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Abstract

Correlated data which are very common in longitudinal studies should be anal-
ysed with models and methods that take the correlation into account. Most of
the longitudinal models are based on marginal approaches, assuming an induced
correlation between successive individuals, often lacking the proper specifica-
tion of the dependence of binary outcomes. As a result, such models may fail
to provide efficient estimation of parameters. Conditional models which is an-
other commonly used approach for the above situation use a transition probabil-
ity model to capture the dependence of outcome variables. While the selection
of a model depends on the question under study, there is no clear directives in
the existing literature about when to choose which model. Keeping in mind the
limitations of the existing popular methods for analysing longitudinal data, the
objectives of this study were set.

The objectives of this study are (i) to examine how well the dependence of re-
peated response are addressed in selected methods including GEE and ALR, (ii)
to propose joint models based on a marginal conditional approach enabling to
incorporate the true dependence relationship, using likelihood methods, (iii) to
propose a joint model based on a marginal conditional approach under a quasi-
likelihood setup appropriate for situation where the distribution of the outcome
variables is unknown, (iv) to develop and demonstrate the inferential theories
associated with all the proposed models, (v) make comparisons of the proposed
models with the existing models and (vi) to illustrate the proposed models with
applications to real life data. The proposed models demonstrated under objec-
tive (i1) link the marginal and sequence of conditional models to provide the
joint model needed for predicting the covariate effects on dependent variable

at different time points. In case of more than three repeated measurements,
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Abstract

the regressive model approach was proposed that can be extended for any or-
der of dependence without complicating the theory and keeping the number
of parameters of the model for repeated measures minimum. This model has
the flexibility such that one can easily add interaction terms among previous
outcomes and predictors in the proposed framework if and when required. A
number of simulation studies resulted that the proposed methods perform better
than GEE and ALR in terms of bias and 95% coverage probability.

The marginal conditional model developed under a quasi-likelihood setup cap-
tures the correlations among repeated observations in a built-in nature and un-
like GEE or ALR, does not need to have a correlation parameter in the model.
This model can be extended for any number of repeated measures without com-
plicating the theory and keeping the number of parameters to a minimum. The
simulation studies showed that, when the data are correlated or the distribution
of the outcome variables are not identical at different time points, the estimates
of this method has less bias than GEE or ALR.

The marginal conditional feature of the proposed models make the models very
useful for analysing big data, one can use the existing software for model fitting
and risk prediction of a sequence of events. The application using Health and
Retirement Study data illustrate the performance of the proposed models and

prove the usefulness of such models for longitudinal data.

iX
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Chapter 1

Introduction

1.1 Introduction

A longitudinal data set comprises of repeated measurements on each subject
under a study and the term ‘repeated measurements’ refers to a dataset in which
the response of each experimental unit or subject under a study is observed on
multiple occasions or under multiple conditions over a period of time [18, 23,
38]. Although the response variable in a longitudinal study can be either uni-
variate or multivariate, we restricted our consideration to univariate response
variables measured at multiple occasions for each subject.

In a longitudinal study, data collected from the same subject are usually corre-
lated and while modelling and/or analysing such data, this correlation should be
taken into account [18, 38, 79]. The association among the repeated measures
in a longitudinal data makes the analysis of such data distinctive and challeng-

ing and needs to adjust for the association.
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Most of the models used for longitudinal data are based on marginal approaches
(for example, Generalized Estimating Equations (GEE) by Zeger and Liang
[79] or Alternating Logistic Regression (ALR) by Carey et al. [9]) in which the
correlation considered among repeated measures on the same individuals are
induced correlations. As a result, these models may fail to provide an efficient
estimation of parameters due to lack of proper specification of the dependence.
Relatively fewer approaches for longitudinal data analysis are based on transi-
tion probability based conditional models (for example, Bonney [7], Islam and
Chowdhury [35, 36], Muenz and Rubinstein [59], etc.). Conditional models
have the advantage that one may find whether or not the changes in a dependent
variable are independent of previous observations as well as the independent
variable. But conditional models themselves are not adequate to model the de-
pendence.

An extensive literature review proves the existing controversy about the use of
marginal and conditional models, particularly in the analysis of longitudinal
data. We discussed the advantages and limitations of the marginal models and
the conditional models. We regard the conditional model as fundamental and
from conditional models, marginal predictions can be made [51].

A thorough review of literature confirms that analysis of a longitudinal data
considering the correlation between repeated observations of an individual, it is
more logical to consider a joint model where both the marginal and conditional
probabilities can be expressed as a function of explanatory variables. So the
motivation of this study is to propose appropriate models for analysing longi-
tudinal binary data with time dependent covariates, which takes into account of
both marginal and conditional probabilities of correlated binary events such that
the joint function can be specified fully by unifying marginal and conditional
probabilities. Marginal and conditional probability based joint models are not

new [7, 34-36]. But such models were proposed mainly to focus on the char-
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acterization problems and have not been employed to focus on the covariate
dependent models with dependence in the outcomes, which is one of the main
focus of this research.

This study proposed joint models as alternatives of the popular GEE or GEE
based approaches for outcome variables with known and unknown distribu-
tions of outcome variables in a longitudinal study. The joint models are pro-
posed along with the estimation procedure to study the relationship among the
repeated measures of the dependent variable as well as relationship among de-
pendent and independent variables. Related tests were suggested and a number
of simulation studies have been performed to compare the proposed method
with existing popular methods such as GEE or ALR. The proposed method has
been illustrated using real life data and the findings are compared with popular

existing methods.

1.2 Background of the Study

Modelling of binary outcomes are common in lifetime data analysis and logis-
tic regression models are common choices in such analyses [14]. For correlated
binary data in a longitudinal study, a joint multivariate distribution can be de-
scribed in terms of the marginal means and correlations as shown by Bahadur
[4]. For paired data, the Bahadur [4]’s model is relatively simple [55] and coin-
cides with the joint distribution that is completely determined by the marginal
means and pairwise correlations. But the full Bahadur [4]’s model is not rou-
tinely implemented for data analysis because of a large number of association
parameters that increase the number of measurements per subject; in addition,
the association parameters are subject to complex constraints that depend on
the marginal means. Using multiple measurements per subject, Lipsitz et al.
[55] implemented maximum likelihood method for analysis of the parameters

of Bahadur [4]’s model.
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Important initial work on longitudinal data and binary longitudinal data were
done by Liang and Zeger [52] and Zeger and Liang [79]. Liang and Zeger
[52] and Zeger and Liang [79] proposed the GEE models based on probabil-
ity of the event and correlations or the first and the second moments. Lipsitz
et al. [56], Liang et al. [53] and Carey et al. [9] employed the marginal odds
ratios instead of correlations between pairs of binary responses. Le Cessie and
Van Houwelingen [50] proposed use of different measures of dependence in
modelling for logistic regression for correlated binary data. It has been ob-
served, however, that the marginal measures may fail to provide the measure of
dependence of binary outcomes due to lack of proper specification of the un-
derlying model.

GEE [52, 79] is an iterative approach that alternates between solving the GEE
for regression parameters and updating the estimate of the correlation param-
eter. GEE has been criticized for its lack of an objective function which com-
plicates the development of objective measure for goodness of fit for this ap-
proach. However, the followers of GEE defined the major advantage of GEE
that it yields a consistent estimator of the regression parameter even if the work-
ing correlation structure that models the pattern of association in the data is not
specified correctly with a potential loss in precision of estimation if the assumed
and true patterns of association are not close [18, 24]. Several authors identified
that selection of an appropriate correlation structure in the GEE models as the
limitation of GEE and tried to address the problems [10, 12, 25, 33] by suggest-
ing different ways for selecting an appropriate correlation structure, although,
the problem lies elsewhere.

ALR is the algorithm that alternates between a logistic regression using first
order GEE to estimate regression coefficients and a logistic regression to esti-
mate the odds ratios [9]. ALR uses a logistic model for an outcome conditional

upon another outcome instead of specifying the models by additional marginal
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description of the pairwise association.

We note that the consistency in the parameter estimates of GEE or related mod-
els, in spite of misspecified correlation structure, essentially indicates that the
correlation used in GEE is a nuisance correlation and focus on selecting an ap-
propriate correlation structure will not solve the problem and the problem of
analysing the longitudinal data by properly addressing the correlation among
the repeated measures needs a different approach than GEE or any marginal
model.

Maximum Likelihood method or ML method for time independent covariates
was proposed by Zeger et al. [80]. ML approach is suggested as the gold-
standard approach in a few studies because of its attractive features, which in-
clude consideration of an objective function (the log-likelihood function) that
can be used to assess the fit of competing models and construct likelihood ratio
tests. However, the ML approach may be less robust to model misspecifica-
tion than GEE. Guerra et al. [29] suggested an extension of this ML method
for time dependent covariates. The method, named MARKI1ML method, can
also be considered as an extension of multiple measurements per subject of
the approaches of McDonald [58] and Lipsitz et al. [55] who considered corre-
lated binary data with two measurements per subject. The likelihood model for
this method was based on the assumption of a Markovian model of first order
(MARKI1 model) so that the value of an outcome on a subject at a particular
measurement occasion only depends on the value at the previous measurement
occasion. The MARK1 model allows to consider the usual logistic model for
a GEE analysis of binary data which has the benefit of easy interpretation of
the regression parameters. This approach can be extended for at least second
order because Markovian assumption of higher order is not addressed yet for
such problems. MARKI1ML method assumes that correlation between adjacent

measurements on a subject depend on their separation in time and considers
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the correlation between adjacent measurements on each subject where differ-
ent assumptions regarding the adjacent correlations induces different patterns
of correlation in the data. Furthermore, this approach considers one additional
specification for the adjacent correlations and unstructured form that does not
impose a particular pattern on the adjacent correlations within subjects. Like
GEE, this approach is also robust to misspecification of the true correlation
structure of the data but not to the same degree as is GEE.

Relatively fewer studies have been conducted in the conditional approaches as
compared to the marginal models approach. Some of the studies on conditional
approach include Muenz and Rubinstein [59], Bonney [7, 8], etc.. However,
neither the marginal models nor the conditional models alone are adequate to
model longitudinal data.

In a series of works, Islam et al. [34], Islam and Chowdhury [35, 36, 37, 38], Is-
lam et al. [40, 41, 43] employed the covariate dependent conditional logis-
tic models and regressive logistic models under the Markov assumptions to
construct a joint model. The works of Bonney [7, 8], Islam and Chowdhury
[35, 37], Islam et al. [43] was generalized to include both binary outcomes in
previous times as well as covariates in the conditional models proposed by Is-
lam et al. [34, 42]. A mixed effect model (GLMM) could also be an alternative
choice to capture the picture since if a random component is taken in the model,
the change in an individual over time can be considered in the model, but again
the change would be added in the intercept part and the fixed effect part will be
unchanged. So if a relationship between the repeated measures of the dependent
variable as well as relationship between dependent and independent variables

are required to be studied then a mixed model is not an appropriate choice.
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1.3 Statement of the Problem

Let us consider an experiment for a specified time period for a sample of size N.
In the experiment, we have data from several follow-ups on each of the N units.
The repeated measurements on N units in the sample at times T; = (¢, ...,t,-ni)’
Vi=1,...,N produce repeated outcomes data on the dependent variable with
associated covariates X;; = (X;j1,...,Xijp) . Longitudinal data are naturally cor-
related and the main challenge in analysing such data is to address the correla-
tion or association among the repeated outcomes.

Most of the methods found in literature for analysing repeated measures data are
based on marginal models and has a major limitation in the correlation structure
considered. The marginal approaches consider an induced correlation structure
to take into account the correlation among the repeated responses of each indi-
vidual. Induced correlation, considered in many popular marginal model based
approaches does not fit to the estimation procedure. Moreover, while a marginal
model is taken, the correlation among the repeated responses are not properly
addressed and hence it may fail to provide efficient estimation of parameters
due to lack of proper specification of the dependence of binary outcomes in
the model. Although most of these methods are routinely used and known to
well represent the population averaged methods for the analysis of longitudinal
binary data, as in almost all the cases, the marginal models consider induced
correlations between successive individuals, it does not fit to the estimation
procedure.

ALR alternates between a logistic regression using first order GEE to estimate
regression coefficients and a logistic regression to estimate the odds ratios [9]
with the use of a logistic model for an outcome conditional upon another out-
come instead of specifying the models by additional marginal description of the

pairwise association. Modification of ALR is also found in literature as an alter-
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native of GEE using marginal conditional approach which was expected to be
a help to get rid of limitations of GEE that uses a marginal model. But while a
marginal model is taken, the correlation among repeated measures are not taken
care of in a proper sense and hence an efficient estimation of parameters is not
always possible due to lack of proper specification of the dependence of binary
outcomes in the model.

An extensive literature review unravels the fact that the use of popular GEE,
ALR or related methods for analysing longitudinal data is not necessarily log-
ical. Although several researchers tried to address the problem with concen-
tration on selecting an appropriate correlation structure, we would like to point
out that the correlation structure used in GEE is a nuisance correlation and
the estimates are robust to it. Hence the limitation of GEE does not lie in
its correlation structure but the underlying model and an alternative to ana-
lyze longitudinal data should be looked for. The problem of addressing cor-
relation among repeated measures in a proper sense was partly addressed by
Darlington and Farewell [16] and Guerra et al. [29]. Both explained a joint
model by conditional marginal model. Darlington and Farewell [16] pointed
out that the relationship between outcome and explanatory variables may also
depend on the dependence in outcomes and explanatory variables. According
to the two approaches proposed by Darlington and Farewell [16], the models
are designed to focus on the dependence of correlation structure on explana-
tory variables. Guerra et al. [29]’s work has scope to be extended further by
using a model that takes into account the dependence patterns more appropri-
ately which could be a model that takes into account the dependence between
outcomes in repeated measurements as well as dependence between outcomes
and explanatory variables under the framework of a quasi likelihood approach.
Darlington and Farewell [16]’s method appear to be close enough to the ac-

tual correlation, but their method to address the correlation problem was not
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complete. In true sense, Guerra et al. [29] eventually ended up with the same
marginal model as the prior researchers in this field.

This study focuses on the fact that to feature the correlation between repeated
outcomes of an individual, it is more logical to consider a joint model than
a marginal or a conditional model. We propose the use of the joint model
based on a marginal conditional approach for repeated binary outcomes that
was addressed in a series of works by Islam et al. [34], Islam and Chowdhury
[35, 36, 37, 38], Islam et al. [40, 41, 43]. These studies proposed covariate
dependent conditional logistic regression models under the Markov assump-
tions and regressive logistic models to construct a joint model based on both
the marginal and conditional probabilities of the correlated binary events such
that the joint function can be specified fully by unifying the marginal and the

conditional probabilities.

1.4 Objectives of the Study

A major feature of the longitudinal data is the repeated responses among each
individual are expected to be correlated that makes the analysis of such data
challenging. Keeping in mind the limitations of existing popular methods in
addressing the correlation among the repeated measures, the objectives of this
study were determined. The specific and detailed objectives of this study are

listed below.

e To examine selected popular methods including GEE and ALR in order to
figure out how well these methods addressed the dependence among the

repeated outcomes;

e to propose joint models based on a marginal conditional approach en-
abling to incorporate the true dependence relationship using likelihood

based methods;
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e to develop a joint model based on a marginal conditional approach under
a quasi-likelihood setup for longitudinal binary data under the assumption

that the distribution of the repeated outcomes are unknown;

e to develop and demonstrate the inferential theories associated with all the

proposed models;

e to compare the proposed models based on marginal conditional approach

with popular marginal models including GEE and ALR; and finally

o to illustrate the proposed models with applications to real life longitudinal

data.

In this study, we propose some joint models based on marginal conditional
approaches as alternatives of GEE or related approaches for correlated binary
outcomes. A comparison of these joint models with popularly used GEE or
ALR is performed. These joint models for bivariate data are extended under
the assumption of known distribution of the repeated outcomes of any number
of follow ups. The estimation technique of parameters is shown based on like-
lihood based approaches. A joint model when the distribution of the repeated
outcomes are not known is proposed under the set up of a quasi-likelihood
method.

We used R software for the data analysis. The R packages, ‘bindata’, ‘geep-
ack’ and ‘alr’ are used for estimating the parameters of GEE and ALR models
discussed in this study. The other codes used for the simulation studies and

applications are given in the appendix.

10
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1.5 Organization of the Study

In this thesis, Chapter 1 is the introductory chapter, that includes a brief dis-
cussion on the background of this study with a literature review followed by an
introduction to structure of repeated measures data to detail the statement of the
problem along with the objectives and organization of the study. Chapter 2 con-
tains a detailed literature review which describes the platform of this research
work. The literature is described in a sequence in which the previous models
for analysing longitudinal data were developed. Chapter 3 provides a detailed
description of selected marginal models and quasi-likelihood and working like-
lihood approaches for analysing those models. In Chapter 4, the discussion in
Chapter 3 is extended to a point-to-point identification of problems to describe
the shortcomings of the earlier methods. In Chapter 5, the idea of conditional
models are reviewed and the proposed joint models using a marginal conditional
approach are described with related inferential procedures. A generalization of
the proposed model is also shown. A number of simulation studies were per-
formed followed by an example with a real life data. The results are presented
in Chapter 6 . In Chapter 7, we proposed a new model that we developed under
the setup of a quasi-likelihood approach. The inferential procedures are also
described. The results of a set of simulation studies are reported to show the
performance of the new model as compared to that of GEE and ALR. The new
model was explained using a real life data. Finally in Chapter 8, a summary of
findings of this dissertation as well as some discussions on directions for future
work are placed. Last but not the least, Appendix A contains the full description

of all codes required to run the models used in this study.
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Chapter 2

Literature Review on Generalized

Linear Models

2.1 Introduction

The development of methods for analysing longitudinal data or repeated mea-
sures categorical data has received substantial attention in the last few decades
and has become an important and active area of research. A Generalized lin-
ear model (GLM) is a common choice for modeling repeated measures data
with categorical response variables. In this chapter, the structure of data with
repeated outcomes is described in the form of a table. A GLM for analysing re-
peated measures data is described in details stating the model assumptions. The
GLM and the associated parameters and estimates of the parameters of a GLM
using quasi-likelihood and likelihood based approaches are also discussed with

a detailed literature review on analysis of repeated measures data.
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2.2 Structure of Data with Repeated Outcomes

In the study of repeated measures data, several notations are required for the
description of the data and related methodologies. Naturally, the notations used
by different authors are not exactly the same. So the basic notations used in this
study are defined here and further notations that would be required to explain
the methodologies in following chapters will be defined accordingly.

Let us consider an experiment for a specified time period for a sample of size
N. In the experiment, we have data from several follow-ups on each of N units.
Suppose each of N units are observed on n; occasions. Then the N units in the
sample observed at n; occasions produce data on the dependent or outcome vari-
able. Let us define the outcome vector Y; = (¥;1,Yn, ..., Y,-ni)’ and associated co-
variates X;; = (Xij1,...,Xijp)’, observed at times T; = (t;1,...,t;n,)' Vi=1,...,N.

The data structure can be shown as given in Table 2.1.

Table 2.1: Structure of Longitudinal Data

i Y X X .. X,
tn Yo X Xz o Xip
ey Yy Xinn X2z o Xingp
hr Y Xon X oo Xoqp

2 .
iy,  You, Xom1  Xopr o Xopyp
vt Y Xvn Xnviz - Xnip

N .
thN YNnN XNan XNnNZ e XNan

2.3 GLMs for analysing Repeated Measures Data

A GLM investigates the relationship between a response variable and one or

more predictors.

13
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2.3.1 Components of a GLM

A GLM has three components

e Random Component: The random component of a GLM is the probability
distribution of the response variable Y;;; For example, in a linear regres-
sion, Y;; has a Normal distribution, or Y;; has a binomial distribution in
a binary logistic regression. The random component of a GLM is also

known as a noise model or an error model.

e Systematic Component: A systematic component is the linear combina-
tion of the independent variables (X;ji,X;j2,...,Xijp) in the model in cre-
ating the linear predictor. For example, for a linear regression with two
explanatory variables X;;; and X;j» and vector of unknown parameters
B = (Bo,B1,B2)" where By is the intercept and ; and B, are coefficients

of X;;1 and X; > respectively, a systematic component can be expressed as

Bo+ BiXij1 + BaXijo.

e Link Function: The function that describes the relationship between the
expected value of the response variable and the systematic component is
called the link function of GLM. A link function is often denoted by n
or g(u) and can be expressed as 1;; = g(u;;) = g(E(Yi;)). For linear
regression, 1;; = E(Yj;), for logistic regression, n;; = logit(m;;) (where

i j is the probability of success of Y;;), etc.

2.3.2 Model

As defined in section 2.2, the vector of outcome for the ith subject can be de-

fined as Y; = (Y;1,Y,...,Y,,) and E(Y;) = p; = (W1, Uiz, -, lin;)’. For the ith

subject at jth follow-up, Y;;, the GLM can be expressed as

yij6ij — b(6;))
a(9ij)

14
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where 6;; is the natural parameter, b(6;;) is a function of 6 and a(¢;;) is the

dispersion parameter. We may define

0ij = g(wij) = XijB = Bo+PiXiji + ..+ BpXijp,

b'(6;) = E(Y)= MW,
b"(6;) = V(w;j)and

V(i) = a(e;;)b"(6;j) = a(gij)V (1ij)-

2.3.3 Likelihood Function and Maximum Likelihood Estimates

The contribution of Y;; to the likelihood function can be expressed as

ij0ij — b(6;;
Lij(6ij, 9ij,yij) = exp Ky,,(—(,) +C(yij,9ij)>] :

i)

The contribution of ¥;; to the log-likelihood function can be shown as

0 —b(6;
[ — [MH@U,@U)}

Using the Chain Rule, the estimating equations are

LI % i <5lij SBU) _ (5%' 6ni,~> _ 0
oB; = /=1\06;0W;) \oni; 6B;

N n
! yl] .uij 5.uij> — 0
o ZZ( a(9:))-V (1)) 8B, '

i=1j=1

2.2)

(2.3)

(2.4)

(2.5)

The solution to these equations gives the maximum likelihood estimates of 3.

It is well known that, maximum likelihood methods are used for fitting mod-

els under the assumptions that there is a known probability model for the data.

15
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Knowledge of the physical process that lead to the data or substantial experi-
ence with similar data from previous studies is required for that.

Sometimes there is insufficient information about the data to specify a model,
but some of the features of the data can be specified. For example, the type of
the outcome variable (continuous or discrete), dependence among the response
variables, etc. can be known. In such cases, maximum likelihood methods
cannot be used and analytical methods are based on approximation to the like-

lihoods.

2.3.4 Quasi-likelihood Methods

Quasi-likelihood method was introduced by Wedderburn [77] as an approxima-
tion to the likelihoods in cases where maximum likelihood methods cannot be

used. Let us consider a vector of responses,
/
Y = (Yllv"'aYI}’l] , ...,YNI, ...,YNnN) ,
which are independent with mean

IJ’ - (.ulla"'7.u1n]7"'7.LLN17"'7.uNnn)/'

The response vector for subject i can be shown as Y; = (Y;1,Y, ..., Yiy,)' with
mean vector p; = (M1, Ui, ..., lin;)'. We assume that y;; i = 1,2,...,N, j =
1,2,...,n; is a function of covariates, X;;, and some regression parameters (3
and covariance matrix of Y; is 62V (u;). We also assume that the form of the
random components are not known, but y;; and V(u;;) are known. Since the
components of Y;; are assumed to be independent, V (1t;) must be diagonal.

To construct the quasi-likelihood, one may start with a single component Y;; of

Y . The function,
Hij

Qij = O(Uijlyij) =/

Yij

Yij —1
dt
Vi)

(2.6)

16
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behaves like a log-likelihood function and this is referred to as a quasi-likelihood
function [77]. Under the conditions given at the beginning of this section, the
first derivative of the function Q;; has several properties in common with the

log-likelihood derivative (i.e. the score). In particular,

e E(Qij)=0

Most of the first order asymptotic theory concerned with the likelihood are
founded on these properties [77]. Since the components of Y are indepen-
dent by assumption, we may define the quasi-likelihood for the complete data

as the sum of the individual contributions

Z Z “lj|Yij):ZZ y” dr. 2.7)

||
HMz
“MZ

Quasi-estimating Equations

Then the quasi-estimating equations are obtained by differentiating the Quasi-
likelihood function (2.7) with respect to the respective parameters and equating

to zero as

S & 80 (uijlyij) Yij = Hij OMi
g — OC(Hijlyij) ij ij ij =0,k=1,2,...,p, (2.8)
p 1_21]_21 5ﬁk 121]21 GZV ;u'l] Sﬁk

which is an extension of GLM when ;; and V (1;;) are needed to be known for

obtaining estimating equations for any link function g(u;;) = X;;3.

2.4 A Review on Models for Longitudinal Data

GLMs were extended in different ways to model longitudinal data including
marginal or population averaged models and transition or response conditional

models. Three broad classes of regression models for longitudinal data include

17
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(1) marginal or population averaged models, (ii) random-effects or mixed ef-
fects or subject-specific models, (iii) transition or response conditional mod-
els. These models differ in how the correlation among the repeated measures
is accounted for. Besides, these models have regression parameters with dis-
tinctly different interpretations reflecting the different targets of inference of
such models. We present a detailed review on marginal and conditional models

in the following sections.

2.4.1 Marginal Models

The term marginal emphasizes that the model for the mean response at each oc-
casion depends only on the covariates of interest and not on any random effects
or previous responses. A marginal model is a straightforward way to extend
GLMs to longitudinal data to model the mean response at each occasion using
an appropriate link function [22]. The focus of a marginal model is on marginal
mean and its dependence on the covariates. As a result, marginal models re-
quire only a regression model for the mean response and the full distributional
assumptions for the vector of repeated responses is not necessarily known. We
focus much of this review on marginal models for longitudinal binary data.

A marginal model for longitudinal data has three-parts

e The mean of each response E(Y;;| X;;) = u;; is assumed to depend on the

covariates through a known link function g(u;;) = X/,3.

e The variance of each Y;;, given the covariates is assumed to depend on the
mean according to V(Y;;| X;;) = a(¢;;)V (uij), where V(L) is a known
variance function and a(¢;;) is a scale parameter that may be known or

need to be estimated.

18
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e The conditional within-subject association among the vector of repeated
responses, given the covariates, is assumed to be a function of an addi-
tional set of association parameters , & and may also depend upon the

means, H;;.

The extension of GLMs to longitudinal data is clear through this three-part
specification of a marginal model. The first two parts of the marginal model
correspond to the standard GLM, although with no explicit distributional as-
sumptions about the responses. The main extension of GLMs to longitudinal
data is represented by the third component, the incorporation of a model for the
within-subject association among the repeated responses from the same indi-
vidual.

In a marginal model, the mean response and within-subject association are mod-
eled separately and this separation of the modelling of the mean response and
the association among responses has important implications for interpretation
of the regression parameters 3. In marginal models, the regression parameters
have population-averaged interpretations.

The development of marginal models for discrete longitudinal data has its ori-
gins in likelihood-based approaches. For a n; X 1 vector of responses for ith
individual, Y; = (¥j, ...,Yini)’ , the three-part specification given above is ex-
tended by making full distributional assumptions about the response vector. At
least three main research threads can be distinguished in the development of
likelihood based marginal models for discrete longitudinal data [24].

One of the earliest likelihood based approach is a latent variable model pro-
posed by Gumbel [30] for multivariate binary data. This approach consid-
ers a vector of unobserved latent variables, say, L;i,...,L;,, where each of
these is related to the observed binary responses via ¥;; = 1 when L;; < Xi’jﬁ,
Y;; = 0 when L;; > X;;3, B is the p x 1 vector of unknown parameters. As-

suming a multivariate joint distribution for L;1, ..., L;,,, identifies the joint distri-
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bution for ¥;i,..., Yip, with P(Yyy = 1,Yp = 1,....,Yi, = 1) = P(Ljy <X}, 8,Lip <
X8, Liny < X;,.8) = F(X;8,X)8, ..., Xin,3) where F(.) denotes the joint
cumulative distribution function of the latent variables. Any dependence among
the L;; induces dependence among the Y;;’s.

Another likelihood based approach was proposed by Bahadur [4] where an ex-
pansion for an arbitrary probability mass function for a vector of responses
Yi1,...,Yin; was proposed. The expansion for repeated binary responses is of the
form

ni i1 ..
fYi, Y, o din) = ( ;i (1 —ﬂij)ly”> X <1+2Pijk2ijzik

j=1 j<k

+ Z pijklZijZikZil"’---+pi1...niZiIZik~--Zini>7

j<k<l
Yij — mj
where Zi; = Yy
(1 — 7))
mj = E(Yi)
and pijk = E(Zij-Zik)a---apil...ni:E(Zil-ZiZ---Zin,-)-

Here p; j; is the pairwise or second order correlation and additional parameters
are related to the third and higher order correlations among the responses. The
Bahadur [4] expansion is reproducible or upwardly compatible for any subset
of the vector of responses, the same model holds. In addition, given the model
parameters, the multinomial probabilities for the vector of binary responses are
relatively straightforward to obtain. Altham [1], Kupper and Haseman [49] dis-
cussed applications of this model, with very simple pairwise correlation struc-
ture with an assumption that higher-order terms are zero.

The major limitation of the Bahadur [4] expansion is its parameterization of the
higher-order associations in terms of correlation parameters that has limited its
application to longitudinal data. For discrete data, the Bahadur [4] model re-

quires a complicated set of inequality constraints on the model parameters that
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make maximization of the likelihood very difficult. As a result, the model has
not been widely applied to longitudinal data except in very simple settings with
a small number of repeated measures. Because of the restrictions on the corre-
lations, alternative multinomial models for the joint distribution of the vector of
discrete responses have recently been proposed where the within-subject asso-
ciation is parameterized in terms of other metrics of association, for example,
marginal odds ratio [27, 53, 55, 57]. In virtually all of the later advances, the ap-
plication of the methodology has been hampered by at least three main factors
[22]. First, there are no simple expressions for the joint probabilities in terms
of the model parameters that makes maximization of the likelihood difficult to
some extent. Second, these models are difficult to fit except when the number of
repeated measures is relatively small and finally, many of these models are not
robust to misspecification of the higher-order moments. That is, many of the
likelihood-based methods require that the entire joint distribution be correctly
specified. As a result, if the marginal model for the mean responses has been
correctly specified but the model for any of the higher-order moments has not,
then the maximum likelihood estimators of the marginal mean parameters will
fail to converge in probability to the true mean parameters.

analysing discrete longitudinal data using marginal models had a remarkable
advancement with the introduction of the generalized estimating equations (GEE)
approach by Liang and Zeger [52] and Zeger and Liang [79]. The GEE ap-
proach is a natural extension of the quasi-likelihood approach [77] for GLM
to the multivariate response setting, with an additional set of nuisance param-
eters incorporated to accommodate the within-subject association. The GEE
methodology generated a lot of theoretical and applied research on the use of
this methodology for analysing longitudinal data, e.g., to improve upon effi-
ciency, Prentice [66] proposed joint estimating equations for both the main re-

gression parameters, 3, and the nuisance association parameters, «.
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There is overwhelming use of correlated binary data since work on repeated

measures data by Liang and Zeger [52], Zeger and Liang [79] has been pub-

lished on GEE. However, GEE models are proposed based on probability of
the event and correlations or the first and second moments by Liang and Zeger

[52], Liang et al. [53], Lipsitz et al. [56], Prentice [66]. Although the GEE ap-

proach yields a consistent estimator of 3 under misspecification of the within

subject associations, GEE, by nature, provides very limited information about

the longitudinal associations within the repeated outcomes themselves. This is

disorganized, since previous outcome is frequently an important predictor of
future outcome for many studies. Carey et al. [9] developed models based on

marginal odds ratios instead of correlations between pairs of binary responses

to overcome the limitations of GEE.

GEE and related methods are based on marginal models using a Quasi-likelihood
approach and the marginal models may fail to provide the measure of depen-

dence of binary outcomes due to lack of proper specification of the underlying

model. Although GEE and other approaches based on GEE consider corre-

lation between the repeated outcomes, the correlation considered are induced

correlations and anomalies caused by the induced correlation between repeated

outcomes is beyond any explanation [38].

Many of the earlier studies tried to address correlation in a marginal model ap-

proach in a variety of ways (e.g. Darlington and Farewell [16], Guerra et al.

[29], Zeger et al. [80], etc.) using Markov based transition probabilities. Zeger

et al. [80] examined a robust likelihood estimation method for estimating the

relationship between covariates and the transition matrix in the discrete time

setting. Darlington and Farewell [16] examined modelling the correlation be-

tween the binary outcomes as a function of time dependent covariates also in

the discrete time settings. The binary models of Zeger et al. [80] as well as

Darlington and Farewell [16], Guerra et al. [29] also focused on marginal rela-
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tionships using Markov transition probability.

The marginal measures may fail to provide the measure of dependence of bi-
nary outcomes due to lack of proper specification of the underlying model. Al-
though GEE and other approaches based on GEE considers correlation between
the repeated outcomes, the quasi-likelihood approaches are based on indepen-
dence assumption and an induced correlation among the repeated measures may
cause anomalies which is beyond any explanation. More over, the induced cor-
relation which is, basically, a nuisance correlation, even if misspecified does not
affect the parameter estimates. In Chapter 3 and Chapter 4, we tried to detail
these features of GEE and ALR and some other marginal models which used

transition probabilities but ended up with marginal parameter estimations.

2.4.2 Generalized Linear Mixed Models

A generalized linear mixed model incorporates the within subject variation in
the linear model where random effects are attributable to within subject varia-
tion are incorporated. The generalized linear model for repeated measures can

be expressed as
g(uij) = X,‘j,@, = 1,2,...,N; j= 1,2,...,]’11',

with E(Y;|X;;) = pij and V(Y;;) = a(¢)V (u;;) [38]. Then considering a ran-
dom effect, u;, for the repeated outcomes of the ith subject, the extended model

can be written as
g(.ul]) - Xij/6+Ziuiai: 1,2,...,N; ]: 1727"'ani7

where u; follows multivariate normal distribution with mean 0O, and variance
covariance matrix X. Instead of normality assumptions, other assumptions may

be considered depending on the type of the data.
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2.4.3 Conditional Models

The transition models are the models, in which the conditional distribution of
each response is expressed as an explicit function of the earlier responses and
the covariates [22]. These models can be considered as conditional models
as they model the conditional distribution of the response at any time point
given the responses at previous time points and the covariates. The conditional
models assume that the dependence among the repeated measures are due to
influence of the past values of the response on the present observations. These
models are attractive because of the sequential nature of longitudinal data and
GLMs can be extended to model longitudinal data by modeling the mean and
time dependence simultaneously through conditioning an outcome on previous
outcome or on a subset of all previous outcomes by a transition or Markov
model [22].

Number of previous studies show the use of Markov chains to model equally
spaced discrete longitudinal data with a finite number of states or categories
[2, 5, 13]. Cox [15], Korn and Whittemore [48], Zeger et al. [80] discuss appli-
cability of transition models to longitudinal data.

An example of the simplest conditional model for longitudinal data can be first-
order Markov chain in which the transition probabilities are assumed to be the
same for each time interval. The most appealing aspect of the transition models
is that the joint distribution of the vector of responses can be expressed as the

product of a sequence of conditional distributions, that is,
n
f(yil ) 7)’11’5) = Hf(yl]|yll ) "'7yi,n,-;ﬁ)'
j=1

Markov models for binary longitudinal data have been explored by Darlington
and Farewell [16], Guerra et al. [29], Tuma et al. [71], Zeger et al. [80], Zeger
and Qagqish [81] as well as several others. Tuma et al. [71] examined mod-

elling the two category instantaneous transition matrix corresponding to the
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binary outcome as a simple function of covariates, in a manner similar to that
of Kalbfleisch and Lawless [44], the first unified approach for applying Markov
models to continuous time categorical panel data with time independent co-
variates. Zeger et al. [80] examined a robust likelihood estimation method for
estimating the relationship between covariates and the transition matrix in the
discrete time setting. Zeger and Qaqish [81] explored the use of higher order
Markov process for modelling the relationship between a binary outcome and
its covariates and prior outcome history in the discrete time setting. Darling-
ton and Farewell [16] examined modelling the correlation between the binary
outcomes as a function of time dependent covariates also in the discrete time
settings. The binary models of Zeger et al. [80] as well as Guerra et al. [29]
focused on marginal relationships while the models of Tuma et al. [71] and the
models of Zeger and Qaqish [81] focused more on predictive relationships. Az-
zalini [3], Bonney [7, 8], Muenz and Rubinstein [59] employed the conditional
logistic models and regressive models under the Markov assumptions.

In a series of works, Islam et al. [34], Islam and Chowdhury [35, 36, 37, 38], Is-
lam et al. [40, 41, 43] employed the conditional covariate dependent conditional
logistic models and regressive logistic models under the Markov assumptions.
The works of Bonney [7, 8], Islam and Chowdhury [35, 37], Islam et al. [43]
was generalized to include both binary outcomes in previous times as well as
covariates in the conditional models [34, 42]. In Chapter 5 we discussed the
joint model for binary outcomes based on marginal conditional model [43] and
proposed it as a better alternative to GEE or related models for longitudinal
data in many situations. We also proposed an extension of the joint model for
bivariate outcomes to joint models for outcomes from exponential families with
any number of follow-ups. A generalized form of the joint model using the re-

gressive model approach [7] is also proposed for cases where there are more
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than three follow-ups. A quasi-likelihood approach based marginal conditional
model is developed in Chapter 7 for response variable with unknown distribu-

tions.

2.5 Conclusion

In this chapter we described the structure of repeated measures data and gener-
alized linear models for analysing such data. A thorough literature review on
earlier works on analysis of repeated measures data are discussed with concen-
tration on marginal and conditional models. We also introduced the generalized
linear mixed models for longitudinal data but avoided details on it as this model
is beyond the concern of this study. In the next chapter, we discussed some

methods based on marginal models for longitudinal data.
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Chapter 3

Marginal Models for Repeated

Measures Data

3.1 Introduction

For analysis of longitudinal binary data, most of the previous works on cor-
related outcome variables were based on the marginal models or marginal re-
sponse probabilities. In this chapter, we discuss in details, the marginal ap-
proaches, GEE, ALR and methods proposed by Zeger et al. [80], Darlington
and Farewell [16], Guerra et al. [29]. The assumptions, likelihood functions,
score and information matrix for each of the models are discussed so that the

methods can be examined thoroughly.
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3.2 Structure of the Longitudinal Data

As described in section 2.2 of Chapter 2, consider a longitudinal study for a
specified time period for a sample of size N. In the study, we have data from
several follow-ups on each of N units. The N units in the sample produce data
on the outcome variable, Y (Table 2.1) for the data structure. Let individual i
is observed on n; occasions taking value either 0 or 1 so that ¥;; be a binary
outcome variable observed for individual i at time j, i = 1,2,...,N and j =
1,2,...,n; and also let X;; be the p x 1 vector of covariates for Y;;. Then the

outcome vector for ith subject is Y; = (¥j; Y ... Yip,)'.

3.3 Models for Repeated Binary Data

The repeated measures data are naturally correlated and the major challenge of
the methods for analysing repeated measures categorical data is to model the
probable correlations among the repeated outcomes on the same subject. The
development of methods for analysis of repeated measures categorical data has
received substantial attention and has become an important and active area of
research in the last few decades and GLMs are commonly chosen for modelling
repeated measures data with categorical response variables (Chapter 2). In the
following sections, we examine selected methods based on quasi-likelihood
approaches followed by selected working likelihood approaches for marginal

models.

3.4 Quasi-likelihood Approaches

Among the popular quasi-likelihood based approaches, GEE and ALR models

are discussed here.
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3.4.1 Generalized Estimating Equations (GEE)

Generalized Estimating Equations (GEE) [52, 79] is a popular and one of the
most widely used method for analysis of longitudinal data which is a quasi-
likelihood approach that uses a marginal or population averaged model [9, 19,
24, 31, 66]. Generalized Estimating Equations(GEE) extend generalized linear
models to accommodate correlated Y;;’s obtained through longitudinal studies
or from repeated measures on same individuals [52, 79]. GEE do not require to
meet the classical assumptions of independence and normality, which are too
restrictive for many problems [66] and needs only the correct specification of

the form of the mean function ;, of the vector of responses for each individual.

Assumptions of GEE

e The responses, Y;1,Y5, ..., Yiy, are correlated or clustered, i.e., cases are not

independent.
e The homogeneity of variance does not need to be satisfied.
e Errors are correlated.

e It uses quasi-likelhood estimation rather than maximum likelihood esti-
mation(MLE) or ordinary least squares(OLS) to estimate the parameters,

but at times these will coincide.
e Covariance specification: There are typically four or more correlation
structures that we assume apriori.
Mean and Variance of the Response Vector

Let Y;; be a binary response observed for individual i at time j,i=1,2,...,N and
j=1,2,....n; and also let X be the vector of parameters for individual i. Then

for the ith individual we have a n; X 1 random vector of Bernoulli responses Y; =
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(Yi1,Yi2, ..., Yin,)', and associated covariates of ¥;; are X;; = (Xij1,Xij2, -, Xiji)

i=1,2,...N, j=1,2,...,n;. The mean vector for ith individual is
pi = (Mt W2 . in)) = [E(Yn) E(Y2) ... E(Yin))] = (it Pi2 - Piny)’

where, the probability of observing the event for ith individual at jth occasion,
pij=Pr(Y;j=1|X;j =) ;i=1,2,...,N; j=1,2,...,n;. For Binary outcome
variables,

exp(x;;
wij = pij=Pr(Y;; = 11X = x;) = p(i;5) (3.1

~ 1+exp(ziiB)’
The probability of not observing the event for ith individual at jth occasion is
gij=1-pij,i=1,2,...,N; j=1,2,...,n; and the variance of ¥;; is p;;(1 — p;;).

The variance covariance matrix of Y; is given by

V(Yi) cov(Yi1,Yp) ... cov(Yi1,Yi,)
V= V(Y = cov(Yp, Y1) V(Yn) oo cov(Yi,Yim,)
cov(Yin,Yn) cov(Yin,Y2) ... V(Yi,)

Working Correlation and the Estimating Equations

In addition to the mean and covariance of the vector of responses, Liang and
Zeger [52] suggested to take a n; X n; working correlation matrix for each Y;.
The correlation matrix (denoted by R;()) is working in the sense that it is an
approximation to the actual correlation matrix of Y;. It is assumed that R;(c)
is fully specified by the vectors of unknown parameters o that is same for all
subjects.

Following the quasi-likelihood approach, with a mean model, p;, and variance

structure, V(Y;), Liang and Zeger [52] expressed the GEE for 3 of the form
- 1
U(B) =Y Divi ' (Yi— ) =0, (3.2)
i=1
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where, D; = g—gf and V; is a working or approximate covariance matrix of Y,
chosen by the investigator. In addition to the mean and covariance of the vector
of responses, Liang and Zeger [52] suggested to take a n; X n; working correla-
tion matrix for each Y;. The correlation matrix [denoted by R;(ct)] is working
in the sense that it is an approximation to the actual correlation matrix of Y;. It
is assumed that R;() is fully specified by the vectors of unknown parameters
« that is same for all subjects.

The parameter estimates are obtained by solving U(3) = 0 and are typically
obtained via the Newton Raphson algorithm. The variance structure is chosen
to improve the efficiency of the parameter estimates. The Hessian of the solu-
tion to the GEEs in the parameter space can be used to calculate robust standard
error estimates. The term “variance structure” refers to the algebraic form of the
covariance matrix between outcomes of ith individual, Y;;, j = 1,2,---n;, in the
sample. Examples of variance structure specifications include independence,
exchangeable, autoregressive, stationary m-dependent, and unstructured. This

working covariance matrix can be expressed in the form

o=

1
‘/i = A?R,(OC)A R

1

where A; = diag[V (Y;1),...V (Yin;)], is a n; X n; diagonal matrix with V(Y;;) =
¢V (uij), ¢ is a dispersion parameter, R;(a) = corr(Y;) is a n; x n; working
correlation matrix and @ represents a vector of parameters associated with a
specified model for corr(Y;). Here the form of the estimating equation is sim-
ilar to the quasi-likelihood estimating equations described in McCullagh and
Nelder [57]. With a binary response vector, these equations simply generalize
the ordinary logistic regression estimating equations by introducing a working
or approximate correlation matrix, R;(). This leads to estimating equations of

the form

UB) =Y, XAV, (Yi— ). (3.3)

31



Chapter 3:  Marginal Models for Repeated Measures Data

The followings are some common specifications for corr(Y;) in GEE approach.

a. Identity matrix

R;(a) = I, where I is simply a n; X n; identity matrix. This corresponds to the
working independence assumption, and gives estimating equations identical to

ML method.

b. Exchangeable Correlation or Compound Symmetry

In many longitudinal studies, the correlation within the responses of an indi-
vidual remains same for change in time. Mathematically, for ith individual,
corr(Y;;,Yi) = o; j # k. So the correlation matrix for ith individual is defined

as Ri(a) = corr(Y;j,Yi) = o3 j # k.

c. Autoregressive correlation

Sometimes, in longitudinal studies, the correlation within the responses of an
individual follows autoregressive property. That is for ith individual, the corre-
lation within the responses can generally be defined as corr¥i;, Yi) = ali=Hl; Jj#
k. Here a is a correlation value and thus a fraction. So in this types of correla-
tion, we consider that for all k£ > 1, ali=kl > ¢/~ Then the correlation matrix

can be defined as (R;()) jx = corr(Yj, Yu) = ai=H; j £ k.

d. Unstructured or Pairwise correlation

If the correlation matrix is totally unspecified then ¢« forms a vector of or-
der M that considers all the pairwise correlations within the repeated re-
sponses of the same individual. Here we can define the pairwise correlations as
corr(Y;;,Yi) = @i ; j # k. The correlation matrix can be written as (R;(@)) jx =

corr(Y;;,Yi) = i j # k where, aj j11 = &1, j;j = 1,2,..,n;; Thus o being a
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(ni—1 . .. .
nilti=1) | vector contains all the pairwise correlations.

Many other correlation structures can be considered and o can also depend on
subject-specific covariates. Thus the specification of R;(o) can be expressed
more generally as h(R;) = Z;&, where Z; is a set of subject specific covariates
and Ah(R;) is some suitable link function (e.g., inverse hyperbolic). Alterna-
tively, Z; might represent a common design matrix from the time-dependence.

Lipsitz et al. [56] and Liang et al. [53] suggested modelling the association by
the pairwise marginal odds-ratios. With binary responses, the marginal odds-
ratios are a natural measure of association, and /n(OR) can be modeled as a
linear function of covariates. Furthermore, given (i;, OR), we can always con-
struct R; since, given the means, the pairwise correlations are a one-to-one func-

tion of the pairwise marginal odds-ratios.

Limitations of GEE

The advantages and limitations of GEE are discussed in literature [12, 60].
Some researchers asserted that the major limitation of GEE is that it lacks a
likelihood function (since the GEE does not specify completely the joint distri-
bution). Likelihood-based methods are not available for testing fit, comparing
models, and conducting inferences about parameters. Empirical based stan-
dard errors underestimate the true ones, unless very large sample size Chen and
Lazar [10].

Although GEE is a popular approach for its flexibility, the very bottom line of
GEE is to simply model the mean response and instead of attempting to model
the within subject covariance structure, to treat it as a nuisance. Several stud-
ies pointed out that in GEE a consistent estimator for the regression parameter
can be achieved without correctly specifying the correlation structure of the
repeatedly measured outcomes. Yet, misspecification of working correlation

could not only lead to loss of efficiency, but more seriously, could lead to non-
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feasibility of the GEE solutions [74, 75]. Working correlation structure of GEE
has been concern of many studies mainly focusing on examining the existing
selection criteria and/or proposing new selection criteria for correlations struc-
tures [25, 33, 62, 64, 68, 76].

Unfortunately, although several studies pointed at the problems with the corre-
lation structure of GEE and since the beginning of GEE, researchers are trying
to improve and/or develop a method to capture the true correlation among the
response variables, none of these studies addressed the root of the problem that
the GEE are based on marginal models and considers independence assump-
tion to make use of quasi-likelihood approach and then consider the correlation
between successive measures of an individual to be induced correlation. As a
result, with an arbitrary working assumption about the correlation among re-
peated measurements, the GEE estimator for the regression coefficients is al-
ways consistent. Hence, the solution of the problem lies elsewhere. In next
chapter (Chapter 4), we described how the correlation among repeated obser-
vations remain not addressed in GEE. Due to lack of proper specification of the
underlying model, marginal models such as GEE or ALR may fail to provide
the measure of dependence of binary outcomes.

The GEE or GEE based models, being constructed to describe the population
averaged or marginal distribution of repeated measurements, may sometimes be
appropriate for descriptive observational studies but should be used carefully in
causal experiments [54]. Moreover, the correlation considered in these GEE
based methods are induced correlations and anomalies caused by the induced
correlation between repeated outcomes is beyond any explanation. Many stud-
ies tried to address this problem by modifying the approaches based on marginal
models using Markov based transition probabilities as alternatives to GEE for
fitting population averaged logistic models (see for example, Zeger et al., 1985;

Darlington and Farewell, 1992; Guerra et al., 2012).
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3.4.2 Alternating Logistic Regression

Carey et al. [9] introduced Alternating Logistic Regression (ALR) models based
on marginal odds ratios combining the first order GEE for regression coeffi-
cients with new logistic regression equation for estimating the correlation pa-
rameter.

Let each subject, i, be observed for n; occasions and let ¥;; be a binary outcome
variable observed for individual i at time j,i=1,2,...,Nand j=1,2,...,n; and
also let X;; be the covariate vector for individual i at follow up ;.

Then for the ith individual we have a n; x 1 random vector of Bernoulli re-
sponses Y; = (Yi1,Yp, ...,Y,-,,i)’, and the associated covariates of ¥;; are X;; =
(Xij1,Xij2, .-, Xijp) where i=1,2,...,N, j=1,2,....n;.

The mean vector for ith individual is

pi = (Wi Wiz - Win,)' = [E(Yi1) E(Yn) ... E(Yin)] = (pi1 P2 - Pin;)

where, the probability of observing the event for ith individual at jth occasion,
pij = Pr(Y;j = 1|X;j = x;j) ; i=1,2,...,N; j=1,2,...,n;. The probability of
not observing the event for ith individual at jth occasion is g;; = 1 — p;;, i =
1,2,...,N; j=1,2,...,n; and the variance of Y;; is p;;(1 — p;;). The variance

covariance matrix of Yj is given by

V(Yi) cov(Yi1,Yp) ... cov(Yi1,Yim,)

cov(Yn,Y; V(Y; o cov(Yn, Y,

vy | e V) (VoY)
cov(Yin, Yin) cov(Yin,Yn) ...  V(Yi,)

For binary data, the correlation between the jth and kth response is, by defini-

tion,
ion PrYij =1,Yy = yi) — WijMi

Vi (1 — pij) e (1 — pig )

corr(Y;j, Yi) = (3.4
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The joint probability in the numerator satisfies the following bounds, by ele-
mentary properties of probability, because ;; = Pr(Y;; = 1), max (0, p;; + tix —
1) <Pr(Y; = 1Yy = 1) < max(t;j, tix)-

Therefore, the correlation is constrained to be within limits that depend in a
complicated way on the means of the data. For modelling binary data, the
odds ratio OR;j; between the jth and kth responses for the ith subject can be
expressed as

Pr(Y;j=1,Y3 = 1)Pr(Y;; = 0,Yy = 0)
Pr(Yij=1,Yg = 0)Pr(Y;; =0,Y = 1)’

OR(Y;j,Yi) = (3.5)

which is not constrained by the means and is preferred, in some cases, to cor-
relations for binary data. In ALR approach, the associations between pairs of
outcome measures are modeled with odds ratios. As stated in Carey et al. [9],
the strategy of ALR was developed following the suggestions by Firth [21] and
Diggle [17] in the discussion of Liang et al. [53]. The ALR procedure combines
the first order GEE for 3 with new logistic regression equations for estimating
the correlation parameter . The first order approach for 3 is retained because
it gives robust and reasonably efficient estimates when the assumed form of
cov(Y;) is close to the true covariance matrix. The new equations for o are
designed to avoid the computational burden of second-order equations that re-
sults from evaluating and inerting the matrix, cov(Y;, W;), where W; denotes
the (’;’) cross products of the ¥;;’s, (Yi1Yi2,Y;1Yi3,.... YitYin;, ..., Yin—1Yin;)'. The
strategy was to estimate o using the ('5’) conditional events Y;; given Yy = yj.
In the simple case with logy; = o; o is estimated by regressing Y;; on Yy, for
1 < j <k < n; with an appropriate offset. The prior hypothesis is that weighting
the conditional elements as if independent of one another and of ¥;; will yield
reasonably efficient estimates of ¢ in many problems.

Let ¥, x be the log odds ratio between outcomes Y;; and Yy, let y;; = Pr(Y;; = 1)
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and v;jx = E(Y;;Yy) = Pr(Y;; = 1,Yy = 1). Then following Diggle [17],

Wij — Vijk )

logitPr(Y;j = 1|Yi = yix) = Yijxyik +log (1 = Bt Vi
i ij

n:
If a particular cluster has n; measures, then there is an " | vector v; with
2
elements v;j = E(Y;;Yy) for 1 < j <k <mn,.
n; .
Let ¢; be the vector with elements
2

Gk = Eij|Y=yi)
- Hij — Vijk
= logit 1(%'k)’ik+log( : ))
’ 1 — pij — Wik + Vijk

and e; be the vector of residuals with elements

eijk = Yij — E(Y;|Yik = yir) = Yij — Giji-
Estimating Equations

Mathematically, the ALR estimates for 3 and o are the solutions to the follow-

ing unbiased estimating equations

N 1
UB) = YDA R (&)A; 2(Yi—p)=0 (3.6)
i=1
UNYe B .
and U(a) = ) <> lgpH; (G (Yi—C) =0, (3.7)

1 1
where D; = 8, cov(¥;) = A7 Ri(@) A7, H(Gij) = Gije(1 = §jey and Ci =
8¢

5o+ 6=
Recall that in a GEE model, the correlation parameters (¢¢) are estimated using

estimates of the regression parameters (3). The regression parameter estimates
are, in turn, updated using estimates of the correlation parameters. The com-

putational process alternately updates the estimates of the alphas and then the
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betas until convergence is achieved. The ALR approach works in a similar man-
ner, except that the alpha parameters are log odds ratio parameters rather than
correlation parameters. Moreover, for the same data, an odds ratio between the
jth and kth responses that is greater than 1 using an ALR model corresponds
to a positive correlation between the jth and kth responses using a GEE model.
Similarly, an odds ratio less than 1 using an ALR model corresponds to a nega-
tive correlation between responses. But, the correspondence is not one-to-one,
and examples can be constructed in which the same odds ratio corresponds to

different correlations.

3.5 Working Likelihood Methods for Marginal Models

When the distribution of the outcome variables are known, likelihood based
approaches can be used to estimate parameters of the models for repeated mea-
sures data. Some researchers analyzed longitudinal data based on marginal
models where the approach was to approximate the actual likelihood with work-
ing likelihoods. We discuss the working likelihood based approaches by Dar-
lington and Farewell [16], Guerra et al. [29], Zeger et al. [80] in the following

subsections.

3.5.1 Zeger et al.’s Approach

Zeger et al. [80] proposed models in which marginal probabilities were ex-
pressed as logistic functions of the covariates instead of conditional probabili-
ties. The approach was to approximate the actual likelihood with working like-
lihoods that lead to consistent estimates of 3 under weak assumptions. Time

series models were considered to account for time dependence.
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Model I by Zeger et al.

The first model by Zeger et al. [80] is based on a working likelihood approach

assuming independence among the repeated outcomes.
Assumption

The repeated outcomes for each subject are independent.
Likelihood and Log-likelihood Function

Under the assumption of Zeger et al. [80], the marginal distribution of Y;; is

logit[Pr(Y;j =1|X;=x;)] = B'w

and the correlation between the successive outcomes can be shown as

corr(Y;j,Yij—1|X;=x;) =0 for j =2,3,....n;

Under the assumption of independent repeated outcomes, the standard likeli-
hood analysis of the logistic regression model [14] is appropriate. The working

likelihood function was defined as

N n; .
H pljylj 1_ j) ylj (38)
i=1j=1
exp(ziB)
h =P =1X=z;)= ——F.
where p;; = Pr(Y;; = 1| xT;) = [T exp(a:d)
The log-likelihood function can be expressed as

N n;

Z Z yljlnpl]+ yij)ll’l(l—pij))- (3.9)

i=1j=
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Score Equations and Information Matrix

Differentiating /(3) in equation (3.9) with respect to B; and equating to zero,

the score equations are obtained as

N n;

Sp = 5 =Y Y xiju(ij—pij) =0,k=0,1,...,p. (3.10)
ﬁk i=1j=1

Solving the score equations (3.10), the estimates of 3 can be obtained. Differ-

entiating the log likelihood equations with respect to B, and iy we have,

821 AL

i ij): 3.11
0.6 B ;; x”kpj ~py) G40

The working Fisher information matrix is obtained as

521

Ih(B) = T SBop

(3.12)

with diagonal elements — l%} ,);1 —x7 ~pij(1— pij)-

Under the assumption of independent repeated outcomes, B, the estimator of
3 proposed by Zeger et al. [80], is consistent and asymptotically Gaussian as
N — o for any set of stationary processes such that logit (p;) = z;3. Let Y;;, j =
1,2,...,n;,i=1,2,...,N, be a stationary binary series such that logitE[Y;;| X; =
x;] = z!3. Then N > (83— B) is asymptotically multivariate Normal with expec-

tation 0 and covariance matrix I, lI[)kIO_ ! where I, L= E(SS).

Model 11 by Zeger et al.

The second model proposed by Zeger et al. [80] for repeated binary data con-

sidered a stationary Markov chain of order one among the repeated outcomes.
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Assumption

Each series of the repeated outcomes for a subject is a stationary Markov chain

of order one.

Likelihood and Log-likelihood Function

Under the assumption that each binary series is a realization of a stationary

Markov chain, Zeger et al. [80] expressed as

exp(x;3)

Pr(Yij=1|X;=x)) = ————__
it =11 =) 1 +exp(xi3)

The correlation between jth and (j + 1)th outcome of ith response is

eEXpl\x; T
corr(Yij, Yij-1| Xi = ;) = p = p(@:7)

= 7 3.13
1 +exp(x;T)’ 3.13)

where 3 and 7 are the vectors of unknown parameters to be estimated. Under
the assumption of Markov dependence among the repeated outcomes with a

common lag one autocorrelation, the working likelihood function is defined as

n;
L(B,7T) = le.)’il (1 _pi>l—yi1 Hp;FjYij<1 _p?j)l—yij’ (3.14)
i=1 =2

where the marginal probability p;, the conditional probability p;; and the asso-

ciation parameter p can be defined as

pi = PF(Y,‘]':HXI':LC,')
exp(x;3)
1+exp(xz;8)’
pi; = Pr(Y;=1Y1,X;==)
= E|Yij-1, Xi=x;)

= pi+pYij—1—pi),
exp(x;T)
1 +exp(xiT)
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The log-likelihood function can be expressed as

N
1(B,7)=) (viln(pi)+ (1 —yi)In(l —p;1))

I
3

_|_

N
I
T.

yijIn (pij+pi (vij — pij))

1

+
=
M=

N
I
—_
~
I
—_

(1=yij)In (1= pij— pi (vij — pij)) -

Score Equations and Information Matrix

Differentiating (3, t) with respect to B and p, and equating to zero, we have
the score equations. Solving them simultaneously, we have the estimates of 3
and p.

Differentiating the score equations with respect to B/ and p, respectively, we
have, the information matrix as follow

Igg I
- | o Lo

Iyg 1Ipp

1A . . . . .
N2 (B — ) is, as N — oo, asymptotically Normal with expectation 0 and covari-
ance matrix V. =1 T I !'where I is the working Fisher information matrix

as obtained above and I = E(SS’).

3.5.2 Darlington and Farewell’s Method

Darlington and Farewell [16] extended the model of Zeger et al. [80]. They
showed that the dependence among repeated outcomes may depend on the ex-
planatory variables when the focus of the study is to identify the relationship
among the binary response and a set of independent variables. A robust estimate
of the variance-covariance matrix of coefficient estimates were suggested to

provide estimates of standard errors. This method considers conditional prob-
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ability and one may argue that the work is more a conditional model than a
marginal one. But since it ends up estimating a marginal 3, we considered

reviewing this method under marginal models.

Assumptions

For a k x 1 vector of unknown parameters 77, Darlington and Farewell [16]
defined the conditional probability, Pr(Y;; = 11Y;;—1, X;) =0’ X.

Likelihood and Log-likelihood Functions

For this model, the working likelihood function can be written as

N
LB) =[Ir""(1-p)' ”'Hp*y” —pip)' T, (3.15)
i=1
where pi = Pr(Y;j=1X;=x;)
__exp(ziB)
1 +exp(ziB)’

P?j = P’”<YIJ—HYU 1, Xi =)
= E|Yij-1, Xi=x;)
= PH‘Pz( ij—1— pi)

and

exp(n'x;) —exp(8'z;) _

P = 1 +exp(zin)

The log-likelihood function can be written as

N
[(B,m) = ;{yil In(p1)+ (1 =yi)In(l —p1)}+

N n;

Zz{yzjln 1+pt(ytj p1))}+

i= 1]

ZZ{ 1_ylj>ln(1_p1 pi (yl] p]))}- (3.16)
i=1j=
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Score Equations and Fishers Information Matrix

First derivative of the log likelihood with respect to B, and 1) equating to zero
gives the score equations. Solving the score equations simultaneously give the
estimates of 3 and p.

The Fisher’s Information Matrix for the model proposed by Darlington and

Farewell [16] has the form

Igg Ign
InB Inn

Second Derivative of the log likelihood with respect to 8 and 1 gives the com-
ponents of Fisher’s Information Matrix. The element of uth row and kth colum
of Iggis — %. The element of kth row and uth column of Ig ,, are obtained

2 .
from _6[3(2—6117' and elements of uth row and /th column of I,y are obtained

821

from — m

3.5.3 MARKIML Approach

The maximum likelihood (ML) approach by Guerra et al. [29] for time-varying
covariates is also an extension of the method for time-independent covariates
by Zeger et al. [80]. Since this method also ends up estimating parameters of a

marginal nature, we considered this method under marginal approaches.

Assumption

A Markovian model of first order (MARK]1 model) is assumed so that the value
of an outcome on a subject at a particular measurement occasion only depends

on the value at the previous measurement occasion. Mathematically,

Pr(Yijt1 = yij+11Yit = yit, - Yij = yij) = Pr(Yijs1 = yij+1Yij = yij)-
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Likelihood and Log-likelihood Function

The joint likelihood can be expressed as the product of the pairwise probabil-
ities of consecutive outcomes on each subject, with a logistic model for the
marginal means. Guerra et al. [29] showed that the joint probability Pr(Y;; =
Yit,..,Yij = yij) of any particular permutation (y;i,...,y;;) of zeros and ones
can be expressed by conditioning Y;; on Y;i,...,¥;;_1. The joint probability of

the n; outcomes on subject i is

P}"(Yi] :yila"inni :yin,-)
n,-fl

=Pr(Yn =yi) [ Pr(Yij+1 = yije11Yin = yit, -, Yij = vij)- (3.17)
=l

Substituting the Markov assumption of order one into the equation (3.17) yields

the following model for the n; outcomes on subject i

Pr<Yil :)7i17~--7Yini :)’in,-)

n,'fl
= Pr(Yy =yi) [ Pr(¥ijs1 = yijr1|Yi = vij)
=1
n;—1
i Pr(Yijic1 = yij+1,Yi = yij)
= I, =

The pairwise probabilities in equation (3.18) can be expressed as

Pr(Yijt1 = Yij+1,Yij = Yij)

i —Vi i 1=y (y+1_p+1)(y_p)
= g g (1+Cijj+1(05) i e F
(Pij+1-9ij+1-Pij-qij)>

where Cijj+1(05) = COFF(Yij+1,Yij) and qij = 1 — Dij [66]. Then

Pr(Yil :yil7"'7Yini :)’in,)
01—y, Vi1 1y Vij+1 = pij+1)(YVij — pij)
—Plyllqll - H PUJIE U+1JH <1+Cijj+1(06) <l <l : )
(Pij+1-9ij+1-Pij-qij)>
(3.19)
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The log-likelihood is obtained as

N n;
1(B,0) = Y Y {yijlog(pij)+ (1 —yij)log(1— pij)}

i=1 j=1
+Z 2108 <1+Cl'jj+1(06) (ylﬁ_l p’/"'l)(yl] pllj)> '

== (Pij+1-qij+1-Pij-ij)?

(3.20)

The correlation between Y;; and Yy, for j < k can be expressed as

k-1
Corr(Yij,Yi) = Cijj1(@)..Cipe—rye(@) = [ ] Ciss1 ().
=

Different functional forms were specified for C;;;1 () to obtain the correlation

structures such as autoregressive, Markov or unstructured correlation.

Score Equations and Information Matrix

The score equation for 3 can be obtained by differentiating the log-likelihood
function with respect to 3 and equating to zero. The elements of the information
matrix are obtained by differentiating the score equation U (3) with respect to
the respective parameters.

Note that, although the model proposed by Guerra et al. [29] is based on the
assumption of a first order Markovian model, the joint likelihood of their model
was expressed as a product of the pairwise probabilities of successive outcomes
on each subject, with a logistic model for the marginal means instead of a model
for the conditional probabilities. Hence, the MARK 1ML model proposed by
Guerra et al. [29] basically considers the usual logistic model similar to a GEE

model for binary data.
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3.6 Conclusion

In this chapter, we described selected marginal models in details including the
very popular GEE and ALR methods. We discussed that these models, because
of their marginal features, fail to make use of the main feature of a longitudi-
nal data. We showed that, although the Models proposed by Zeger et al. [80],
Darlington and Farewell [16] and Guerra et al. [29] incorporated Markov based
transition probabilities to define conditional probabilities, the methods ended up
with estimation of marginal effect of covariates for each follow ups. In the next
chapter, we extend the discussion on these models to examine the correlation

structures between repeated outcomes considered in these models.
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Chapter 4

Analysis of Correlation Structures

used in Marginal Models

4.1 Introduction

Generalized linear models were extended in different ways to model longitu-
dinal data including marginal or population averaged models and transition or
conditional probability models (Chapter 3). We discussed the GEE approach
as a natural extension of the quasi-likelihood approach [77] for GLM to the
multivariate response setting, with an additional set of nuisance parameters in-
corporated to take into account the within-subject association.

Although the GEE or GEE based approaches yield consistent estimators of 3,
even under misspecification of the within subject associations, GEE or related
methods, by nature, provide very limited information about the associations

within the repeated outcomes themselves. This is disorganized, since previ-
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ous outcome is frequently an important predictor of future outcomes for many
studies. Many of the earlier studies identified this problem and tried to address
this problem in a variety of ways and proposed alternatives to GEE based on
marginal models. Among those, we discussed the working likelihood based ap-
proaches by Zeger et al. [80], Darlington and Farewell [16], Guerra et al. [29]
using Markov based transition probabilities (Chapter 3). We showed that in
spite of using Markov transition probability, the binary models of Zeger et al.
[80] as well as Darlington and Farewell [16], Guerra et al. [29] focused on
marginal models.

In this chapter, we continue the discussion and compare GEE, ALR and models
proposed by Zeger et al. [80], Darlington and Farewell [16], Guerra et al. [29]
in terms of the correlation pattern considered among the repeated outcomes on

same individuals.

4.2 Statement of the Problem in Repeated Measures Data

As defined earlier in Chapter 2, let us consider a longitudinal study for a spec-
ified time period for a sample of size N. We have data from several follow-ups
on each of N units. The N units in the sample produce data on the outcome vari-
able, Y. Let Y;; be a binary response observed for individual i at time j. Let each
subject, i, be observed for n; occasions so thati =1,2,....,Nand j =1,2,...,n;.

Also let X;; be the vector of parameters for jth response of ith individual.

4.2.1 Structure of the Data on Repeated Outcomes

Let us consider the simplest case, individual i is observed on two occasions
taking value either O or 1. The value of the outcome variable at time point 1, ¥;;
can take values O or 1. Then for ¥;; = 0, the value of the outcome variable at

time point 2, Yj, can be either 0 or 1. Again for Y;; = 1, the outcome variable
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at time point 2, ¥;» can take either of the two values, O or 1.
In a longitudinal data, the repeated outcomes on the same subject are expected
to be correlated. Consider a study with two repeated binary outcome variables
Y;1 and Y}, for each subject i where Y;; and Y}, can take values O or 1.
The outcome vector for ith subject can be expressed as Y; = (¥j Yiz)/- The
mean vector for ith subject is i = (i1 H2) = [E(Ya) E(Y2)] = (pin pia)’
where, p;; = Pr(Y;; = 1|X;; = x;j); i=1,2,...,N; j = 1,2. The probability of
not observing the event for ith individual at jth occasion is g;; = 1 — p;;. The
variance covariance matrix of Y; is

cov(Y) = V(Y1) cov(Yi1,Yn)

cov(Yp,Yn)  V(Yi)

where V(Y;;) = pij(1— pij).
We may define 3; as the (p+ 1) x 1 vector of parameters of the marginal
model P(Y;; = 1|X; = ;) and (3, as the (p+ 1) x 1 vector of parameters of the
marginal model P(Y; = 1| X; = x;). Also we may define, 3y as the (p+1) x 1
vector of parameters of the conditional model P(Y;; = 1|¥;; = 0, X; = «;) and
B11 as the (p+ 1) x 1 vector of parameters of the conditional model P(Y;; =
1Y =1, X; = x;). A generalized linear model, which is a common choice for

analysing longitudinal data, can be expressed as
F (i), 015, 915) = expl(3i;6i; — b(3))a™ " (¢i7) +c(vij, 4i7)].

where the canonical parameter 6;; = g j) = X;;jB and 3 is the coefficient of
Xj (equation (2.1), Chapter 2).

The first derivative of b(6;;) is b'(6;;) = E(Y;j) = Wij; the second derivative
of b(6;;) is b"(6;;) =V (u;j) and V(Y;;) = a(¢;;)b" (6;;) = a(ij)V (Uij), where

a(¢;;) is the dispersion parameter.
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For two Bernoulli populations, we have the logit link functions

Ui
O =g(un) = 1 = X181,
1= g(Hin) " 181
exp(Xi131)
n1=EYn) = pa= ;
Hi (¥ir) pit 1 +exp(X;1061)
O =g(Un) = ln—l b2 _ XiBo,
— Uiz
exp(XnB2)

Wi (Yi2) Pi2 1 +exp(XinB2)’

where 31 and 3;, respectively, are the parameters of the marginal models of Y;;

and Y.

4.2.2 Correlation among the Repeated Outcomes

Let us consider two binary outcomes Y;; and Yj; for ith individual. Consider
binary outcomes Y;; and Yj; for ith individual. If ¥;; and Y}, are not independent,

then the conditional probability of ¥;» given ¥;| can be expressed as [16, 65]

P(Yp =1y, xzn) = PYn=1Xp=xp)

+pi (Yin — P(Y; | Xi1 = i), 4.1)

where p is the correlation between Y;; and Yj,. For Y;; = 0, equation (4.1) can

be expressed as,

PYp=1Y1=0,Xp=xp) = PYp=1zn)+pi(0—PY|zi))
exp(Bo1) _  exp(zpB2) exp(xzuB)

1+exp(xinBo)  l4+exp(xnBy)  l+exp(xaBi)
“4.2)

For Y;; = 1, equation (4.1) can be expressed as

P(Yp =1|Y; =1,xp) =PYn = 1lzp)+pi(1 —PY;|zi1))
exp(xnBi) _  exp(xnBa) +p; (1 __exp(zifBi) )
1+exp(zpB11) 1+exp(znB) 1+exp(xifBi))
4.3)

or,
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Clearly p; is a function of 31, 3, and 3,1 where 3; and (3, are the parameters
of the marginal models, P(Y;; = 1) and P(Y;» = 1), respectively. For Bernoulli
outcomes, 3, 1, denote the vector of parameters of the two conditional models
P(Y; =1]Y;; =0) and P(Y;; = 1|Y;; = 1). If ¥;; and Yj, are not correlated, p; =0
and

exp(zn32)

P(Yo=1Yi,Xp=zp) =P(Yo=1|Xp=zp) = [T exp(@nBa)’ (4.4)
1

Theoretically, the observed correlation between two repeated outcome vari-

ables, Y;; and Y;», can be shown as

cov(Yi1,Yn) E(YiYn)—E(Yn)E(Yp)

o _ . @5)
VVE)VVY) i (1= i)/ Mo (1 — i)
1
where E(YiYp) = Y, yiyoP(Yn =yi, Yo =yn)
Yi1,yi2=0
= PYy1=1Yy=1)
= PYp=1Yu=1)PY;=1)
exp(xp2B11) exp(xi181) 4.6)

1 +exp(x2B811) 1+exp(xi181)

If X;; is time invariant then the correlation between Y;; and Y, can be shown

as
exp(z;B11) —exp(x;B2)
(14+exp(xziBi1))

Equation (4.7) shows that correlation between Y;; and Y}, is equal to zero when

pi = exp (%mi(ﬁl - ﬂz)) 4.7

B11 = B2. However, this condition does not completely define no association
between Y;; and Y;;. The equations (4.2) and (4.3) show that for the indepen-
dence of Y;; and Y),, it is necessary that both 3y, and 3;; are equal and equal
to 3. If By # B then Y;; and Y, are associated. Islam et al. [40] showed

that the dependence in bivariate Bernoulli outcome variables can be tested by
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testing the equality of these two conditional models. Y;; and Y}, are independent

if
PYp=1Y1=yi1,Xn=xpn) = PYp=yn|Yn=0,Xpn=1xp)

= PYop=ynlYu=1,Xp=xp)

= P(Yo=yn|Xp=xpn),

ie. B2.1 = PBo1 = P11 = Ba.
It should also be noted that even if the distribution of ¥;1, ¥j2, ..., ¥;; are indepen-
dent, ie., Bj.12..j-1 = B, Vj = 2,3,...,n;, this does not necessarily mean that

the distribution of Y;;’s are identical. Distribution of Yy, Yp, ..., ¥;; are identical

onlyif 81 = 31 = ... = Bj.12...j-1 = B

4.3 Correlation under GEE

Following the quasi-likelihood approach [77], with a mean model, t;;, and vari-
ance structure, V;;, Liang and Zeger [52] expressed the GEE for 3 of the form

(as shown in equation (3.2))

N
UB) = Y DV, (Yi—w)=0,
i=1

. O
with D; = 5—’;’,
V, = Ai% Ri(a)Ai%, a working or covariance matrix of Y},
A; = diag[V(Yi1),....,V(Yin,)], an; x n; diagonal matrix,
Ri(a) = corr(Y;j,Yi), j # kis a working correlation matrix.

In a longitudinal data, the repeated observations on same individual are ex-
pected to be correlated. The correlation between Y;; and Y;; were shown in

equation (4.5) in section 4.2.2 as

exp(X;B11) —exp(X;3,)
1 +exp(XiB11)

p = exp (%Xi(ﬂl —ﬂz))
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where 31 and (3, are parameters of the marginal models of Y; and Y> and (3
is the parameter of the conditional model of ¥, given Y| = 1. Note that the
parameters to be estimated in GEE model are the parameters of a marginal or
population averaged model (same in each follow-up), i.e. 31 = B2 = B(say).

Under this assumption, the equation (4.5) becomes

_ exp(X;B11) —exp(X;08)
1 +exp(X;611) .

Also to be noted that GEE does not take into account any transition model
(such as P(Y;; = 1|Y;j—_1)) and as a population averaged model, it considers the
same distribution for all ¥;;, j = 1,2,...,n;. In other words, even for the corre-
lated outcomes, GEE estimates the same regression parameter 3 for the model
P(Y;j = 1|Y;j—1). That inevitably proves that, under the assumption of GEE,
Bo1 = B11 = 3, and with this assumption, the equation (4.5) becomes p = 0.
One might argue that, in GEE, the correlation among the repeated outcomes
are attempted to be addressed by incorporating some nuisance correlation pa-
rameters, assuming correlation structures such as independence, autoregressive,
exchangeable, etc.

But it must be remembered that being a marginal or population averaged model,
GEE considers 81 = 2.1 = ... = By,.12..n;—1 = 3, which logically fits only when
Y;’s are identically and independently distributed. Hence inducing a (nuisance)
correlation structure contradicts with the basic assumptions of GEE unless the
correlation structure considered is independent correlation. So inducing a cor-
relation structure might contradict with the true correlations among the repeated
measures unless the correlation structure considered is an independent correla-

tion, such that, the repeated outcomes are independent.
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4.4 Correlation in Alternating Logistic Regression

The alternating logistic regression procedure or ALR proposed by Carey et al.
[9] combines the first order GEE for 3 with new logistic regression equa-
tions for estimating «, the correlation parameter. The first order approach for
3 is retained because it gives robust and reasonably efficient estimates when
the assumed form of cov(Y;) is close to the true covariance matrix. The new
equations for o are designed to avoid the computational burden of second-
order equations that results from evaluating and inverting the covariance matrix,
cov(Y;,W;). The strategy was to estimate ¢ using the (Z’) conditional events Y;;
given Yj = yj. In the simple case « is estimated by regressing Y;; on Yy, for
1 < j <k < n; with an appropriate offset. The prior hypothesis is that weighting
the conditional elements as if independent of one another and of ¥;; will yield
reasonably efficient estimates of ¢ in many problems.

The ALR strategy follows from the suggestions by Firth [21] and Diggle [17]
in the discussion of Liang et al. [53].

Let 7jx be the log odds ratio between out comes Y;; and Yy, y;; = Pr(Y;j = 1)
and v;jx = Pr(Y;; = 1,Yy = 1). Then following Diggle [17], logitPr(Y; =
1Yik = yik) = ¥jkyik +log (%)

Unlike tha correlation parameters in GEE, the association parameters in ALR
are the log odds ratio parameters, estimated using estimates of the regression
parameters, 3. The regression parameter estimates are, in turn, updated using
estimates of the correlation parameters. The computational process alternately
updates the estimates of the log odds ratios and then the 3’s until convergence
is achieved. Furthermore, for the same data, an odds ratio between the jth
and kth responses that is greater than 1 using an ALR model corresponds to
a positive correlation between the jth and kth responses using a GEE model.

Similarly, an odds ratio less than 1 using an ALR model corresponds to a nega-
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tive correlation between responses. But, the correspondence is not one-to-one,
and examples can be constructed in which the same odds ratio corresponds to

different correlations.

4.5 Correlation in Zeger et al.’s Model

If ¥;; is a binary outcome variable observed for individual i at time j, i =
1,2,....,N and j = 1,2,...,n; and X is the p x 1 vector of covariates for in-
dividual i at each follow up j, then under the assumptions of Zeger et al. [80],
the marginal distribution of Y;; and correlation between Y;; and Y;;,1 can be
expressed as (section 3.5.1 in Chapter 3)

exp(x;T)
1 +exp(ziT)

exp(x;3)

Pr(Yy =1lz:) = 1 +exp(x;3)

and p=

Under the assumption of Markov dependence among the repeated outcomes,

the working likelihood function is (equation (3.14))

m
— Hpiyn (1— 1 —il Hp* yz] pl] 1 i
1=

exp(x;3)
1 +exp(x;3)’
Pl = Pr(Yy=1Y_1,X:) = E(Y;|Yij_1,X;)

where p; = Pr(Y;;j=1|X;=x;) =

= pl+p( it— l_pl)
exp(x;T)

d —_—
anep 1 +exp(xiT)

The method proposed by Zeger et al. [80] uses a marginal model, where a
marginal 3 is considered for each follow up. Hence, in this method, 3; =

B> = B. With this assumption in equation (4.5), we have

_ exp(XiBn) —exp(XiB)
1+exp(X;B11)
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In addition, as Zeger et al. [80]’s method considers a marginal 3, the method

considers By; = 311 = B, which results in p = 0. Clearly, the correlation de-

exp(X;T)

fined by Zeger et al. [80], p = Trexp(X,7)°

is an induced correlation not rep-
resenting the true association scenario and it is not logical to consider such

correlation among repeated measures.

4.6 Correlation by Darlington and Farewell

Darlington and Farewell [16] assumed Markov dependence among the repeated
outcomes and redefined the working likelihood function of Zeger et al. [80] as

(equation (3.15), section 3.5.2, Chapter 3)

1, * Vi 1,“
L(B,m) pr”l— “pr’ —pij) >,

_exp(@iB)
1 +exp(x;3)’
pij = Pr(Yi;=1Yj-1,X; = z;) = E(Y;|Y;j-1, Xi = ;)

where pi = Pr(Y,-jzl\Xizm,-):

= PH‘Pz( ij—1— pi)

exp(n'x;) —exp(8'z;) _

d .
we P 1 +exp(zin)

Under the assumption of Darlington and Farewell [16], B; = B> = B and under

this assumption, the equation (4.5) becomes

exp(X;B11) —exp(Xi3)
1 +exp(ziBi1)

i:

which is the correlation defined by Darlington and Farewell [16],

_ exp(n'z;) —exp(B'z;)
l 1 +exp(zin)

, if Bii=mn
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According to Darlington and Farewell [16], complete independence is present
when p =0 i.e. B8 =mn. But we showed in section 4.2.2 that p = 0, when
P(Y;; = 1Y;j_1 x;) = P(Y;; = 1| X;). The two conditional models for ¥;» given
Yi=1andY;; =0, are

. exp(X;B11) .
= PYii=1lYi =1)= Lif Y =1
pl] (l] | 174 1 ) 1+eXp(X,611) lf %) 1
exp(XiBo1) .
= PY;;=1Y;;_1=0)= s ifY;_1=0.
(¥ = 11ij-1 =0) 1 +exp(XiBo1) S i

When both the p}; are equal to the marginal probability p; = P(Y;; = 1|X;), the
outcomes are independent, or in other words, if the two outcomes are indepen-
dent, p;-"j = p;. This implies that ¥;; and Y;; are independent when both of the

following are true

exp(X;B11) _ exp(XiB3) (4.8)

1 +exp(XiB11) 1 +exp(X;8) .
exp(Xifor) _ exp(XiB) 4.9)

1 +exp(XiBo1) 1 +exp(Xi8) '

We can say that both the tests Hy; : Bo1 = (32 and Hy; : 311 = 3, are needed to
be performed for independence of the outcome variables on repeated occasions
or follow ups [39]. Clearly, Darlington and Farewell [16] closely attempted to
address the correlation among the repeated measures but could only, partially,

portray it.

4.7 Correlation in MARK1 Model

Guerra et al. [29] made some improvements over the model proposed by Zeger
et al. [80] based on a Markovian model of the first order. Guerra et al. [29]

showed that the consecutive pairwise probabilities can be expressed as [66]
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Pr(Yijr1 = Yij+1,Yij = Yij)

Viprr 1=vije1 yij 1=yij (Vij+1 = Pij+1) Yij — Pij)
:pijjillqij+lj+1pijjqﬁ j<1+cijj+1(0‘) lj . . 1” ’
(Pij+1-Gij+1-Pij-qij)?

where Cjjj11(a) = Corr(Y;j;+1,Y;j). Different correlation structures, for exam-
ple, independence, exchangeable, autoregressive, etc. can be induced among
the repeated responses. Although Guerra et al. [29] introduced a Markovian
approach in their model, they specified a logistic model for the marginal means
under the set up of marginal probabilities instead of a model for the conditional
probabilities (section 3.5.3, Chapter 3). As a result, this approach, too, ulti-
mately ended up with a similar problem in identifying the association pattern
between repeated measures as the earlier marginal approaches of Zeger et al.

[80] and Darlington and Farewell [16].

4.8 Conclusion

In this chapter, we showed that both GEE and ALR are based on marginal
models and are inadequate to provide the measure of dependence of binary
outcomes due to its marginal or population averaged feature. One may argue
that GEE and ALR considers correlation between the repeated outcomes, but
we explained in this chapter that the correlation considered are induced and
nuisance correlations and anomalies caused by the induced correlation between
repeated outcomes is beyond any explanation. As a result, an alternative model

is required for longitudinal data
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Chapter 5

Proposition of Marginal

Conditional Models

5.1 Introduction

Most of the longitudinal models are based on marginal approaches. In almost
all the cases, the marginal models consider an induced correlation between suc-
cessive individuals. We discussed in Chapter 3 and 4 that the marginal models
have limitations in analysing the repeated measures data, mainly, because of
their marginal features and due to the correlation structures considered. Use of
correlation in a marginal model lacks in proper specification of the dependence
of binary outcomes in the model. Furthermore, an Induced correlation does not
fit to the estimation procedure while a marginal model is taken. Hence it may
fail to provide efficient estimation of parameters of the model considered.

Markov models for binary longitudinal data have been explored by many re-
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searchers. Cox [14] proposed an extension of logistic regression in which the
conditional rather than the marginal probabilities of a Markov chain are ex-
pressed as logistic functions of the covariates. This method have been applied to
the analysis of many binary series [48, 59]. Cox [14]’s model leads to propen-
sity estimates which depend strongly on the specification of the time depen-
dence, for example, choice of order of Markov chain. When the covariates are
categorical, an alternative approach is introduced by Grizzle et al. [28], Koch
et al. [47] who proposed repeated measures models to account for time depen-
dence in dichotomous data.

Azzalini [3], Bonney [7, 8] also used logistic regression for autocorrelated
data with repeated measures using a conditional model approach. Islam et al.
[34], Islam and Chowdhury [35], Islam et al. [39, 40, 41, 42] carried out a series
of research works using Markov based conditional models based on Markov
transition probability for repeated binary data. The conditional regressive lo-
gistic model of Bonney (1986, 1987) were generalized by Islam et al. [39, 42]
to include both binary outcomes in previous times as well as covariates in the
conditional models. In this Chapter, we discuss the Markov based transition
probability models proposed by Islam and Chowdhury [35] along with neces-
sary tests and propose joint models based on marginal conditional approaches
for analysing Repeated Binary data as alternatives to GEE based approaches.
Although the idea of joint model using a marginal conditional approach is not
a new one, the earlier works on such model mainly focused on estimating the
transition probability or testing dependence among repeated measures. Islam
and Chowdhury [38] described the estimation procedure of the parameters and
the test procedures for overall model. However, pertinence of such a model
for analysing longitudinal binary data is completely neglected in literature. We
examined the performance of the model in terms of bias of the estimates and

coverage probability, compared the estimates of parameters of the joint model
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with the estimates of parameters of GEE and ALR and proposed the application
of joint model based on marginal conditional approach for analysis of longitu-
dinal binary data as a better alternative to GEE or ALR. In this Chapter, for

analysis of longitudinal data we propose two different strategies:
e Joint models based on marginal-conditional approach
e Joint model based on extended Regressive Model approach.

The proposed methods can be used for outcome variables with known distri-
bution using likelihood based methods. The proposed joint models based on
marginal conditional approach for repeated binary outcomes are generalized for
exponential family. The limitation of the conditional probability based model
for more than 3 repeated measures is discussed and the extended regressive

model is shown as a better alternative for such cases.

5.2 Conditional Models for Repeated Binary Data

Let Y;; be a time dependent binary outcome variable for subject i at time j,
i=1,2,...,Nand j=1,2,...,n;. The outcome vector for subject i can be defined

as Y; = (Y; Y, ---aYin,-)/ with mean
pi=E(Y;) = (E(Ya) E(Yn) ... E(Yy,)) = (Wit Miz - Hin;)"-

Suppose, P(Y;; = y;1) denote the marginal distribution of the outcome vari-
able Y;; and P(Y;; = y;j| X; = =, Y1 = yi1, Yo = yi2, ..., Yij—1 = yij—1) denote
the conditional distribution of ¥;; given Y1 = y;,....,Yo = yo,Yij-1 = yij—1,
J=2,3,...,n;. Also let X;; be the p x 1 vector of covariates for subject i at jth
occasion. If Y; is covariate dependent, then the marginal distribution of the out-
come variable ¥;; can be defined as P(Y;; = y;1| X1 = ;1) and the conditional
distribution of Y;; given Y;1 = y;1,....Yp = yn,Yij—1 = yij—1, j = 2,3,...,m;, is

denoted by P(Y;; = yij| Xij = =i, Y1 = yit, Y2 = yio, -, Yij—1 = Yij—1)-
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Let = (61,6:1,..., 9,,1._1727,”7,1[._1)’ be the vector of unknown parameters where
0, = g(Wij) = XijBj, 0j.12...j—1 = g(Mij12...j—1) = XijBj12...j—1 and g is an ap-
propriate link function.

For example, for Bernoulli outcome variables ¥;;,i=1,2,...,Nand j =1,2,...,n;,
if the ¥;;’s are time dependent, the marginal probability of ¥;; observing an event

can be expressed as

exp(xzijB;) . .
pij=Pr(Yj = 1lz;j) = 1+exp(l;cl-j]ﬁ,-); i=1,2,...N;j=12,...,n;, (5.1)

where B; = (Bjo, ..., Bjp) is a (p+1) x 1 vector of parameters of the marginal

model of ¥;;. Consequently, the marginal probability of not observing an event
can be expressed as

1
 Ltexp(xiB))

The conditional probability of Y;; observing an event, given Y;; = y;1,Yp =

1= pij=1=Pr(Y;; = l|z;))

Yi2,---»Yij—1 = yij—1, can be defined as

pi; = Pr(Yij = 1|yin, ., Yij-1,Tij)

_exp(xijB.12..5-1) 12N =2
- - 9 2% 2 - AR R B

1+exp(xijBj12..j-1)

(5.2)

where 3 12...j—1 is the vector of parameters of the conditional model of P(Y; i=
1Y =y, Yn = Y2y Yijo1 = yij_l); j=2,...,n; — 1. For each combination
of yi1,...,Yinj—1, wWe get one conditional model. For example, when n; = 2,
(2.1 is the vector of parameters of the two conditional models P(Y;; = 1|Xj» =
xi2,Yi1 =i1), yit = 0,1. We may denote the vector of parameters of the con-
ditional model, P(Y;» = 1|Xj» = xi2,Yi1 =0), as Bo1 = (Bo10,---, Po1p)’, and the
vector of parameters of the conditional model, P(Y;; = 1|X;p = xj2,Y;1 = 1), as
Bi1 = (Bi1o,---, P11 p)’ . To distinguish between the vector of parameters of a
marginal model and the vector of parameters of a marginal conditional model,

from this point onward, we will use two different notations, 3* and 3 respec-
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tively.

The repeated measures data are naturally correlated and the major challenge
of the methods for analysing repeated measures categorical data is to take care
of the probable correlations among the repeated observations on the same sub-
ject. We start from the model considered by Darlington and Farewell [16] with

repeated binary outcomes with the working likelihood function

)! 1=
L(B*,B11) ley” y"Hp*y” —pij) Y,

exp(x;3*)

where p;, =Pr(V;j=1X;=x;) = (5.3)

1+exp(w;3*)’
pi; =Pr(Y=1Y;1, Xi = ;) = E(Y;;[Y;j—1, Xi = )
_pz+Pz( ij— 1—]9,) (5.4)
and

_exp(Byxi) —exp(ziB”)

P : (5.5)
1 +exp(ziB11)

max (— T L ZD , ! pp —Fi) < p; < 1 because the likelihood must be maximized at

0 <pi<landO < p;; <1. The limitations of this model is that it does not
consider the transition probability from ¥;;_1 = 0 to ¥;; = 1 and considered
p;-"j = Pr(Y;; = 11Y;j—1 = 1, X;). Although, the transition probability P(Y;; =
1|Y;;—1 = 0) was not considered in determining the correlation, while defining
the range of p;, the transition from ¥;; 1 = 0 was considered which contradicts
with the definition of p;. A straight forward and simple way to improve the
model discussed by Darlington and Farewell [16] by including both the transi-
tion probabilities P(Y;; = 1|Y;;—; = 0) and P(Y;; = 1|Y;;_1 = 1) in the working
likelihood function.

We named our proposed model 1, proposed model 2 and proposed model 3 as
marginal conditional model 1 (MCM1), marginal conditional model 2 (MCM?2)

and marginal conditional model 3 (MCM3), respectively.
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5.3 Proposed Marginal Conditional Model 1 (MCM1)

To overcome the limitations of the working likelihood function proposed by
Darlington and Farewell [16], an extension of the model by Darlington and
Farewell [16] is proposed which is the marginal conditional model 1 (MCM1).
For simplicity, let us consider, first order Markov model for the two consecutive

binary outcomes in a follow-up study.

5.3.1 Likelihood Function

The working Markov likelihood can be expressed as

N
:Hpiyil(l - 1 MHHP*yU pz] 1 yija (5.6)
i=1

i=1j=2

where the marginal probability is

exp(x;;3*)
1+ exp(w,-jﬁ*) ’

Pi = Pr(Y,-j = 1|£13,'j) = (57)

where 3* is the vector of parameters of the marginal model P(Y;; = 1|x;;) and
the conditional probabilities are

§ pijor = Pr(Y;j=1|Y;;1 =0,2;) = pi +pi(Yij—1 — pi)
Pij = (5.8)

pijin = Pr(Y;j=1Y;j_1 = L,x;j) = pi+ p(Yij—1 — pi),

exp(x;;jBo1) —exp(x;;3*)
1 +exp(a:,-j/601)

with p;; =

exp(zijB11) —exp(zi;8)
1 +exp(zijBi1)

and pp =

?

where Bp; and 3;; are the vector of parameters of the conditional models,
P(Yij=1]Y;j-1 = 0) and P(Y;; = 1|Y;;_1 = 1), respectively; (— ) <p<l1,
pi >0.5and (— )<p,2<1p,<05
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5.3.2 Score Equations and Information Matrix

The score equations for the likelihood function can be obtained by differenti-
ating the working log likelihood in equation (5.6) with respect to 8", Bo1x and

P11k respectively and equating to zero as

ol N N i xl/k(yU P,J)
a7 = 2 Xik(vit — pi) + — v (L =pi)pi(1—pi)}
5By ; ’ ’ ,Z{JZQ pi;(1=pj;) o
No& xik(vij—pl) [ exp(xiiBY) _
Z Z (Vij-1—pi) ¢ =0,
5= pi(1=pj;) [ 1+exp(zijBor)
ol i X,lexp( ,2601k)( P‘l)niZ’I (yij—pij)()’ij—i—l _p;'kj—i-l) —0
1 * -
0Boix = 1+exp(xi2Boix) =l Pl (1= pji)
ol {: ,Zkexp( 12/811]()( p2) ’Z’l (Yij _pij)(yij+1 _p;'ijrl) —~0
1 * * - :
0Bk = 1+exp(xi2Biix) = Pl (1=pi1)

However, the MCM1, which is an extension of Darlington and Farewell [16],
although considers both the transition probabilities P(Y;; = 1|¥;;—1 = 1) and
P(Y;j = 1]Y;j—1 = 0), ignores the fact that the marginal distribution of ¥;; may
vary with respect to time and hence the model might not be able to estimate the

outcome-covariate relationship at different time points except in some special

cases (i.e. 81 = B, =0).

5.3.3 Test of Hypothesis

Since estimation of parameters of proposed model 1 (MCM1) is based on likeli-
hood based procedures, a likelihood ratio test can be used for testing the signif-

icance of the model parameters. The individual parameters can be tested using

a Wald test.
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5.4 Proposed Marginal Conditional Model 2 (MCM2)

For any order of Markov chain with covariate dependence, the proposed marginal
conditional model 2 (MCM?2) is a further generalization of proposed marginal
conditional model 1 (MCM1).

Suppose Y;; be a time dependent outcome variable for subject i at time j,
i=1,2,....,Nand j=1,2,...,n;. The outcome vector for subject i can be defined

as Y; = (Y;1 Yo, ..., Y;p,)" with mean
pi=E(Y;) = (E(Yy) E(Yn) ... E(Yi,)) = (i1 Mi2 .. Min;)'-

Also let X;; be the p x 1 vector of covariates for subject i at jth occasion.
Suppose, P(Y;; = y;1) denote the marginal distribution of the outcome vari-
able Yj; and P(Y;; = yij|Yii = yi1, Y2 = yi2,...,Yij—1 = yij—1) denote the condi-
tional distribution of ¥;; given ;1 = y;1,...,Yn =y, Yij—1 =yij—1, ] =2,3,...,n;.
Let @ = (61,02.1,...,60,.12,...n,—1) be the vector of unknown parameters where
61 = g(ui1) =XnBr.and 612, ;1 = g(Wij12...j-1) = XijBj.12..j—1 and g is an
appropriate link function.

If Y; is covariate dependent, the joint distribution of Y;;, Yp, ..., Yj,;, can be

expressed as
P(Yin =yi1, Y2 = Yizs ooy Ying = Yins| Xi = i)
= P(Yn = yalzi).P(Yo = yolyi, Ti)
o P(Yin; = Yin [Yi1,Yi2 5 Yimg—15 iy ) - (5.9)
5.4.1 Likelihood and Log-likelihood Function
The likelihood function can be expressed as

N
L(B) = []r0alzi.B1)fGiilzn. B)
=1

e f 12, o =1 ings Bri1 2, o ni—1)s (5.10)
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where, f(v;1|®i1,31) is the marginal distribution of y;; for given X;; = x;;
and the conditional probabilities of y;;, given ¥;; = y;1,...,Y;;—1 = y;j—1, and
Xij=zij are f(yija..j—1) = fOijleij,yits o Vij—1,Bj1,..j-1)s 7= 2,3,
and B8 = (B1,82.1---,8n;.12..n—1)- Let [;; be the contribution of ijth term to the

log likelihood function. Then the log likelihood is [ = i\’: 1 Z?;l lij.

5.4.2 Score Equations and Information Matrix

Differentiating the log-likelihood, [ = fV: | Z;fizl l;j, with respect to correspond-

ing parameters, and equating to zero, the estimating equations are

BL_ g 5 Oly 36, Sty _
8P /= /=1 66;0uij OBk

5.11)

The estimates of 3 can be obtained by maximum likelihood method. The vari-
ance of the estimates, V(B), is obtained from the inverse of the information
matrix I, where I is a (2" — 1)(p+1) x (2" — 1)(p+ 1) matrix with kk'th ele-

8% .y o
ments —m,k,k =0,1,....p.

Example 1: Proposed MCM?2 for Binary Outcome Variables, n; = 2

Let Y;; be a time dependent binary outcome variable for subject i at time j,
i=1,2,...,N and j = 1,2. Then the outcome vector for subject i can be defined
as Y; = (Y Y;p)" with mean vector p1; = E(Y;) = (E(Yi1) E(Yi2)) = (i1 Mi2)' =
(pi1 pin)’. Also let X; ; be the p x 1 vector of covariates for subject i at jth

occasion. The canonical parameters 6; and 6, are the logit link functions,

where
01 = g(pin) = Iny tli‘,ll.l = X B
and 92_1 = g(,u,g‘]) = lnﬂ - Xi2;82.1-
1 —ing

68



Chapter 5:  Proposition of Marginal Conditional Models

The joint distribution of Y¥;; and Yj»,as defined in equation (5.9) is

P(Yi =y, Yo =yn|Xi=x;)

=P(Yy =yu|Xi =xn).PYn =yolYin =y, X =xn).

The marginal probabilities can be defined as

exp(x;1 8
P(Yy =1\ Xy =zi) 1+:;p(lm~1g1)
1
1
and P(Y;; =0|X;; = x;) 1+exp(ziBi)’
1

where 31 = (Bio, Bi1, --wBl[))/'

The conditional probabilities considering covariate vector X;;, can be expressed

in terms of logit link functions as

PYp=1Ya=0,Xp=2p) = - ixff?ii%)’

PYp=1Yn=1,Xp=xp) = 1 jxel))friiiglﬂ;31) 7

P(Yp=0[Y1 =0,Xp=xpn) = 1 +expé:vi2,500)
and P(Yp =0lY) =1, Xp=zp) = 1 —|—6ngwi2/801)’

where Bo1 = (Bo10, Poi1,---, Po1p)’ denote the vector of the regression parame-
ters of the conditional model with transition from ¥;; =0to Y» =1 and 3, =
(Bi10,Bi11, .-, Bi1p)’ denote the vector of regression parameters of the condi-

tional model with transition from Y;; = 1 to ¥;» = 1. The joint probabilities are

Pt =1lta = 0.@a)P(tn = Olzn) = EREET rragters
Pt = P ) = S22
P(Yp =0JY;; =0,xp)P(Y;y =0|z;) = 1+f:Xp(]wizBoo) : 1+expgw“ﬂl)
and Ptz = 0¥ = 1,@2)P(Yn = 1Z0) = Troqemy Tiemanb
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Likelihood and Log-likelihood Function

Let us denote, Y;» = yjoo when ¥;; =0 and Y;; =0, Y;» = yjo; when Y;; =0 and

Yp =1, Yp = yjjo when ¥;; = 1 and Y; = 0 and Y;; = y;1; when Y¥;; = 1 and

Y;» = 1. Then the likelihood function for the parameters 3 can be expressed as

N
L(B) = []PMYalXiu==zin)PYalYi, Xn = Xp)
i=1

ﬁ< exp(xi181) )yﬂ ( 1 )l_y“
1\ 1 +exp(zi81) 1 +exp(xi1 1)

( exp(z2B01) )yim ( 1 )yioo

1 +exp(xnBo1) 1 +exp(xi2B01)

( exp(zinBi1) )yill ( 1 )yilo
1 —|—exp(wi2ﬁ11) 1 ‘|—CXP(331'2511> '

The log likelihood function takes the following form

N
[ = Z [{yilxilﬂl - ln(l +exp(mi1131))}
i=1

+H{yio1xi2B01 — (yioo +yio1)In(1 +exp(xiBo1))}

+{yinxBi1 — (vito +yi)In(1+exp(xiB11)) }] -

Score Equations and Information Matrix

(5.12)

(5.13)

The score equations can be obtained by differentiating the log likelihood func-

tion (5.13) with respect to the respective parameters. The score equations for

the marginal model can be expressed as

8 {y.l _exp(xinBi)

5B ,-_le“k 1 +exp(zi181)

] =0, k=0,1,...,p.

The score equations for the conditional models can be expressed as

51 Al
5B Y | xi2kviut — (Viuo + iu1)

i=1

xiszXp(iEiZIBul)} - 0
1 +exp(xi2Bu1) ’
u=0,1; k=0,1,..., p.
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Solving the score equations (5.14) and (5.15) iteratively, the estimates of B,k =
0,1,...,pand By, u=0,1; k=0,1,..., p, can be obtained.
Elements of the variance covariance matrix can be obtained from the inverse of

the observed information matrix using the second derivatives

521 N exp(x;1 3
inlkxilk/[ p( l ) ; k_lvza'“vp?
i=1

_6B1k5ﬁ1k/ 1+exp(m,~1[31)]2’ -
e N(. Vit Xk exp(ziBu1)
SBakOBar AT R T b (@B )P
k=1,2,...,p; u=0,1. (5.16)

and

Diagonal elements of the information matrix are obtained when k = k.

Example 2: Proposed MCM?2 for Binary Qutcome Variables, n; > 2

Consider possibly correlated Binary outcome variables Y1, ..., Y;,,, with proba-
bility of success p;i,pj, ..., p}"ni, where p;; is the marginal probability P(Y; =
;) p;"j denotes the conditional probability, P(Y;; = 1|yi1, ..., Yij—1,%ij), ] =

2,...,n;. The marginal distribution of ¥;; is

foalzi,B1) = pil(1—pa)' 0
and the conditional distribution of ¥;; given Y;; = y;1,....Y;j—1 = y;j_1 is
*Yij 1=y
fOijaz.j-1l®ij, Bjaz.j-1) = p5) (L=p) 7Y, j=2,...n.

We may write,
fOitlzia, 61,01) = pit(1 —P,-ll_y”)
= exp(yirlnpi + (1 —yi)In(1—pi))
= exp(yinln L — (~In(1 = pn)))
—Pil
—exp ([yi191 —b(61)]
a(¢r)

+C()’i17¢1))»
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where 0, = ln1 fi;] = Bio + Bi1xi11 +...+ﬁ1px,~1p,
1
_ exp(6))
Pil = T 5
14-exp(61)

b(Ol) = —ll’l(l _pil) = ln(l —I—CXp(Gl))

a((])]) = 1,
C(yi17¢1) = 07

exp(6)
1 +exp(6))

EYy) = b'(6)=
and V(Y1) = a(¢n)b"(61) = pi(1—pir).

il

For j=2,...,n; — 1, the conditional distribution of ¥;; is expressed as
S ij| Xijsyirsyizs - ijs 051 2, j—1, 9))
=/ (1=p;; ")
= exp[yijlnpij+ (1 —yij)in(1 — pi;)]
= explyi;iny pi;, — (=In(1—pij))]

— Dij

¥ij0j12,...j-1—b(0j12,. j-1)
= exp 1yvj J a((Pj) J J +C(Yj¢j)-

We may define, Vj =2,3,...,n;,

n Dij ’
1 = pij
exp(6).12.....1)

0i1p2,..j-1 = 1

Pij 1+exp(6j12,. j-1)
b(0j12,...j-1) = —In(1—pij)
= In(1 —|—exp(9j,1,2,...,j—1))v
a(¢j) - 17

and c(yij,(])j) = 0.

Mean and variance of ¥;;, respectively, can be expressed as
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l—l—eXp(ej]z j 1)
and Var(Yijb)ilaina"'7yij*1) = a(‘Pj)b//( j.1,2,.. ) ptj<1_pz])

E(Yij|yil>yi27"'7yij—1) = b/(6j~172 oJ= 1)

Likelihood and Log-likelihood Function

The likelihood function of @ can be expressed as

=

L(O) == f(yllay127 7yin,~|91792.17"'7911,‘_1721“‘,,1[,17(])17(])27"'7¢ni)

Juy

(yll|Xll 91;¢l Hf yl]’ijayzly - Yij— 1791127 wj— 17¢j)
j=2
* *

P
+ ypln + ..+ Yin,In i }.
Pil 1- P,z 1—pj,

==

xp{y,lln1

I
—_

(5.17)

The log likelihood function takes the following form

N
1(0) = Z{yz191 b(6) }+ZZ{YU j12..j-1—b(0j12,. j-1)}
i=1 i=1j=
N * *
= Z yllln +ypnln——=++.. +ymlln i )
i=1 —Pil 1— pi2 1— pml

(5.18)

where 0 is a function of regression parameters 3. The estimates of the required
regression parameters can be obtained by ML method from the above likelihood
function. The score equations for 3 can be obtained by differentiating the log

likelihood with respect to the respective parameters.
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Score Equations and Information Matrix

Differentiating the log-likelihood in equation (5.18) with respect to the respec-

tive parameters and equating to zero, score equations for 3 are obtained as

N n;

N
=Y X —pin)+ Y, Y XiiOij—pii): k=0,1,...p.  (5.19)
i=1 i=1j=2

8
6 Bk

The information matrix /g is a (2" —1)(p+1) x (2" —1)(p + 1) matrix with

elements — 5ﬁ 5[3” k,k =0,1,...,p

Example of Proposed Model MCM?2: Response Variables belong to Exponen-
tial Family with n; =2

For simplicity, on each of N individuals, consider two possibly correlated out-
come variables (Y;;,Y;) (i.e. i=1,...,N and j = 1,2). Suppose Y¥;; and Y,
given Y;; = y;; are known to belong to an exponential family. Then following
equation (5.9), the joint density of the repeated outcomes of the ith subject can

be expressed as

fOi,ylXi=xi,01,621,¢1,¢2)

= fitlzit, 01,01) f izl ®i2, i1, 02.1, ¢2)

= f(i1)f(in.1) (say), (5.20)
where fn) = fOalxit, 01, 01),
fOra) = fOorlx,yi, 62.1,02),
6 = g(m),
61 = g(21),
(1 w21) = (E(Ya) E(YalYa =ya)),
01,0, = dispersion parameters,
and g = an appropriate link function.
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The Mean and the Variance of Marginal and Conditional Distributions

If Y;; belongs to an exponential family with parameters 6; and ¢;, then the

marginal distribution of y;; can be expressed as

{yi161 —b(61)}
a(¢1)

fir) = f(yilxir, 61, ¢1) = exp +C(yi1,¢1)], (5.21)

where E(Yy) = b(6)),
V(Ya) = a(9i)b"(61),

01 = g(ui) = Pro+Brixitr + ...+ PipXitp.

Here B is the intercept and Bi1,..., 1, are the coefficients of the covariates
Xi11, .-, Xi1p respectively.
If Y;; given Y;; = y;; belongs to an exponential family with parameters 6, | and

¢, then the distribution of y;; given y;; can be expressed as

fi1) = fOilxin.y1,621,02)

= f(in.] ) 92.] ’ (pl])

= op[LRIBI VO, ) s

We may define,
E(Yo|Yy = yin)=EYp1)=0b'(621)

and Var(Yp|Yn = yi)=Var(Yn1) =a(¢n)b"(6:21),

where 651 = g(Uin.1) = Ba.10 + Ba.11xi21 + ... + Ba.1pXi2p-

So the mean and variance of Y; can be shown, respectively, as

E(Y) = (i1 Mi2.1)
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and
a(¢in)V (W) 0
0 a(9n)V (ti2.1)

V(Y) =

We may define, 6, = Bio + Brixit1 + ... —i—ﬁlpxl-lp; and we may denote 6, | =
Bo1o+ Baixior + ... 4 Bo1 pXinp. Clearly By is the set of parameters of the
marginal part of the model and 3;.; is the set of parameters of the conditional

part of the model.

Likelihood and Log-likelihood Function

The likelihood function can be expressed as

N
L = J]fGi1,yi2l61,621,01,92)
i=1

N
= T1/0alXi, 61,00 f (i1 |Xi2, yi, 621, 912)
i=1

_ o [vi161—b(61) , Yi202.1 —b(6.1) .
= expi; [ a(01) +c(yin¢r) + 2(92) +c(y,2.1(p2)]

The log likelihood function takes the following form

l(e) = il [ylle;(%mb)(el) +C(yil¢1) + )’i2.1926.11(¢:2§7(62.1) —i—C(y,'z.l(Pz)} .

(5.23)

Score Equations and Information Matrix

Differentiating the log likelihood function (5.23) with respect to the respective
parameters and equating to zero, we get the score equations. Solution of score
equations gives the estimates of the parameters. The kk’ th elements of the

information matrix is — Ll,
0,08,
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Example of Proposed Model MCM?2: Outcome Variable belongs to Exponen-

tial Family, n; > 2

If Yi1, Yip given Yy = yi1, Yi3 given Yj1 = yir, Yo = yio, .., Yin; = Yin; given Yy =
Yi1, Y2 = Yi2, ..., Yin;—1 = Yin;—1 belong to an exponential family, then the joint
density of repeated outcomes for subject i is
FOitsYizs o Yin| X5 01,0215 05 On 12,1501, 02, Ony)
= fitlxir, 01, 01) f izlxio, yit, 2.1, 92) o f (Vi [ %, Vit »
ooy Vin—15 Oni 1.2, i~ 1, Ony)

= f(i1)-fiz1)eeoo o f Ging. 1, m—1)- (5.24)

Mean and Variance of the Marginal and the Conditional Distributions

The marginal distribution of y;; is given by

{yi161 —b(61)}
a(¢r)

fi1) = flxir, 01,¢1) = exp +c(yit, ¢1)] : (5.25)

E(Y;) =b'(61), Var(Y;) = a(¢;1)b"(61) and and if B is the intercept and
Bi1, ..., B1p are the coefficients of the covariates X1, ..., X;1, respectively, then
01 = g(u1) = Bro+ Burixitn + .. + Bipxirp -
For j = 2,...,n;, the conditional distribution of Y¥;; given Y;1,...,¥;;_1 can be
expressed as

fWij,..j-1)

= fijlxij,yit,yizs - Yij=1,0j.12,....j—1, 9ij)

= f(ij12,...j-1:0j1...j—1,0ij)

Vij12,..,j-10j12,..j-1—b(0j12,.. j-1
:exp( & L ! (6 ! )+C(yij.1,2,...,j—1,¢ij))-
a(¢ij)

(5.26)

We may define, V j = 2,3,...,n;,
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Wijiz.j—1 = EXijlyi,yi2snyij—1) =b'(0j12,..j-1),
V(Yijlyitsyiz,-nyijm1) = V(Yjaa,..j-1) =a(@ij)b" (612, j-1),

where 0121 = g(Mij1p,. j—1)-

Then V(Y;) can be expressed as

oV (i) O 0

0 nV(lin1) . 0
VXD =a 02V (Mi.1)

0 0 (])iniV(Hin[.l,Z,...,nifl)

Likelihood and Log-likelihood Function

The likelihood function can be expressed as

=z

L(IB) = Hf(yil;yi%"'inn,'|91,92.]7"'76}’1,;1327,“%,17(])17(])27"'7¢n;)

i=1

n;
FOnlXi, 01,00 [T/ 012, j-11X.6j11 2, j—1, Pin,)
=2

N . _
= expy, [y—llel b(81) +c(yir¢1)
i=1

I
=

Il
_

a(¢r)

My 105 i1 — (B
iy (yl].l,z,...,] 10j.12,..,j-1—b(0j1,. 1)+C(yij.1,....,j1¢j)) ‘
j=2 a(@;)

The log likelihood function takes the following form

N . _ ) _
1(6) = ;[)%mb)(el)+C(yi1¢1)+y1282';(¢2b)(62'1)+C(yi2.1¢2)---

yin,‘.l,...,n,‘—] eni.l,.l.,n,-—l - b(en, 1,...,ni—1 )

a(fn)

+ +C()’ini.1,...,n;71¢ni) :

(5.27)
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Score Equations and Information Matrix

The score equations are obtained by differentiating the log likelihood equation
with respect to the respective parameters. Differentiating the score equations

with respect to the parameters give the information matrix.

5.4.3 Tests for the Proposed Model MCM2

The test for the significance of the proposed model MCM2 is straightforward
using a likelihood ratio test. The individual parameters can be tested using Wald

test.

Test for Overall Model

To test the significance of the overall model, the null and alternative hypothesis

can be expressed as

Hy:B8=PBo vs Hi: B # o,

where B = (81,82.15---,8n;.12,.n—1) and By is the value of 3 under null hy-

pothesis of no covariate effect. The test statistic,

A = —2[InL(By) — InL(B)],

has a chi-square distribution under Hy with (2" — 1) p d.f. where n = max(n;),i =
1,...,N. Here InL((3) is the log likelihood of the full model and InL(3p) is the
log likelihood of the reduced model for no covariate effects, i.e. the value of
InL(3) under Hy.

For example, for Bernoulli outcome variables with n; = 2, the hypotheses for

the overall model are

HO:IB*:(BTHBSIHBTl):O? vs. H ﬁ*#o

79



Chapter 5:  Proposition of Marginal Conditional Models

Here /Bik = ([3117[3127"'7[3117),
Bo1 = (Bot1, Borz; -, Poip), and

B11 = (Bi11, Br1z; -, Buip).
Then the quantity, —2 [InL(B10, Bo1o, Bi1o) — InL(B1,Bo1,B11)], can be shown

to be asymptotically distributed as 2 with 3p degrees of freedom.

Test for Individual Parameters

For testing individual parameter in the marginal model, Wald test can be used
for the following hypothesis

Hy: Bix =0vs. Hy : By # 0.

The Wald test statistic for the marginal model is W = éf—é’;k)

For testing parameter in the conditional models, the null and the alternative
hypotheses can be defined as

Hy: Buik=0vs. Hy : Buix #0,u=0,1.

The Wald test statistic for the marginal model is W = Sel&”g—lfk)

Tests for Dependence among Repeated Outcomes

From the Bivariate Bernoulli Distribution described in section 5.4.2, equality of
conditional models hold if By; = B11. If Bo1 # P11, indicates dependence of Yj,

on Y;;. The odds ratio is

Pll(aEiZ)) exp(m 3 )

_ 1=-Py(en) 2011) . _

OR = IPOII)(Q:(,-)) ~ exp (@Bo1) = exp{z(B11 — Bo) }- (5.28)
—Po1 (x;

Islam et al. [40] showed that testing for Hy : B9 = B is equivalent to test
for the association OR = 1 and In(OR) = 0 where both indicate independence
of the two binary outcomes in the presence of covariates. Any departure from
OR = 1 will measure the extent of dependence, where OR greater than 1 implies

a positive association and OR < 1, a negative association.
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For testing the null hypothesis Hy : 891 = 311, the following test statistics can

be used as suggested by Islam et al. [40]
x> = (Bor — Bu1)' Var(Bor — B11)] ' (Bor — Bu), (5.29)

which is distributed asymptotically as chi-square with p degrees of freedom.
Another alternative test can be performed from the relationship between the
conditional and marginal probabilities for the outcome variable, ¥;;. The null

and the alternative hypotheses are
Hoy : Bo1 = B2 and Hoy : Bi1 = Ba.
The test statistics are, as suggested by Islam et al. [40]
%7 = (Bo1 — B2)' IV (Bor — B2)] " (Bor — B2) (5.30)
and x5 = (B11—B2)'[V (B — B2)] ' (Bi1 — Ba). (5.31)

It is noteworthy to mention again that Darlington and Farewell [16] proposed a
transition probability model based on the following logit functions with marginal

specification

exp(x;
P(Yp =1V =1,a;) = 1+:x(p(f'lﬂl3l)
exp{z;3}
d PV = ljm:) = ==~ 5y
and P(Yp = 1|x;) 1 +exp(x;3)

The Darlington and Farewell [16]’s method did not consider the transition prob-
ability, transition from Y;; = 0 to ¥;» = 1, in their model and noted that due to
asymmetry this may not be suitable for all applications. The measure of corre-

lation proposed by Darlington and Farewell [16] is

exp(B11x;) — exp(Bx;)
1 +6Xp(ﬁ|1$i)

pi = corr(Yy,Yn|x;) =

which can be tested by the corresponding chi-square test shown in the alterna-
tive tests as shown in 5.31. However, it is necessary for the independence that

all the alternative tests (5.30 and 5.31) should be performed. This test can be
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simply extended for more than two follow ups.

The major limitation of the proposed joint model based on Markov transition
probability in equation (5.9) is the rapid increase in the number of parameters
for increasing number of follow-ups. With n; follow-ups, the number of param-
eters to be estimated is as big as (2" — 1)(p+ 1) where p + 1 is the number of

covariates.

5.5 Proposed Model 3: A Marginal Conditional Model using Extended

Regressive Approach

For Binary outcome variables, the number of parameters of the joint model with
two follow-ups is 3 x (p+ 1). The number of parameters of the joint model with
three follow-ups for binary outcome variables is 7 x (p 4+ 1). This, inevitably,
shows that when the number of follow-ups increases, the number of parameters
in the proposed joint model increases rapidly.

So we propose an alternative using a regressive model approach [7] for such
cases where there are more than two follow-ups as an alternative to marginal
approach in order to analyze repeated measures data.

The generalized form of the regressive model was proposed by Islam et al. [42].
For Bivariate data, Islam et al. [42] generalized the works of Bonney [7, 8], and
Islam and Chowdhury [35] to include both binary outcomes in previous times as
well as covariates in the conditional models. We denote this model as marginal

conditional model 3 (MCM3).

5.5.1 Framework of the Regressive Model

Consider n; possibly correlated outcome variables (¥;1,Ys,...,Y;,,) on ith indi-
vidual (i =1,...,N and j = 1,2,...,n;). Considering the regression model for

the conditional probabilities as proposed by Bonney [7], the canonical parame-
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ter for Y;;, j = 2,...,n;, can be defined as

0i12,.j—1=8Mij12,. . j—1)

= o+ Pixiji + ... + Bpxijp + N¥i + ... + V-1 Y1,

where By is the intercept, fi,Bs,..., B, are the coefficients of the covariates,
Xij1,Xij2, ..., Xij1, respectively and ¥1, 9, ..., ¥j—1 are the coefficients of the pre-
vious outcomes Y;1,Yp, ..., Y;;_1, respectively.

Following mostly the notations of Islam et al. [42], let us define

No = (B j-1,0-1,m)_1), and
W = (X/ Y/ }—1? ;’—1)’

J ij
where
Xij = (1 Xl_]l Xl]27 Xijp>7
Y}'—l = ( ily- lj 1)
vicit = (Vi2,Vi23,... vlz,,,j_l)’,interaction terms among Y s
= (ViLyi2, YilYi2Yizs - YitYi2--Yij—1)'s »J = 1,...,mi,
Zio1 = (20yerZpreerZjmily s Zjmip)

= interaction terms among X;; and Y;
= (XYl orr XipYils oo XilVij— 15 - XipYij—1)
B = (Bo,Bi,-., Bp) are the coefficients of X,
Yi-1 = (N1 Y1),
the parameters corresponding to Y;1,...,Y;; 1,
Pi_1 = (P12,P13,-,P123, -, P12...j—1),
the (2/ — j— 1) x 1 vector of coefficients of v/;_i,
and 1751 = (i1, Mipy oy M1, Mj—1p),

= vector of parameters corresponding to Z;_.
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The regressive model for the jth follow-up is defined as

exp{Nwjs}
P(Y"ZS‘W'fl): . ;s=0,1,j=2,...,n~. (532)
Y / 1 +exp{Njw;_1} l

While considering possible interactions among X; and Y; as well as among
repeated outcomes on Y;, the full parametric form of the model be can be ex-

pressed as [42]

P(Y;j = s|yij—1,%ij,Vj-1,2)j-1
exp{(B'zij +vj-1Yj-1+ pj-1vj-1+ 0}, z)s}

= ; 5=0,1.
L+exp{(B'zij+7j_1Yj-1 + pj-1vj-1 +Mj_12j-1)}

(5.33)

Considering the full regressive model for the conditional probabilities, for j =

2,...,n;, the canonical parameter can be defined as

6j12,...j-1 = 8&(Mij12,..j—1) = (B'®ij+Yj1yj-1+pj-1vj-1+Mj_12j-1).

5.5.2 Likelihood and Log-likelihood Functions

The likelihood function can be expressed as before

=z

L = Hf()’i17)’i2>---a)’in,-|91>92.1;---79n,;,ﬁz,_“,nl._1;¢la¢27--->¢ni)
i=1

= fitlXit, 01, 01) f (Vi1 | Xi2, yi1, 62.1, 9i2) ...

=

~

FOni1 2, = 11X Yits Yizs s Ving—15 O 1.2, =15 Gin;) . (5.34)
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For example, for outcomes from exponential family, the likelihood function can

be expressed as

_ N [yi161 —b(6) V2621 —b(62.1)
L= ek [T a(92)

Vini1.2,..ni—100:12,...ni—1 = b(On;12,.. 1)

a(on,)

+c(yindr) +

_|_

+c(Ying1.2,...n—10n;) | -
(5.35)

The log likelihood function takes the following form
N
yi161 —b(61) Yin02.1—b(621)
o) = 3 [OEO) gy ;
R Y T ARARARCS

Ying 1pti—100,1,. =1 — 0O 1, p—1)
a((pni)

+

+ C(yin,-.l,...,n,-fl ¢n,) .

(5.36)
The parameters can be estimated by using ML method.

5.5.3 Score Equations and Information Matrix

Differentiating the log-likelihood function with respect to the corresponding
parameters and using the Chain rule, we obtain the score equations. For exam-
ple, for outcome variables from exponential family, (assuming no interaction
terms, i.e. )\971 = (B,7j-1)) the score equations and information matrix can

be obtained as follow

51 N o (}’ij_b,<9j) )
oL _ DO ) =00 k=0.1,....p.  (5.37)
5B~ & 2 \ o) V() p
51 N ()’ij_b/(ej) >

_ DO ) —0is=1,..j—1.  (538)
0% ,-_1,-; a(‘l’ij)-V(Hij)y /

The information matrix can be expressed as
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I 0
=" ,
0 b
where [ i iX Wi =0
pisa (p+1) x (p+ 1) matrix with elements, I} = 55.0F
k
Z ZXl,kX wa(9,)b"(6)), k=0,1,....p (5.39)
5ﬁk6ﬁk i=1j= N
The diagonal elements of /; are obtained when k = k.
Similarly, I, is a (n; — 1) x (n; — 1) matrix with elements I, = —% , 8,8 =
1,2,...,n; — 1 where
& Jog ,
=Y Y YiYia(9;)b"(6)). (5.40)

RO i=1 j=st1

The diagonal elements of I, are obtained when s = s'.

5.5.4 Test for the Proposed Regressive Model MCM3

To test the independence of the repeated outcomes, the hypotheses to be tested

are Hy : A%

i1 =0against H; : A7_, # 0 for model (5.33) where A is the vec-

tor of parameters of the model with covariate effects and all interaction effects
and lj’.k_l = (vj-1,pj—1,mj—1) is the vector of parameters need to be tested. The
total number of parameters need to be tested is j — 1 for v;_y, 2/ — j—1 for
pj—1 and (j—1) x p for n;_;. This test can be performed using the likelihood
ratio test and the test statistic follows chi-square with j —1+2/ — j — 14 (j —

1)x p=2/—2+(j—1) x p degrees of freedom.

Test of Dependence among Repeated Outcomes

~ is the vector of parameters associated with the outcome variables at earlier
time points Y; 1 such that, Hy : v = 0 indicates a lack of dependence among

Y;;s. However, in several instances,the regressive model (5.33) may fail to rec-
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ognize the true nature of relationship between Y;;’s in the presence of covariates
Xij1,Xij2,...,X;jp in the model due to the fact that dependence among Y;;s de-
pends on the dependence between the outcome variables and the covariates as
well [16]. However, if interested, one may use the tests, (5.29) or (5.30) and

(5.31) or their extensions to take care of this problem.

5.6 Conclusion

In this chapter, we proposed three joint models based on a marginal conditional
approach, MCM1, MCM?2 and MCM3, as alternatives to GEE or related models
based on marginal approaches. The proposed models take care of the correla-
tion among the repeated measures in a built-in nature and can be extended for
any order of dependence without complicating the theory. The proposed model
1 (MCM1) is an extension of Darlington and Farewell [16] that shows the likeli-
hood for models based on Markovian assumption of first order more explicitly.
The second model MCM?2 (proposed model 2) is a further generalization based
on marginal and conditional models for any order of a Markov chain with co-
variate dependence. For more than three repeated responses, MCM?2, the pro-
posed model 2, has restricted use due to overwhelming increase in the number
of models and parameters to be estimated. At this backdrop, a further extension
is considered by including previous outcomes as covariates. This model is de-
noted as proposed model 3 or MCM3. The number of parameters in MCM3 can
be kept as minimum as possible for any order of the underlying Markov Chain.
Hence for practical reasons, the proposed model 3 can be used to analyze lon-
gitudinal data effectively and conveniently when number of repeated measures
is large. In the next chapter, we present the results of the simulation studies
performed to check the competence of the proposed models in terms of bias
and coverage probability of the estimates and to compare the proposed models

with GEE and ALR with an application of the models to a real life data.
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Chapter 6

A Comparison of Proposed Models,
GEE and ALR

6.1 Introduction

We proposed three joint models in Chapter 5 for the outcome variables of a
longitudinal data. The joint models (proposed models 1, 2 and 3 or MCM1,
MCM? and MCM3) shown in Chapter 5 take care of the correlation among
the repeated measures in a built in nature and can be extended for any order
of dependence without complicating the theory. The proposed model 1 is an
extension of Darlington and Farewell [16] that shows the likelihood for mod-
els based on Markovian assumption of first order more explicitly. The second
model (proposed model 2) is a further generalization based on marginal and
conditional models for any order of a Markov chain with covariate dependence.

For more than three repeated responses, the proposed model 2 has restricted
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use due to overwhelming increase in the number of models and parameters to
be estimated. At this backdrop, a joint model is considered which is based on a
regressive approach and includes previous outcomes as covariates. This model
is denoted as proposed model 3. The number of parameters in the proposed
model 3 can be kept as minimum as possible for any order of the underlying
Markov Chain. In this chapter we discuss the performance of the parameters of
the proposed joint (marginal-conditional) models (5.6), (5.9), when n; = 2 and
(5.32) when n; > 3. The estimates of the proposed models are compared with
the estimates of GEE and ALR in terms of bias and coverage probability of the
estimates. We start with the data generation steps in the next section and the
results and findings followed by an application to HRS Data in the following

sections.

6.2 Generation of Data

A simulation study was carried out to compare the properties of estimates of
regression coefficients of the models discussed in the earlier sections. The re-
peated measures can be associated in a variety of ways and in this study, the
cases considered are (i) ¥;;’s are identically and independently distributed, (ii)
Y;;’s are identically distributed and associated (iii) Y;;’s are not identical and
their distributions are independent. For simplicity of the study, we restrict the
simulation study for the conditional marginal model to two follow ups, Y;; and
Y;» on ith subject and only one explanatory variable, X;; for each of the N in-
dividuals where X;; is fixed and time invariant. We assumed that ¥;; and Y,
are two binary random variables with ¥;; ~ B(1,p;;) and Y;; ~ B(1, p;z). The

corresponding GLMs are

8(li1) = exp(XiiB1) ) and g(up) = exp(X22)

1 +exp(X,-161 1 ‘Jrexp(XiZBZ) '

The simulation followed the following steps
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e Data generation

— Step I: An explanatory variable X;; was generated first from Bernoulli

distribution with probability of success 0.5.

— Step II: The probability of success for the outcome variable in the

first follow-up, p;; was calculated using the equation

exp (zi1531)

P(Yy = 1|Xi =
(Y = 11X wl)+1+exp($i1ﬁ1)

where 81 = (Bio, B11)-

— Step III: N values, a;, were generated from uniform distribution within
range (0, 1) and then the outcome variable at first time point, Y;; was
generated such that ¥;; = 1 if a; < P(Y;; = 1]X;1) and 0 otherwise. i.e.
Data on Y;;, the outcome variable at first time point, was generated

such that ¥;; = 1 if runif(N,0,1) < P(Y;; = 1|X;1) and O otherwise.

— Step I'V: To generate data on Yj,, the value of the outcome variable at
time point 2, first, the probability of success at time point 2, p;» was

calculated as

exp (zi232)

P(Yp=1|Xn=z)= 1 +exp(zi232)

where 82 = (B0, B21,71), Boo is the intercept term, By is the coeffi-

cient of Xj; and ¥, is the coefficient of Y;;.

— Step V: Similar as step /11, N values, b;, were generated from uni-
form distribution within range (0, 1) and then the outcome variable at
second time point, ¥;; was generated such that Yy, = 1 if b; < P(Y;, =

1| Xj» = xj») and 0 otherwise.
— The cases considered are as follow

x Y;1 and Y, are independent and their distributions are identi-

cal, i.e B1o = Boo., B11 = P21 and 1 = 0.
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x Y;1 and Y are not independent and their distributions are iden-

tical, i.e Bio = Bro, B11 = P21 and y; # 0.

x Y;1 and Y;» are independent and their distributions are not iden-

tical, i.e B1o # Bro, Bi1 # B21 and y; = 0.

x Y;1 and Y}, are not independent and their distributions are not

identical, i.e 819 # B0, B11 # P21 and 1 # 0.

e For illustration of the regressive model, Y;;, Yi», Yi3 and Y;4 were gener-
ated in a similar way as ¥;; with 81 = (Bo,B1)". B2 = (Bo.B1, 1), B3 =
(Bo, B1,71,72) and B4 = (Bo, B1, 11,7, 73) s respectively. The cases con-

sidered are as follow

— Y1, Y, Yi3 and Y4 are independent and their distributions are iden-
tical, i.e B1o = P20 = B30 = Pao = Po. and i1 = B21=P31 = Pa1 = i
and (71,7,73) = (0,0,0).

— Y;1 and Yj; are not independent and their distributions are identi-
cal, i.e B1o = Pao = B30 = Pao = Po, and P11 = Po1=P31 = fa1 = P
and (y1,7,13) = (1,1,1).

e The bias, mean squared error and coverage probability of the 95% con-
fidence interval were constructed over a range of scenarios for varying

correlation among the responses.

e The sample size was 500 and number of samples was 1000 to construct

each of the tables in the next section.

6.3 Results of the Simulation Study

The findings of the simulation study (estimates, bias, standard error and cover-
age probability) are summarized in Table 6.1 to Table 6.3. In all these tables,
GEE(In), GEE(Ex), GEE(AR) and ALR(Ex) stand for GEE models under in-
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dependent, exchangeable and autoregressive correlation, and ALR model under
exchangeable correlation, respectively. The parameters of the joint model are
Bio. Bi1. Boio. Boi1» Biio and Biq1. Here, Big and By, respectively, denote the
intercept and the regression coefficient of the marginal model P(Y;; = 1| X; =
x;); Boio and Po11, respectively, denote the intercept and the regression coeffi-
cient of the conditional model P(Y; = 1]Y;; =0, X, = x;); and B9 and P11,
respectively, denote the intercept and regression coefficient of the conditional
model P(Y;, = 1|Y;; = 1, X; = x;). GEE or ALR, being approaches based on
marginal models, estimate the parameters of such models as average of the
parameters of two populations from where Y;; and Y;; were generated, and to
distinguish the parameters of GEE and ALR from joint model, we used the no-

tation 3* = (B, B;’)’ to denote the parameters of GEE and ALR. In Table 6.1,

P(Yy = 11X, = ;) = exp(Bro+Buixi) _ exp(0.5+0.2x11)
! l Y 1+exp(Bio+ Buxin)  1+exp(0.5+0.2x;1)

€Xp(P20 + P21Xi21 + Y1Yil
1+exp(Br0 + Br1xi21 + Nyin)
where, 3,0 and 3,1, respectively, denote the intercept and regression coefficients

of the marginal model P(Y;; = 1|X; = x;); So if 7, = 0, the true values of
the parameters to be estimated for the joint model are B9 = 0.5, B;; = 0.2,
Boio = B2o+ 1 X (yi1 =0) =0.54+0x0=0.5= Bao, Por1 = P21 = 0.2, B110 =
Bao+7 X (yi1=1)=0.5+0x1=0.5and B;; = 21 =0.2. When 7; = 1, the
true values of the parameters to be estimated for the joint model are ;o = 0.5,
Bi1 =02, Boro =P2o+% x (i1 =0) =0.5+1x0=0.5, Bor1 = 21 =0.2,
Brio=Po+nxn=1)=05+1x1=15and 11 =1 =0.2.

Table 6.1 shows that bias and the standard error of estimates of the proposed
Model 1 (extension of Darlington and Farewell [16]), Proposed Model 2, GEE
and ALR are competitive for longitudinal data when the repeated measures are

independent (y; = 0.0).
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Table 6.1: Parameters (Par), estimates(Est), bias, standard error(SE) and coverage probability(CP) of estimates for independent (y; = 0.0) and
correlated outcomes (y; = 1.0) with identical distributions of Y;; and Y5, (No. of Simulation = 1000, N = 500, 8; = (Bi0,B11) = (0.5,0.2),

B2 = (B20,B21) = (0.5,0.2))

n=0 n=1

Par Est Bias SE CP Par Est Bias SE CP
Model 1~ f;=0.5  0.5037 -0.0037 0.1456 0.9510 | B;=0.5 0.7756 -0.2756 0.1520 0.5670
Bi=0.2  0.2054 -0.0030 0.2102 0.9570 | B;=0.2 0.2181 -0.0030 0.2212 0.9370
Bo10=0.5 0.5013 -0.0013 0.3420 0.9660 | PBp10=0.5 0.5013 -0.0013 0.3420 0.9660
Po11=0.2 0.2046 -0.0046 0.5138 0.9500 | Bo;1=0.2 0.2046 -0.0046 0.5138 0.9500
B110=0.5 0.5079 -0.0079 0.2628 0.9530 | Bi10=1.5 1.5365 -0.0365 0.3357 0.9640
Bi11=0.2 02169 -0.0169 0.3733 0.9550 | B;1;1=0.2 0.2228 -0.0228 0.4896 0.9630
Model 2 f10=0.5 0.5127 -0.0127 0.2066 0.9580 | B10=0.5 0.5127 -0.0127 0.2066 0.9580
P11=0.2  0.2030 -0.0030 0.2985 0.9550 | B;;=0.2 0.2030 -0.0030 0.2985 0.9550
B20=0.5 0.4997 0.0003 0.2064 0.9510 | Bo1p=0.5 0.5013 -0.0013 0.3420 0.9660
p21=0.2  0.2109 -0.0109 0.2982 0.9460 | Bo11=0.2 0.2046 -0.0046 0.5138 0.9500
PBio=1.5 1.5365 -0.0365 0.3357 0.9640
P111=0.2 0.2228 -0.0228 0.4896 0.9630
GEE(In) B;=0.5  0.5037 -0.0037 0.1453 0.9470 | B;=0.5 0.7756 -0.2756 0.1659 0.6400
Bi=0.5 02054 -0.0054 0.2101 0.9510 | B;=0.2 0.2181 -0.0181 0.2409 0.9520
GEE(Ex) B;=0.5 0.5037 -0.0037 0.1453 0.9470 | B;=0.5 0.7756 -0.2756 0.1659 0.6400
Bi=0.5 02054 -0.0054 0.2101 09510 | B;=0.2 0.2181 -0.0181 0.2409 0.9520
ALR(Ex) B;=0.5  0.5037 -0.0037 0.1453 0.9470 | B;=0.5 0.7756 -0.2756 0.1659 0.6400
B;=0.5 0.2054 -0.0054 0.2101 0.9510 | B;=0.2 02181 -0.0181 0.2409 0.9520
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Table 6.2: Estimates(Est), bias, standard error(SE) and coverage probability(CP) of estimates for independent outcomes with non-identical
distributions, (No. of Simulation = 1000, N = 500, 3; = (Bio, B11) = (0.5,0.2),

B2 = (B0, B21,71) = (0.2,0.7,0.0)).

Methods Par  Est Bias from 3; Bias from 3, SE CP for 3; CP for 3,
Model I B;  0.3522 0.1478  -0.1522  0.1433  0.8070 0.8040
B;  0.4566 -0.2566 0.2434 0.2107  0.7720 0.7830
Boio  0.1960 0.0040 0.3330 0.9590
Boir  0.7231 -0.0231 0.5210 0.9570
Biio  0.2047 -0.0047  0.2556 0.9640
B 0.7248 -0.0248  0.3763 0.9530
Model2  Bjp  0.5127 -0.0127 0.2066  0.9580
B 0.2030 -0.0030 0.2985  0.9550
B  0.1992 0.0008 0.2010 0.9520
Bi  0.7157 -0.0157  0.3010 0.9520
GEE(In) B; 03522 0.1478  -0.1522  0.1426  0.818 0.828
B;  0.4566 -0.2566 0.2434 02101  0.763 0.780
GEE(Ex) B; 0.3522 0.1478  -0.1522  0.1426  0.818 0.828
B;  0.4566 -0.2566 0.2434 02101  0.763 0.780
ALR(Ex) Bi  0.3522 0.1478  -0.1522  0.1426  0.818 0.828
B;  0.4566 -0.2566 0.2434 02101  0.763 0.780
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Inadequacy of GEE or ALR to portray the relationship between X and Y are
visible with the presence of dependence relationship between Y;; and Yj, as
shown in last 5 columns of Table 6.1 where the data were generated from two
associated populations (y; = 1.0). The marginal parameters in the Model 1 pro-
posed as an extension of Darlington and Farewell [16] does not make much
improvement in the performance of the parameters in terms of bias and stan-
dard error. The proposed joint model 2 (Model 2) gives better estimates than
other models in this case.

The inadequacy of GEE or ALR to portray the relationship between X; and
Y are also observed in Table 6.2 where the data are generated from two inde-
pendent but nonidentical populations. The estimates of parameters of GEE are
not portraying the actual relationship between the covariates and the response
variable because the relationship between X; and Y; are different at different
time points. And the actual bias from population 1 (from where Y;; were gen-
erated) and population 2 (from where Y;» were generated) are shown in Table
6.2. Clearly, even if the repeated measures are not associated, while data come
from two different populations, the GEE or ALR or other marginal models are
not adequate to capture the relationship between the covariates and the response
variable.

While there are three or more than three repeated measurements on same sub-
ject, the covariate dependent Markov Chain based joint models need to estimate
too many parameters and we proposed the Model 3, a general form of the re-
gressive model approach [42], as an alternative of GEE based approaches. The
results of the simulation study (Table 6.3) show that when the outcomes are
independent and identically distributed, the estimates of the parameters of a re-
gressive model produce similar results as GEE or ALR in terms of bias and
coverage probability. The regressive model performs better while the repeated

responses are associated and GEE or ALR fails to portray the scenario.
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Table 6.3: Parameters(Par), Estimates(Est), Bias, standard error(SE) and coverage probability(CP) of estimates of different models for indepen-
dent and associated distribution (No. of Simulation = 1000, N = 500, Bio = P20 = B30 = Bao = Po = 0.2, Bi1 = P21 = B31 = Pa1 = 1 = 0.7,

(YIJ’Z’YS) — (07070) and (1) 17 1))

(}/17}/2’}/3) = (0,0,0)

(7, 7,1) = (1,1,1)

Methods Par Est Bias SE CP | Par Est Bias SE CP
B;=0.2 0.208 -0.008 0.226 0.946 | B;=0.2 0252 -0.052 0.316 0.952
B;=0.7 0.698 0.002 0.199 0.953 | B;=0.7 0.748 -0.048 0.397 0.944
Model 3  7=0.0 -0.012 0.012 0.197 0940 | n=1.0 1.010 -0.010 0.370 0.942
»=0.0 -0.001 0.001 0.197 0.942 | p=1.0 0.987 0.013 0.352 0.949
=0.0 0.003 -0.003 0.197 0.945 | 3=1.0 1.001 -0.001 0.366 0.950
GEE B;=0.2 0.201 -0.001 0.062 0.950 | B;=0.2 0.927 -0.727 0.085 0.000
(In) B;=0.7 0.695 0.005 0.095 0.950 | B;=0.7 0.799 -0.099 0.136 0.889
GEE Bo=0.2  0.201 -0.001 0.062 0.950 | B;=0.2 0.927 -0.727 0.085 0.000
(Ex) By=0.7 0.695 0.005 0.095 0.950 | B;=0.7 0.799 -0.099 0.136 0.889
GEE B;=0.2 0.201 -0.001 0.062 0.948 | B;=0.2 0.921 -0.721 0.085 0.000
(AR) B;=0.7 0.695 0.005 0.095 0951 | B;=0.7 0.788 -0.088 0.136 0.902
ALR B;=0.2 0.201 -0.001 0.062 0.950 | B;=0.2 0.927 -0.727 0.085 0.000
(Ex) B;=0.7 0.695 0.005 0.095 0.950 | B;=0.7 0.799 -0.099 0.136 0.889
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Indubitably, GEE and ALR performed well only when repeated measures come
from identical population and are not associated. The simulation study also
finds that basically there is no difference in the estimates of GEE under differ-
ent correlation structures (Table 6.1 to Table 6.3). Also ALR does not show any
noticeable difference from GEE estimates in most cases. The proposed model
2 produces better estimates in terms of bias and coverage probability than GEE
or ALR in the cases when responses are associated or the responses at differ-
ent time points has different distributions. Proposed Model 3 is suggested for

longitudinal data with more than 3 follow ups on same individual.

6.4 Application to HRS Data

The first three waves of the longitudinal data from the Health and Retirement
Study (HRS) conducted by the University of Michigan [73] were used for com-
parison of the selected methods. The study started in 1992 on American indi-
viduals over the age of 50 years and their spouses and the subjects are observed
every two years. In wave 1, the sample size was 9760 and the sample size was
reduced to 9750 due to dropping of 10 cases with missing values of outcome
variable at round 1. Finally the number of individuals were 8657 who reported
that they were not hospitalized at wave 1. The panel data from the waves for
1992, 1994 and 1996 have been used in this study. Elderly population may
suffer from repeated spells of depression which may change over time [20, 37]
and result in other health problems and chronic illness [45]. The literature on
depression among elderly helped filling many gaps in our understanding of the
factors associated with depression and also the outcome of depression [6]. But
understanding depression and its associated factors more explicitly is impor-
tant. In many studies on clinical and non-clinical populations, CESD (Center
for Epidemiologic Studies Depression) scale is employed to measure depres-

sive symptoms [69].
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The dependent variable for this study is Depression status with outcomes no de-
pression (CESD score = 0) and depression (CESD score > 0). The indepen-
dent variables are gender (male=1), marital status (married/partnered=1), ed-
ucation, ethnicity Black (Black=1), ethnicity White (White=1), drinking habit
(drink=1) and number of health conditions. In Table 6.4 and Table 6.5, Mstat
stands for marital status, White stands for white ethnicity, Black stands for
Black ethnicity, Drink means drinking habit and No. of Cond. is the num-
ber of health conditions.

Table 6.4: Estimates of parameters of GEE and ALR on HRS Data

GEE(In) GEE(Ex)
Est SE  p-value Est SE  p-value
Intercept 2.023 0.206  0.000 2.023 0.206  0.000
Gender -0.059 0.059 0.321 -0.059 0.059 0.321
Mstat -0.621 0.065 0.000 -0.621 0.065  0.000
Education -0.153 0.010  0.000 -0.153 0.010  0.000
White -0.363 0.166  0.029 -0.363 0.166  0.029
Black -0.085 0.177 0.629 -0.085 0.177 0.629
Drink -0.091 0.055 0.097 -0.091 0.055 0.097
No. of Cond. 0.389 0.024  0.000 0.389 0.024  0.000
GEE(AR) ALR(Ex)
Est SE  p-value Est SE  p-value
Intercept 1.944 0.206  0.000 2.019 0.192  0.000
Gender -0.056 0.060 0.351 -0.059 0.057 0.153
Mstat -0.613 0.065 0.000 -0.624 0.063  0.000
Education -0.151 0.010  0.000 -0.153 0.010  0.000
White -0.338 0.166  0.042 -0.366 0.153  0.008
Black -0.067 0.177 0.706 -0.085 0.163 0.301
Drink -0.082 0.055 0.135 -0.091 0.053 0.045
No. of Cond. 0.391 0.024  0.000 0.391 0.023  0.000

In GEE models, we observe that marital status, education year, ethnicity White
and number of health conditions are significantly associated with depression.
The GEE model under the assumption of independence and exchangeable cor-
relation produces the same results and finds that marital status, education, White

ethnicity and number of health conditions have significant influence on depres-
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sion. ALR under exchangeable correlation, in addition, finds drinking habit as
a significant factor for depression. GEE model under the assumption of autore-
gressive correlation shows that marital status, education, white ethnicity and
number of health conditions are significantly associated with the depression
status. Gender is not significant in GEE based models.

Table 6.5 shows the estimates of the parameters of the proposed model 2,
MCM2 that shows that the effects of the covariates are different on the de-
pression status at different follow ups.

At the baseline, marital status, education, white ethnicity and number of condi-
tions have significant effect on depression. Married people are less depressed as
compared to their single counterparts, more are the respondents educated, less
are they depressed, white people are less depressed, more physical conditions
results in more risk of depression.

In second follow-up, the effects of the covariates were notably different depend-
ing on the depression status of the respondent in the previous follow ups. De-
pression status of patients (who were not depressed in baseline or first follow-
up) were significantly associated with marital status, education and drinking
habit.

Depression status of patients (who were not depressed in baseline but were
depressed in first follow up) were significantly associated with education. Edu-
cation had significant effect on depression status of patients in second follow up
for those who were depressed in baseline but not depressed in first follow up.
Respondents’ depression status was significantly associated with marital status
and education for those who were depressed in first as well as in second follow
ups.

Clearly, the covariate effects on the depression status were different at different
follow ups and using a marginal model like GEE or ALR may not be appropri-

ate to estimate the covariate effects on depression status of the elderly people.
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Table 6.5: Estimates of Parameters of the Proposed Marginal Conditional Model 2 (MCM?2) for HRS Data

Bi Bo1 B Boot
Est SE p-value Est SE p-value Est SE p-value Est SE p-value
Intercept 1.230  0.179  0.000 1.837 0.254  0.000 2.856 0.319 0.000 -0.038 0.378 0.920
Gender -0.012 0.054 0.826 -0.273 0.067 0.000 -0.047 0.093 0.614 -0.139 0.087 0.110
Mstat -0.525  0.060  0.000 -0.334 0.081 0.000 -0.455 0.103 0.000 -0.213 0.111 0.056
Education -0.111  0.009  0.000 -0.140 0.012 0.000 -0.140 0.016 0.000 -0.083 0.016 0.000
White -0.454 0.144  0.002 -0.595 0.199 0.003 -0.288 0.250  0.249 -0.056 0.307 0.855
Black -0.094 0.154 0544 -0312 0.214 0.146 -0.143  0.266 0.591 0.155 0.327 0.636
Drink -0.079 0.054  0.147 -0.076 0.069  0.272 -0.127 0.095 0.182 0.256 0.094  0.007
No. of Cond. 0.354 0.024  0.000 0.285 0.034  0.000 0.282 0.041 0.000  0.175 0.048 0.000
Boi Bio1 Bin
Est SE p-value Est SE p-value Est SE p-value
Intercept 1.187 0.363 0.001  1.937 0.581 0.001 1.973 0.350  0.000
Gender -0.039  0.109 0.722 0.032 0.156  0.835 -0.117 0.121 0.334
Mstat -0.121 0.126  0.339 -0.335 0.181 0.064 -0.346 0.130  0.008
Education -0.092  0.018 0.000 -0.115 0.028 0.000 -0.076 0.019 0.000
White -0.092 0284  0.746 -0.373 0.435 0.392  0.228 0.280 0.414
Black 0.060  0.308 0.847 -0.029  0.467 0.950 0.136 0.296 0.647
Drink 0.002  0.110  0.989 -0.188 0.161 0.245 -0.192 0.123 0.119
No. of Cond. 0.320 0.052  0.000 0.052 0.070 0453 0.317 0.053 0.000
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These findings confirm our assertion that the extensively used GEE based mod-
els fail to specify the covariate effects adequately for longitudinal data. The
results demonstrate that a joint model based on marginal conditional approach

explains the covariate effects more meaningfully.

6.5 Conclusion

In this chapter, we summarized the findings of the simulation studies to com-
pare the proposed joint models using marginal conditional approach with GEE
and ALR which are based on marginal approaches. It is evident from the sim-
ulation studies as well as the application of GEE, ALR and the proposed mod-
els, that the proposed model 2 is expected to provide more specified model in
a more simplified set up. Proposed model 2 produces less bias and has bet-
ter 95% coverage probability as compared to GEE or ALR. For more than 3
repeated outcomes, the proposed model 3 is the most convenient model that
performs better than GEE or ALR. The results of the simulation study indicate
that in terms of bias and coverage probability, the proposed models appears to
be competitive or sometimes better than the alternatives, GEE, or ALR. Hence
for practical reasons, the proposed models can be used to analyze longitudinal
data effectively and conveniently. Both the theoretical and practical users are
expected to find it more useful and interpretable using the proposed models in

appropriate cases.
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Chapter 7

Proposition of a Marginal
Conditional Model using

Quasi-likelihood Methods

7.1 Introduction

A marginal or population averaged model can not make use of the main ad-
vantage of a longitudinal data of visualizing the change in individual responses
over time (Chapter 3 and Chapter 4). In Chapter 5 and 6, we explained how
a joint model using a marginal-conditional approach enables studying the rela-
tionship among covariates and outcome variables at different time points. As a
result, these models are expected to portray the outcome-covariate relationship
in a more meaningful and explicit way as compared to marginal models. The

models proposed in Chapter 5 use likelihood based methods for repeated out-
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comes under the assumption that the distribution of the outcome variables are
known.

A marginal-conditional model in a quasi-likelihood set up is not found in liter-
ature. In this chapter, we describe a new marginal-conditional model developed
for repeated outcomes with unknown distributions. We started this chapter with
a very short review of GEE and ALR and then described the proposed model
along with its parameter estimation procedure and necessary tests. The new
model is compared with GEE and ALR using a set of simulation studies un-
der varying conditions. An application is shown using Health and Retirement

Study (HRS) data [73].

7.2 Models for Repeated Binary Outcomes using Quasi-likelihood Ap-

proaches

Consider a binary outcome variable Y;;, i =1,2,...,N, j=1,2,...,n;, observed
for subject i at time j. Let X;; be the (p+ 1) x 1 vector of covariates for
individual i at time j. The outcome vector for subject i is Y; = (¥;; Vi ... Y,-,,l.)'
with mean vector p; = E(Y;) = (W1 Wi ... ,uinl.)/ = (pi1 pi2 --- Pini)/~ If Y;;’s are

time dependent, then the marginal probability that ¥;; observes an event is (as

defined in equation (5.1), Chapter 5)

exp(x;;3;)
pij = Pr(Yij = lai;) = 1+ exp(l;«“ijbj) |

where 3; is the (p+ 1) x 1 vector of parameters of the marginal model Pr(Y;; =
1|x;j). The marginal probability that ¥;; does not observe an event is g;; = 1 —
pij- The conditional probability that Y;; observes an event given (y;i,...,yij—1)
is
p?j-l---j—l = Pr(Yij = 1|)’i17-"7)’ij71a$ij)
exp(x;Bj.12...j-1)
1 +exp(xijBj12..j-1)

;i=1,...N;j=2,...,n;,
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where 3;12...j—1 is the vector of parameters of the conditional model Pr(Y; =
Lyit, - Yij—1,%ij); j = 2,...,n; (equation (5.2), Chapter 5). Assume that the
distributional form of ¥;; is unknown, but mean f;; is a known function of the
set of regression parameters and variance of Y;;, denoted by V (Y;;), is a known

function of ;;. Then for each observation Y;;, we may define a quantity,
Mij ;
Yij —
Ql] Q(ul]‘yl]) y/ a(q)l])v(t)
t

7.2.1 Log Quasi-Likelihood Function

Under the assumptions above, the integral Q;; behaves like a log-likelihood
function and is referred to as a log quasi-likelihood function of the parameters
uij [61, 77] (section 2.3.4, Chapter 2). The log quasi-likelihood for the com-

plete data is the sum of the individual contributions

N n; N

Z ZQ .le]b’u = Z [Qil(ﬂil’yil)+---+Qini(“in,~|yini):|
i=1j= i=1
N l'l'll ”l”l
_ Yil — _ Yin; T
N ; [y/ (¢11) dt i +y/ a(Qin;)V

(7.1

7.2.2 Quasi-likelihood Estimating Equations

Differentiating equation (7.1) with respect to 3¢, we have quasi-likelihood esti-

mating equations or quasi-score equations for 3

N n;

00( .ul] }71] Yij — Wij 5.uij
=0. 7.2
,z‘i,z’ 0 B lzijzla ¢z] .uz]) 0 B (7.2)

We may write that the quasi-likelihood estimating equation, or the quasi score

function as U (B3) = 0,,, where
N —
i=1 a

S i

with D;=—-
6B

and Vi_1 =
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While analysing longitudinal data with correlated response variables or response

variables from independent but non-identical populations at different time points,
fitting marginal models like GEE or ALR for Y;;’s is logically not an appropriate

choice as such models fail to utilize the major advantage of longitudinal data of

observing the change in the outcome variable over time and models based on

marginal conditional methods are preferred (Chapter 5 and Chapter 6).

In the following section, we propose a new method to obtain a joint model us-

ing a marginal-conditional approach under the framework of quasi-likelihood

method for outcome variables with unknown distributions.

7.3 Proposed Joint Model

In section 7.2, we defined Y; = (Y;1,Ya,...,Ym,)", i = 1,2,...,N. To discuss the
proposed joint model using quasi-likelihood method, we start with the assump-

tions and basic notations used for the proposed model.

7.3.1 Assumptions and Basic Notations

Considering the probable dependence among the repeated outcomes, let us re-

define the outcome vector for subject i as
Y= (Ya, Yo Yin12.m-1) s

where, Y;; 12 j—1 denotes the outcome variable of subject i at jth time point
given {Y;1 = yi1,Y2 = yi2,...,Yij—1 = yij—1}. The mean vector can be redefined
as p; = (Mi1, o 1, '~~7“ini.12...ni—l)/’ where U;;.1..j—1 is the expected value of ¥;;
given {Y;1 = yi1,...,Yij—1 = yij—1}. Now the elements of Y; are independent
of each other with mean vector p; = (Ui1, Uiz 1, .-+, tin;.12..n;—1) Where jj =
E(Y;|z;) and j1....j—1 = E(Y;j12...j—1|x;). The covariance of ¥;; 12, ;1 is
a(9ij)V (Uij12...j—1), where a(¢;;) is the scale parameter. If the distributional

form of the outcome variable is unknown, then for each outcome variables,
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Yi1,Yi2.1,...,Yin; 12..n;—1, that are independent of one another, we may define the

.. Hi1
quantities, Vil —t
1= i11yi1) = dt 7.3
Qll Q(;u“ll|yll) V(t) 9 ( )
Yil
Qij = O(Mij12...j—1,Yij.12..j—1)
Hij12...j—1
Yij12.j-1—1 .
= s dr =2, 0. (7.4)
a(¢i;)V(t)
Yij12..j—1

7.3.2 Log Quasi-likelihood Function

Given the components of Y; = (Y;1,Y.1,...,Yin;.12..n,—1)  are independent, the
log quasi-likelihood for the complete data is the sum of the individual contribu-

tions (as shown in equation (2.7) in Chapter 2)

N
QJ—ZZQU = Z[ (M [yin) + Qi 1]yin.1) +

i=1j=

+ OQling1.2,...m—1[Yin12 ....n,-—l)]

N n;.12.. n,fl

_ / % (7.5)

The sum of the integrals Q; in equation (7.5), then, behaves like a log-likelihood
function and following Nelder and Lee [61], Wedderburn [77], the equation
(7.5) can be referred to as a log quasi-likelihood function of the parameters (; ;.

The n;.(p+ 1) x 1 vector of parameters to be estimated for the proposed model

is denoted by B = (B1,82.1,--,Bn12...m—1), where 81 = (Bio, Bi1, .-, Bi1p)'s
ﬁZ.l — (ﬁz()’ﬁzl,...,ﬁzp)/, veey /Gni.l...ni—l = (ﬁniOaﬁnila-~~vﬁnip)/' Clearly, lf the

covariate effects on the dependent variables are similar at each follow-up, the

proposed model reduces to the marginal model with p + 1 parameters, 8 =

(ﬁ07B1 ) -'-7[317)/'
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7.3.3 Score Equation and Variance Covariance Matrix

Differentiating equation (7.5) with respect to the respective parameter and equat-
ing to zero, the following quasi score equations can be obtained similarly as

equation (2.8) as given in Chapter 2,

60y TRy ( yit — Hit 5.“1’1) _
OBk ;551k_; a(¢in).V (i) 6Pk =0

6Q; _ y 0Qy :§:< Y21 — M1 5.“:'2.1):0
oB2.1k S oBu S \aldn). V(i) 6B ’

00y il ()’in[.l...nil_uini.l...nil 5.uin,-.l...n,-l> _0
OBt mi—1k S\ a(@in) -V (Ming1.ni—1) OBt mi—1k

(7.6)

The quasi-likelihood estimating equations for 3 given in equation (7.6) and the
likelihood equations for generalized linear models are equivalent and makes
only second moment assumptions about the distribution of Y; rather than full
distributional assumptions required for generalized linear models.

The information matrix I is an;.(p+1) x n;.(p+ 1) matrix with kk’th elements,
—%. The variance covariance matrix for the parameters of the proposed

model can be expressed as

V(B1) 0 0
. 0 V(g 0
V(B) = (B2.1) | _ 77
0 0 V(Bni.l,...,ni—l)
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7.3.4 Tests of Hypotheses

The test for the overall model and for individual parameters can be obtained

easily as follow.

The Quasi Likelihood Ratio Test for Overall Model

We followed Wedderburn [77] for obtaining a test for the overall model. The
quasi maximum likelihood estimates (QMLE) were discussed by Wedderburn
[77] showing that the precision of QMLE may be estimated from the expected
second derivatives of log quasi likelihood functions in the same way as the pre-
cision of maximum likelihood estimates may be estimated from the expected
second derivatives of the log likelihood. Several researchers suggested the use
of quasi likelihood ratio (QLR) statistic defined as the quasi-log-likelihood ratio
computed from QMLE [77] under the null and the alternative hypothesis to test
the significance of the overall model when the distribution is unknown (see for
example [11]).

In our proposed setup, to compare the full model with a reduced model contain-

ing an intercept term only, the hypotheses can be defined as

Ho:B8=p0p vs. Hi:B# By,

where 3 = (81,821, -, Bn.12,..n—1) and B = (Bio, B0, ---, Bnj0)’ are the pa-

rameters of the full and reduced models, respectively. The test statistic can be

defined as
OLR = -2[0(By) — 2(B)]

which follows a chi-square distribution with n; X p degrees of freedom under
Hy. Here Q(3;) is the quasi likelihood of the reduced model for no covariate

effects, i.e. the value of Q(3) under Hj.
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Tests for Individual Parameters: Score Test

Let us consider testing the null hypothesis
Hy:CB=dvs.H :CpB+#d,

O(p—q) x(p—q) O(
(0)

pP—q)xq
1,

where C =

9x(p—q)
is a p x ¢ matrix with rank ¢ < p not depending on the data or 3. All elements
O q and O

of O(p—g)x( ) are zero and I, is the g x g identity

p—q)> “(p—q)x ax(p—q
matrix. In the absence of a likelithood function, an efficient score statistic [67]
which do not involve existence of a likelihood function, can be adopted for
quasi-likelihood based approaches and can be generalized directly to an esti-
mating function setting.

Suppose, V =V (Sg) = E (S[;Sb) is the variance of the quasi-score function
Sg, B is the unrestricted quasi-likelihood estimate of 3 and ﬁAE)k is the quasi-
likelihood estimate of 3 under Hy. Under Hy : C3 = d and for ergodic case,

the analog of the efficient score statistic [67],

u=SglE(SpS'p)]"Sp, (7.8)
is envisioned in the circumstances under which

_l. d

V7aSg~ MVN(0,1,); (7.9)
then u is approximately distributed as qu under Hy.
It can be shown that Sg L PSg where P =C(C'V~'C)"C'V~!. Then
V155 £ MVN(0,1,) and Sg & MVN(0, PV P'), where V(8) ~ PV P,

hence

u s (PSp) (PVP') Psg
(7.10)

1

— (V71S)VIP/(PVP) PV3(V3Sp).

In view of equation (7.9) and since V2 P’ (PV P )_PV% is idempotent with

rank ¢, i is approximately distributed as x> with ¢ degrees of freedom. [32].
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7.4 Simulation Study

To assess the properties of estimates (bias, standard error and 95% coverage
probability) of the regression coefficients obtained by the proposed model, a
simulation study was performed using R 3.4.3. For simplicity of the study,
we restrict the simulation study to two follow ups of the outcome variable,
Y;1 and Y;> and only one explanatory variable, X;ji, j = 1,2 for each of the N
individuals. We assumed that ¥;; and Y;; are two Bernoulli random variables
with ¥;; ~ B(1,p;1) and Y ~ B(1, p;»). The corresponding link functions are

X8 XinB. .
g(Ui) = lie )éillgl and g(up) = % At first, the explanatory variable X;;

was generated from B(1,0.5). For chosen values of 8| and f3, 1, the probability

of success for the outcome variable at the first and second time points, p;; and

. zi1B1
pin respectively, were calculated as p;; = P(Y; = 1| X = ;1) = 1iewi151 and
z202.1
pi2 = P(Yp = 1|Yi = yi, Xin = wn) = 755057 where @ij = (1,xi1), Bi =

(B1o,B11)" and Ba.1 = (Boo, B21)’. 200 pairs of (¥;1,Y:), were generated using
the R-package ‘bindata’ for cases where Y;; and Yj are (i) independent and
identically distributed and (ii) non-identical with varying correlation (p = 0,
0.3, 0.5, 0.7) between Y;; and Y;». For 1000 iterations, the bias, standard error
and coverage probability of the 95% confidence interval of the estimates of
parameters of the proposed model, 8 = (Bio, P11, B0, B21), and the same for
GEE or ALR, 8* = (B, B;)’, were constructed over a range of scenarios. Note
that, we used the notation 3* for the vector of parameters of GEE and ALR
to distinguish the vector of parameters from the vector of parameters of the

proposed marginal-conditional model.
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7.5 Results

The estimate of parameters of the proposed model and the same for GEE or
ALR along with their bias, standard error and coverage probability under the
assumption of identical and independently distributed Y;; and Y;» are shown in
Table 7.1. Results in Table 7.1 show that while the distribution of Y;; and Y
are identical and independent, the estimates of the parameters of the GEE, ALR
and the estimates of the parameters of the proposed model at all the time points
are exactly same and GEE can be used.

Table 7.1: Parameters(Par), estimates(Est), bias, standard error(SE) and coverage prob-
ability(CP) of the estimates of parameters of GEE, ALR and the proposed model for
independent and identically distributed ¥;; and Y;» (B10=B20=0.5, B11=P21=0.2, p=0)

Methods Par  Est Bias SE CP
Proposed Model fjp  0.504 -0.004 0.209 0.960
Bii 0206 -0.006 0.300 0.968

B 0.504 0.209 0.950
B 0.201 0.300 0.965
GEE(In) B; 0.503 -0.003 0.191 0.957

Bf 0.203 -0.003 0.275 0.969
GEE(Ex) By 0.503 -0.003 0.191 0.957
By 0.203 -0.003 0.275 0.969
ALR(Ex) By 0.503 -0.003 0.191 0.957
By 0.203 -0.003 0.275 0.969

For non identical and dependent Y;; and Y;;, the estimates of the parameters of
the proposed model and GEE and ALR at varying levels of association (p =
0.0, 0.3, 0.5 and 0.7 respectively) are shown in Table 7.2 to 7.5 respectively.

The results in Table 7.2 to 7.5 show that when Y;; and Y;, are correlated or
when distribution of ¥;; and Y, are not identical, GEE or ALR, being marginal
approaches, can not capture the covariate effect on response variable at different
time points effectively. The average effect of the covariates at two time points
are reflected in GEE and ALR which are not appropriate to present the actual

scenario.
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Table 7.2: Parameters (Par), estimates (Est), bias, standard error (SE) and coverage probability (CP) of estimates of parameters of GEE, ALR
and the proposed model for non-identical Y;; and Y;», (B10=0.5, B11=0.5, B20=0.2, B>1=0.2 and p=0)

Methods Par Est Biasfrom 8 Biasfromf3, SE CPforf; CP forf;
Proposed Model B9 0.501 -0.001 0.209  0.964
B 0.514 -0.014 0310  0.951
B 0.196 0.004 0.203 0.953
B 0.211 -0.011 0.290 0.958
GEE(In) B; 0.345 0.155 -0.145 0.144 0813 0.832
B 0.347 0.153 -0.147 0.207  0.895 0.905
GEE(Ex) B 0.345 0.155 -0.145 0.144 0813 0.832
B 0.347 0.153 -0.147 0.207  0.895 0.905
ALR(Ex) B 0.345 0.155 -0.145 0.144 0813 0.832
B 0.347 0.153 -0.147 0.207  0.895 0.905
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Table 7.3: Parameters (Par), estimates (Est), bias, standard error (SE) and coverage probability (CP) of estimates of parameters of GEE, ALR
and the proposed model for dependent outcomes with non-identical distributions, (19=0.5, B11=0.5, B20=0.2, $,1=0.2 and p=0.3)

Methods Par Est Biasfromf3; Biasfromf, SE CPforf; CP forf,
Proposed Model By 0.496 0.004 0209  0.957
B 0.522 -0.022 0311  0.953
Bxo 0.190 0.010 0.204 0.954
Boi 0.215 -0.015  0.290 0.954
GEE(In) B;  0.340 0.160 -0.140 0.164  0.821 0.881
B 0.353 0.147 0.153 0237  0.908 0.911
GEE(Ex) B;  0.340 0.160 -0.140  0.164  0.821 0.881
B 0.353 0.147 0153 0237 0.908 0.911
ALR(Ex) B;  0.340 0.160 -0.140  0.164  0.821 0.881
B 0.353 0.147 0.153 0237 0.908 0.911
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Table 7.4: Parameters(Par), estimates(Est), bias, standard error(SE) and coverage probability(CP) of estimates of parameters of GEE, ALR and
the proposed model for dependent outcomes with non-identical distributions, (19=0.5, B11=0.5, B20=0.2, $,1=0.2 and p=0.5)

Methods Par Est Biasfromf3; Biasfromf, SE CPforf; CP forf,
Proposed Model By 0.496 0.004 0209  0.960
B 0517 -0.017 0310  0.952
Bxo 0.195 0.005 0.204 0.950
Boi 0.213 -0.013  0.290 0.950
GEE(In) B 0.342 0.158 -0.142 0.176  0.840 0.880
B 0.350 0.150 -0.150 0254  0.902 0.919
GEE(Ex) B 0.342 0.158 -0.142  0.176  0.840 0.880
B 0.350 0.150 -0.150  0.254  0.902 0.919
ALR(Ex) B 0.342 0.158 -0.142  0.176  0.840 0.880
B 0.350 0.150 -0.150 0254 0.902 0.919
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Table 7.5: Parameters(Par), estimates(Est), bias, standard error(SE) and coverage probability of estimates of parameters of of GEE, ALR and the
proposed model for dependent outcomes with non-identical distributions, (19=0.5, B11=0.5, B20=0.2, $,1=0.2 and p=0.7)

Methods Par Est Biasfrom3; Biasfrom3, SE CPfor3; CP for 3,
Proposed Model B9 0.497 0.003 0209  0.958
B 0.517 -0.017 0310  0.962
Bxo 0.192 0.008 0.203 0.950
B 0.213 -0.013  0.290 0.951
GEE(In) B 0342 0.158 -0.142 0.188  0.860 0.886
B 0351 0.149 -0.151 0271 0.906 0.926
GEE(Ex) B 0342 0.158 -0.142  0.188  0.860 0.886
B 0351 0.149 -0.151 0271  0.906 0.926
ALR(Ex) B 0342 0.158 -0.142 0.188  0.860 0.886
B; 0.351 0.149 -0.151 0271  0.906 0.926
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Chapter 7: Proposition of a Marginal Conditional Model using QL Methods

The bias of the estimates of GEE and ALR from (3| and 3, show that the esti-
mates represent neither the parameters of the distribution of ¥;; nor the distribu-
tions of ¥;;. On the other hand, the proposed joint model gives better estimates
of the covariate effects on response variables at different time points in terms
of bias of the estimates as well as the coverage probability. Clearly it can be
said that when the distributions of the outcome variables at different time points
are not identical, the parameters of GEE or ALR are inadequate to portray the
true covariate effect on dependent variable because GEE or ALR estimate the
parameters of a population average model.

In a nutshell, GEE or ALR are appropriate to estimate the covariate effects
when Y;; and Yj, are identically and independently distributed. The bias and the
standard error of estimates of the proposed model and that of marginal model
based GEE and ALR are competitive for longitudinal data when the repeated
measures are independent and identical.

Nevertheless, the bias of the estimates of GEE and ALR from 3, and 32 shows
that GEE and ALR do not portray the actual relationship between the covariates
and the response variables for cases where Y;| and Y}, are correlated and/or have
non identical distribution. If the repeated measures are associated or outcome
variables have different distributions at different time points, neither the GEE
nor ALR are adequate to portray the relationship between the covariates and the
response variable.

The simulation study also indicates that there is no noticeable difference among
the estimates of GEE under different correlation structures or ALR with ex-
changeable correlation. So inducing any nuisance correlation structure in the
estimation procedure does not contribute to capture the correlation among the
responses and the estimates of parameters under different correlation structures
are virtually the same. The proposed joint model, on the other hand, captures

the dependence among the repeated responses in a built-in nature. As a result,
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the proposed model provides better estimates of the covariate and outcome re-
lationship which is portrayed in the bias and coverage probability as shown in

the results of the simulation studies.

7.6 Application to HRS Data

To illustrate the proposed method, we used, as an example data, the longitudi-
nal data from the Health and Retirement Study (HRS) conducted by the Univer-
sity of Michigan [73] which is a nationally representative sample data of older
Americans. The study started in 1992 on American individuals over the age of
50 years and their spouses and the subjects are observed every two years. The
initial HRS cohort, recruited in 1992, consisted of persons born in 1931 to 1941
(then aged 51 to 61) and their spouses of any age. The data on activities in daily

living from the initial cohort was selected for this study

Activities in Daily Living Data from HRS

Difficulties in activities of daily living is a common phenomena among elderly
individuals often resulting in specific physical and mental conditions [26, 70].
The term Activities of daily living (ADLs or ADL) is used in health care to
refer to individuals daily self care activities. ADL has been added to and re-
fined by a variety of researchers since it was introduced by Sidney Katz and
his team [46] in 1950s [63]. Basic ADLs consist of self-care tasks that in-
clude bathing and showering, personal hygiene and grooming (including brush-
ing/combing/styling hair), dressing, toilet hygiene, transferring, as measured by
the ability to walk, get in and out of bed, and get into and out of a chair and
self-feeding [46, 78]. While basic definitions of ADLs have been suggested,
what specifically constitutes a particular ADL for each individual may vary.

Identification of group of individuals with difficulty in performing ADL is very
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important to ensure proper assistance and care for elderly people. For illustra-
tion of the proposed joint model using quasi-likelihood method and comparison
of the proposed method with other selected methods, in this study, we consid-
ered ADL data from Health and Retirement Study [72]. The subset of HRS
data with respondents from round 10, round 11 and round 12 from the initial
HRS cohort (recruited in 1992, consisted of persons born in 1931 —41) was
considered. In round 10, the sample size of the HRS cohort was 13593. The
sample size was reduced to 7889 due to dropping of cases with missing values
of outcome variable at round 10. The sample size was further reduced to 7124
at round 11 due to dropping cases with missing values of outcome variables at
round 11 and and to 6246 at round 12 after dropping cases with missing values
of outcome variables at round 12. Seven more cases were dropped due to miss-
ing values in the covariates. Finally the complete panel data of size 6239 from
the rounds for 2010,2012 and 2014 have been used to illustrate the proposed
quasi likelihood method and to compare with selected methods in this study.
In HRS data [73], the variables on activities of daily living (ADL) included
dressing, walking across room, bathing, eating, getting in/out of bed and using
toilet. We constructed a binary outcome variable named Difficulty in Activities
of Daily Living or DADL with values 0 and 1 (No difficulty = 0 and at least one
difficulty = 1). The covariates are age, gender (Male= 1), marital status (Mar-
ried or partnered= 1), ethnicity: White (White= 1) and education in years. The
estimates of covariate effects on difficulties in activities of daily living using
GEE, ALR and the proposed model are obtained and the findings are discussed
as follow.

The estimates of covariate effects using GEE and ALR under different correla-
tion structures are shown in Table 7.6 and estimates of covariate effects using

the proposed model are shown in Table 7.7.
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Table 7.6: GEE and ALR for estimating covariate effects on difficulty in activities of
daily living using HRS data

Covariates GEE(Independent) GEE(Exchangeable)

I6] SE(3) p-value I] SE(B) p-value
Intercept -2.400 0.419  0.000 -3.549 0410 0.000
Age 0.039  0.005  0.000 0.055 0.005  0.000
Gender -0.083 0.061  0.175 -0.143  0.061  0.019
Marital Status -0.457 0.056  0.000 -0.368 0.053  0.000
Ethnicity: White -0.277 0.068  0.000 -0.297 0.069  0.000
Education -0.123  0.009  0.000 -0.122 0.009  0.000
Covariates GEE(Autoregressive) ALR(Exchangeable)

B SE(B) p-value B SE(3) p-value
Intercept -3.256  0.407  0.000 -3.438 0.420 0.000
Age 0.051  0.005  0.000 0.053  0.005  0.000
Gender -0.153 0.061  0.013 -0.130 0.061  0.043
Marital Status -0.360 0.053  0.000 -0.375 0.053  0.000
Ethnicity: White -0.294 0.069  0.000 -0.299 0.069  0.000
Education -0.125 0.009  0.000 -0.121  0.009  0.000

The GEE model under the assumption of independence detects that age, marital
status, white ethnicity and education were significantly associated with DADL.
GEE model under the assumption of exchangeable and autoregressive correla-
tion and the ALR model under the exchangeable correlation showed that all the
selected variables, including gender, were significantly associated with DADL.
Clearly, the GEE models model the average relationship among covariates and
outcome over different follow ups.

The table 7.7 described the effects of covariates on the difficulty in daily ac-
tivities at different follow ups. We observed that the effects of the covariates
were not the same on DADL. In the 10th and 11th round of HRS, age, marital
status, White ethnicity and education were significantly associated with diffi-
culty in activities of daily living (DADL). Age increased the risk of DADL.
Married people or who had a partner had less risk of DADL as compared to
their single counterparts; White people had less risk of DADL and more were

the respondents educated, less they experienced DADL.
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Table 7.7: Marginal-conditional model for estimating covariate effects on difficulty in activities of daily living using HRS data

B1 SE(B;) p-value B21 SE(B21) p-value (312 SE(B312) p-value
Intercept -1.313 0.480 0.006 -2.035 0.480 0.000 -2.643  0.455 0.000
Age 0.026 0.006 0.000 0.032 0.006 0.000 0.044 0.006 0.000
Gender -0.091 0.079 0.245 0.001 0.076 0.988 -0.124 0.070 0.075
Marital Status -0.407 0.076 0.000 -0.465 0.074 0.000 -0.472 0.067 0.000
Ethnicity: White -0.351 0.085 0.000 -0.293  0.084 0.000 -0.203 0.078 0.010
Education -0.136  0.011 0.000 -0.114 0.010 0.000 -0.122 0.010 0.000
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In the 10th and 11th rounds, gender had no significant association with DADL.
In round 12, along with age, marital status, white ethnicity and education, gen-
der also had significant association with DADL. Nevertheless, effect of all co-
variates differ at different follow ups as shown by the varying parameter esti-
mates at different round. For example, the estimates of regression parameter for
covariate age in 10th 11th and 12th round are 0.026, 0.032 and 0.044 respec-
tively.

These findings confirm our assertion that the GEE based models which are ex-
tensively used fails to specify the covariate effects adequately when the co-
variate effects are possibly different at different time points in case of a lon-
gitudinal data and might give us misleading conclusions. A joint model based
on marginal-conditional approach explains the covariate effects more explicitly

and more meaningfully and is suggested in such cases.

7.7 Conclusion

In this chapter we proposed a joint model using a marginal-conditional ap-
proach in the quasi-likelihood set up for modelling correlated binary data along
with necessary related tests. In a marginal-conditional model, the relationship
among covariates and outcome variables are studied at different time points
and hence the models are expected to portray the outcome-covariate relation-
ship in a more meaningful and explicit way as compared to GEE or ALR based
on marginal approaches. Unlike GEE or GEE based approaches, the proposed
method do not need to estimate any correlation parameter but takes care of the
probable correlation among repeated outcomes in a built in nature and estimates
the covariate effects on the response variable more effectively. This model can
be extended for any number of repeated measures without complicating the the-
ory. For outcome variables with known distributions, the proposed method can

simply be used with likelihood based estimation procedures as shown in Chap-
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ter 5 and Chapter 6.

The simulation studies showed that estimates of parameters of GEE and ALR
performed well in terms of bias and coverage probability when the outcome
variables are independent and identically distributed and the estimates of the
proposed model are competitive to GEE and ALR. When the outcome vari-
ables are correlated or the distribution of outcome variables are not identical,
estimates of the proposed method has less bias and a better coverage probability
than GEE or ALR and hence would be a better choice than those methods in
analysing correlated binary data. From the simulation study and the applica-
tion of GEE, ALR and the proposed method on HRS data, it is evident that the
proposed method is expected to provide more specified model in a simpler set
up and the results are expected to be more useful to the theoreticians and the

practitioners.
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Chapter 8

Conclusion

8.1 Introduction

The repeated responses on each individual are expected to be correlated which
is a major feature of the longitudinal data and this makes the analysis of such
data challenging. Two common approaches for analysing correlated binary out-
comes are marginal and conditional modelling. In the theoretical and applied
literature of statistical data analysis, there is an apparent agreement that the
selection of a model must depend on the question under study, but the disagree-
ment over when to choose which model is yet to be settled [60]. This study is an
attempt to contribute in this area by proposing a joint model based on marginal
conditional approach for analysing longitudinal data, using likelihood methods

when applicable (Chapter 5). We studied the properties of the proposed joint
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models in terms of bias and 95% coverage probability of the estimates (Chapter
6). We also developed a new model for repeated measures data with unknown

distribution under the set up of a quasi-likelihood method (Chapter 7).

8.2 Major Findings

The first objective of this study was to examine selected popular methods for
analysing repeated binary data in order to figure out the advantages and limita-
tions of the approaches and to examine the selected methods to study how these
methods addressed the dependence relationship among the repeated responses.
We discussed on the marginal models, GEE and ALR in details (Chapter 3
and Chapter 4) in terms of assumptions, correlation structures, estimation tech-
niques and the advantages and limitations of the approaches. We diagnosed
that a major limitation of the marginal models lie in the way they address the
correlation among repeated responses. We showed that

e GEE, ALR and the model suggested by Zeger et al. [80] are based on
induced correlations which may be far from the true scenario (section 4.3,
4.4 and 4.5, Chapter 4);

¢ inducing a correlation structure in GEE contradicts with the basic assump-
tions of GEE unless the correlation structure considered is independent
correlation (section 4.3, Chapter 4);

e the induced correlation used in Zeger et al. [80] does not reflect the true
correlation (section 4.5, Chapter 4);

e Darlington and Farewell [16]’s model was close to address the correlation
among the repeated responses, however, their method could not address
the correlation completely as they did not consider all possible transition
or conditional probabilities in second or higher follow ups (section 4.6,

Chapter 4).
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The second objective was to propose a joint model as an alternative to GEE or
ALR for the analysis of longitudinal binary data incorporating the true depen-
dence of repeated outcomes using likelihood based methodologies.

In Chapter 5 we proposed, as alternatives to GEE or ALR, three joint models
based on marginal conditional approach. Among the three models, the first one,
(MCM1), is an extension of Darlington and Farewell [16]’s model, second one,
MCM?2, is the joint model proposed by Islam et al. [43]. The third one, MCM3,
is a joint model based on an extended regressive model Islam et al. [42].

Note that the joint models based on a marginal conditional approach is not a
new approach from the technical point of view. But the joint models of the
earlier works mainly focused on the estimates of marginal and transition prob-
abilities, testing the association parameter and/or order of dependence among
repeated outcomes [3, 35, 36, 38, 40, 43].

Although the estimation of parameters of the models to study the dependence
relationship among covariates and outcome variables are available in literature,
but the properties of the estimates were not. The following theoretical explo-
ration was done in the study.

e The idea of using a marginal conditional model to estimate the covariate
effects on repeated measures data is proposed in Chapter 5 and the proper-
ties of the joint models in terms of bias, standard error and 95% coverage
probability of the estimates are demonstrated in Chapter 6.

e The proposed model 2 (MCM?2) for longitudinal binary data can easily
be extended for exponential family members. The likelihood function,
the score equations and information matrix as well as the relevant test
procedure to test the overall model and the individual parameters were

described for exponential family.
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e Since the number of parameters of proposed model 2 increases rapidly
with increase in the number of repeated outcomes on one individual, we
proposed the use of a joint model using extended regressive model ap-
proach [42] which we denoted as proposed model 3 or MCM3.

We conducted a number of simulation studies to examine the properties of the
proposed joint models based on marginal-conditional approach and to compare
them with GEE and ALR in terms of bias, standard error and 95% coverage
probability. The simulation studies are conducted under different conditions:
repeated outcomes are (i) independent and identically distributed, (if) indepen-
dent but not identically distributed and (iii) associated (section 6.3, Chapter 6).
We observed that

e the biases of estimates of the proposed joint models are very small and
the coverage probability of the estimates are more than 90%.

o the estimates of the parameters of GEE and ALR performed well in terms
of bias and coverage probability when the outcome variables are identi-
cally and independently distributed and all three proposed joint models
show competitive bias and coverage probability.

e When the outcome variables are not identical and/or are correlated, the
estimates of the parameters of the proposed models perform better than
GEE or ALR with smaller bias and better coverage probability.

Another important objective of this study was to propose a new marginal con-
ditional model under a quasi-likelihood setup for the analysis of longitudi-
nal binary data when the distribution of the repeated outcomes are assumed
to be unknown. This study showed the development of a new model based
on quasi-likelihood approach. The corresponding quasi-likelihood functions,
quasi-estimating equations for parameters of the proposed models along with
score equations and information matrix, and related tests of hypothesis are also

developed (Chapter 7).
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To study the properties of the estimates of the parameters (bias, 95% coverage
probability) of the proposed new model under quasi likelihood set up, and to
compare the proposed model with GEE and ALR, we conducted another set of
simulation studies under varying conditions. We found that

o the estimates of the parameters of GEE and ALR performed well in terms
of bias and coverage probability only when the outcome variables are
identically and independently distributed. Note that the proposed new
model using quasi-likelihood approach shows competitive results (similar
bias and coverage probability).

e When the outcome variables are not identical and/or are correlated, the
estimates of the proposed method has less bias and a better coverage prob-
ability than GEE or ALR.

Finally, we used HRS data [73] to illustrate the proposed models and showed
that the proposed method is expected to provide more specified model in a

simpler set up as compared to popular GEE or ALR.

8.3 Recommendations

It is evident from the study that, marginal models can be useful, given that the
scientific question explicitly requires such a model formulation. But a joint
model based on a marginal-conditional approach is a more logical choice to
explain how covariates are associated with a nonnormal response at different
time points. We recommend the use of proposed marginal conditional models
(Proposed models 1, 2 and 3 or MCM1, MCM?2 and MCM3), based on likeli-
hood methods and the newly developed marginal conditional model based on
quasi-likelihood approach as better alternatives of GEE or related approaches
for correlated binary outcomes because

e the proposed models are simple and easy to fit, understand and interpret;
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8.4

they consider the true correlation among the repeated measures in a built-
in nature and there is no need to estimate any correlation parameter;

they can be extended to any number of follow ups without complicating
the theory.

performance of the proposed models is similar to GEE or ALR in terms
of bias of the estimators and coverage probability when the repeated out-
comes are independent and identically distributed;

the proposed models perform better than GEE or ALR when the repeated
outcomes are not independent and/or identically distributed at different

time points.

Further Scope of Study

An extension of this study could be developing the procedure of missing data

analysis in marginal conditional models (MCM). Further scopes of this study

may also include a comparison of the proposed marginal conditional models

with generalized linear mixed models.
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Al. R Codes for MCM2, GEE and ALR in Chapter 6

HEHAHHAH B H AR RS HAS R EHAHE FUNCTIONS #####8#######EHAHHAHHEH#HH
HHHHHH R R R Generating data Y1 and Y2  #########HHEHHHHHS
modsim<-function(N,interceptl,intercept2,betal,beta2, gammal,x1){
## simulate y1

id <- 1:N

xbeta <- interceptl + betal *x1

probal <- exp(xbeta)/(1 + exp(xbeta))

Y1 <- ifelse(runif(N,0,1) < probal,1,0)

# print(table(Y1)) # print(probal)

# simulate y2

xbeta2 <- intercept2 + beta2 *x1 + gammal * Y1
proba2 <- exp(xbetal2)/(1 + exp(xbeta2))

Y2 <- ifelse(runif(N,0,1) < proba2,1,0)

# print(table(Y2))

dat <- data.frame(id,Y1,Y2,x1,x1)
alp<-cor(dat[2:3])
pij<-data.frame(probal, proba2)

sdatacor<-list(alp, dat, pij)

# print(sdatacor)

return(sdatacor)

}

HESHH R R H R simulation ###HHHHEHEH BRI
# Data is generated for the models:

# Y1 = interceptl + betal * x1;

# Y2 = intercept2 + beta2 * x2 + gammalx*xYl;
#

#

#

initial values required are
totsim: total number of simulation,
t.seed: seed,
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N: sample size,

interceptl

intercept2 :

betal:

beta2:

x1:
newsimbr<-function(totsim,t.seed,N,interceptl,
intercept2,betal,beta2,gammal,x1)

{for (i in 1:totsim){

cat("i=",1i,"\n")

dd<- modsim(N,interceptl,intercept2,betal,beta?,
gammal,x1)

sdata<-data.frame(dd[2])
colnames(sdata)<-c("id", "Yi",6"y2" "xi" K6 "x2")
pij<-data.frame(dd[3])

#correlation matrix of Y1, Y2
cmatr<-data.frame(dd[1])

#correlation between Y1 and Y2
calpha<-cmatr[1,2]

sdata0l<-subset (sdata,Y1==0)
sdatall<-subset(sdata,Y1==1)

#
#
#
#
#
#

###### Fitting Models with parameters #############
##### betal, beta2, betaOl, and betall ############
print ("++++++++models+++++++++")

# Fitting model with parameters betal

modl <-glm(Y1~"x1,family=binomial,data=sdata)

#### Fitting model with parameters beta2

mod2 <-glm(Y2"x1,family=binomial,data=sdata)

#### Fitting model with parameters betaOl
mod01<-glm(¥Y2~x1,family=binomial,data=sdata01l)

#### Fitting model with parameters betall
mod11<-glm(Y2"x1,family=binomial,data=sdatall)

###### Add models for GEE
###### Rearrange the data
dati<-sdatal,c(1,2,4)]
dat2<-sdatal,c(1,3,4)]
colnames(datl)<-c("id","Y","x1")
colnames(dat2)<-c("id","Y","x1")

dat<-rbind(datl,dat2)
dat<-arrange(dat,id)

#print (head(dat))
colnames(dat)<-c("id", "Y", "x1")

## Fitting GLM for beta
mod<-glm(Y~x1, family=binomial, data=dat)

geel<-geeglm(Y"x1,family=binomial ("logit"),id=id,

corstr="independence",std.err="san.se",data=dat)
print (summary (geeI))
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geeE<-geeglm(Y"x1,family=binomial (1ink="logit"),id=id,
corstr="exchangeable",std.err="san.se",data=dat)
print (summary (geeE))

geeA<-geeglm(Y~x1,family=binomial ("logit"),
id=id, corstr="arl",std.err="san.se",data=dat)
print (summary(geel))

# Add models for ALR

alrmod <- alr(dat$Y ~ dat$xl, id=dat$id,
depm="exchangeable", ainit=0.2)

print (summary(alrmod))
alralpha<-alrmod$alpha

#### Test for the equality of parameters of
#### marginal and conditional models.

dpt<- dtest(trtOl=modO1,trtlil=modll,trt2=mod2)
# print(dpt)

# Add results of GEE and ALR in allres
# "allres" is the collection of all results

allres<-data.frame(cbind(
matrix(mod$coefficients,nrow=1),

matrix (summary(modl)$coeff [,4] ,nrow=1),
matrix(modi$coefficients,nrow=1),

matrix (summary(modl)$coeff [,4] ,nrow=1),
matrix(mod2$coefficients,nrow=1),

matrix (summary (mod2)$coeff[,4] ,nrow=1),
matrix(mod0i$coefficients,nrow=1),

matrix (summary(mod01)$coeff[,4] ,nrow=1),
matrix(modli$coefficients,nrow=1),

matrix (summary(mod11l)$coeff[,4],nrow=1),
matrix(geeI$coefficients,nrow=1),

matrix (summary(geel)$coeff[,4] ,nrow=1),
matrix(geeE$coefficients,nrow=1),

matrix (summary(geeE) $coeff [,4] ,nrow=1),
matrix(geeA$coefficients,nrow=1),

matrix (summary(geeA)$coeff [,4] ,nrow=1),
matrix(alrmod$coefficients, nrow=1), alralpha,
matrix (summary(mod)$coefficients[,2], nrow=1),
matrix (summary(modl)$coefficients[,2], nrow=1),
matrix (summary(mod2)$coefficients[,2], nrow=1),
matrix (summary(mod01)$coefficients[,2], nrow=1),
matrix (summary(modl1)$coefficients[,2], nrow=1),
matrix (summary(geeI)$coefficients[,2], nrow=1),
matrix (summary(geeE)$coefficients[,2], nrow=1),
matrix (summary(geeA)$coefficients[,2], nrow=1),
matrix (summary(alrmod)$coefficients[,2], nrow=1),
interceptl,intercept2,betal,beta2,gammal,
cbind(dpt[1,c(2,4)],dpt[2,c(2,4)],dpt[3,c(2,4)],
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dpt[1,3]), t.seed

)

if (i==1){

myres<-allres

}

if (>1)1
myres<-rbind(myres,allres)
}} ## end of simulation

# Add column names to the results

colnames (myres)<-c("mb0", "mb1", "mpO", "mpl",
"mib0","mib1","m1p0","mipl", "m2b0","m2b1l", "m2p0","m2pl",
"m01b0", "m0O1b1","m01p0", "mO1pl", "m11bO","m11b1l","m11pO","milipl",
"geeIb0", "geeIlbl",'"geeIbOpO",'"geelblpl",

"geeEbO", "geeEbl","geeEbOpO","geeEblpl",

"geeAbO", "geeAbl","geeAbOpO",'"geeAblpl",

"alrbO", "alrbl", "alralpha",

"mbOse", "mblse","mlbOse", "mlblse",

"m2b0se", "m2blse","mO1bOse", "mOlblse",

"m11bOse", "mllblse",'"geeIbOse", "geelblse",

"geeEbOse", '"geeEblse",'"geeAbOse", "geeAblse",

"alrbOse", "alrblse",
"interceptl","intercept2","betal","beta2","gammal",
"p01biich" R "pV" R "b01b2ch" R "pV" R "b11b2ch" s "pV" s ngfn s
"t.seed")

res<-list(myres)

return(res)

} # end function

########Function for testing #####HHH#HHHHHHHHHHHAH
########the equality of beta 1 and beta 2##########

dtest<-function(trt01l,trtil,trt2){

col <-matrix(trtOil$coefficients,nrow=1) #Model 01
co2 <-matrix(trtii$coefficients,nrow=1) #Model 11
co4 <-matrix(trt2$coefficients,nrow=1) #Model 2(y2)
nvr <-dim(co4) [2]

# cat("nvr") # Number of variables

# print(avr)

scl <- vcov(trt01l)

sc2 <- vcov(trtil)

sc4d <- vcov(trt2)

#cat("scl") # print(scl) # print(sc2)

# print(dim(scl)) # print(dim(sc2)) # print(sc4)

## testing betall vs. betall
pabl <- scl+sc2
tt2 <- matrix((col-co2) ,nrow=1)

ch3 <- tt2¥xYsolve(pabl) %*x%t (tt2)
chp3 <- 1-pchisq(ch3, nvr,ncp=0,
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lower.tail = TRUE, log.p = FALSE)
## testing betall vs. beta2

pab4 <- scl+scd

tt3 <- matrix((col-co4),nrow=1)
chd <~ tt3 Y%x%solve(pabd)*%t (tt3)
chp4 <- 1-pchisq(ch4, nvr,ncp=0,
lower.tail = TRUE, log.p = FALSE)

## testing betall vs. beta2

pabb <- sc2+scd

tt4 <- matrix((co2-co4),nrow=1)
chb <- tt4 Yx*Ysolve(pab5)%*%t (tt4d)
chp5 <- 1-pchisq(ch5, nvr,ncp=0,
lower.tail = TRUE, log.p = FALSE)

chtv<-rbind(ch3,ch4,chb5)
chpv<-rbind(chp3, chp4, chp5)

rrn<-c("Beta_01 VS Beta_11:",

"Beta_01 VS Beta_2:","Beta_11 VS Beta_2:")
deres<-data.frame(Test=rrn,chi_square=chtv,
d.f.=nvr,p_value=chpv)

return(deres)

} # end of function

HESHHBHHHHAFHHBHHH RS HBAEHHBHHHRA SRR B H R R RS R R R S
## Codes for the Simulation Studies for MCM2, GEE and ALR ########
## in Chapter 6 #######H#HH##HHHH#RTH1H
HEHBHHAHBHHAHHAHBHHAHHEHBHHAH RS HBHHAH B HBHH AR RS H R AR RS H AR H B HAH
library (MASS)

library(magic)

library(geepack)

library(dplyr)

library(alr)

t.seed <- 3456

set.seed(t.seed)

totsim <- 1000 ## Number of Simulations
N <- 200 ## Sample Size
t <- 2 ## Number of observations per subject

#TRIAL1# Identical population, non-correlated data

interceptl <- 0.5; intercept2 <- 0.5; betal <- 0.2
beta2 <- 0.2; gammal <- 0.0

#TRIAL2# Identical population, correlated data

interceptl <- 0.5; intercept2 <- 0.5; betal <- 0.2
beta2 <- 0.2; gammal <- 1.0
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#TRIAL3# Non-Identical, non-correlated data

interceptl <- 0.5; intercept2 <- 0.2; betal <- 0.2

beta2 <- 0.7; gammal <- 0.0

#TRIAL 4# Non-Identical, correlated data

interceptl <- 0.5; intercept2 <- 0.2;

beta2 <- 0.7; gammal <- 1.0

HUBBHHHHHHH B R R R R R

x0<- rep(1, N)
x1 <- rbinom(N, 1,

.5)

init <-c(0.4, 25, 0.25)
bta<-c(init[1], init[2], init[3])
source("G:/phd/R_codes/model.R")

mysim2<- newsimbr(totsim,t.seed,N,interceptl,

intercept2,betal,beta2,gammal,x1)

mysim<-data.frame(mysim2)

i<-1

for(i in 1: length(mysim$m01b0))
{ if(mysim$mOiblse[i]l> 2.0)

{nysim<-mysim[-i,]
i<-i+1

}

}

totsim<-length (mysim$m01b0)

i-1

for(i in 1: length(mysim$m01b0))
{ if(mysim$mliblise[i]> 2.0)

{nysim<-mysim[-i,]
i<-i+1

}

3

totsim<-length(mysim$m01b0)

est.mbO<-mean (mysim$mbO)
est.mbl<-mean(mysim$mbl)

biasl.mbO<-mean(interceptl-mysim$mb0)

#Bias from interceptl
biasl.mbl<-mean(betal-mysim$mib1l)

#Bias from betal

bias2.mb0<-mean(intercept2-mysim$mb0)

#Bias from intercept2
bias2.mbl<-mean(beta2-mysim$mibl)

#Bias from beta2
lcimbO<-mysim$mbO
ucimb0<-mysim$mbO
lcimbi<-mysim$mbl
ucimbl<-mysim$mbl

+

+

1.96*mysim$mbOse
1.96*mysim$mbOse
1.96*mysim$mbise
1.96*mysim$mbise

betal

### CP for interceptl and betal ### Model P(Y_ij=1[X)
CP1mbO<-rep(0, totsim)
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CPlmbl<-rep(0, totsim)

for(i in 1: length(lcimb0)){

if (intercepti<=ucimbO[i] & interceptl>=lcimbO[i])
{CP1mbO[i]<-1}

if (betal<ucimbi[i] & betal>lcimbil[i])
{CP1mb1[i]l<-1}

}

CP1m.b0<-mean (CP1mb0)
CP1im.bi<-mean(CPimb1)

se.mb0<-mean (mysim$mbOse)
se.mbl<-mean(mysim$mbise)

### CP for intercept2 and beta2 ## Model P(Y_ij=1[X)
CP2mb0O<-rep(0, totsim)

CP2mb1<-rep(0, totsim)

for(i in 1: length(lcimb0)){

if (intercept2<=ucimb0[i] & intercept2>=lcimbO[i])
{CP2mbO [i]1<-1}

if (beta2<ucimbl[i] & beta2>lcimbil[i])
{CP2mb1[i]<-1}

}

CP2m.b0<-mean (CP2mb0)

CP2m.bl<-mean(CP2mb1)

est.m1b0<-mean (mysim$mib0)
est.mibl<-mean(mysim$mibl)
bias.mlbO<-mean(interceptl-mysim$mib0)
bias.mlbl<-mean(betal-mysim$mibl)
lcimlbO<-mysim$mib0 - 1.96*mysim$mibOse
ucimlb0<-mysim$mib0 + 1.96*mysim$mibOse
lcimlbl<-mysim$mibl - 1.96*mysim$miblse
ucimlbl<-mysim$mibl + 1.96*mysim$miblse

### CP of interceptl and betal ## Model P(Y1=1[X)
CPm1b0<-rep(0, totsim)

CPmlbi<-rep(0, totsim)

for(i in 1: length(lcim1b0)){

if (interceptl<=ucimibO[i] & interceptl>=lcimib0[i])
{CPm1bO[il<-1}

if (betal<ucimlbi[i] & betal>lcimlbi[i])
{CPmib1[i]<-1}

}

CPm1.b0<-mean (CPm1b0)

CPml.bl<-mean(CPmib1l)

se.mlb0<-mean(mysim$mibOse)
se.mlbl<-mean(mysim$mibise)

est.m2b0<-mean (mysim$m2b0)
est.m2bl<-mean(mysim$m2b1)
bias.m2b0<-mean(intercept2-mysim$m2b0)
bias.m2bl<-mean(beta2-mysim$m2b1)
lcim2bO<-mysim$m2b0 - 1.96*mysim$m2bOse
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ucim2b0<-mysim$m2b0 + 1.96*mysim$m2bOse
lcim2bl<-mysim$m2bl - 1.96*mysim$m2blse
ucim2bl<-mysim$m2bl + 1.96*mysim$m2blse

### CP for intercept2 and beta2 ## Model P(Y2=1|X)
CPm2b0<-rep(0, totsim)

CPm2b1<-rep(0, totsim)

for(i in 1: length(lcim2b0)){

if (intercept2<ucim2b0[i] & intercept2>lcim2bO[i])
CPm2b0[i]<-1

if (beta2<ucim2b1[i] & beta2>lcim2bl[i])
CPm2b1[i]<-1

}

CPm2.b0<-mean (CPm2b0)

CPm2.b1l<-mean(CPm2b1)

se.m2b0<-mean (mysim$m2bOse)

se.m2bl<-mean (mysim$m2blse)

est.m01b0<-mean (mysim$m01b0)
est.mO1bi<-mean(mysim$mO1ib1)
bias.m01bO<-mean(intercept2-mysim$m01b0)
bias.mOlbl<-mean(beta2-mysim$mO1ib1)
1cim01b0<-mysim$m01b0 - 1.96*mysim$mO1bOse
ucim01b0<-mysim$m01b0 + 1.96*mysim$mO1bOse
lcimO1b1<-mysim$mOibl - 1.96*mysim$mOlbise
ucim01bi<-mysim$mO1bl + 1.96*mysim$mOlblse

### CP of intercept2 and beta2 # Model 0-1 P(Y2=1|Y1=0,X)
CPm01b0<-rep(0, totsim)

CPm01b1<-rep(0, totsim)

for(i in 1: length(lcim01b0)){

if (intercept2<ucim01b0[i] & intercept2>1cim01b0[i])
CPm01b0[i]<-1

if (beta2<ucim01b1[i] & beta2>1cimO1bi[i])
CPmO1b1[i]<-1

}

CPm01.b0<-mean (CPm01b0)

CPmO1.bl<-mean (CPm01b1)

se.m01b0<-mean (mysim$mO1bOse)
se.mO1bl<-mean(mysim$mOlblise)

est.m11b0<-mean(mysim$m11b0)
est.mllbl<-mean(mysim$miibl)
bias.ml11bO<-mean((intercept2+gammal)-mysim$m11b0)
bias.mllbl<-mean((beta2)-mysim$miibl)
lcim11b0<-mysim$ml1ib0 - 1.96*mysim$milbOse
ucim11b0<-mysim$m11b0 + 1.96*mysim$mlibOse
lcimlibl<-mysim$mlibl - 1.96*mysim$mliblse
ucimllbl<-mysim$miibl + 1.96*mysim$mlliblse

### CP of intercept2 and beta2 # Model 1-1 P(Y2=1|Y1=1,X)
CPm11b0<-rep(0, totsim)
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CPm11bl<-rep(0, totsim)

for(i in 1: totsim){

if (intercept2+gammail<ucim11b0[i]
& intercept2+gammal>lcim11b0[i])
CPm11b0[i]<-1

if (beta2<ucim11bi[i] & beta2>lcimlibi[i])
CPm11b1[i]<-1

}

CPm11.b0<-mean(CPm11b0)
CPm11.bl<-mean(CPm11b1)
se.m11b0<-mean (mysim$ml1ibOse)
se.mlibl<-mean(mysim$miibise)

est.geeIb0<-mean(mysim$geeIbO)
est.geelbl<-mean(mysim$geeIbl)
biasl.geeIbO<-mean(interceptl-mysim$geeIb0)
biasl.geeIbl<-mean(betal-mysim$geeIbl)
bias2.geeIb0O<-mean(intercept2-mysim$geeIb0)
bias2.geeIbl<-mean(beta2-mysim$geeIbl)
lcigeeIbO<-mysim$geeIbO - 1.96*mysim$geeIbOse
ucigeeIb0<-mysim$geeIbO + 1.96*mysim$geeIbOse
lcigeeIbl<-mysim$geeIbl - 1.96*mysim$geelblse
ucigeeIbl<-mysim$geeIlbl + 1.96*mysim$geelblse

### CP for interceptl and betal ## Model geel

CPlgeeIbO<-rep(0, totsim)

CPlgeeIbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercepti<ucigeeIbO[i] & interceptl>lcigeeIbO[i])
CP1geeIbO[i]<-1

if (betal<ucigeeIbl[i] & betal>lcigeeIbl[i])
CP1geelbl[i]<-1

}

CP1geel.b0<-mean(CP1lgeelIb0)
CPlgeeI.bl<-mean(CPlgeelIbl)

### CP for intercept2 and beta2 ## Model geel
CP2geeIb0<-rep(0, totsim)

CP2geeIbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercept2<ucigeeIbO[i] & intercept2>lcigeeIbO[i])
CP2geeIb0[i]<-1

if (beta2<ucigeelIbl[i] & beta2>lcigeeIbl[i])
CP2geelbl[i]<-1

}

CP2geeI.b0<-mean(CP2geeIb0)
CP2geel.bl<-mean(CP2geelbl)
se.geeIbO<-mean(mysim$geeIbOse)
se.geelbl<-mean(mysim$geelblse)

est.geeEbO<-mean (mysim$geeEbO)
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est.geeEbl<-mean(mysim$geeEbl)
biasl.geeEbO<-mean(interceptl-mysim$geeEbO)
biasl.geeEbl<-mean(betal-mysim$geeEbl)
bias2.geeEbO<-mean(intercept2-mysim$geeEbO)
bias2.geeEbl<-mean(beta2-mysim$geeEbl)
lcigeeEbO<-mysim$geeEb0 - 1.96*mysim$geeEbOse
ucigeeEbO<-mysim$geeEbO + 1.96*mysim$geeEbOse
lcigeeEbl<-mysim$geeEbl - 1.96*mysim$geeEblse
ucigeeEbl<-mysim$geeEbl + 1.96+mysim$geeEblse

### CP for interceptl and betal ## Model geeE
CP1geeEbO<-rep(0, totsim)

CPlgeeEbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercepti<ucigeeEbO[i] & interceptl>lcigeeEbO[i])
CP1geeEbO[i]<-1

if (betal<ucigeeEb1[i] & betal>lcigeeEbl[i])
CP1geeEb1[i]<-1

}

CP1lgeeE.b0<-mean (CP1geeEb0)
CPlgeeE.bl<-mean(CPlgeeEbl)

### CP for intercept2 and beta2 ### Model geeE
CP2geeEbO<-rep(0, totsim)

CP2geeEbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercept2<ucigeeEbO[i] & intercept2>lcigeeEbO[i])
CP2geeEbO[i]<-1

if (beta2<ucigeeEb1[i] & beta2>lcigeeEb1[i])
CP2geeEbl[i]<-1

}

CP2geeE.b0<-mean (CP2geeEb0)

CP2geeE.bl<-mean (CP2geeEbl)

se.geeEbO<-mean (mysim$geeEbOse)
se.geeEbl<-mean(mysim$geeEblse)

est.geeAbO<-mean(mysim$geeAbO)
est.geeAbl<-mean(mysim$geeAbl)
biasl.geeAbO<-mean(interceptl-mysim$geeAbO)
biasl.geeAbl<-mean(betal-mysim$geeAbl)
bias2.geeAbO<-mean(intercept2-mysim$geeAbO)
bias2.geeAbl<-mean(beta2-mysim$geeAbl)
lcigeeAbO<-mysim$geeAbO - 1.96*mysim$geeAbOse
ucigeeAbO<-mysim$geeAbO + 1.96*mysim$geeAbOse
lcigeeAbl<-mysim$geeAbl - 1.96*mysim$geelblse
ucigeeAbl<-mysim$geeAbl + 1.96*mysim$geelAblse

### CP for interceptl and betal #### Model geelA
CP1lgeeAbO<-rep(0, totsim)

CPlgeeAbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercepti<ucigeeAbO[i] & interceptl>lcigeeAbO[i])
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CP1geeAbO[i]<-1

if (betal<ucigeeAbl[i] & betal>lcigeeAbl[i])
CPigeeAbl[i]<-1

}

CPlgeeA.b0<-mean(CP1lgeeAbO)
CPlgeeA.bl<-mean(CPlgeeAbl)

### CP for intercept2 and beta_2 ## Model geeA
CP2geeAbO<-rep(0, totsim)
CP2geeAbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercept2<ucigeeAbO[i] & intercept2>lcigeeAbO[i])
CP2geeAbO[i]<-1

if (beta2<ucigeeAbl[i] & beta2>lcigeeAbl[i])
CP2geeAbl1[i]<-1

}

CP2geel .b0<-mean (CP2geeAb0)

CP2geeA .bl<-mean(CP2geeAbl)
se.geeAbO<-mean(mysim$geeAbOse)
se.geeAbl<-mean(mysim$geeAblse)

est.alrbO<-mean(mysim$alrb0)
est.alrbi<-mean(mysim$alrbl)
biasl.alrbO<-mean(interceptl-mysim$alrb0)
biasl.alrbi<-mean(betal-mysim$alrbl)
bias2.alrbO<-mean(intercept2-mysim$alrb0)
bias2.alrbil<-mean(beta2-mysim$alrbl)
lcialrbO<-mysim$alrbO - 1.96*mysim$alrbOse
ucialrbO<-mysim$alrb0 + 1.96*mysim$alrbOse
lcialrbi<-mysim$alrbl - 1.96*mysim$alrbise
ucialrbil<-mysim$alrbl + 1.96*mysim$alrblse

### CP for interceptl and betal ## Model alr
CPlalrbO<-rep(0, totsim)

CPlalrbi<-rep(0, totsim)

for(i in 1: totsim){

if (interceptl<ucialrbO[i] & intercepti>lcialrbO[i])
CP1lalrbO[i]<-1

if (betal<ucialrbi[i] & betal>lcialrbi[i])
CPlalrbi[i]l<-1

}

CPlalr.bO<-mean(CP1alrb0)
CPlalr.bl<-mean(CPlalrbil)

## CP for intercept2 and beta_2 ### Model alr
CP2alrb0<-rep(0, totsim)

CP2alrbi<-rep(0, totsim)

for(i in 1: totsim){

if (intercept2<ucialrbO[i] & intercept2>lcialrbO[i])
CP2alrbO[i]<-1

if (beta2<ucialrbl[i] & beta2>lcialrbi[i])
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CP2alrbi[i]<-1

}
CP2alr.b0<-mean(CP2alrb0)
CP2alr.bil<-mean(CP2alrbi)

se.alrbO<-mean(mysim$alrbOse)
se.alrbl<-mean(mysim$alrbise)

#######  Simulation Outputs

# 1. Mean of estimates # 2. Bias # 3. Cov Prob
tabl<-rbind(

cbind(est.mb0, biasl.mbO, bias2.mb0, se.mbO,
CP1im.b0, CP2m.b0),

cbind(est.mbl, biasl.mbl, bias2.mbl, se.mbi,
CPim.b1, CP2m.b1),

cbind(est.m1b0, bias.m1b0, , se.ml1bO, CPmi1.b0,),
cbind(est.mibl, bias.mlbl, ,se.mlbl, CPml.bi,),
cbind(est.m2b0,, bias.m2b0, se.m2b0, , CPm2.b0),
cbind(est.m2bl, ,bias.m2bl,se.m2bl, , CPm2.bl),
cbind(est.m01b0, ,bias.m01b0,se.m01b0, ,CPm01.b0),
cbind(est.m01bl, ,bias.m01bl,se.m01bl, ,CPmO1.b1),
cbind(est.m11b0, ,bias.m11b0,se.m11b0, ,CPm11.b0),
cbind(est.m11b1, ,bias.milbl,se.mi1bl,,CPmil.bl),
cbind(est.geeIb0, biasl.geeIbO, bias2.geeIbO,
se.geeIbO, CPlgeeIl.b0, CP2geel.Db0),
cbind(est.geelbl,biasl.geelbl, bias2.geelbl,
se.geelbl, CPlgeeI.bl, CP2geel.bl),
cbind(est.geeEbO, biasl.geeEbO, bias2.geeEbO,
se.geeEb0O, CPlgeeE.b0O, CP2geeE.b0),
cbind(est.geeEbl,biasl.geeEbl, bias2.geeEbl ,
se.geeEbl, CPlgeeE.bl, CP2geeE.bl),
cbind(est.geeAbO, biasl.geeAbO, bias2.geeAbO,
se.geeAbO, CPlgeeA.b0O, CP2geeA.b0),
cbind(est.geeAbl,biasl.geeAbl, bias2.geelbl,
se.geeAbl, CPlgeeA.bl, CP2geeA.bl),
cbind(est.alrb0,biasl.alrb0, bias2.alrb0,
se.alrb0, CPlalr.b0,CP2alr.b0),

cbind(est.alrbl, biasl.alrbl, bias2.alrbi,
se.alrbl, CPlalr.bl, CP2alr.bl))
write.csv(data.frame(tabl), "tabl.csv")

A2. R codes for MCM3, GEE and ALR in Chapter 6

HHHFHAHHH A FUNCTIONS ######## R
#H#HH AR Generating data Y1 , Y2, Y3 and Y4  ######HHHEHHHERRHHHE

modsimbonney<-function(N, intercept, betal, gammal, gamma2, gamma3, x1){
## simulate yi

id <- 1:N

xbeta <- intercept + betal *x1

probal <- exp(xbeta)/(1 + exp(xbeta))

Y1 <- ifelse(runif(N,0,1) < probal,1,0)
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# simulate y2

xbeta2 <- intercept + betal *x1 + gammal * Y1
proba2 <- exp(xbeta2)/(1 + exp(xbeta2))

Y2 <- ifelse(runif(N,0,1) < proba2,1,0)

# simulate y3

xbeta3 <- intercept + betal *x1 + gammal* Y1+ gamma2*Y2
proba3 <- exp(xbeta3)/(1 + exp(xbeta3))

Y3 <- ifelse(runif(N,0,1) < proba3,1,0)

# simulate y4

xbeta4 <- intercept + betal *x1 + gammal* Y1+ gamma2*Y2 + gamma3*Y3
probad <- exp(xbetas4)/(1 + exp(xbetad))

Y4 <- ifelse(runif(N,0,1) < proba4,1,0)

dat <- data.frame(id,¥1,Y2,Y3,Y4,x1,x1,x1, x1)
alp<-cor(dat[2:5])
pij<-data.frame(probal, proba2, proba3, proba4)

sdatacor<-list(alp, dat, pij)

# print(sdatacor)

return(sdatacor)

}

newsimbonney<—function(totsim,t.seed,N,intercept,betal,
gammal,gamma2, gamma3,x1){

for (i in 1:totsim){

cat("i=",1i,"\n")

dd<- modsimbonney (N, intercept,betal,gammal,gamma2,gamma3, x1)
sdata<-data.frame(dd[2])

colnames (sdata)<-c("id", "Yi",6"y2", "y3", "y4" B n"xiv "x2"  "x3", "x4")
# sdata<-data.frame(sdata)

pij<-data.frame(dd[3])

cmatr<-data.frame(dd[1])# correlation matrix of Y1 Y2 and Y3
calphal2<-cmatr[1,2] # correlation between Y1 and Y2
calphal3<-cmatr[1,3] # correlation between Y1 and Y3
calpha23<-cmatr[2,3] # correlation between Y2 and Y3

print ("++++++++SSSSSH++++++++")

## Regressive Models
dati<-sdatal,c(1,2,6)]
dat2<-sdatal,c(1,3,7)]
dat3<-sdatal,c(1,4,8)]
dat4<-sdatal,c(1,5,9)]
colnames(dat1)<-c("id","Y","x1")
colnames(dat2)<-c("id","Y","x1")
colnames(dat3)<-c("id","yY","x1")
colnames (dat4)<-c("id","y","x1")
dat<-rbind(datl,dat2,dat3, dat4)
dat<-arrange(dat,id)

#print (head(dat))
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#colnames(dat)<-c("id", "Y", "x1i")
geel<-geeglm(Y"x1,family=binomial ("logit"),id=id,
corstr="independence",std.err="san.se",data=dat)

# print(summary(geeI)); #print(head(dat))
geeE<-geeglm(Y"x1,family=binomial (1ink="logit"),id=id,
corstr="exchangeable",std.err="san.se",data=dat)

# print (summary(geeE))
geeA<-geeglm(Y"x1,family=binomial ("logit"),id=id,
corstr="arl",std.err="san.se",data=dat)

# print(summary(geed))

# Add models for ALR

alrmod <- alr(dat$Y ~ dat$xl, id=dat$id, depm="exchangeable", ainit=0.2)
# print(summary(alrmod))

alralpha<-alrmod$alpha

## Fitting model with parameters beta and gamma

mbon<-glm (Y4~ x1+Y1+Y2+Y3,family=binomial,data=sdata)

allres<-cbind(
matrix(mbon$coefficients,nrow=1) ,matrix (summary (mbon)$coeff[,4] ,nrow=1),
matrix(geeI$coefficients,nrow=1) ,matrix (summary(geeI)$coeff[,4] ,nrow=1),
matrix(geeE$coefficients,nrow=1) ,matrix(summary (geeE)$coeff [,4] ,nrow=1),
matrix(geeA$coefficients,nrow=1) ,matrix(summary (geel)$coeff[,4] ,nrow=1),
matrix(alrmod$coefficients, nrow=1), alralpha,

matrix (summary (mbon)$coefficients[,2], nrow=1 ),
matrix(summary(geeI)$coefficients[,2], nrow=1 ),

matrix (summary(geeE)$coefficients[,2], nrow=1 ),

matrix (summary(geeA)$coefficients[,2], nrow=1 ),

matrix (summary(alrmod)$coefficients[,2], nrow=1),
intercept,betal,gammal,gamma2,gamma3, t.seed)

if (i==1){

myres<-allres

}

if (i>1){

myres<-rbind(myres,allres)

}

} ## end of simulation

# Add column names of results matrix

colnames (myres)<-c( "mbonb0O", "mbonbl","mbongl","mbong2","mbong3",
"mbonbOp0", "mbonblpl", "mbonglpl", "mbong2p2", "mbong3p3",
"geeIb0","geelbl","geelbOp0","geelblpl",

"geeEbO", "geeEbl","geeEbOpO", "geeEblpl",
"geeAbO","geeAbl","geeAbOpO", "geeAblpl",

"alrbO", "alrbl", "alralpha",

"mbonbOse", "mbonblse","mbonglse","mbong2se","mbong3se",
"geeIbOse", "geelblse", "geeEbOse", '"geeEblse",

"geeAbOse", "geeAblse", "alrbOse", "alrblse",

"interceptl", "betal", "gammal",'"gamma2",'"gamma3","t.seed")
res<-list(myres)
return(res)

} # end function
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HERHHBHFHHHFHHBHHH B SR BB H B H RS H RS H R R RS H R  R RRR
## Codes for Running the Simulation Study for MCM3, GEE and ALR ##
HESHH B RS H R R R R R
library (MASS)

library(magic)

library(geepack)

library(dplyr)

library(alr)

t.seed <- 3456

set.seed(t.seed)

totsim <- 1000

N <- 500

t <- 4

## TRIAL 1 # non-Identical population, non-correlated data

intercept <- 0.2

betal <- 0.7
gammal <- 0.0
gamma?2 <- 0.0
gamma3 <- 0.0

x0<- rep(1, N)

x1 <- rbinom(N, 1, .5)

init <-c(0.4, 25, 0.25)
bta<-c(init[1], init[2], init[3])

source("G:/phd/R_codes/model_bonney4.R")
myresultsbn<- newsimbonney(totsim,t.seed,N,
intercept,betal,gammal,gamma2,gamma3, x1)
mysim<-data.frame (myresultsbn)

est.mbonb0<-mean (mysim$mbonb0)
est.mbonbl<-mean(mysim$mbonbl)
est.mbongl<-mean(mysim$mbongl)
est.mbong2<-mean (mysim$mbong2)
est.mbong3<-mean (mysim$mbong3)
bias.mbonbO<-mean(intercept-mysim$mbonb0)
bias.mbonbl<-mean(betal-mysim$mbonbl)
bias.mbongl<-mean(gammal-mysim$mbongl)
bias.mbong2<-mean (gamma2-mysim$mbong2)
bias.mbong3<-mean(gamma3-mysim$mbong3)
lcimbonbO<-mysim$mbonb0 - 1.96*mysim$mbonbOse

ucimbonb0<-mysim$mbonb0O + 1.96*mysim$mbonbOse
lcimbonbl<-mysim$mbonbl - 1.96*mysim$mbonblse
ucimbonbl<-mysim$mbonbl + 1.96*mysim$mbonbise
lcimbongl<-mysim$mbongl - 1.96*mysim$mbonglse
ucimbongl<-mysim$mbongl + 1.96*mysim$mbongise
lcimbong2<-mysim$mbong2 - 1.96*mysim$mbong2se
ucimbong2<-mysim$mbong2 + 1.96*mysim$mbong2se
lcimbong3<-mysim$mbong3 - 1.96*mysim$mbong3se
ucimbong3<-mysim$mbong3 + 1.96+mysim$mbong3se
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# Computing CP for b0 and bl of model 1, P(Y1=1|X)
CPm1b0O<-rep(0, totsim)

CPmlbi<-rep(0, totsim)

CPmigi<-rep(0, totsim)

CPm1g2<-rep(0, totsim)

CPm1g3<-rep(0, totsim)

for(i in 1: length(lcimbonb0)){

if (intercept<=ucimbonbO[i] & intercept>=lcimbonbO[i])
{CPm1bO[i]<-1}

if (betal<ucimbonbl[i] & betail>lcimbonbl[i])
{CPm1b1[il<-1}

if (gammal<ucimbongl[i] & gammal>lcimbongl[i])
{CPmig1[il<-1}

if (gamma2<ucimbong2[i] & gamma2>lcimbong2[i])
{CPm1g2[i]<-1}

if (gamma3<ucimbong3[i] & gamma3>lcimbong3[i])
{CPm1g3[i]l<-1}

}

CPm1.b0<-mean (CPm1b0)

CPm1.bil<-mean(CPm1b1)

CPm1.gl<-mean(CPmlgl)

CPm1.g2<-mean(CPm1g2)

CPm1.g3<-mean(CPmlg3)

se.mbonbO<-mean (mysim$mbonbOse)
se.mbonbl<-mean (mysim$mbonbise)
se.mbongl<-mean (mysim$mbongise)
se.mbong2<-mean (mysim$mbong2se)
se.mbong3<-mean (mysim$mbong3se)

est.geeIb0<-mean(mysim$geeIbO)
est.geeIbl<-mean(mysim$geeIbl)
bias.geeIbO<-mean(intercept-mysim$geeIb0)
bias.geeIbl<-mean(betal-mysim$geelbl)
lcigeeIbO<-mysim$geeIb0 - 1.96*mysim$geeIbOse
ucigeeIb0<-mysim$geeIb0 + 1.96*mysim$geeIbOse
lcigeeIbl<-mysim$geeIlbl - 1.96*mysim$geelblse
ucigeeIbl<-mysim$geeIbl + 1.96*mysim$geelblse

## Computing CP for bO and bl of model geel P(Y2=1|Y1=1,X)
CPgeeIb0<-rep(0, totsim)
CPgeeIbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercept<ucigeeIbO[i] & intercept>lcigeeIbO[i])
CPgeeIbO[i]<-1

if (betal<ucigeeIbl[i] & betal>lcigeeIbl[i])
CPgeeIbl[i]l<-1

}

CPgeel.b0<-mean(CPgeeIb0)

CPgeel.bl<-mean(CPgeelbl)
se.geeIbO<-mean(mysim$geeIbOse)
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se.geelbl<-mean(mysim$geelblse)

est.geeEbO<-mean (mysim$geeEbO)
est.geeEbl<-mean(mysim$geeEbl)
bias.geeEbO<-mean(intercept-mysim$geeEb0)
bias.geeEbl<-mean(betal-mysim$geeEbl)
lcigeeEbO<-mysim$geeEbO - 1.96*mysim$geeEbOse
ucigeeEbO<-mysim$geeEbO + 1.96*mysim$geeEbOse
lcigeeEbl<-mysim$geeEbl - 1.96*mysim$geeEblse
ucigeeEbl<-mysim$geeEbl + 1.96+*mysim$geeEblse

## Computing CP for bO and bl of model geeE P(Y2=1|Y1=1,X)
CPgeeEbO<-rep(0, totsim)

CPgeeEbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercept<ucigeeEbO[i] & intercept>=lcigeeEbO[i])
{CPgeeEbO[i]<-1}

if (betal<ucigeeEb1[i] & betal>lcigeeEb1[i])
{CPgeeEb1[i]<-1}

}

CPgeeE.b0<-mean (CPgeeEDbO)

CPgeeE.bl<-mean(CPgeeEbl)

se.geeEbO<-mean (mysim$geeEbOse)
se.geeEbl<-mean(mysim$geeEblse)

est.geeAbO<-mean(mysim$geeAbO)
est.geeAbl<-mean(mysim$geeAbl)
bias.geeAbO<-mean(intercept-mysim$geeAbO)
bias.geeAbl<-mean(betal-mysim$geeAbl)
lcigeeAbO<-mysim$geeAbO - 1.96*mysim$geeAbOse
ucigeeAbO<-mysim$geeAbO + 1.96+mysim$geeAbOse
lcigeeAbl<-mysim$geeAbl - 1.96*mysim$geelblse
ucigeeAbl<-mysim$geeAbl + 1.96*mysim$geeAblse

## Computing CP for bO and bl of model geeE P(Y2=1|Y1=1,X)
CPgeeAbO<-rep(0, totsim)

CPgeeAbl<-rep(0, totsim)

for(i in 1: totsim){

if (intercept<ucigeeAbO[i] & intercept>lcigeeAbO[i])
CPgeeAbO[i]<-1

if (betal<ucigeeAbl[i] & betal>lcigeeAbl[i])
CPgeeAb1[i]l<-1

}

CPgeeA .b0<-mean (CPgeeAbO)

CPgeeA.bl<-mean(CPgeeAbl)
se.geeAbO<-mean(mysim$geeAbOse)
se.geeAbl<-mean(mysim$geeAblse)

est.alrbO<-mean(mysim$alrb0)
est.alrbl<-mean(mysim$alrbl)
bias.alrbO<-mean(intercept-mysim$alrb0)
bias.alrbi<-mean(betal-mysim$alrbl)

145



Appendices

lcialrbO<-mysim$alrbO - 1.96+mysim$alrbOse
ucialrbO<-mysim$alrb0 + 1.96*mysim$alrbOse
lcialrbl<-mysim$alrbl - 1.96*mysim$alrbilse
ucialrbil<-mysim$alrbl + 1.96*mysim$alrbise
CPalrb0<-rep(0, totsim)
CPalrbi<-rep(0, totsim)

for(i in 1: totsim){

if (intercept<ucialrbO[i] & intercept>lcialrbO[i])
CPalrbO[i]<-1

if (betal<ucialrbi[i] & betal>lcialrbi[i])
CPalrbi[i]<-1

}

CPalr.b0<-mean(CPalrb0)

CPalr.bl<-mean(CPalrbi)

se.alrbO<-mean(mysim$alrbOse)
se.alrbl<-mean(mysim$alrbise)

#######  Simulation 0OUtputs

bonres<- data.frame(rbind(

cbind(est.mbonb0, bias.mbonbO, se.mbonbO, CPmi1.b0),
cbind(est.mbonbl, bias.mbonbl,se.mbonbl, CPml.bl),
cbind(est.mbongl, bias.mbongl, se.mbongl, CPml.gl),
cbind(est.mbong2, bias.mbong2, se.mbong2, CPml.g2),
cbind(est.mbong3, bias.mbong3, se.mbong3, CPml.g3),
cbind(est.geeIb0, bias.geeIb0, se.geelb0,CPgeel.b0),
cbind(est.geeIbl, bias.geeIbl, se.geelbl, CPgeel.bl),
cbind(est.geeEbO, bias.geeEbO, se.geeEb0,CPgeeE.b0),
cbind(est.geeEbl, bias.geeEbl, se.geeEbl, CPgeeE.bl),
cbind(est.geeAbO, bias.geeAbO, se.geeAbO,CPgeeA.b0),
cbind(est.geeAbl, bias.geeAbl, se.geeAbl, CPgeeA.bl),
cbind(est.alrb0, bias.alrbO, se.alrbO, CPalr.b0),
cbind(est.alrbl, bias.alrbl, se.alrbl, CPalr.bl)))

write.csv(bonres, ’G:\\phd\\bonres.csv’)

A3. R Codes for MCMQL, GEE and ALR in Chapter 7

### Generating data##

id<-c(1:N)

gendat<-function(N, id, interceptl, intercept2, betal, beta2, rol2){
# STEP 1: generate x

x0<- rep(1, N)

x1 <- rbinom(N, 1, .5)

## STEP 2: Calculate marginal probabilities for population values

xbetal <- interceptl + betal *x1
probal <- exp(xbetal)/(1 + exp(xbetal))
xbeta2 <- intercept2 + beta2 *x1
proba2 <- exp(xbeta2)/(1 + exp(xbeta2))
pij<-cbind(probal, proba2)
simdat<-matrix (0, nrow=N, ncol=2)
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for(i in 1: N){

mm<-cbind(c(1, rol2), c(rol2, 1))# Correlation matrix
comprob<-bincorr2commonprob(c(pijl[i,1], pijli, 2]1), mm)
simdat [i,]<-rmvbin(1l, c(pijli,1], pij[i,2]), comprob)

}

dat<-cbind(id, simdat, x1, x1)

# estimating rho from simulated data

dati<-list(dat, pij)

return(datil)

}

newsimgsi<-function(totsim,tsd, N,interceptl,intercept2,betal,beta2,rol2)
{ for (i in 1:totsim){

cat("i=",i,"\n")

dd<- gendat(N,id, interceptl,intercept2,betal,beta2,rol2)
sdata<-data.frame(dd[[1]])

colnames (sdata)<-c("id", "Yi","y2" K "x1",6"x2")
Yi<-sdatal,2]

Y2<-sdatal, 3]

#Estimating correlation of simulated data
freqtab<-table(Y1, Y2)

£00<-freqtab[1,1]

f11<-freqtab[2,2]

£10<-freqtab[2,1]

f01<-freqtab[1,2]

£0.<-f00+f01

f1.<-f10+f11

f.0<-£f00+£10

f.1<-f01+£f11

r12<-(£f00*f11 - £10*£f01)/(sqrt(f0.*f1.*f.0*f.1))# corr bet Y1 and Y2

sdata0l<-subset (sdata,Y1==0)
sdatall<-subset(sdata,Y1==1)

# Proposed Model for betal and beta2|1
modl <-glm(Y17x1,family=quasibinomial,data=sdata)
mod2 <-glm(Y2~x1,family=quasibinomial,data=sdata)

# Add models for GEE

### Rearrange the data

dati<-sdatal,c(1,2,4)]

dat2<-sdatal,c(1,3,4)]
colnames(dat1)<-c("id","Y","x1")
colnames(dat2)<-c("id","y","x1")
dat<-rbind(datl,dat2)

dat<-arrange(dat,id)

#print (head(dat))

colnames(dat)<-c("id", "y", "xi")
geel<-geeglm(Y"x1,family=binomial ("logit"),id=id,
corstr="independence",std.err="san.se",data=dat)
print (summary(geeI))

#print (head(dat))
geeE<-geeglm(Y~x1,family=binomial (1ink="logit") ,id=id,
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corstr="exchangeable",std.err="san.se",data=dat)
print (summary(geeE))
geeA<-geeglm(Y"x1,family=binomial ("logit"),id=id,
corstr="arl",std.err="san.se",data=dat)

print (summary(geel))

# Add models for ALR

alrmod <- alr(dat$Y ~ dat$xl, id=dat$id, depm="exchangeable", ainit=0.2)
print (summary (alrmod))

alralpha<-alrmod$alpha

# dpt<- dtest(trt01=modO01,trtll=modll,trt2=mod2)

# print(dpt)

# Add results of GEE and ALR in allres

# "allres" is the collection of all results

allres<-data.frame(cbind(
matrix(modi$coefficients,nrow=1) ,matrix(summary (modl)$coeff [,4] ,nrow=1),
matrix(mod2$coefficients,nrow=1) ,matrix (summary (mod2)$coeff [,4] ,nrow=1),
matrix(geeI$coefficients,nrow=1) ,matrix(summary(geeI)$coeff[,4] ,nrow=1),
matrix(geeE$coefficients,nrow=1) ,matrix (summary(geeE)$coeff[,4] ,nrow=1),
matrix(geeA$coefficients,nrow=1) ,matrix (summary(geel) $coeff[,4] ,nrow=1),
matrix(alrmod$coefficients, nrow=1), alralpha,

# selfO, selfl, selfalpha,

# gra.est, sigma.gra,

matrix (summary(modl)$coefficients[,2], nrow=1 )

, matrix(summary(mod2)$coefficients[,2], nrow=1 )

, matrix(summary(geeI)$coefficients[,2], nrow=1 ),

matrix (summary(geeE)$coefficients[,2], nrow=1 ),

matrix (summary(geeA)$coefficients[,2], nrow=1 ),

matrix (summary(alrmod)$coefficients[,2], nrow=1),

# matrix (summary(bi.est)$par[,2], nrow=1),
interceptl,intercept2,betal,beta2, ri2,

# cbind(dpt([1,c(2,4)],dpt[2,c(2,4)],dpt[3,c(2,4)],dpt[1,3]),
t.seed

)

if (i==1){

myres<-allres

}

if (i>1){

myres<-rbind(myres,allres)

}

} ## end of simulation

# Add results of GEE and ALR in colnames

colnames (myres)<-c(
"m1b0","mib1","m1p0", "mipl", "m2b0","m2b1", "m2p0","m2pl",
"geeIb0", "geeIlbl","geeIbOpO",'"geelblpl",

"geeEbO", "geeEbl","geeEbOpO","geeEblpl",

"geeAbO", "geeAbl","geeAbOpO",'"geeAblpl",

"alrbO", "alrbl", "alralpha",

"mibOse", "mlblse", "m2bOse", "m2blse",

"geeIbOse", "geelblse",'"geeEbOse", "geeEblse",
"geeAbOse", "geeAblse","alrbOse", "alrblse",
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"interceptl","intercept2","betal","beta2", "rho",
# "bOlblich","pv","bOlb2ch","pv","bllb2ch","pv",
"t.seed")

res<-list(myres)

return(res)

} # end function

Ildf n s
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