at the rate ). The individuals of complicated disease symptoms is increased by the
transferred individuals from Cg(t) at the rate v and decreased by natural death and disease
related death (at the rate ¢). The recovered individuals is generated at the rate v and the
population is decreased by natural death (it is assumed that recovered individuals become
completely susceptible to HBV infection).

Combining all the assumptions in the model for the transmission disease dynamics of HBV
at population level and considering dose-dependent vaccination and treatment, a
deterministic model of non-linear differential equations, a flow diagram of the model in
Figure 6.1 and the description of variables and parameters are in Table 6.1 and Table 6.2

are given below:

T - p)

LR

us(ey

Cqlr # D-(r
5(0) Cs c(®)
oy e— l
(it +8)Cq (u+3De

FIGURE 6.1: Model diagram of HBV vaccination model.
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Variables Description
S(t) unvaccinated susceptible individuals
Va(t) first vaccine dose recipients
Va(t) second vaccine dose recipients
Vs(t) booster dose recipients
A(t) acutely infected individuals
Ch(t) Population of chronic carriers with no clinical disease symptoms of HBV
Cs(t) Population of chronic carriers with clinical disease symptoms of HBV
D¢ (t) individuals with disease complications
R(t) Population of recovered individuals
TABLE 6.1: Variable’s description of the HBV vaccination model (6.2)
ds
m =11 —-p)+wVi = AS — k1S
A%
— =P+ a8 + Ve = AV = BV
dVv:
= U2V wsVa = aAVa — kaV
dV:
= UaVa = AV — kaVs
dA
% =\S + 7"1)\‘/1 + 7’2)\‘/2 + T’g)\‘/}) — ]{7514 (62)
dc,
" =ofA—keCh
= GfA— Iy
dcC
d_ts = ¢(1 = f)A+EC, — krCs
dD
d_to = IJOS - k)gDC
dR
pri vC, + 0vCs — uR

where,

ki =11+ p, ko =wi + o+ p, ks =wo + s+ i, ky = w3+ p, ks = ¢+ p,

ke =7 +&+p, kr =0y +v+p+dand ks = p+ 0.
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Parameters Description Baseline values
I Birth rate 0.0121 [89]
P Proportion of newborns vaccinated [0,1] [variable]
o4 Transmission rate 0.95-20.49 [89]
w first dose vaccine waning rate 0.1 [89]
U Rate of administration of first vaccine dose 0.885 y~1 [90]
i Natural (continuous) mortality rate 0.00693 [89]
) HBV- related mortality rate 0.002 [89]
f Fraction of the acutely infected individuals
who become chronically infected [0,1] [variable]
T the first vaccine dose efficacy [0,1] [variable]
o the second vaccine dose efficacy [0,1] [variable]
3 the booster vaccine dose efficacy [0,1] [variable]
() administration rate of the second vaccine dose 0.925 y~1 [90]
Wo second vaccine dose waning rate (and reversion of V;) [0,1] [variable]
w3 the booster vaccine dose waning rate (and reversion of V3) [0,1] [variable]
3 administration rate of the booster dose 0.879 y~! [90]
10) The rate at which acutely-infected people become chronically
infected 4 [89]
& Rate at which asymptomatic chronically-infected individuals
become symptomatic chronically-infected 0.12 [variable]
0 Recovery rate of chronically-infected individuals 0.06 [91]
0, Modified parameter for the assumed decrease of the recovery
rate of symptomatic chronically-infected individuals in
complication to non-symptomatic chronically-infected individuals 0.0936 y~! [91]
v Rate at which symptomatic chronically-infected individuals
develop disease complications 0.2323 y~* [91]
TABLE 6.2: Parameter’s description of the HBV vaccination model (6.2)
6.3 Analysis of the Vaccination Model
6.3.1 Basic Properties of the Vaccination Model
Here we prove the positivity and boundedness of the solutions to the model (6.2).
Lemma 6.1. The closed set 0 = {(S,Vl,Vg,Vg,,A, Cy,Cs,Dc,R) € R : N < %} is

positively-invariant and attracting with respect to the model (6.2).

Proof. At first consider the biologically—feasible region, 2. To establish the positive

invariance of Q (which means for ¢ > 0 all solutions in 2 remain in §2) here we follow the
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following steps. Adding all the equations of the model (6.2) we get the rate of change of

total population

dN
II dN dN
If N > — then 7 < 0. Further, since o < II — uN from (6.3), a standard Comparison
1

theorem [72] can be used to show that N(t) < N(0)e # + %(1 — e~ #). From which we find
IT II IT

that N(t) < — if N(0) < —. Again, if N > — then either the solution enters €2 in finite
7 7

]

time, or N(t) approaches to % and the respective variables

Vi(t), Va(t), Vs(t), A(t), Cn(t), Cs(t), De(t) and R(t) approaches to zero. Hence, all solutions
of the model in Q2 for ¢ > 0. Therefore, () is attracting and positively-invariant. Thus the
model within the region €2 is mathematically and epidemiologically well-proposed [62]. [

6.3.2 The Disease Free Equilibrium (DFE) of the model
The model (6.2) has a positive DFE, is defined by
SS = (5*7 ‘/1*7 ‘/2*7 ‘/3*7 A*7 C:,’ C;’ Dg’ R*> = (5*7 ‘/1*7 ‘/2*7 ‘/3*7 07 07 07 07 0) (64>

with,
- IIpape(1 = p)bry + an (p(1 — p) 4 wy)]

5= prarn (g + wi + P1) + paba(p 4 1)bin
Ve = ay (pp + ¥1)

b pan (o w4 ) 4 e (4 )b
e ey (1 4 ws) (pp + 1)

2 pay (p+ wi 4 ) + aba(p + )by
- 1hoths(pp + 1)

o pany (4 wr + 1) + pha(p 4 1)bir
where, a1 = p® + pws + b3 + pws + wows, iy =+ ws + Ys.
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6.3.3 Stability analysis of DFE

To show the stability of the DFE, €}, here we consider the next generation method [49]. The

positive matrix F' and the non-singular matrix V' are as follows:

BT BT PBnsT  BncT
N* N* N* N*

0 0 0 0
0 0 0 0

0 0 0 0

F—

where, T' = S* + r V" + roVy' + r3V5 and 5™, Vi, V', V5 are at DFE.

and
ks 0O 0 O
— k 0 0
ek
—o(1—f) =& Kk 0
0 0 -V k’g
where,

k5:¢+/’Lak56:£+7+H7k7:5+V+M+0t’)/,k8:5+,u

The associated basic reproduction threshold is given by Ry = p(FV~!), where p represents

the dominant eigenvalue of the next generation matrix. It follows that

AT

Ry= —""
07 Netkskekoks

(1 = f)(ncvoke + nsdkeks) + nud fhrks+

NsOks& f +ncoré f + kekrks).

Therefore, the following result is established from Theorem 2 of [49].
Lemma 6.2. If Ry < 1, then the disease free equilibrium (DFE) of the model (6.2) is locally

asymptotically stable (LAS), and otherwise unstable.

For disease elimination, we need to check the global stability of the DFE whenever Ry < 1.
Which is done below.
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6.3.4 The Global stability of the DFE of the model

Theorem 6.1. If we assume S(t) < S* | Vi(t) < Vi, Va(t) < V55, Va(t) < Vi forallt > 0 then
the DFE, & of the model (6.2) is globally-asymptotically stable (GAS) whenever Ry < 1.

Proof. Consider the following Lyapunov function
F = [iA+ [0+ [3Cs + faDc

where,

f = fnevdé — fnovoke + fnsolks + fn.dkrks — fnsoksks + ncovks + ¢nskeks + kekrks

nokskeks
o= ncvé + nsks + nukrks
nokekr 7
fy = nev + nsks
nckz ’
fi= 1

Now Lyapunov derivative with respect to t is given by

F = fA+ .00+ f3Cs + fuDe,

_ Ineves — fnevokes + [nspSks + [nndkrks — fnsdkske + nogvke + onskeks + kekrks

B nckskeks

nevé + nséks + nukeks
nckekz

gb(l — f)A +£C, — k’7CS) + 1(1/05 — kSDC)-

(AS + 1AV

—+ 7'2)\‘/2 + 7“3)\‘/;3 — ]{514) +

(0fA = ksCy)

v+ ngk
i Ule} Ns 8(
ncky

For simplification, we first consider the coefficient of A:

e n B(SHriVitra Vot Vi) (1= f) (nov ke +nsdkeks) + friedvé+ fsdksé + fnudkrks +
kekrks] — Nkskekrks

__ Nkskekrks | B(S+r1Vi+raVa4r3Va)[(1—f) (ncvdke+ns pkeks)+fnc pvétfns pksé+fnn pkrks+kekrks] 1
T nokskekrN Nkskgkrks

Nkskekrks | BTI(1—f)(ncvoke+nsdksks)+fnc v+ fns pksé+ fnn pkrks+kekrks]
= 7]0’5516661?771% [ N*kskekrks - 1} Where,
T — S* + ,',.1‘/1* + ,',.2‘/2* + ,,,,3‘/%*.
< ﬁ[lR’O - ]7

- nNc
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and the similar expressions come for the coefficients of n,,C,,, nsCs and ncD¢. Thus we

have,

F< S—S(Ro — (A +n,Cp +1sCs +neDe)
Since S(t) < §* |, Vi(t) < Vi, Va(t) < Vi, Va(t) < Vi for all t > 0. If Ry < 1, then F' < 0
CIfF=0ifandonlyif A =C, = Cs = D¢ = O(note that ks = p+d > 0 ). Thus by
Lasalle Invariance Principle it follows that A — 0, C,, — 0,Cs — 0 ,De — 0 as t — oc.
Further, substituting A = C,, = Cs = Dc = 0 in the model equation we get the DFE
(S*, V5, Vi, V5* ). This established that the disease free equilibrium point (DFE) is globally

stable for Ry < 1. ]

The epidemiological aspect shows that if Rg < 1 then the disease will be eliminated from
the community . Using various initial conditions the result of Theorem 6.1 is simulated

numerically for Ry < 1. The solution trajectories converges to the DFE (&£7),as depicted in

Figure 6.2, which is GAS when R, < 1.
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Time

FIGURE 6.2: Figure 6.2 illustrates Theorem 6.1 and represents the total number of infected
individuals for Ry = 0.8479 < 1, where, 8 = 0.49 and other parameter values are given in
Table 6.2.
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FIGURE 6.3: Figure 6.3 illustrates Theorem 6.3 and represents the total number of infected
individuals for Ry = 1.8385 > 1, where, 8 = 1.49 and other parameter values are given in
Table 6.2.

6.3.5 Existence of the EEP of the model

Here, we can find possible existence of positive EEP of (6.2) (where, at least one of the

infected components is non-zero).
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Let & = (5™, V™, Vo Vi A O CE, D, R™) be any arbitrary endemic equilibrium
point (EEP) of the model (6.2). Then we have from (6.2)

(1 —p) +w V™

S = )\** + kl
— [p + 1S + wo Vo™
L 7’1)\** + ]{72
V** _ ¢2V1** +CU3V:Q)**
2 7“2)\** + kg
1/}3‘/2**
V** —
T3)\** + ]{?4
A** B )\**5** _|_ rl)\**‘/l** + 7,2)\**‘/2** + 7,,3)\**‘/})**
= k5
" ¢f[>\**5** + Tl)\**‘/l** _|_ 7,,2)\**‘/'2** + 7,3)\**‘/})**]
CN -
kskg
s =
keke
c =
kekks
e = IO + 0005
1%

where, k1 = V1 + p, ko = wi + Vo + p, ks = wa + U3 + p, Ky = wy + p, ks = ¢+ p,
ke =7+ &+ pkr =0y +v+p+0ks=p+0.

Existence of EEP: From \** = /3(A**+nn0;;*;175 G5 Pe) e have the following polynomial:

G(A™) = ag(A*™*)® + a1 (M) + aa(A*™)3 + ag(A*™*)? + ayA\™* =0
= A\ {ag(A\*)* + a1 (N*)? + aa(A)2 + azA™ +ag} =0

If A** =0 then we get the DFE, otherwise

ao(A) 4+ a; (V)2 + aa(A*)2 + agA\*™* +ay = 0

It should be noted that ag is always positive but the signs of aq, as, a3 and a4 are unknown.
So the possible real roots of the above polynomial depends on the signs of a;, as, as, and a4

and possible combinations of the coefficients are explored below in Table 6.3.

Thus we have the following statement:
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Cases | ag | a1 | as | ag | ag | Possible or NOT | Number of Sign Change
1 + [+ [+ [+ [+ N -
2 + [+ [+ [+ ] Y 1
3 + [+ [+ -]+ N -
4 + [+ -1+ ]+ N -
5 + -1+ ]+ ]+ N -
6 + [+ 1+ [-1- Y 1
7 + [+ =11+ N -
8 + ==+ |+ N -
9 + 1+ =]+ |- N -
10 + |-+ |+ |- N -
11 [+ |- [+][-1+ N -
12 T+ -[-1- Y 1
13 + =+ == N -
14 + ==+ |- N -
15 + ===+ N -
16 e e Y 1

TABLE 6.3: Sign of the coefficients of the polynomial.

Theorem 6.2. If there is at least one sign change occurs in the coefficients then the model

has a unique EEP and otherwise no EEP.

6.3.6 Local Stability analysis of EEP

Theorem 6.3. If By > By and Ry > 1 then the model has a unique endemic equilibrium

point, &, which is LAS.

Proof. The proof of the local stability of the unique EEP, &, using central manifold theory

[56] will now be explored below. Let Ry > 1. For convenience let change of variables:

S=uw, Vi =19 Vo=u3, V3 =14, A= 15 , C, = %6,Cs = 27, Dc = g and R = xg and

also use the vector notation X = (1, 9, x3, T4, s, T, T7, Tg, Tg). . Thus the model (6.2) can

be reduced by the form % = F(X)7 where F' = (f17f27f3af47f57f67f77f8af9)T‘
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d n
B by =TI = p) + oy, — DT ¥ tistn ¥ oTs)n g
dt N
d n
% = fo =1lp+ 121 + wazz — r15(@s + Mo ‘i]‘VnSQW + 10w ) T2 — koxo
d n
ﬁ = f3 - ¢2$2 + W3Tyg — rzﬁ(l‘B + 6 + NsT7 i anS))$3 — ]{?31’3
dt N
d n
e r3f (x5 + Nnte + Nst7 + Nots)Ts "
dt N
drs . P25+ Npwe + nst7 +nexg)rr  r1B(Ts + Mae + N7 + N0es) T2
—=fs= +
dat N N (6.5)
rof(xs + Npxe + N5t + News)rs  r3f(Ts + Nate + Nsxr + Nexs) Ty
+ + — ksxs
N N
dx
d_t6 = f6 = ¢fxs — kexs
dx
d_t7 = fr=0(1 — f)os + v — kg
dx
d_t8 = fs = vay — kg
dx
d_tg = fo = yxe + Oyyrr — pxg

The Jacobian matrix of the reduced system (6.5) evaluated at the DFE (&;), which is

ki w 0 0 —my —myn, —mins —minc 0
Y1 —ky  wo 0 -y il —mans  —nine 0
0 o —ks ws —my —Mal)y, —maens —manc 0
0 0 s —k ) —Nollyp  —Ngns  —ngne 0
J=1 0 0 0 0 ni+me+mg+no+ks mn, mng mnc 0
0O 0 0 0 of kg 0 0 0
0O 0 0 0 o(1— f) ¢ ks 0 0
0 0 0 0 0 0 v —kg 0
0 0 0 0 0 v 0y 0 —
with

m = mi + ms + Ny + No.
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Assume that the bifurcation parameter is 5 and solving from Rg = 1 we get

8
v 1Tk
=5

*
pr o= B(S*+ Vi + V5 + V) [(1—f) (ncvoke+ns dkeks)+nnd fhrks+ns ks f+nc oré f+kekrks]

where, S*, V¥, V5*, V5" are the DFE.
The transformed system (6.5) with § = §* has a simple eigenvalue with zero real part, and
all other eigenvalues have negative real part. Hence, for analysing the dynamics of the

system near § = * we can use the Centre Manifold theory.
Eigenvectors of J(€})|p=p- = Jp~ :

The Jacobian of (6.5) at § = f* has a right eigenvector (correlated with the zero

eigenvalues) which is considered by w = (w1, ws, w3, wy, ws, we, wy, ws, wy)! , where

1
_k6k7k8[k3k4(klk2 - wﬂ/h) - W3¢3(k71k2 - wl%) - k1k4w2¢2]

X [(kokskymy — kamiwsths + kskaniwi — kamawathy + kamowiws — nqwiwsths + nowiwows ) (fneeré

— fnovokes + fnsoksé + fnn.okrks — fnsdkeks + nevoks + nspkeks + kekrks)|ws < 0

w1 =

1
(k1koksky — kykowsths — kikswatpe — kskawitn) + wirwsibs]
X [(k1kskany + k1ksmows — kinjwsths + kinswsws + kskymathy — mywsiiws) (fnedrvé — fnovdks
+ fnsoksé + frngkiks — fnsdkeks + ncvoks + nsdkeks + kekrks))|ws < 0

1
a kekrks[kikaksky — kikowstps — k1kywothy — kskgwi1P1) + withrwsids]

X [(k1kakamg + kikanows + kikanie + kamahie — kamowr i — nowihiws) (fneové — fnoevke
+ [nspksé + frn.opkrks — fnsdkeks + novoks + nspkeks + kekrks)|ws < 0

1
a kekrks[kikoksky — kikowsths — kikywathy — kskawr1)1 + wiihiwsihs]

X [(k1koksng + k1kamat)s + kinghaths — kinowathy — ksnowithy + myh11aths + mowih11hs) ( fneevé
— fncvoks + fnsdksé + frnndkiks — fnsdkeks + nevoks + nsokeks + kekrks)ws < 0

Wy = —

W3 =

Wy =
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ws = free

wg = 223

wy = DKol

wy = LU=Dbetess

wo — u¢fk7+6tquf;;€):)k6+6tu§¢fw5'

Additionally, the Jacobian Jg-, has a left eigenvector (correlated with the zero eigenvalue)

which is considered by v = (vy, va, v3, V4, Vs, Vg, V7, Vg, Vo)l

- P11hatP3vy
L=
kikoks — kiwathy — kgwith
vy = V4P21P3ky
kikoks — kiwathy — kgwithy
Ve — @Ds(k?lké - wlwl)vzx
° kykoks — k1w2¢2 - k3w1¢1
vy = free
1
Vs X [va(na(kykoks — kiwatde — kswithy)

- kskekrks(k1koks — kiwaths — kawithr)(mRo — 1)
+ moths(kiky — withr) + kinibatis + mahieths) ((1 — f)(nevoks + nsdkeks)
+ fvoine + fo&nsks + fonnkrks + kekrks))

1
Vg = X |ksvg(v + ks + npkrks)(na(kikak
6 k5k6k7kzg(k1k2k3—klwgl/zg—kgwlwl)(mRo—1) [ 5 4( Enc + Ensks + nuky 8)( 2( 1R2K3
— kywothy — kawithn) + maths(kiks — witdy) + kinihaths + math1hehs)]
o — Fskeva(vne + nsks)[na(kikaks — kiwaths — kgwrtpr) + mats (kiks — i) +kimiats +mathi¢ads]
;=

k5k6k7k8(k1k2k33 — kiwathy — k3w11/11)(m7€0 - 1)

- kskekrncva[na(kikoks — kiwathe — kswithr) + maths(kike — withr)+kimiaths + mithiihats)
Vg =
kskekrks(kikoks — kiwats — kawithr)(mRe — 1)
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UgZO

Computation of b:

h— x5r1(vs—v2)+zire (vs—v3)+a;r3(vs —vg)+x] (vs—v1) (News+Nnwe+nNswWr+ws)
- xF+a ol +a)

The coefficient b is positive provided vs > vy, v, 3, V4.

Computation of a:

a = _25(’7(;1ﬁ4;27;‘;i’$‘)‘;7+w5) [—z1rwe(vs — v2) — Tyraws(vs — v3) — T1rswa(vs — va) + (wr +

Wy + w3 + Wy + Wy + We + W7 + Ws + We)Tary (V5 — Vo) — w3TiWe (Vs — Va) — Tarsws(vs — v3) —
ZL’2T3U)4(’U5 — U4) + (w1 -+ W2 -+ W3 —+ Wy -+ Ws -+ We + wr -+ wsg -+ wg)x3T2<U5 — U3) — x4r1w2(v5 —
Vg) — xarowsz(vs — v3) — x3r3wy(vs — vg) + (w1 + wo + w3 + wy + Wy + wg + wy + wg +

wo)xyrs(vs — vg) — wi(vs — v1)(za + 23 + 24)]

o —26(news + Nuwe + Nswr + ws)
(iL’l + 29 + XT3 + .1'4)2

[—z1r1we (Vs — v2) — T1rowWs (V5 — U3)—

113wy (Vs — vg) + (w5 + we + w7 + W + wo)Tary (V5 — V) — 3T W (V5 — Vo) —

Torows (Vs — v3) — Tarswa(vs — V) + (W5 + we + w7 + ws + Wy )x379 (V5 — V3)—

T W (Vs — vg) — xyTowz (Vs — v3) — T3T3wa (Vs — vg)+

(ws + we + wr + wg + wg)x47r3(vs — v4) + 1 (w5 + We + W7 + W + W) (V5 — V1) —

wy(vs — v1) (T2 + 23 + x4) + (W1 + w3 + wy)xar1 (V5 — Vo) + (W1 + We + wy) 372 (V5 — V3)+

(w1 + wy + w3)z473(v5 — v4) + T2 (W2 + w3 + wy) (V5 — V1))

if a <0 and b > 0 then the EEP of the model will be locally asymptotically stable.

From the above expression it can be shown that a < 0 if
By > By (66)

where By = —z1rjwa(vs — ve) — x17rows(vs — v3) — x11r3w4 (V5 — Vy)
+ (lU5 + Weg + wr + ws + wg)l'le (U5 — ’UQ) — x3r1w2(v5 — ’Ug) — x2r2w3(05 — ’U3)

— Lor3wy(vs — vg) + (w5 + we + Wy + ws + wg)x37r2(Vs — V3) — Ly W (V5 — V2)
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— T4rows (Vs — V3) — x3r3wa(vs — vg) + (W5 + we + wr + ws + wo)x473(V5 — v4) +

x1 (w5 + wg + wy + wg + wg) (vs — v1) — wy(vs — v1)(x2 + 23 + x4) and

By = (w1 + w3 4+ wy)zori(vs — va) + (w1 + we + wy)x3re(vs — V3)

+ (w1 + wy + w3)wyr3(vs — vy) + T1(wWo + w3 + wy)(vs — v1).

Thus, using Central Manifold theory, the endemic equilibrium point is LAS under some

condition (B; > Bs). O

6.4 Vaccination Impact

In this section, the impact of the HBV vaccine is analysed on the threshold, Rg;. First of

all, let us consider Ry as a function of susceptible individuals vaccinated at steady-state (i.e.

at Py = +=). For mathematical simplification, we assume that V* = V;* + V5" + V5" and their

efficacy are equal. That is,

B((1 = Pr)+7rP)[(1 — f)(ncvoks + nsdkeks) + ¢ flrks +nsoksé f 4 neové f + kekqks]

Ro=Ro(P) = Fekohnhs

o B((]_ — Pl) + TPl)AH
kskekrks

where, Ay = (1 — f)(ncvoks + nsokeks) + nndfhrks + nsoksSf + nedvsf + kekrks.
Differentiating Ro(P;) partially with respect to P gives

o _ ORo(P) __ BAy
01 P, keskek- ks

(1—-v) (6.7)

: _ rBAn
with vV = TR

It follows from (6.7), if V < 1 then %Lpoll < 0. That is Ry is a decreasing function of P;, when
V < 1. Moreover, reduction in reproduction number means reduction in disease burden.
So, the analysis shows that an imperfect HBV vaccine has a positive effect in reducing the

burden of disease if V < 1, and has no impact for other cases. The is summarized as:

Lemma 6.3. The imperfect vaccine will have

(i) a positive impact in reducing disease burden if V. <1 ;
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FIGURE 6.4: The prevelance considering the presence and absence of a vaccine, where,
B =3.09 (so that Vv =0.55, Ry = 2.34 > 1 and Ro; = 2.68 > 1) and the parameter values
are given in Table 6.2.

(i) mo impact in reducing disease burden if V=1 ;

(i11) increase disease burden if V > 1.

The above result is done by simulating the vaccination model (6.2) using the value of the
parameters in Table 6.2. The above Figure 6.4 illustrate that prevalence as a function of
time. From the figure we see that with Vv = 0.55 < 1 (corresponding to the vaccine efficacy
of 65%, 55%, 87%, where, 1 = 0.65,r2 = 0.55, 73 = 0.87 respectively) vaccine has a positive
impact, since it reduces disease burden than that of the case when vaccine is not used.

A contour plot of Rg, as a function of the first vaccine dose efficacy and administration
rate of first dose. Figure 6.5 shows that with the expected minimum 65% efficacy of the first
vaccine dose, administrating 75% to the susceptible population with the first vaccine dose
may be sufficient to control the spread of Hepatitis B infection. However, form Figure 6.6,
it is clear that same effective control may also be obtained if 60% of the first vaccine dose

recipients take the second dose.
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FIGURE 6.5: Contour plots of Ry as a function of the first dose of vaccination rate ()
and vaccine efficacy (r;) with g = 0.93.

FEfficacy of second vaccine dose (r2)

0.7

Vaccination rate of second dose(2)

FIGURE 6.6: Contour plots of Rg as a function of the second dose of vaccination rate (12)
and vaccine efficacy (r2) with § = 0.85.

6.5 Sensitivity Analysis of the parameters

The analysis of the sensitive parameters is done to decide which of the parameters have vital
importance in the disease transmission dynamics. We calculate the sensitivity indices of the
threshold, Ry, to the parameters defined in (6.2), to decide which of the parameters have
an essential effect on Ry and consequently responsible for the transmission of disease among
the population. Here we use the method described in [92, 93]. Sensitivity indices estimate

the relative change in the state while a parameter is also changed. The normalized forward
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sensitivity index of a variable to a parameter is the ratio of the relative change of the variable

to the relative change of the respective parameter.

6.5.1 Definition

The normalized sensitivity index of a variable, v, that depends differentiably on a parameter,

r, is given by:

s, T Ov

= — X —
Xr v Or

6.5.2 Sensitivity Indices of Effective Reproduction Number (RR)

Since we have a formula for Ry , we can derive an analytical expression for the sensitivity

of Ro s

Xt = RL X %
0 r

We can see from the Table 6.4 that all the parameters of the model have either positive or
negative impact on Ry. We observed from the Table 6.4 that the parameters 3, r3 and 7¢
are the most positively sensitive parameters with vaccine effect. This implies that the
increased values of those parameters, Ry will also increase.
Again we can see that the parameters, p, 11, 19, w3 and § are the most negatively sensitive
parameters. This implies that if the values of these parameters increased then Ry will be
decreased and vice versa.
Further, the parameters 3, ng and n¢ are positively sensitive when vaccine is not used and
the parameters p , f, pu, 0 and 6; are the most negative sensitive parameters for the same
case.
Therefore, Local sensitivity analysis (LAS) shows that the negatively influential parameters
are the proportion of the newborn’s vaccination rate (p), fraction of the acutely infected
individuals who become chronically infected (f), natural death rate (), HBV- related
mortality rate (6) and modification parameter for the assumed decrease of the recovery
rate of symptomatic chronically-infected individuals in complication to non-symptomatic

chronically-infected individuals (6;) and positively sensitive parameters are the
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Parameter Base value  Sensitivity index of Ry Sensitivity index of R
with vaccine without vaccine
I 0.0121 too small (positive) too small (positive)
D [0,1] -0.000773 -1.85714
I6; 0.95 —20.49 0.9999 ~1
w1 0.1 0.000131 —
W [0,1] 0.00001183 -
w3 [0,1] -0.0008107 -
f [0,1] -0.036512 -0.006965
(N 0.885 y~1 -0.000543 -
g 0.925 y~1 -0.0004195 -
3 0879 y~1 0.003619 -
1 0.00693 -0.7855 -0.782081
) 0.002 -0.224904 -0.225013
r1 [0,1] 0.007909 -
To [0,1] 0.006305 -
T3 [0,1] 0.98167 -
0] 4 0.0001416 0.0001868
19 0.12 0.023439 0.006476
¥ 0.06 -0.044202 -0.028612
0, 0.0936 y~1  -0.022703 -0.022713
v 0.2323 y~—1  0.029029 0.0290437
Mn (0,1) 0.0005437 0.000137
s 1.2 0.029772 0.029787
Ne 1.5 0.968096 0.968567
TABLE 6.4: Sensitivity index of Ry to some parameters of the HBV vaccination model
(6.2)
infectiousness of symptomatic chronic carriers (ng), infectiousness of the disease

complicated individuals (nc)and disease transmission rate (8). However, LAS does not
accurately assess the uncertainty and sensitivity of the parameters in the system. To avoid
this difficulty Latin Hypercube sampling-partial rank correlation coefficient (PRCC)

technique is the most popular method for global sensitivity analysis.
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6.5.3 PRCC Analysis for Global Sensitivity

A statittical technique for sensitivity analysis named PRCC, which calculates the partial
rank correlation coefficient for the parameters of the model (with the help of Latin hypercube
sampling technic)[94, 95]. The calculated values of PRCC for parameters lies are between
-1 and 1 and they are comparable between distinct model inputs. The positive or negative
sign of the PRCC values of parameters gives the relationship between the model input and
output. A positive value of PRCC means that if the corresponding model input parameters
increase then the output will also increase. Similarly, the negative value of PRCC indicates
a negative correlation. The constant value of PRCC measures the significant change of the

model input and contribute to the associated model output[94, 95].

PRCC

07—

- S S S S S S S S S S S S S
mpBoogegesfy b on p g ¢ §y g o, dum

FIGURE 6.7: Sensitivity of some parameters of HBV vaccination model as indicated by
the PRCC

For the HBV vaccination model (6.2), the PRCC index illustrates that disease transmission
rate (), fraction of the acutely infected individuals who are gradually chronically infected
(f), at the rate when acutely-infected people become chronically infected (¢), rate at which
asymptomatic chronically-infected individuals become symptomatic chronically-infected (&)
and rate at which symptomatic chronically-infected individuals develop disease complications
(v) and the respective PRCC indices are 0.5305, -0.5870, 0.5318, 0.5612, 0.7865 respectively,
and their p-values are illustrated in Figure 6.7. The entire result illustrates that if the
transmission rate (f) increases unexpectedly, then the spread of the disease is unbounded

and it is very difficult to control. In comparison, the proportion of acutely infected individuals
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who become chronically infected (f) can be the most sensitive parameter for controlling the

spread of infectious disease transmission.

6.5.4 Contour Plot Analysis

In this section, we find the correlation between the most sensitive parameters through some
contour plot analysis. Figure 6.8 illustrates that there is a positive correlation between
the transmission rate () and the reproduction number, Ry, similarly, the same correlation

occurs between the infectiousness of disease complications (7¢) and Ro.

1.2

=

=
=]

=
(=3

0.4

Infectiousness of disease complecation (1,)

0.01 0.02 0.03 0.04 0.05 0.06
Transmissionrate{ 5)

FIGURE 6.8: Figure of contour plot in terms of the two sensitive parameters: [
(transmission rate)and nc(infectiousness of disease complications).

Figure 6.9 illustrates that there is a negative relation between the recovery rate of
symptomatic chronic carriers (6;) and Ry, whereas there is a positive correlation between

the rate of symptomatic chronic carriers (§) and Ry.

6.6 Conclusions

A deterministic model, assessing imperfect dose-dependent vaccination of HBV
transmission dynamics at the population level, is constructed and analysed
(mathematically and numerically). Some mathematical and epidemiological findings are

given below:
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0.1 0.2 0.3 0.4 0.5
Recoveryrate of symptomaticchronic carriers 8;)

FIGURE 6.9: Figure of contour plot in terms of the two sensitive parameters: ;(recovery

(i)

rate of symptomatic chronic carriers) and ¢ (rate of symptomatic chronic carriers).

The HBV vaccination model has a locally and globally asymptotically stable disease
free equilibrium (DFE) when the corresponding threshold quantity, known as, Ry < 1.

The model has also a locally asymptotically stable unique endemic equilibrium point

(EEP) under some condition.

An imperfect HBV vaccine have positive, negative and no effect on population

depending on V.

Local sensitivity analysis of the parameters show that disease transmission rate (f3),
infectious rate of disease complication (7nc), the development rate of disease
complication (v) are the positive sensitive parameters and proportion of the
newborns vaccination rate (p), recovery rate of chronically infected individuals ()

are the negative sensitive parameters of the model on threshold quantity.

Using Latin hypercube sampling for partial rank correlation coefficient (PRCC) of
global sensitive parameters shows that disease transmission rate (f3), fraction of the
acutely infected individuals who developed chronic infection (f), the rate at which
acutely-infected people become chronically infected (¢), development rate of the
asymptomatic chronic carriers to be symptomatic (£),the development rate of disease
complication (v) are highly sensitive parameters that effect the disease dynamics of

HBV among individuals.
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(vi) Furthermore, contour plot analysis between the sensitive parameters show that disease

can be controlled if the disease burden is reduced.



Chapter 7

Contributions of the Thesis

In this thesis, a number of deterministic mathematical models related to HBV transmission

disease dynamics are formulated and analyzed rigorously (mathematically and numerically)

and presented in different chapters. Some mathematical and epidemiological findings are as

follows:

(i)

In Chapter 3, a new deterministic model for the transmission disease dynamics of
HBV among the population is formulated numerical simulations is rigorously
analyzed. The model has a locally-asymptotically stable (LAS) DFE for Ry < 1. By
Lyapunov function and LaSalle Invariance Principle, the model has a
globally-asymptotically stable DFE whenever Ry < 1. The model has a unique
endemic equilibrium (EEP) for Ry > 1. Sublinearity trick is used for stability
analysis of EEP and using nonlinear Lyapunov function the global stability of EEP is
shown, whenever, the threshold Ry > 1. If re-infection is considered then backward
bifurcation occurs, where an asymptotic stable DFE and an unstable EEP co-exists

when Ry < 1.

In Chapter 4, a new basic (without immune response) deterministic model for the
transmission disease dynamics of HBV in wvivo is constructed and numerically
analysed. Then the model is extended for immune responses namely cell-mediated

and humoral against HBV in vivo. The basic model (4.3) has a GAS VFE and also

124
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(iii)

(iv)

has at least one locally asymptotically positive virus present equilibrium (VPE), &
whenever Ry > 1. The reduced model of the immune system has a GAS VFE if
Rop1 < 1 and a positive unique locally asymptotically stable VPE whenever Ry > 1.
Due to vaccine impact, the humoral immune response such as antibody level is
always more effective than the cell-mediated immune response in reducing HBV
infection. The high effective level of immune response with a low contact rate can

reduce the HBV burden in vivo.

In Chapter 5, the dynamics of hepatitis B virus infection, subject to optimal
control strategies with vaccination and creating awareness as controls are designed
and analysed. The numerical simulations show that the optimal strategies of
vaccination and awareness are much more effective not only to minimize the infection
as well as to control hepatitis B virus infection. A combination of with and without
control strategies is considered. The control parameters are much more effective to
reduce the infected individuals and controlling the disease dynamics. The controls
are needed to be effective for a long time interval with a high transmission rate. The
control strategy is also effective in minimising the infection of infected individuals
and the cost of the two controls. The numerical results illustrate that vaccination

plays an essential role in disease elimination.

In Chapter 6, A deterministic model, assessing imperfect dose-dependent
vaccination of HBV transmission dynamics at the population level, is considered and
analysed (mathematically and numerically). The HBV vaccination model has a
disease free equilibrium (DFE) which is locally and globally asymptotically stable
when the associated threshold quantity, known as Ry, is less than unity. The model
has a unique endemic equilibrium point (EEP) which is LAS under certain
conditions.  An imperfect HBV vaccine could have positive or negative or no
population-level impact depending on V, which is either less than or equal to or
greater than unity. Local sensitivity analysis of the parameters shows that disease
transmission rate (f), infectious rate of disease complication (v) are the most
positively sensitive parameters. On the other hand, the proportion of the newborn’s

vaccination rate (p), the recovery rate of chronically infected individuals () are the
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most negatively sensitive parameters on the epidemic threshold. For evaluating the
partial rank correlation coefficient (PRCC) of global sensitive parameters we use
Latin hypercube sampling, which shows that disease transmission rate (), fraction of
the acutely infected individuals who developed chronic infection (f), the rate of the
acutely-infected people who become chronically infected (¢), development rate of the
asymptomatic chronic carriers to be symptomatic (£), the development rate of
disease complication (v) are highly influential sensitive parameters that affect the
disease dynamics of HBV among individuals. Furthermore, contour plot analysis
between the sensitive parameters shows that disease can be controlled if the disease

burden is reduced.
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