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Abstract

The aim of our study, which consists of six chapters, is to study some problems on heat
transfer with convection in the micropolar fluids. In the following, a brief discussion of the
chapters is given.

Chapter Two contains a brief overview of research works on the boundary layer flow
of a micropolar fluid along a vertical plate. The literature review exposes the necessity of
investigation of this problem. It also gives the step by step development of the problem.
Although there are numerous studies on the boundary layer characteristics of micropolar fluid

along a vertical plate, nevertheless further investigation needs to be done.

In Chapte Three, an analysis is performed to study the shear stress, the couple-stress
and heat transfer characteristics of a laminar mixed convection boundary layer flow of a
micropolar fluid past an isothermal permeable plate. The governing nonsimilar boundary
layer equations are analyzed using the (i) series solution for small &, (ii) asymptotic solution
for large ¢ and (iii) primitive-variable formulation and the stream function formulation are
being used for all ¢&. The effects of the material parameters, such as, the vortex viscosity
parameter, K, and the transpiration parameter, s, on the shear stress, the couple-stress and
heat transfer have been investigated. The agreement between the solutions obtained from the

stream-function formulation and the primitive-variable formulation is found to be excellent.

The unsteady free convection boundary layer flow of a thermo-micropolar fluid along
a vertical plate with effect of micropolar heat conduction has been investigated inChapter
Four. The governing equations are transformed into a new form using a method of
transformed coordinates. We then use an explicit finite difference scheme to solve the
transformed equations. Here, the governing equations have been reduced to the forms that are
valid for entire, small and large time regimes, by using stream-function formulation. The
results obtained for the above mentioned three time regimes are compared and found in
excellent agreement. Moreover, the effects of the physical parameters such as the viscosity
parameter, K, and the heat conduction parameter, a*, are presented in terms of the transient
shear stress, couple stress and surface heat transfer coefficient as well as transient velocity

profiles, angular velocity profiles and temperature profiles.


Anis
Typewritten text
Dhaka University Institutional Repository


Dhaka University Institutional Repository

In Chapte Five, the unsteady free convection boundary layer flow of a thermo-micropolar
fluid along a vertical plate has been investigated in this paper. The temperature of the plate is
assumed to be oscillating about a mean temperature, @.(x), with small amplitudes. The
governing boundary layer equations are analyzed using straight forward finite difference
method. The effects of the material parameters such as micropolar heat conduction parameter,
N”, the vortex viscosity parameter, K, on the shear stress, 7, surface heat transfer, q., and the

couple-stress, m,, have been investigated.

Chapter Six concerns the boundary layer characteristics of the free convection flow of
a thermo-micropolar fluid from a vertical surface with the effect of stream wise sinusoidal
variation of the surface temperature. The dimensionless boundary layer equations are solved
using the straight forward finite difference method. Results are presented in terms of the skin
friction, couple stress and heat transfer coefficients with the variation of the micropolar heat
conduction parameter, the vortex viscosity parameter andthe amplitude of surface
temperature. We also discussed the effects of these parameters on the streamlines, isoclines

of angular velocity and isoclines of temperature.
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Nomenclature

a = amplitude of oscillation

B = dimensionless modified Grashof number
Cp = specific heat capacity

f = dimensionless stream function

g = the acceleration due to gravity

g = dimensionless micro rotation

G = dimensionless component of micro rotation
G = dimensionless angular velocity

Gr = Grashof number
j = micro inertia per unit mass
jo = reference value (L2)

K = vortex viscosity parameter (x/u)

L = characteristic length

m = couple-stress

Mo, = couple-stress

n = a real number

N = dimensional angular velocity

N = component of micro rotation

N =dimensionless angular velocity

N* = micropolar heat conduction parameter
Nu = Nusselt number

Pr = Prandtl number (via)

q = surface heat flux

Re =Reynolds number (UoL /v)

T = dimensional temperature

T = temperature of the fluid in the boundary layer region
T, = dimensional temperature of the ambient fluid

S = transpiration parameter

t = time

Uo = free stream velocity


Anis
Typewritten text
Dhaka University Institutional Repository


Dhaka University Institutional Repository

T, = dimensional temperature of the fluid at the surface Tw >T,
Vo = surface mass flux

u = dimensionless velocity components to the x co-ordinates

v = dimensionless velocity components to the y co-ordinates

u,v = velocity components
u,v =dimensional velocity components along the X,y axes

u, v =dimensionless fluid velocities components along the x, y axes
U,V  =fluid velocities in the X- and Y-direction respectively

X,y =dimensional stream wise and cross-stream Cartesian coordinate

X,y = stream wise and cross-stream Cartesian coordinates

X, Y  =non dimensional stream wise and cross-stream Cartesian coordinates
n similarity variable

K = thermal conductivity

% = stream function

0 = dimensionless temperature in the boundary layer

U = dynamic viscosity of the fluid/ dynamic viscosity

a = thermal diffusivity («/p)

Yij = coefficient of volume expansion

O = the micropolar conductivity

a* = micro polar heat conduction parameter

v = viscosity coefficient (x/p)

P = density of the fluid (m/ V)

T = the shear stress the surface shear stress

y = gyro viscosity coefficient( spin-gradient viscosity) (u + x/2) j
T = non-dimensional, reduced time

To = surface shear stress

6, ® dimensionless temperature
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Chapter One
Introduction

The concept of micropolar fluids introduced by Eringen [1] deals with a class of fluids, which
exhibit certain microscopic effects arising from the local structure and micromotions of the
fluid elements. These fluids contain dilute suspensions of rigid micromolecules with
individual motions, which support stress and body moments and are influenced by spin-
inertia. The theory of micropolar fluid and its extension to thermomicropolar fluids [2] may
form suitable non Newtonian fluid models which can be used to analyze the behavior of
exotic lubricants [3, 4], colloidal suspensions or polymeric fluids [5], liquid crystals [6, 7],
and animal blood [8]. Kolpashchikov et al. [9] have derived a method to measure micropolar
parameters experimentally. A thorough review of this subject and application of micropolar
fluid mechanics has been provided by Ariman et al. [10, 11]. On the other hand, Rees and
Bassom [12] investigated the Blasius boundary-layer flow of a micropolar fluid over a flat
plate. In this investigation, detailed numerical results and an asymptotic analysis for large

distances from the leading edge have been presented.

Studies of heat convection in micropolar fluids have been focused on a flat plate [13—
17] and on a wavy surface [18]. Hossain and Chowdhury [19] investigated the effect of
material parameters on the mixed convection flow of thermomicropolar fluid from a vertical
as well as a horizontal heat surface taking into consideration that the spin-gradient viscosity is
non-uniform. Later, Hossain et al. [20] investigated the problem for a viscous incompressible
thermomicropolar fluid with uniform spin gradient over a flat plate with a small inclination to

the horizontal.

The importance of suction and blowing in controlling the boundary layer thickness
and the rate of heat transfer has motivated many researchers to investigate its effects on
forced and free convection flows. Eichhorn [21] considered power law variations in the plate
temperature and transpiration velocity and found similarity solutions of the problem. Sparrow
and Cess [22] discussed the case of constant plate temperature and transpiration velocity and
obtained series expansions for temperature and velocity distributions in powers of x*2, where
X is the distance in the stream-wise direction measured from the leading edge. Later, Merkin
[23, 24] and Perikh et al. [25] presented numerical solutions for free convection heat transfer

with blowing along an isothermal vertical flat plate. Hartnett and Eckert [26] and Sparrow

10
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and Starr [27] reported the characteristics of heat transfer and skin-friction for pure forced
convection with blowing; the former was dealt with a non-similar case. Local non-similar
solutions for convection flow with arbitrary transpiration velocity were obtained by Kao [28,
29] applying GoErtler-Meksin transformations. Free convection flow along a vertical plate
with arbitrary blowing and wall temperature has also been investigated by Vedhanayagam et
al. [30]. With this understanding, Yucel [31] investigated mixed convection micropolar fluid
flow over horizontal plate with uniform surface mass flux blowing and suction through the
surface. Recently, Attia [32] investigated the steady laminar flow of an incompressible
micropolar fluid over a porous flat plate considering the heat generation. Recently, the MHD
boundary-layer flow of a micropolar fluid past a wedge with variable wall temperature has
been discussed by Ishak et al. [33]. In addition to, mixed convection flow of a micropolar

fluid from an isothermal vertical plate has been investigated by Jena and Mathur [34].

Apart from permeable flat plate, the surface condition, buoyancy force and thermal
conductivity of the micropolar fluid play an important role in the flow and heat transfer.
Hossain et al. [19, 35] investigated two-dimensional mixed convection and natural
convection flow of a viscous incompressible thermomicropolar fluid with uniform spin-
gradient over a flat plate. Later, Jena and Mathur [13-14] studied the similarity solutions for
the steady laminar free convection boundary layer flow of a thermomicropolar fluid past a
non-isothermal vertical flat plate. Recently, a model on natural convection flow of a
thermomicropolar fluid along a porous vertical surface has been studied by Mosharof et al.
[36]. But all the above studies pertain to steady flows.

However, Gorla and Takhar [37] examined the effect of buoyancy force on an
unsteady incompressible micropolar fluid in the vicinity of the lower stagnation point of a
circular cylinder. More or less recent studies on transient boundary layer flow of micropolar
fluid without or with buoyancy effect have been done by Kumari and Nath [38], Lok et al.
[39] and Xu et al. [40]. Unsteady mixed convection flow of thermomicropolar fluid along a
vertical thin cylinder and a vertical wavy surface have been investigated in [41-45]. Very
recently, Mahfooz et al. [46] have studied the fluctuating free convection boundary layer flow
of a thermo-micropolar fluid along a vertical plate considering the small amplitude
temperature oscillations about a variable surface temperature.

In this regard, an important thermal condition which can significantly affect the
boundary layer characteristics is the oscillating surface temperature about a mean temperature

with small amplitude.

It is worth mentioning that unsteady laminar boundary layer theory, one area of study,

which has received much attention in the past deals with boundary layer responses to

11
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imposed oscillations. Lighthill [47] was the first to study the unsteady forced flow of a
viscous incompressible fluid past a flat plate and a circular cylinder with small amplitude
oscillation in free stream. The corresponding problem of unsteady free convection flow along
a vertical plate with oscillating surface temperature was studied by Nanda and Sharma [48]
and Eshghy et al. [49]. In consideration of this class of problems, Muhuri and Maiti [50] and
Verma [51] analysed the effect of oscillation of the surface temperature on the unsteady free
convection along a horizontal plate. All the above investigations are based on the assumption
that the surface temperature oscillates with small amplitude about the uniform mean
temperature and they were carried out employing the Karman-Pohlhausen approximate
integral method. Based on the linearized theory, Kelleher and Yang [52] have studied the heat
transfer responses of a laminar free convection boundary layer along a vertical heated plate to
surface temperature oscillations, when the mean surface temperature T(x) is proportional to
X", where x is the distance measured from the leading edge of the plate. This study had been
extended by Hossain et al [53, 54] for magnetohydrodynmic flows for variable mean surface
temperature and surface heat flux. Recent investigation on fluctuating hydro-magnetic natural
convection flow of an optically gray fluid past a magnetized vertical surface with effect of
thermal radiation has been made by Ashraf et al. [55]. On the other hand, Jaman et al. [56]
extend the problem posed by Kelleher and Yang [57] for the case of the flow past a circular

cylinder.

Above all, the streamwise variation of the surface temperature might have considerable

influence on the skin friction and heat transfer along a vertical surface.

Jena and Mathur [13] have focused on the laminar free convection boundary layer flow
of a thermomicropolar fluid past a non-isothermal vertical flat plate. They obtained the
similarity solutions of the problem assuming the variation in the temperature of the plate as a
linear function of the distance. Authors also examined the influence of suction/injection in the
laminar free convection flow of a thermomicropolar fluid subject to a nonuniform heating
along the vertical flat plate [14]. Numerical solutions were presented in terms of the velocity,
microrotation and temperature fields and the heat transfer coefficient with variation of the
boundary condition parameter and suction/injection parameter. Gorla et al. [58] investigated
the magnetohydrodynamic boundary layer characteristics for the steady free convection of a
thermomicropolar fluid. They have presented the influences of the material properties and the
Prandtl number. Hossain et al. [20] performed numerical simulation for the laminar free

convection flow of a thermomicropolar fluid while an isothermal plate is taken to be inclined

12
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at a small angle to the horizontal. Recently, Mosharof et al. [44, 59] analyzed the unsteady
boundary layer characteristics for free convection flow considering fluctuating surface
temperature and a non-uniformly heated vertical plate, respectively. However there are a
number of studies [60-62] dealt with the free convection along a vertical plate with the

stream wise variations of surface temperature.

In the present dissertation, some problems on free convection flow of
thermomicropolar fluid from vertical plate have been investigated. Details discusses are given
in the following problems [63] free convection flow of thermomicropolar fluid along a
verticall plate with non-uniform surface temperature and surface heat flux, [64] natural
convection of thermomicropolar fluid from an isothermal surface inclined at a small angle to
the horizontal, [65] mixed convection flow of micropolar fluid with variable spin gradient
viscosity along an isothermal vertical plate, and [66] mixed convection flow of a micropolar
fluid over a horizontal plate with variable spin gradient viscosity.

1.1 Outline of Thesis

The problem considered in Chapter Three is concerned with the boundary layer flow and heat
transfer from a permeable flat surface with uniform surface temperature and uniform surface
mass flux. So far the authors concern, this has not been discussed in the literature. The
transformed boundary layer equations are solved numerically near to and far from the leading
edge, using extended series solutions and asymptotic series solutions. Solutions for
intermediate locations are obtained using the primitive-variable formulation as well as by the
stream-function formulation. In this investigation, we have considered only the suction case
and the effects of the material parameters such as the vortex viscosity parameter, K, the
transpiration parameter,s, on the shear stress, the couple-stress and heat transfer are presented
graphically. The results illustrate the different behavior that occurs when these parameters are
varied.

In Chapter Four, we propose to study the unsteady free convection boundary layer flow
of a thermo-micropolar fluid along a heated vertical plate, considering the presence of
micropolar heat conduction the reduced governing equations that are valid for entire time
regimes are solved using explicit finite difference method. Asymptotic solutions for small
and large time are also obtained. The results thus obtained are comparered and found in
excellent agreement. We further have studied the effect of the physical parameters, such as,
the vortex viscosity parameter, K, and the heat conduction parameter, a*, in terms of the
transient shear stress, couple stress and surface heat transfer coefficients as well as transient

velocity profiles, angular velocity profiles and temperature profiles.

13
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The unsteady free convection boundary layer flow of a thermomicropolar fluid along a
vertical plate has been investigated in Chapter Five considering that the surface temperature
is oscillating about a mean temperature 6x(x) with a small amplitude & as posed by Kelleher
and Yang [57]. With author's best knowledge, this problem has not been discussed in the

literature.

Chapter Six deals with the boundary layer characteristics of the free convection flow of
a thermomicropolar fluid along a vertical plate with the effect of streamwise sinusoidal
variation of the surface temperature. We solve the dimensionless governing equations
employing the straight forward finite difference method. The effects of the physical
parameters are discussed in terms of skin friction, couple stress and heat transfer coefficients.
Moreover the variations of streamlines, isolines of angular velocity and isolines of

temperature with the change of the parameters are presented.
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Chapter Two
Governing Equations

2.1 Introduction

This theory includes the effects of local rotary inertia and couple stresses which are not
present in the theory of Newtonian fluids. The micropolar model has been proposed to study
flows of fluids made up of large molecules and flows of suspensions.

In the present chapter the boundary layers equations for a micropolar fluids are
developed. Which are appropriate for the thermomicropolar fluids. As proposed by Peddieson
and Nitt.

2.2 The boundary layer equations for thermomicropolar fluids
The mass, momentum, angular momentum and energy balance equations for the

incompressible fluid as prescribed Peddieson and Nitt are given below.

X

b
AA A

y

Fig. 2.1: The flow configuration and the coordinate system

Continuity equation
VV =0 (2.1)

Momentum equation

podd—‘t/:—Vp+(y+K)V2V+KVxN+pg (2.2)



Governing Equations

Angular momentum equation

poj%:(g+ﬁ')V(V.V)+7V2N +xVxV -2kN (2.3)

Energy equation

4C, C;—-[ =k VT +a, (VxN).VT (2.4)

Where V, neblla vector, V?, laplacian operatore, V, velocity vector, p, , reference density, p,

density, p, pressure, u, dynamic viscosity, k, thermal conductivity, N, the components of the
gyration vector to the x, y, z plane, g, gravitational acceleration vector, j, microinertia
constant, ¢, "and » stands for micropolar coefficients of viscosity, c,, specific heat at
constant volume, and ¢, coefficient giving account of the coupling between the spin flux

and the heat flux which is also micropolar thermal conductivity, T, temperature.
V =iu+jo+kw, N =iN,+ JN, +kN,, g =1ig, + jg, +kg,

u, v, w are the vectors components of V

d o0 0 0 0 . . L.
— = —+U—+v— +W— is the material derivatives
dt ot OX oy oz

2 2 2
veilyj okl v O 0 O (2.5)
ox "oy oz ox~ oy° oz
Where 1, | and k are unit vectors in x, y and z directions
Divergence of the velocity vector V
V.V==a—u+a—v+a—W (2.6)
oXx oy oz
Curl N is unit of the angular velocity vector
VN =il ONs N, . ONg oN, Y (0N, N, 2.7)
oy oz oX oz oX oy
The gyration vector N is defined by
N=Vxv=j W_® -j(@-a—“jw o_M (2.8)
oy oz oX oz oX oy
vr=[ioT, jﬂ+ R
OX oy 0z

2.3 For three dimensional flows the equations can be

Under the above assumptions, the governing boundary layer equations are:
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Continuity equation

Momentum equation

ou _ou _ou
ot X oy

y linear momentum equation

X angular momentum equation

Governing Equations

ou  ov
—+—+
X oy

220
oz

—+0—+0—+W

(oN, _oN, _oN, _oN,
Lol —=+U—+7 +W >
ot X oy oz OX OXoy  oOxoz
O°N, o°N, &°N, oW 0v =
Y=t = t—= | k| == |- 2N,
X oy oz oy oz

y angular momentum equation

M _
oz

=—a£+(y+x) +—+
oxX ox> oy° ozt

+
67 6_2 8?2 822
oN, oN
[

—+ + +

oz X2 oyt T
6N2 _6_l\_ll + gz
ox oy

2N 2N 2N
j:(ﬁm(a N, N, N,

poj(aN2 Loy, o, 0N,

ot X oy

z angular momentum equation

oz

j:(ﬁﬁ,)[azﬂl LN, azﬁsj

oyox  oy*  oyor

(aZNZ *N, aZNZJ (Wv o
+y + + -K

ay2 ayZ 672

—2xN,
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(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



Governing Equations

N[ N NI NI 2N 2N 2N
o 8l\13+U8I\13+?_)8N3+W8N3 —(s+8) 0 N1+6 N2+8 I\:3
ot OX oz 0Lox ooy oz

2N 2N 2N1
+y 8_|\l3+al\i3+8l\iS +i @_a —2xN,
OX oy oz oxX oy

Energy equation

orT _oT _oT _aT o°T 0T 0T
pOCV —_+U—_+U—+w— = _2+ _2+ >
ot oX oy o7 x> oy* or

oy oXx oy oz 0z OX 07 oy

KaT oN, T 6N, j (aT oN, 8T N, ] (aT oN, T 6N, H
ta || ——— || +| ——=——

2.4 For two dimensional flows the equations can be

Continuity equation

x linear momentum equation

8_U+UG_U+Z_)6_U __8_B+( +K) 5‘2_LT+82_U +K8_I\_I3+ g
Pl T x ey ) xR o P

y linear momentum equation

@4-[7@4-5@ —@+( +K) 825+825 —K6N3+ g

z angular momentum equation

_ _ _ s e
Pol 8IY3+L78N3+778N3 =y 0N, 0Ny ) [ A -2xN,
& X oy

Energy equation

(aT oT aT) (62T GZT] [aTaN aTaNj
£oC, +U—+7 + +a | ————

ot X oy ox* oy’ X oy oy ox
Now, we introduce the following dimensionless variables
x=2,y=2 u=", p=",
L L U, U,

18

(2.22a)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)



Governing Equations

STV e SRS ST
L Tv-T. g L
Continuity equation
a_u_l_a_vzo
ox oy

x linear momentum equation

ou,  ou ou_ pop o’u ou

2.5 Order of magnitude analysis

Consider flow past a plane wall coincident with the x axis. If

x=0(1), y=0(5), u=0(1), v=0(5), t=0(1),p=0(1),
p=0(5%), x=0(5), u+x=0(5), Ny=0(1), v=0(5?),

Re=%, T=0(1), y=0(s), =<1,

This results for two dimensional flows the equations can be

Continuity equation

ou oo
—+—=0
oX oy
Lo
1 0

x linear momentum equation

(2.22h)

Uu—+v ———+i(+K) —+— +LK@+£L29X
ot ox oy p,0x Re ox~ oy Re oy p,U,

ou _ou _ou op RVENGRT] N,
Po| =+U—+0— |=——+(u+k)| = +—5 | +k—>+ pQ,
ot oX oy oX X° oy oy
1 1 1 1 1 1 1
= 1= 6= = ol = —| o=
Po (1 1 %% j 1 (1 52j 5 P
y linear momentum equation
D gP R ——@+( +K) 825+625 —K8N3+ g
pO at_ 87 ay — /J 6X2 872 ai p y
o o 1) 1 o O 1
Z 1.2 5= = sl £ = S=
p°(1 1 5) 5 [ 1 & J 1 7Y

z angular momentum equation
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(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



Governing Equations

w

— — — 2K 2N1 =7 T
i (6N3+U6N3+58N3j=7(8 N, 0 Ngj +K(5_U_a_“j_2,d\‘13

ot X Ox? 2 X
1 1 817 1 871 5 W1 (2.29)

|- 1z 6= |6 = sl= = 2681

P 01(1 1 5 j [1 52j (1 j

Energy equation

or _oT  _oT T 0T oT N, 4T oN,

£oC, —+U—+0— =K7 T2+_2 to| —————
o ox oy ox° oy ox oy oy ox (2.30)

C(} 11 5ij K(} ij a(}l EEJ
Pl T s) "1 s2) %lis 51

Evaluating from equations (3.23) - (3.27) gives the final form of the two dimensional flows.
All the governing equations are summarized below.

Continuity equation

8_U+6_5_0 2.31
oX oy (231)
x linear momentum equation
A, g, N ——@+( +K')62—U+K8—I\_|3+ g (2.32)
Plat T Ty )T T T g Ty TP |
y linear momentum equation
p
O=——+p9 2.33

z angular momentum equation

_ - — 20T —
Pol a’\l3+Ua’\i3+z76N3 =78 %k a—u+2N_3 (2.34)
ot X oy oy

Energy equation

or _oT  _oT o°T oT ON, aT 0N,
PC, | ==t T —+T— |=15 —+a,| ————— (2.39)
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Chapter Three

Boundary layer flow and heat transfer in a
micropolar fluid past a permeable flat plate

3.1 Introduction

An analysis is performed to study the shear stress, the couple-stress and heat transfer
characteristics of a laminar mixed convection boundary layer flow of a micropolar fluid past
an isothermal permeable plate. The governing nonsimilar boundary layer equations are
analyzed using the (i) series solution for small £, (ii) asymptotic solution for large & and (iii)
primitive-variable formulation and the stream function formulation are being used for all .
The effects of the material parameters, such as, the vortex viscosity parameter, K, and the
transpiration parameter, =, on the shear stress, the couple-stress and heat transfer have been
investigated. The agreement between the solutions obtained from the stream-function

formulation and the primitive-variable formulation is found to be excellent.

3.2 Mathematical Formalisms

A two-dimensional steady, laminar boundary layer flow of a micropolar fluid along a

permeable vertical flat plate is considered. The temperature of the ambient fluid is assumed to

be uniform at T= and that of the surface at T,. The coordinate system and the flow

configuration are shown in Fig. 4. 1.

=

Vo

VUV XXX

y

Fig. 3.1: The flow configuration and the coordinate system.



Boundary layer flow and heat transfer in a micropolar fluid past a permeable flat plate

Under the usual boundary layer approximation, following Ahmadi [11] and Ress and Bossom
[12], the equations of conservation of mass, momentum and energy that govern the flow are

given as below:

X oy
_ou _ou u+xom xoN (3.2)
—+0—= —t——
Ny p ¥ poy
N N 2N R 3.3
LI AL B 3
OX oy ploy. pj oy
_oT _oT o7 (3.4)
U—+0—=«
X oy oy’

Here, x, ¥ are the coordinates parallel with and perpendicular to the flat surface, i — " are the
velocity component, p the pressure, N the component of the gyration vector normal to the
x — v plane, and j is the microinertia density. Further, p is the fluid density, « the dynamic
viscosity, « vortex viscosity and y is the spin-gradient viscosity given by y =(+x/2) j (see

[11]). We follow the work of many recent authors by assuming that j is a constant and

therefore it shall be set equal to a reference value, j,; consequently the equation for the

microinertia density (3.3) is trivially satisfied.
The boundary conditions to be satisfied by equations (4.1)-(4.4) are

oU=0, 7=-V,, N:—n(zy—g], T=T,aty=0

Td—-U, 950, N>0, T->T, ay—>ow (3.5)
where ¥, represents the suction velocity of the fluid through the surface of the plate. In this
study we shall consider only the suction case (rather than blowing) and therefore V; is taken
as positive throughout. Furthermore, n is a constant, 0 = n < 1. The case n=0 corresponds to
the strong concentration of micro-elements. This indicates N =0 near the wall other hand,
indicates the vanishing of anti-symmetric part of the stress tensor and denotes weak
suggesting that the concentration of the particles is strong enough so that the micro-elements
near the walls are unable to rotate because of this concentration. The case, n=1/2, on the
concentration. The case n=1 may be used for the modeling of turbulent boundary layer flows

([16]).

Now we introduce the following dimensionless dependent and independent variables:
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Boundary layer flow and heat transfer in a micropolar fluid past a permeable flat plate

x=2,y=YRe" u=-" 5="Re"yp

L U, L (3.6)
N=DoRe?N, g=d e s=Yobpee

L w T, v

In the above set of equations, where x, ¥ are the non dimensional coordinate axis, u, v the non
dimensional velocity components, L is reference length, N is the non dimensional angular
momentum, and & is the non dimensional temperature.

Thus the equations (3.1)—(3.4) take the following form:

ou ov
—+—=0
ox oy 3.7)
2
T PP LD
(3.8)
2
uﬂJrv%:(HEja IZI —K[ZN +8_uj
ox oy 2) oy oy (3.9)
060 060 10°0
U—+0—="——
ox oy Proy (3.10)

In equation (3.6) Re(=U,L/v)is the Reynolds number, K(=x/u), appeared in equations
(3.8) and (3.9), is termed as the vortex viscosity parameter and in equation (3.10) Pr(: v/a)

is the Prandtl number. We also use j, = * in equation (3.9).

The boundary conditions now become
u=0, v=s, N=—na—u, =1 aty=0
oy (3.11)

u—>1 -0, N->0 #6—->0 asy—-wx

From application point of view, we need to find the values of shear stress, 7, the couple-

stress, m, and rate of heat transfer, @, at the surface of the plate, that may be obtained by the

relations given below:

Using the relation (3.6) on (3.12), we obtain

R R S .

(5]
N )y (3.12)
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where T, m and g are dimensionless shear stress, the couple-stress and rate of heat transfer,

respectively, which are define by

TLRe™? m _ QgLRe™?

rT=———, m= , =
MU, AL K(T,-T,)

3.3 Methods of solution

To Investigate the present problem we have employed two formulations, namely, the
primitive-variable formulation and the stream-function formulation, method of solution of
which are presented in the following sections.

3.3.1 Primitive-variable transformation

To get the set of equations (3.7)-(3.10) in convenient form for integration, we define the
following one parameter group of transformation for the dependent and the independent

variables:
u=U, v=x"*(V+s&), N=x"G, =0, é=x"Y =x"y (3.14)
Thus the equations (3.7)-(3.10) are transformed to
1,00 1,00 v _g (319)
208 2 oY oY
2
—§U—+(V 5——YU)8U =(1+ K)aU K@
o0& oY %Y oY (3.16)
3.17
g s S ) 7
2 o0& 2 0
2 3.18
Ly, (y, sg_zyujaﬁ _ Lo .18
2 o oY Pr oY
Appropriate boundary conditions are
U=0, V=0, G——ny, ®=1 at Y=0
oY (3.19)

U=l V=0, G=0, ®&=0 as Y -ow
Once we know the values of U, V, G and @ and their derivatives, we are at position to find the

values of shear stress, T, the couple-stress, m, and rate of heat transfer, g, from the following

relations obtained from (3.13):

(U (1. K).2(0G _ 00
Fo[r-mk)e (W)Y_o’m_[“zjf [avl_o’q_ M [avl_o (3:20)
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3.3.2 Stream function formulation
To get the set of equations (3.7)-(3.10) in convenient form for integration, we define the
following one parameter group of transformation for the dependent and the independent
variables:
y=x"2[f(EY)+sE], N=&EP2g(&Y), 0=h(&Y),
E=x"*and Y =x"%y (3.21)
Here Y is the pseudo-similarity variable and  is the stream function that satisfies equation

(3.7) and is defined by

u y 0=—
oy ox (3.22)

Equations (3.8), (3.9) and (3.10) thus reduce to

_ov o

(1+K) f’”+% ff"+ Kg'+s§f”=1§(f'i— f"ﬂJ

2 og og (3.23)
v Lo 4 of ) - K2 v L[ 409 0f
(1+K/2)g +2(fg +of")-K&* (29 + f")+s&g _zf{f 2 g agj (3.24)
ih"+1fh'+s§h'=1§(f'a—h—h'ﬂj
Pr 2 2 o0& o0& (3.25)
Boundary conditions take the form
f(£,0)=f'(£0)=0, g(&0)=-nf"(£,0), h(£0)=1,
f'(&00)=1 g(&®)=0, h(&0)=0. (3.26)

In these equations, primes denote differentiation of the functions with respect to ¥. Here
solution of the set of equations (3.23)-(3.25) is obtained by implicit finite difference method
together with the Keller-box elimination technique (also known as Keller box method),
introduced by Keller and Cebeci [35] and described in more detail in Cebeci and Bradshaw
[36]. In this case, the expressions for the shear stress, the couple-stress and rate of heat

transfer given in [13] becouse

r=[1+(1-n)]E*f"(&,0), m= (1+§jfzg’(§,0), q=-¢"h"(£,0) (3.27)
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3.4 Asymptotic solutions
3.4.1 Solutions for small &

Near the leading edge, or equivalently for small &, we expand the functions f,g and k in

powers of & as given below:

N=TEL), 9(6Y)=2 (1), h(EY)=Deh(Y),

i=0 i=0

(3.28)

Substituting these into equations (3.23)-(3.25) and then equating the terms of like powers of &
to zero, we get the following pairs of ordinary differential equations for the functions f;, g;
and h;:

(1+K) f"+ > f0 f,+Kg, =0 (3.29)
3.30
(1+K/2)g5+ (fgo+gof) 0 (3:30)
1., 1., 3.31
ﬁho +E thO =0 ( )

The boundary conditions appropriate to this set of equations are

fo(0)=f;(0)=0, g, (0)=—nf;(0), hy(0)=1,
fi(0)=1 go(0)=0, hy()=0. (3.32)

The higher order equations, for i >1, are as follows:
(1+K) " sf”, + Kg, = ;Z{rfr fl, —(1+r)f, f,"r} (333)
r=0

' (3.34)

(1+§j gi”+ Sgi’—l_ K (Zgifz + fi %Z{ r= 1 gr (1+ r) frgi,’r}

r=0

1 1
—h+sh/ rfh_, —(1+r) f.h
Pr i i-1 7 2;{ rli-r ( ) ri- r} (335)

The boundary conditions are as follows:
fi(0)=1(0)=0, g,(0)=-nf0), h(0)=1,

f/(0)=0, g;()=0, h(w)=0. (3.36)

fori=1,23, ....
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In the above equations the functions fo, g, and h, are the well-known free convection
similarity solutions for flow around a constant temperature semi-infinite vertical plate and the
functions f;, g; and h; (i = 1,2,3, ...) are effectively first and higher order corrections to the
flow due to the effect of the transpiration of the fluid through the surface of the plate, Further
the equations for each i = 1) are linear, but coupled, and may be found by pair-wise
sequential solution. These pair of equations has been integrated using an implicit Runge-
Kutta-Butcher (Butcher [37] initial value solver together with the iteration scheme of
Nachtsheim and Swigert [38]. In the present investigation, solutions of 10 sets of equations
have been obtained.

The solution of the above equations enables the calculation of the various flow parameters
near the leading edge, such as the values of shear stress, 7 , the couple-stress, m, and rate of

heat transfer, q. Using the relation given in (3.27), the quantities z, m and g can now be

calculated respectively from the following expressions:

“lgn _ +5 21 _ gl
r=[1+(1-n)]&*f (f,O),m_(l 2}5 9'(£,0), g=-&"n"(&,0) 637)

3.4.2 Asymptotic solution for large §

In this section attention has been given to the solution of equations (3.23)-(3.25) when & is
large. The order of magnitude analysis of various terms in (3.23)-(3.25) shows that the largest
terms are f” and &£f” in (3.23), g"and &g’ in (3.24), and h” and £h' in (3.25). In the

respective equations both the terms have to be balanced in magnitude and the only way to do
this is to assume that Y be small and hence derivatives are large. Given that h = O(1) as

E—oo, it is essential to find appropriate scaling for f and Y. On balancing f"and &f” in
(3.23), it is found that Y:O(é‘l) and f:O(é‘l) as &, Therefore the following

transformation may be introduced:
f=E'F(Em), 9=£EG(&m), h=H(&n), n=&Y (3.38)
Equations (3.23)-(3.25) together with the transformations given in (3.38) then become

(L+K)F"+ KG’+SF”=%§‘1(F’£— F"i]

og og (3.39)
£1+EJG”—K(ZG+F")+SG’=E§l(F'ﬁ—G'ﬁj
2 2 0g og (3.40)
iH”'FSH":l(_E_l(F'%—H,ﬁj
Pr 2 o0& o0& (3.41)

27



Boundary layer flow and heat transfer in a micropolar fluid past a permeable flat plate

For sufficiently large & we can write the above equations as follows

(1+ K)F"+KG'+sF"=0 (3.42)
(1+EJG”—K(ZG+F”)+SG':0
2 (3.43)
l ar W
Boundary conditions take the form
F(£,0)=F'(£,0)=0, G(&,0)=-nF"(£,0), H(&,0)=1,
F'(£,0)=1 G(&o)=0, H(&®)=0, (3.45)

The various flow parameters such as the shear stress, the couple-stress and rate of heat
transfer may be calculated from the following relations:
K
r=[1+(1-n)K |[F"(&,0 ,m=(1+—jc;' £,0), q=—H'(£,0
[1+-m)K]F"(£.0) )0 a0
Numerical values of 7, m and g thus obtained are compared with that obtained from primitive
variable formulation through figures 3.2 and 3.3.

0.4
------ PVF n:O K

03k

0.2 10 @
¥ OoR— 30 O
N0l TTEEEe——— 5.0
0.0 : : : ' - o 15 20
0.0 0.5 1.0 1.5 2.0 2(b)

Fig. 3.2: Development of wall shear stress f”(€,0) as a function of & for (8) n=0and (b) n =1 and
for various values of K. The solid lines represent primitive variable formulation and the dotted

lines represent the stream-function formulation.

3.5 Results and discussions
Numerical computation were carried out mainly for fluid having a Prandtl number, Pr = 10.0
while the value of the vortex viscosity parameter, K = 0.0, 2.0 and 5.0 and the transpiration

parameter, s=0.5, 1.5 and 3.0.
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Representative numerical values of X2g’(100,0) obtained from the present integration of
equation (3.23) are entered into the Tablel for comparison with those of Rees and Bossom
[12].

Table 3.1
Numerical values of X*2g’ at X = 100
and Y=0 for n = 0 and different values of K.
K Rees et al. [8] Present

0.1 -0.06895 -0.06908
0.3 -0.1050 -0.10518
0.5 -0.1211 -0.12124
1.0 -0.1354 -0.13555
3.0 -0.1285 -0.12859
5.0 -0.1145 -0.11455

From this table it may be seen that the present solutions are in excellent agreement with Rees
and Bossom [12]. Further, throughout figures 3.2 to 3.5 the solid lines represent solutions
from primitive variable formulation (PVF) and the dotted are from stream-function

formulation (SFF).

0.00
0.8 n=1 K
50.04 o1
0. 0.6
< (I)<1 S 0.3
bo0.08 ' i‘k/p 0.4
0.3 o0 0.5
5.0 0.2 1.0
0.12 . 3.0
| | T | I ! 98 5.0
| |
0.0 1.0 2.0 3.0 40 50 6.0l.0 0.9 2.0 4.0 6.0

0.0
3(a) g 3(b) 4
Fig. 3.3: Development of change of the gyration component at the wall, g'(&,0) as a function of & for

(@) n=0and (b) n =1 and for various values of K. The solid lines represent primitive variable

formulation and the dotted lines represent the stream-function formulation.
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In Fig. 3.2 and 3.3 we have shown a comparison between the stream-function
formulation and the primitive-variable formulation of the variations of both the shear stress
and of the rate of change of the gyration component at the solid boundary with considering s
= 0.0, Pr = 10.0 and a range of values of K with n fixed. The agreement between these
formulations is seen to be extremely good. We further observe that these figures are exactly
similar to that of Rees et al. [12].

A comparison between the results obtained by the stream-function formulation and the
primitive-variable formulation is shown in Fig. 3.4 and 3.5. From the figures, it is evident that
there is an excellent agreement between these two results hence rest of the results presented

and discussed here is based on primitive-variable formulation.

2.0 20
Lsr L5
v1.0r 1.0
0.5 0.5
00 | | P | | 00
0.0 02 04 06 08 1.0 0.0
4(a) g 4(b)
10.0 -
8.0
S
6.0
40\\\|\\\|\\\|\\\|\\\|

0.2 0.4 0.6 0.8 1.0

0.0
4(c) 3
Fig. 3.4: The surface shear stress, 7, the couple-stress, m, and the heat transfer, g, for n = 0.5,

s = 1.0, Pr = 10.0 and for various values of K. The solid lines represent primitive variable

formulation and the dotted lines represent the stream- function formulation.

In Fig. 3.6, we depict the values of local shear stress, z, the local heat transfer, g, at the

surface and the distribution of the local couple-stress, m, in the boundary layer for different
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values of the vortex viscosity parameter K (= 0.0, 2.0 and 5.0) while the Prandtl number, Pr =
10, the transpiration parameter, s = 1.0, and the temperature gradient parameter, n = 0.5.

In these figures the curves marked by solid, broken and dotted curves represent respectively,
the results obtained by the finite difference method, the series solution method and the
asymptotic method. From these figures it may be seen that an increase in the value of the
vortex viscosity parameter K leads to an increase in the value of the local shear stress, the
local heat transfer and the local couple-stress.

8.0
6.0 - 10.0
8.0
4.0 |- |
4.0 0.0
2.0 - 2.0 L0
- 0.0
0.0 | | | | | | | | 3'|0 |
00 02 04 06 08 1.0 200 02 04 06 08 10
5(a) g 5(b) g
50.0 T
—————— PVF
400mn — SFF S
0.0
30.0 H
S
20.0 H
1.0
10.0 F
3.0
0.0 L 1 1 I |
00 02 04 06 08 1.0
3(¢c) &

Fig. 3.5: The surface shear stress, 7, the couple-stress, m, and the heat transfer, g, for n =
0.5, K = 0.5, Pr = 10.0 and for various values of s. The solid lines represent primitive

variable formulation and the dotted lines represent the stream-function formulation.

We further observe that for any selected value of the vortex viscosity parameter K, values of
the shear stress, heat transfer and the couple-stress reach the respective asymptotic values
smoothly. The heat transfer reaches its asymptotic values at smaller & whereas the shear

stress and the couple-stress does so at comparatively larger value of £ We further observe
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that as the value of K increases, the shear stress, the heat transfer and the couple-stress reach
their asymptotic values faster.

Finally, it may be concluded that the values of the shear stress, the heat transfer and the
couple-stress obtained by the three methods are in excellent agreement with each other when
the value of K is large.The effect of the transpiration parameter, s, on the local shear stress,

the heat transfer and the couple-stress are presented graphically in Fig. 3.7.
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5.0
| | | | J
0'00.0 0.2 0.4 0.6 0.8 1.0
6(a) 3
16.0 -
Small
H — = Large
14.0 -
@ L
12.0 -
10.0 - S
I | | | | J

0.2 0.4 0.6 0.8 1.0

0.0
6(c) &
Fig. 3.6: The surface shear stress, z, the couple-stress, m, and the heat transfer, g, forn=0.5, s

= 1.0, Pr =10.0 and for various values of K.

It is observed from these figures that an increase in the value of s increases the value of the
shear stress, the heat transfer and the couple-stress. We also observe that for any selected
value of s, values of the shear stress, the heat transfer and the couple-stress tend to their

respective asymptotic values. As the value of s increases, the shear stress, the heat transfer
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and the couple-stress reach their asymptotic values faster In this case we also found that the
results from the three methods are in excellent agreement.

80

6.0 -

e 4.0

Fig. 3.7: The surface shear stress, 7, the couple-stress, m, and the heat transfer, g, for

n=0.5 K=0.5 Pr=10.0 and for various values of s.
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Chapter Four
Transient natural convection flow of thermo-
micropolar fluid of micropolar thermal conductivity
along a non-uniformly heated vertical surface

4.1 Introduction

In this paper, the unsteady free convection boundary layer flow of a thermo-micropolar fluid
along a vertical plate with effect of micropolar heat conduction has been investigated. The
governing equations are transformed into a new form using a method of transformed
coordinates. We then use an explicit finite difference scheme to solve the transformed
equations. Here, the governing equations have been reduced to the forms that are valid for
entire, small and large time regimes, by using stream-function formulation. The results
obtained for the above mentioned three time regimes are compared and found in excellent
agreement. Moreover, the effects of the physical parameters such as the viscosity parameter,
K, and the heat conduction parameter, o*, are presented in terms of the transient shear stress,
couple stress and surface heat transfer coefficient as well as transient velocity profiles,

angular velocity profiles and temperature profiles.

4.2 Mathematical Formalisms

A two-dimensional unsteady laminar boundary layer flow of a thermo-micropolar natural
convection incompressible fluid along a permeable vertical flat plate is considered. The flow
configuration and the coordinate system is shown in Fig. 4.1.The dimensionless equations of

continuity, momentum, angular velocity and energy that govern the flow are given as (Jena
and Mathur [10], Hossain et. at. [13], [22]),

ou oOv

—+—=0

ox oy (4.1)
ou ou du o°u oG

U—+0—=(1+K)—+K—+6
ot ox oy oy oy (4.2)
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2
§+u§+v§:(1+5ja?—K(ZG+a—u]
o ox oy 2 ) oy o (4.3)

00 90 90 _138°9 a*(aeae aeaej

Uu—+v .
ot ox oy Proy

(4.4)

(0 X

Fig. 4.1: Flow configuration and coordinate system.
The set of equations (4.1)-(4.4) are dimensionless which are based on the following

dimensionless dependent and independent variables

X y _ v S
X=—, y==—, U=—U, 0=—0
L L L L
oy v gp(T-T,)L
N:L2 , t—Ft, 0=V—2. (4.5)

Here, (X,y) are the co-ordinates parallel with and perpendicular to the flat surface
respectively, (U,o) are the velocity components, t, time, N, the angular velocity, 6,

dimensionless temperature, j, the micro-inertia per unit mass, p, the density of the fluid, g the
acceleration due to gravity, k, the thermal conductivity of the fluid, y = (u + «/2)j, the gyro-
viscosity coefficient and «”, the micropolar heat conduction coefficient. Following Jena and
Mathur [10], it is assumed that micro-inertia, j, is a constant and, therefore, it is set equal to a
reference value, jo = L2. Further, L is the characteristic length, K = («/1) is vortex viscosity

parameter,z the dynamic viscosity, Pr = (v/a) is the Prandtl number that gives the ratio of
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momentum diffusivity to thermal diffusivity, v, viscosity coefficient, o'= (N/L?) is the

micropolar heat conduction parameter. Corresponding boundary conditions are

u=0, v=0, G=—na—u, 0=6,(x)at y=0
oy (4.6)

u=0, G=0, #=0 as y—wo
In the above equation &y(x) is the prescribed surface temperature. Here we have considered
that &y(x) = x.

In the worthwhile Jena and Mathur [11-12] studied the same model for steady laminar
free convection flow of a thermomicropolar fluid past a non-isothermal vertical flat plate as
well as for non-uniformly heated porous vertical flat plate.

The values of the physical quantities namely, the shear stress, =, the couple-stress, m,
and the rate of heat transfer, q., at the surface of the plate, which are important from the
experimental point of view are readily obtained

7, =(1+ K)[%u} , mﬁ):(ﬂ%}(%} ’ qwz_(%ﬁ’} 4.7)

4.3 Methods of solution

Here we are investigating the present problem in three time regimes, namely, (i) entire, (ii)
small and (iii) large time regimes. The method of solutions discussed in the following section
has been adopted by Hossain et al. [23] and Mahfooz et al. [24] while analyzing the problems
on unsteady mixed-convection boundary layer flow of viscous incompressible fluid along a
symmetric wedge with variable surface temperature as well as on the radiation effects on

transient magneto-hydrodynamic natural convection flow with heat generation.

4.3.1 Solutions for entire time regime (allz)

To get the solutions for entire time regime here we introduce the following group of
transformations ([23, 24]:

1,//:x(1—ef)2 f(n.7), 6=x0(n7), n= y(l—e’)_;, z':X%t (48)

In equation (5.1) 7 is the similarity variable and y is the stream function defined by
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_ov  ,__ % (4.9)

u=—"—, v=
on OX

that satisfies the equation of continuity (4.1).

Now, equations (4.1)—(4.4) together with the boundary conditions (4.6) and the

transformations (4.8) are reduced to:

2 1 of’
1+K) " +(1—e7) (ff"—f" +Kg'+9—ef(f’——7yf"J: 1-e7)—
(LK) £ 1) (17 17) L S EE
K _\2 _ 1 _.\ 09
1+— (9"+(1-e7) (fg'—fh)-K(1-e " )(2g+T")—e " =(g—-ng’)=(1-e" )=
[ Jor e ) g 1)K (e )@ )¢ Gan)=foe )2
1 14 -7 2 ! ! * -7 ! ! 1 -7 ! -7 60
>0 +(1-e7) (O - t'0)+a" (1-e7)(g 0-90')+e 0o =(1-e )E w
The corresponding boundary conditions are
£(0,7)=0, f'(0,7)=0, g(0,7)=—= "(0,7), 6(0,7)=1 at =0
2 (4.13)

f'(oo,r)zO, g(oo,z'):O, 9(00,2'):0 VO0<7r<o

Where, (') primes denote the differentiation with respect to.

The starting point to obtain the solutions of the equations (4.10)-(4.12) is the set of the
finite-difference equations obtained by spatial discretization of the transformed equations
(4.10)—(4.12). The first-order central difference approximation is used for the first-order
derivative with respect to #, and the second-order central difference approximation is used for
the second-order derivative with respect to #. The forward differences are used for the time
derivative. This discretization results in the following tridiagonal algebraic system of
equations:

AQ,,, +BQ +CQ,, =D, (4.14)

i+1, j
In the above equations, the subscripts k (= 1, 2, and 3) represent the functions U, 6, and ¢,

respectively. i (=1, 2,.... M) and j (=1, 2, ...., N) correspond to the grid points in # and ¢
directions, respectively. The coefficients Ax, Bk, Ck, and Dx may be obtained easily. These
block tridiagonal systems for k = 1, 2, and 3 are solved by a block matrix version of the well-
known Thomas algorithm. Once the function U= f ’(7) is known, the function f may be found

explicitly from the following relation:
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f, = fi, + AR, (4.15)

L]

The computation is started at = 0.0, and then marches forward until it reaches a steady state.
The convergence criteria for detecting the steady state solutions are set in such a way that the
difference between the values of the function f(5, 7) obtained in two consecutive time steps is
less than 104, The computational domain is discretized in the (z, #) space by using the step
sizes of Az and Ayx. After some experimentation, the final mesh sizes are chosen to be Ay =
0.005 and At =0.02

Solutions thus obtained are used to get the values of non-dimensional shear stress, the
couple-stress, and the rate of heat transfer, from equations (4.5) are then transformed to

1 1

% =(1+K)(1-e7)2 £7(0,7) , mT :(l+§jg'(0,r) , q—;:—(l—eT)Z 0'(0,7) @.16)
Numerical values of the coefficients of shear stress, the couple-stress, and the rate of heat
transfer are presented in tabular form as well as graphically in the following sections.

In the next subsections, we will discuss the asymptotic solutions for small and large time z.

4.3.2 Asymptotic solutions for small time (t << 1) regime
For small time regime we consider T << 1. Consequently, the value of e“~1 and 1-e“~ 1 .

Thus equations (4.17)—(4.19) must now be written in the following form, which are more

convenient for analysis at small times:

!

(L+K) 2 (fF7— f'2)+(177f"— f’j+ Kg'+6‘—z'af =0
2 ot (4.17)

K 1 ag
1+— |g"+7%(fg' - fg)-rK(f"+29)+=(n79'-g)-7—=0
(15 oo (17— 1) ek (174 20)+ S0’ 0) -+ 2 .

1 1 ol

— 0"+ (fO-1'6 (9'0—90')+=n0'—7—=0

UL ( )+a't(9'6—9 )+277 S, @.19)

The boundary conditions (4.13) becomes
£(0,7)=f'(0,7)=0, g(O,r)z—%f”(O,r), 6(0,7)=1

(4.20)
f'(oo,r):g'(oo,r)zﬁ’(oo,z'):0 V0<r<1
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By knowing the functions f, g and @ and their derivatives we can readily get the values of the
shear stress, the couple-stress, and the rate of heat transfer, g, from the following relations:
At small values of t (t<<1), it can easily be verified that the solutions of equations
(4.17)—(4.19) take the following form:

fom),gnr EkgOﬁ 0(n.7) Zkem) w2
Now, substituting the series expressions given in (4.21) into the equations (4.17)—(4.19) and
picking up the terms up to the o(7%), we get the following sets of boundary value problems:

Equations of O(<9)

(1+K) " + ;nw—u+K%+%=o (4.22)
K 1
1+— |99 +=(79,—9,)=0
( 2)0 2( 0= %) (4.23)
Logilig-o
Pr 2 (4.24)
Corresponding boundary conditions (4.20) becomes
1
f,(0,7)=f,(0,7)=0, 0,7)=—=1,(0,7), 6,(0,7)=1
0(0.7)=1/(0.7) 9 (0.7) > 0(0.7), 6(0.7) (4.25)
fy(0,7) =0, (0,7) =6, (0,7)=0  Vr=0
Equations of O(7})
(1+K) £ %nf” 2f/+Kg,+6,=0 (4.26)
K " [/ 1 ! (427)
(1"'3) gl_K(291+ f1)+§(7791_91)20
11 o iy , 4.28
—O0'+=n6/+a" (940, — 9,6, )—6, =0 (4.28)
Pr 2
Corresponding boundary conditions (4.25) becomes
! 1 "
f.(0,7)=f/(0,7)=0, g,(0,7)=—=10), 6(0,7)=0
2 (4.29)

f/(0,7)=0,(0,7)=6,(0,7)=0 VO<7<o0

39



Transient natural convection flow of thermo-micropolar fluid of micropolar thermal
conductivity along a non-uniformly heated vertical surface

Equations of O(7%)
(1+K)f," + %77 f/-3f,+ f,f, -, +Kg,+6,=0 (4:30)
KY, 1 , 5 P ] (4.31)
1"‘_} 9,+-n9, -0, + fogo - fo 90— K(f1+291):O
2 2 2
1 ” 1 ’ ' ' * ' ' ' '
OO+ 1,0, — 10+ (956, + 9,6, ~ 0,6, ~ 0,6 ) 260, =0
Pr? 2 (4.32)
Corresponding boundary conditions (4.29) becomes
£,(0,7)= £(0,7)=0, g,(0.7)=—=/(0), 6,(0.t)=0 at =0
2 (4.33)

fz'(oo,r) =0, (oo, r) =0, (oo,r) =0 V0<7<w
The set of equations (4.22)-(4.24), (4.26)-(4.28) and (4.30)-(4.32) are linear by nature which,
although are solvable analytically, are solved numerical employing the linear shooting method
(or the method of superposition). Results thus obtained for fi"(0), gi' (0) and & (0), i = 0,2 are
used in obtaining the values of the shear stress, the couple-stress, and the rate of heat transfer,

from

2

T (14 K) 223 £10) , Mo (1+5j ©g/(0), Je =239/ (0)
X o X 2 )i X =0 (4.34)
For example we have obtained the solutions of the above sets of equations for K= 1 while Pr
=9.0 and a*= 0.25, for which we have the following expressions for shear stress, z./X, couple
stress, mo/X, and surface heat transfer, go/X:

o = (14 K)7?(0.17551+0.007757 ~0.00547 7% +)

X
m K 2
o _ (1+ ?j(0.06352 +0.050557 —0.01803 ¢ +),
X
4.35
q, (4.35)

- fl’z( 1.69440+0.O4697r+0.0164012)
X

Numerical values obtained from the above expressions for shear stress, couple stress and
surface heat transfer entered in the Table 2 for comparison with other solutions obtained by

the method discussed in forgoing section.
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4.3.3 Asymptotic solutions for large time (t >>1) regime

Now for large time regime equations (4.10)-(4.12) can be reduced to following form:

' 4.36
@+K)f"+ ff"— f'2+Kg’+6’—rl(f'—l77f"j:i (4.36)
2 ot
@+K/2)g"+ fg'— fg—%r1(g—77g')—K(f"+Zg):Z—g (4.37)
T
1 " ' ’ 1 -1 ' * ’ ' _89
ﬁe +f9—f9+§r nod' +a (99_99)_8_ (4.38)
Corresponding boundary conditions are obtained as follows:
£(0,7)=0, £'(0,7)=0, g(0,7)=—=f", 9(0,7)=1 at 7=0
2 (4.39)

Expanding the functions involving the set of equations (4.36)-(4.39) in powers of 7™ as given

below:

f(n,r)zizn(;fi':i (), g(n,f)=iZn(;riGi(n)v 0(77”):2“@‘”) (4.40)

Now using the functions given in (4.40) into the equations (4.36)—(4.39) and taking the terms
up to the O(z™) we get

Equations of O(7°)
(1+ K) R+ FR/— F;? + KGy + @, =0 (4.41)
(1+K/2)G{+F,G; —FG, —K (F/+2G,)=0 (4.42)
icDg + R, @ — R @, + a* (G, —G,P; ) =0
Pr (4.43)

Corresponding boundary conditions are obtained as follows (4.39)

F,(0,7)=0, F/(0,7)=0, eo(o,f):—%a;' @, (0,7)=1

FO’(oo,r)zo, Go(oo,z')zo, d)o(oo,r):o VO<7<w (4.44)

Equations of O(z %)

1

., 4.45
(1+ K)F" RFR+ R, —2F, F/'+ KG, + ®, —[ fo==7 fo"j =0 (445)
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" ' 4 [/ " l ’ 446
(1+K12)G+ R,Gi+ RG) ~(FiG, + By )~ K (R 26,) -2 (g, ;) =0 (4.46)
1 4 ’ ! r ! 1 ’
ﬁd)l +FR®; + RO, -F®, - F ®, + 5776?0
ta *[(Gé@l LG, ) - (GOcD; LG, )}: 0
(4.47)
Corresponding boundary conditions are obtained as follows (4.44)
F.(0.7)=0, F(0,7)=0, G,(0,r)=—F", ®,(0,r)=0
2 (4.48)

F/(%0,7)=0, G,(0,7)=0, ®,(%,7)=0 VO0<r<oo at n=0

Equations (4.41) to (4.43) are the leading order equations and represent the steady state flow
at large t. The same set of equations were obtained by Hossain et al. [22] as the steady mean
part of the fluctuating flow of the thermomicropolar fluid past a flat surface that was
maintained at small amplitude oscillating temperature about a non-uniform steady mean
temperature. We should further mention that, Jena and Mathur [10] in studying the laminar
free convective flow of a thermomicropolar fluid past a non-isothermal vertical flat plate
obtained the same set of that given above. It should be noted that the set of equations (4.41)
to (4.43) are nonlinear. Hence solutions of these equations are obtained numerically by
employing the non-linear shooting method. Typical values of F~ (0), G (0) and @  (0) thus
obtained are compare with that of Jena and Mathur [10] in Table-4.1.

Table-4.1: Numerical values of the coefficients of shear stress, surface heat transfer and

couple-stress for K = 0.1 and 0.25 while Pr = 9.0 and «*= 1.0 a comparison.

Comparison K=0.1 K=0.25
F”(0) -G’(0) -0’(0) F”(0) -G’(0) -06'(0)
Jena and Mathur [10 ] 0.1558 0.0365 0.3675  0.1480 0.0389  0.3561
Present 0.15574 0.03652  0.36764  0.14829  0.03883 0.35787

Here we have obtained the solutions of equations upto the O(t ) using the non-linear shooting

method. Once we know the values of Fi (0), Gi(0) and ®;(0) for i = 0,1 we may obtain the
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numerical values of the coefficients of shear stress, couple stress and surface heat transfer
from the expressions are given below:
Lo YR (1 e 0), Beyrae) O
X 0 X 2 )i X 0
For example, taking K =1.0, Pr = 9.0 and o* = 0.25, we get the following expressions for
shear stress, z./X, couple stress, m./X, and surface heat transfer, q./x:shear stress, couple stress

and surface heat transfer:

o = (1+K)(0.34516 - 0.341557 7 +), Mo _ (1+ 5)(0.13937—0.0324571 +),
X X 2 (4.50)
9% _ _(_1.09407 ~0.3352377" +)
X

Numerical values thus obtained for shear stress, z./X, couple stress, my/X, and surface heat
transfer, go/x, are entered in the Table-4.2 for values of r while K =1.0 and a*=0.25. This
table also contained the asymptotic values of the above physical quantities for comparison.
The comparison shows excellent agreement with the perturbation solutions for smaller value

of z up to 1.48 and for large value of z from 40.0 that obtained for all z.

Table-4.2: Numerical values of shear stress,z./X, couple stress, my/x, and surface heat

transfer, g./X, while K =1.0 and a*=0.25 against «.

T TolX Mo/X Qo/X

All 7 Asymptotic | All ¢ Asymptotic | All ¢ Asymptotic
0.01 0.03428 0.03512° 0.09375 0.09604° 17.21207 | 16.94869°
0.02 0.04851 0.04968° 0.09449 0.09679° 12.17307 | 11.98789°
0.05 0.07681 0.07866° 0.09667 0.09901° 7.70340 7.58826°
0.10 0.10887 0.11146° 0.10020 0.10260° 5.45267 5.37353°
0.20 0.15459 0.15817° 0.10692 0.10937° 3.86422 3.81126°
0.4 0.22004 0.22482° 0.11907 0.12129° 2.74688 2.71293°
0.6 0.27066 0.27514° 0.12974 0.13182° 2.25728 2.26240°
1.0 0.35052 0.35557° 0.14740 0.14407° 1.77750 1.7577°
1.50 0.42721 0.42823° 0.16417 0.14819° 1.49132 1.47113°
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1.86 0.47167 | 0.46641° [0.17345 [0.14278° |1.34835 | 1.34805°
20.0 0.68453 0.65616' 0.20662 | 0.14273' 1.11083 1.55191!
30.0 0.68454 | 0.66755 0.20613 | 0.20743' 1.09406 1.10524'
40.0 0.68455 0.67324! 0.20613 | 0.20784/ 1.09410 1.10245'
50.0 0.68455 | 0.67666' 0.20613 | 0.20808' 1.09410 1.10077"
60.0 0.68455 | 0.67893' 0.20824 | 0.20739' 1.20824 1.09965'
70.0 0.68455 | 0.68056' |0.20613 |0.20836' |1.09410 | 1.09886'
80.0 0.68455 | 0.68178' 0.20613 | 0.20845' 1.09410 1.09826'
90.0 0.68455 | 0.68273' 0.20613 | 0.20851' 1.09410 1.09779'
100.0 0.68455 0.68349' 0.20613 | 0.20857' 1.09410 1.09742'

s stands for small time and | stands for large time.

4.4 Results and discussion

In the above sections, we have analyzed the problem of unsteady natural convection laminar
boundary layer flow of thermo-micropolar viscous incompressible fluid along a non-
uniformly heated vertical surface. The governing dimensionless boundary layer equations are
transformed into suitable forms appropriate for entire, small and large time regimes. Solutions
of the resulting equations are then obtained numerically and the results are depicted in terms
of the transient shear stress, z,/x, couple stress, my/x, and surface heat transfer, q./x. Here we
have discussed the effects of the physical parameters, such as, the micropolar heat conduction
parameter, o, and the vortex viscosity parameter, K, z/X, my/X, and g./x against the time
variable z. The present analysis of the problem has been carried out considering the fluid for
which Pr = 9.0 (Jena and Mathur [10]). Further results have been presented and discussed in
terms of axial velocity, angular velocity and the temperature profiles with effect of the

aforementioned physical parameters.
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Fig. 4.2: Numerical values of (a) shear stress (b) couple-stress and (c) surface heat transfer

coefficient for different values of o against values of = while Pr = 9.0, K =1.0.

4.4.1 Effect of micropolar heat conduction parameter, «” on transient shear
stress, couple stress coefficients and surface heat transfer

The effects of the micropolar heat conduction parameter, «", on the transient shear stress, z./X,
the couple stress, mu/X, and the surface heat transfer coefficient, g./X are presented,
respectively, in figures 4.2(a) to 4.2(c) taking value of the vortex viscosity parameter, K, equal
to 1.0. It is seen from these figures that as the micropolar heat conduction, «” leads to decrease
the value of the shear stress as well as the heat transfer; whereas, there is increase in the
couple stress. These happen due to the fact that increase in the value of micropolar thermal
conductivity enhances the fluid’s thermal conductivity. These figures also contain the

representative values of z./x, my/x, and g./x obtained from the asymptotic solution for
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different values of «”. One can claim that the asymptotic values in the smaller and larger time
regimes agree excellently with all time solutions. This claims that the results presented here

for all time regime are accurate and hence may be useful for the experimentalists.
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Fig. 4.3: Numerical values of (a) shear stress (b) couple-stress and (c) surface heat transfer

coefficient for different values of K against values of = while o =1.0.

4.4.2 Effect of vortex viscosity parameter, K, on transient shear stress,
couple stress coefficients and surface heat transfer

Now we show the effect of the vortex viscosity parameter, K, on the transient shear stress,
/X, couple stress, my/x, and surface heat transfer coefficient, q./x. Fig 4.3(a)-(c) depict the
values of z,/X, my/x, and ge/x for K=1.0, 3.0 and 5.0 while a” =1 against z. From these figures

one can see that an increase in the value of the vortex-viscosity leads to increase in shear
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stress but decrease the couple stress the surface heat transfer. This is expected because

increasing value of the vortex viscosity will increase the total viscosity of the fluid.
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0.00
0.10 -0.05
s >
0.05 -0.10
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0.2
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Fig. 4.4: Numerical values of (a) velocity profiles (b) angular velocity profiles and (c)

temperature profiles for different values of z against » when Pr = 9.0, K =1.0.

4.4.3 Transient axial velocity, angular velocity and temperature profiles for

different time (1):

The transient axial velocity, angular velocity and temperature profiles are shown in Figs
4.4(a)-(c) against n for values of t in [0, 8] while vortex-viscosity parameter K=1 and
micropolar thermal conductivity parameter o"= 5.0. It is seen from figs 4.4(a) and 4.4(c) that
the axial velocity and the temperature profiles increase with the increase of time which leads

to increase in both the momentum boundary thickness. On the other hand, one can also see
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that in the vicinity of the surface, i.e., in the region n < 2 (approximately) the angular velocity
profile decrease, whereas these profiles increase with the increase of time in the region n >2.
Further we notice that all the profiles reach to the asymptotic profile (or the steady state
profile at larger value to time parameterz. In this case we found the maximum value of zto be

8 to reach the profiles at steady state.

4.4.4 Effect of micropolar heat conduction parameter, «” on axial and

angular velocity and temperature profiles
Here we show the effect of micropolar thermal conductivity, ", on the transient axial

velocity, angular velocity and the temperature profiles at =2.0 while K=1.0 through figures
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Fig. 4.5: (a) Axial velocity profiles (b) angular velocity profiles and (c) temperature profiles

for different values of a* against » at z=2 when Pr = 9.0, K =1.0.
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4.5(a) to (c), respectively. In this case o" = 0.0, 0.5, 1.0, 1.5, and 2.0. It is clear from these
figures that the axial velocity, angular velocity and temperature profiles increase due to
increase in micropolar thermal conductivity, «". But, owning to increase in the heat

conduction parameter, no significant effect on the angular velocity profile is observed.

4.45 Effect of vortex viscosity parameter, K on axial velocity, angular
velocity and temperature profiles
The effect of increasing values of the vortex viscosity parameter, K, on the transient axial

velocity, angular velocity and temperature profiles are depicted in Figs 4.6(a)-(c) at T = 2.0
and o= 0.25.
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Fig. 4.6: Numerical values of (a) velocity profiles (b) angular velocity profiles and (c)

temperature profiles for different values of K against 7 at =2 when Pr = 9.0, "= 0.25.
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From Fig. 4.6(a) it can be seen that within the region n < 1.8, the velocity profile increases
due to increase in the value of the vortex-viscosity of the fluid; whereas, this leads to decrease
the velocity profile in the region n >1.8. This implies that increase in the vortex viscosity
leads to decrease in the momentum boundary layer thickness. We further observe that the
angular velocity profile decreases owing to increase in the value of K which leads to that this
reduces the angular momentum boundary layer thickness. Finally, one can see that there is no
significant contribution to the temperature profile due to increase in the vortex viscosity

parameter K.
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Chapter Five
Fluctuating Flow of Thermomicropolar Fluid past a
Vertical Surface

5.1 Introduction

The unsteady free convection boundary layer flow of a thermo-micropolar fluid along a vertical
plate has been investigated in this paper. The temperature of the plate is assumed to be
oscillating about a mean temperature, &.(x), with small amplitude & The governing boundary
layer equations are analyzed using straight forward finite difference method. The effects of the
material parameters such as micropolar heat conduction parameter, N°, the vortex viscosity
parameter, K, on the shear stress, z,, surface heat transfer, q., and the couple-stress, m,, have

been investigated.

5.2 Mathematical Formalisms

A two-dimensional unsteady laminar boundary layer flow of a thermo-micropolar fluid along a
permeable vertical flat plate is considered. The temperature of the ambient fluid and the surface

are assumed to be T., and T, respectively. The co-ordinate system and the flow configuration are

shown in Fig. 5.1.

Fig. 5.1: Flow configuration and coordinate system.
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Under the usual Boussinesq approximation the dimensionless equations of conservation of mass,
momentum, angular velocity and energy that govern the flow are given as (see Jena and Mathur
(1981)),

ou ov

x oy (5.1)
2
MM M grk) 28 kN g (5.2)
o  ox oy oy oy
2
@_{_u@_{_v@:[lﬁ—ﬁjaT—K 2N +a—u (53)
a ox oy 2 oy
060 00 00 109 .[00ON 060N
—tU—+v—="-0+N'| == — (5.4)
ot OX oy Proy oX oy oy oX
which are based on the following dimensionless dependent and independent variables
X y _ v _ v
X=—, y==, U=—U, 0=—0
L L L L (5.5)
_ T-T,)0 |
N=%N, t=%t‘, 9=gﬂ( . -)
|4

Here, (Y, 7) are the co-ordinates parallel with and perpendicular to the flat surface respectively,
(U,E) are the velocity components, t, time, N, the angular velocity, 6, dimensionless

temperature, j, the micro-inertia per unit mass, p, the density of the fluid, g the acceleration due
to gravity, x, the thermal conductivity of the fluid, y = (u + x/2)j, the gyro-viscosity coefficient
and o, the micropolar heat conduction coefficient.

Following Jena and Mathur (1981), it is assumed that micro-inertia, j, is a constant and,
therefore, it is set equal to a reference value, jo = L% Further, L is the characteristic length,
K =(x /u) is vortex viscosity parameter, u, the dynamic viscosity, Pr = (v/a) is the Prandtl
number that gives the ratio of momentum diffusivity to thermal diffusivity, v, viscosity
coefficient, N = (a"/L?) is the micropolar heat conduction parameter and ¢ is the amplitude of
oscillation.

The corresponding boundary conditions are
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ou
=0, v=0, N=-n—, 6=6 1 t y=0
u v nay ,(X)@ +ecos(r)) at y (5.6)

u=0, =0 as y—wo
Where n is a constant such that 0 <n < 1. The case n = 0 corresponds to the strong concentration
of microelements. Thus equation (5.6) suggests that when n = 0 (i.e., N = 0) near the walls, the
concentration of the particles is strong enough so that the micro-elements near the walls are
unable to rotate because of its concentration. The case, n = 1/2, on the other hand, indicates the
vanishing of anti-symmetric part of the stress tensor and denotes weak concentration.
The boundary condition for 8 (z, 0) given in (5.6) suggests the solutions of equations (5.1)-

(5.4) of the following form:

u=u,+eexp(ic)u, v=v,+eexp(ir)o,

5.7
N =N, +eexp(ir)N,, =6, +eexp(ir)g, c.7)
where, at =7. Further, uo, vo, N,and 6, represent the flow variables for the steady mean flow
and uz, v1, N1 and 6, are the fluctuating flow variables. The real parts of the functions defined in

(5.7) is our desired solutions.
Now substituting the functions given in (5.7) into Egs. (5.1)—(5.4) and equating the terms up to
O(&) one gets

%+%:O (5.8)
oXx oy
2
by Mo g Mo _ (i) Tk Mo (5.9)
2 oy oy oy
2
uO%wO%:[qua No | 2N, + Do (5.10)
X oy 2) oy oy
2 N N
u069°+0080°=i802°+N* 96, ON, 96, ON, (5.11)
OX oy Proy OX oy 0Oy OX
with boundary conditions
0,=0, 0,20, Ny=-n2% g-g,(x) a y=0
0 0 0 ay 0 w (512)

U =0, 6,=0 as y—oo
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and
ou, Ov,

ox oy (5.13)

2
iu1+u0%+ul%+00%+vl%:(l+K)a—uzl+K%+(91 (5.14)

X ' oX oy oy

2

IN, +U, —2+Uy, 8N0+vo 8N1+018N° :[1+5j8 Nzl—K 2N1+% (5.15)
ox oy oy 2) oy oy

2
i61+u0%+ul%+v 9 45,%% _ 1276

ox  tox Yoy ‘oy Proy’

(5.16)
N[0 Ny 26 2N, 26, N, _ 26, N,
OXx oy OX oy oy oXx oy OX
subject to the boundary conditions
0,=0, 9,=0, N,=-n™ 4 =4,(x) at y=0
1 1 1 ay 1 w (517)

u—0 6—->0 as y—->ow.
Here the equations (5.8)—(5.11) are the equations for the steady state flow and those (5.13)-(5.16)

are for the fluctuating flow.

5.3 Methods of solution

In this section, emphasis is given to the method of solution which is used to solve the boundary
layer equations (5.8)—(5.11) will represent the steady mean flow and those (5.13)—(5.16) the
oscillating flow. The numerical solutions are obtained with the help of an efficient finite
difference scheme.

To get the similarity equations for the steady state equations (5.8) —(5.11), we introduce the

following group of transformations:

o =xf (17), No=x9(n), 6,=x0,(n), n=y (5.18)

where w, is the stream function for the steady state flow defined by

oy oy,
U, = 8770 Uy =— 8XO : (5.19)
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Thus we have

(1+K)f"+ ff"— f?+Kg'+©, =0 (5.20)

K n ! /4
(1+E)g +fg'—fog-K(f"+29)=0 (5.21)
%@g+f®g-f’®0+N*(®og’—®g )=0. (5.22)

The boundary conditions to be satisfied by the above equations are

f=0 f'=0,g=-nf", ®,=1aty—0

' (5.23)
f'(0)=0,0,=0at y > .

Here ' denotes differentiation with respect to 7 .
Equations (5.20)—(5.22) are considered by Jena and Mathur (1981). Representative numerical
values of shear stress, surface heat transfer and couple stress obtained from the present
investigation of these equations are entered in Table 1, for comparison with those of Jena and
Mathur (1981). From this table it is seen that the present solutions are in excellent agreement

with those of Jena and Mathur (1981).

Table 5.1: The effect of variation of K on shear stress, surface heat transfer and couple-stress
when Pr =9.0 and N*=1.0.

Comparison K=0.1 K=0.25

F”(0) -G’(0) | -¢(0) | F7(0) | -G’(0) | -0°(0)
Jena and Mathur (1981) 0.1558 —-0.0365 0.3675 0.1480 | -0.0389 | 0.3561
Present 0.15574 | —0.03652 | 0.36764 | 0.14829 | —0.03883 | 0.35787

Again, to get the similarity equations for the unsteady state equations (5.13)—(5.16), we introduce

the following group of transformations:

l//1=XF(77)1 N1=XG(77)' ‘91:X®1(77)’ n=y (5.24)

where w, is the stream function for the unsteady flow defined by

U=, p=- (5.25)
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Thus equations (5.13)—(5.16) then reduce to

iF'+2fF' = fF" - fF = (1+K)F"+KG'+©, (5.26)
iG+fG—fG'+F'g—Fg’:(1+§jG"—K(F"+ZG) (5.27)
i0,+f'0,- fO+F'0,-Fo), =%®;’+ N*(@OG'+®1g'—®O'G—®;g) (5.28)

and the boundary conditions become

F=0,F' =0 G=-nF", ©,=1 at y=0

2
F—>0F —>0 06—>0 a y-owx (5.29)

The set of equations (5.20)—(5.22) and (5.26)—(5.28) together with the boundary conditions
(5.23) and (5.29) can be integrated by straight forward finite difference method. Before going to

apply the aforementioned method we first set f = Vo, " = Up, F =V and F’ = U so that the
equations (5.20)—(5.22) reduce to

(1+K)UZ+V,Uy —(U, )’ +Kg' +©, =0 (5.30)
KY ., o oU
(1+—jg +V,0'-U,g-K 04+2g9|=0 (5.31)
2 on
l * ’ !
2207 +V,0; ~Uy0, + N*(0,9'-0;9) =0. (5.32)

with boundary conditions

V,=0,U,=0, g=-nU,, ©,=1 at n=0

U,=0,0,=0at n — x. (5.33)
and the equations (5.26)—(5.28) take the form
iU+2UU -V U'-VU; =(1+K)U"+KG'+06, (5.34)
H ! ’ 1, ’ K 14 !
iG+GU,-VG'+Ug-Vg :(1+EjG -K(U'+2G) (5.35)
i9,+U;0,-VO;+UB,-VO, = %@h N (®OG'+®lg'—®O'G —@19) (5.36)

Now equations (5.30)—(5.32) are discretised by a simple numerical scheme, in which we use

central-difference for diffusion terms and convection terms and thus, for example, (5.30) gives
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+K (Vo) +K (W), 2(1+K
{]-Aﬂf + ZAU}(UO)M—F{%_ ZAU}(UO)J'1_{%_“)0),}@10),‘

(5.37)
_ k|99 o
2An !
Equation (5.37) can be rewritten in the form
AJ' (UO)j+1+Bj (UO),‘ +Cj (UO)H: DJ' (5-38)
V,). V,).
where A_=1+|§+M’ B.=— 2(1—+QK)_(UO) , _=1+5_M
' Ap 2An ! An ! ' Ap*  2Ap

and Dj - _K[Mj_@j.
2An

Similarly, the equations (5.31)—(5.32) can be rendered in the form (5.38). The resulted tri-
diagonal algebraic system is solved by Gaussian elimination technique. The computation is
started at # = 0, and then marches downstream implicitly. The ordinary differential equations
governing the upstream condition at # = 0 can be obtained by taking the limit of equations (5.38)
that » approaches zero. The associated boundary conditions are equations (5.33) with # = 0.

Now we define the functions

U=U, +iU,, 0,=0,+i0,, G=G, +iG (5.39)
Using (5.39) into (5.34)—(5.36) and then separating the real and imaginary parts, we can solve
the resulting systems of equations employing the procedure described above.
Again, from the set of relations (5.7) together with the transformations given in and(5.18)—(5.19)
and (5.24)—(5.25), we get the expression for the dimensionless axial velocity, temperature and

angular velocity functions as given below
u(z,n)/x=f'+&[cos(r)U, —sin(z)U, ],
0(r,n)/x=0+¢e[cos(z)®, —sin(r)®, |, (5.40)
N (z,7)/x=g+e&[cos(r)G, —sin(z)G, ].

In equations (5.30)—(5.32), Ur, ©r, Gr and Ui, @;, G; are respectively, the real and imaginary parts

of the velocity function, ui(z,7), the temperature function, ®1(z, ) and angular velocity, G(z, 7).
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From the application point of view, it is needed to interpret the behavior of physical quantities
such as surface shear stress, 7., surface heat flux, q., and the surface couple stress, m., which
may be obtained from the following dimensionless relations

f{(wk)[gy—?}kﬂ ,G,U{—k%wcg—g} ! mf(y%wc%) (5.41)

y=0

Using the equation (5.6) on equation (5.33) we obtain

ool (2] o))

2 4 3
where rw:L?, qw:—%‘, mwzim
v KV |4

(5.42)

are, respectively, dimensionless surface shear stress, surface heat flux and the surface couple
stress.

Once the solutions of the equations (5.20)—(5.22) and (5.26)—(5.28) are known, the values of the
physical quantities are readily obtained. These are the shear stress, z., the rate of heat transfer, q.,
and the couple-stress, m,, at the surface of the plate, which are important from the experimental

point of view. Thus we obtain

r, =(1+ K)X[%+8Al cos(r+¢u)}, a, =%+8AT cos(z+¢ )
(5.43)

m, :(1+§]{a§y" + A, cos(7 +dy )}

where Ouo/dy, 06oldy and ONo/oy are respectively the steady mean shear stress, surface heat
transfer and couple stress.

Here it is proposed to express the available solutions in terms of amplitude (A, At, An) and
phase (¢, ¢r, ¢n) Of the shear stress, the heat transfer rate and the couple-stress having the

following relations:

Ah:\lfrz"'fiz’ AT:\/q|'2+qi27 AN:me+mi2 (5.44)

and

a7 -1 Yi 4 m,
¢, =tan' L, ¢ =tan 12—, $, = tan 1m— (5.45)

z-I’ r
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where the real parts of the transverse velocity gradient, temperature gradient, and couple-stress at
the surface are =, gr and m, respectively and the imaginary parts of those are =i, gi and m;

respectively.

5.4 Results and discussion

In this study, the straight forward finite difference method has been employed in finding the
solutions of the equations governing the unsteady natural convection boundary layer flow of a
viscous and incompressible fluid along a vertical plate. The results are expressed in terms of
transient the shear stress, ., surface heat transfer, ., and couple stress, m,, showing the effects
of the physical parameters involved in the flow field, such as, the micropolar heat conduction
parameter, N*, and vortex viscosity parameter, K .

The effect of the vortex viscosity parameter, K, on the amplitude, Ay, and phase, @, of the
surface shear stress is presented in Fig. 5.2(a) and 5.2(b) respectively. It is evident from the
figures that the amplitude and phase of the shear stress decrease as the value of the vortex
viscosity parameter, K, increases. This is expected because an increase in the value of the vortex
viscosity parameter gives rise to the total viscosity of the fluid flow, which in turn lowers the
magnitude of the amplitude and phase of the surface shear stress. Surface heat transfer is the
major cause of such reduction in the above mentioned quantities. Thus, micropolar fluids exhibit
drag reduction behavior compared to viscous fluids.

Figures 5.3(a) and 5.3(b) depict the effect of the vortex viscosity parameter, K, on the amplitude,

Ar, and phase, ¢r, of the surface heat transfer.
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Fig. 5.2: Amplitude and phase of the surface shear stress showing the effect of K when ¢ =
0.1, Pr=9.0,N*=1.0.
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Fig. 5.3: Amplitude and phase of the surface heat transfer showing the effect of K when
€=0.1, Pr=9.0,N*=1.0.

From the figures, it is seen that the amplitude of the surface heat transfer decreases while the

phase increases when the value of the vortex viscosity parameter, K, is increased. In this case, an

increase in the vortex viscosity parameter leads to an increase in the rotation of microelements

which decelerates the fluid flow and ultimately diminishes the amplitude of heat transfer.

However, the phase of the heat transfer increases which is expected since total viscosity of the

fluid increases as K gets stonger and due to fluid friction ¢r enhances within the boundary layer

region.
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The effect of varying the vortex viscosity parameter, K, on the amplitude, An, and phase, ¢, of
the couple stress is shown in Fig. 5.4(a) and 5.4(b). We observe that the amplitude and phase of
the couple stress decrease owing to the increase of the vortex viscosity parameter, K. Here again,
an increase in the vortex viscosity parameter gives rise to the rotation of microelements which
decelerates the motion of the fluid and ultimately diminishes the amplitude as well as phase of

the couple stress
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Fig. 5.4: Amplitude and phases of the couple stress showing the effect of K when £=0.1, Pr
=9.0,N*=1.0.
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Fig. 5.5: Amplitude and phase of surface shear stress showing the effect of N" when &= 0.1,

Pr=29.0, N*=1.0.
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In Fig. 5.5 the effect of micropolar heat conduction parameter, N, is shown for N*= 0.25, 0.50,
0.75, 1.0 while other parameters are £ = 0.1 and Pr = 9.0. It is observed from this fig. that the
amplitude of the surface shear stress enhances due to the increase in the micropolar heat
conduction parameter, N*. However, the phase of the shear stress does not vary much but if we
look closely it is anticipated that it slightly diminishes. This result is due to the fact that
micropolar fluids offer a greater resistance (resulting from dynamic viscosity and vortex
viscosity) to the fluid motion compared to Newtonian fluids.

The influence of micropolar heat conduction parameter, N* (= 0.25, 0.50, 0.75, 1.0) on
amplitude and phase of heat transfer is shown in Fig. 5.6. It can be seen that the amplitude of
heat transfer micropolar fluid decreases whereas the phase of heat transfer increases
considerably. It happens because the rotation of microelements increases due to an increase in
the micropolar heat conduction parameter which results in the decrease in the amplitude of heat

transfer while phase of heat transfer increases.

1.1 40.0 -

N* =
1.0 — 0.25
B 30.0 |-
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Fig. 5.6: Amplitude and phase of surface heat transfer showing the effect of N* when £=10.1,

Pr=29.0, N*=1.0.

The effect of micropolar heat conduction parameter, N*, on the amplitude and phase of couple
stress is depicted in Fig. 5.7. The physical parameters are set to be N*= 0.25, 0.50, 0.75, 1.0, ¢
= 0.1 and Pr = 9.0. One can find that amplitude of the couple stress increases while phase

decreases extensively when micropolar heat conduction parameter enhances from 0.25 to 1.0.

62



Fluctuating Flow of Thermomicropolar Fluid past a Vertical Surface

0.0

-5.0
Z
=
-10.0
0.11 ] ] ] ] J ] ] ) ] ] J
00 02 04 06 0.8 1.0 00 02 04 06 0.8 1.0
7(a) T 7(b) T

Fig. 5.7: Amplitude and phase of couple stress showing the effect of N* when £=10.1, Pr =
9.0, N*=1.0.

5.4.1 Effect of micropolar heat conduction parameter, N* on transient shear

stress, surface heat transfer and couple stress coefficients

Attention is now given to see the effect of the micropolar heat conduction parameter N*(= 0.25,
0.50, 0.75, and 1.0) on the transient shear stress, 7, while Pr = 9.0. These figures display the
effect of N* on shear stress, 7, As N” increases, the shear stress, 7., increases. In Fig. 5.8(a), for
every value of the heat conduction parameter N*, there exists a local maximum of the shear
stress, 7,. These maximum values of the shear stress, 7., are recorded to be 0.66683, 0.68414,
0.70324, and 0.72449 at 7= 6.6 for N" = 0.25, 0.50, 0.75, and 1.0, respectively. For 7= 6.6, the
shear stress increases by 2.3%, 5.5% and 8.7%, respectively, as N” increases from 0.25 to 0.50,
0.75 and 1.0. Fig. 5.8(b) shows the surface heat transfer coefficient, q., against z for different
values of the micropolar heat conduction parameter N* (= 0.25, 0.50, 0.75, and 1.0) while Pr =
9.0. These figures display the effect of N on the heat transfer coefficient, g.. As N* increases,
the surface heat transfer coefficient, q., decreases. In the same fig., for all values of the heat
conduction parameter N*, there exists the local maximum of the surface heat transfer coefficient,
Je, in each case. These maximum values of the surface heat transfer coefficient, g., are seen to be
0.62630, 0.56880, 0.50547, and 0.43516 at r = 5.7 for N* = 0.25, 0.50, 0.75, and 1.0,
respectively. At r = 5.7, there are decreases in the heat transfer coefficient, q., by 9.18, 21.24

and 30.51 percent respectively, as N* increases from 0.25 to 0.50, 0.75 and 1.0. Fig. 5.8(c)
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depicts the couple stress coefficient, m,, against z for different values of the heat conduction
parameter N* (= 0.25, 0.50, 0.75 and 1.0) while Pr = 9.0. These figures display the effect of N
on the couple stress coefficient, m,. As N” increases, the couple stress coefficient, m,, increases.
This happens because the increase of N means that the heat conduction through the fluid
increases so that the viscosity of the fluid decreases. Again Fig. 5.8(c) shows that there exists a
local maximum of the couple stress coefficient, m,, for every values of the heat conduction
parameter, N* .These maximum values of the couple stress coefficient, m,, are found to be
0.48063, 0.49328, 0.50724, and 0.52276 at r = 6.4 for N* = 0.25, 0.50, 0.75, and 1.0,
respectively. At 7= 6.4, the shear stress increases by 2.63, 5.53 and 8.76 percent, respectively, as
N™ increases from 0.25 to 0.50, 0.75 and 1.0.

Table 5.2: Amplitudes and phases of oscillation in shear stress, surface heat transfer and couple
stress showing the effect of K when £=0.1, Pr=9.0, N*=1.0.

r Ad Ar Ax b r i
K=0.5
0.0 0.54433 0.57995 0.13461 0.00000 0.00000 0.00000
0.1 0.54402 0.58307 0.13459 -1.73080 5.07365 -0.50783
0.2 0.54310 0.59256 0.13454 -3.51399 10.09909 -1.12000
0.3 0.54156 0.60811 0.13445 -5.29338 14.86849  -1.74020
0.5 0.53656 0.65521 0.13411 -8.83135 23.29560 -3.00369
0.6 0.53309 0.68538 0.13383 -10.58221 26.87041 -3.64218
0.7 0.52896 0.71900 0.13348 -12.31395 30.01566 -4.28100
0.8 0.52420 0.75541 0.13305 -14.02027 32.75422  -4.91669
0.9 0.51882 0.79401 0.13254 -15.69445 35.11944  -5.54549
1.0 0.51287 0.83427 0.13195 -17.32975 37.14912 -6.16341
K=20
0.0 0.38492 0.52198 0.10949 0.00000 0.00000 0.00000
0.1 0.38482 0.52686 0.10944 -1.93426 6.47870 -1.11614
0.2 0.38443 0.54166 0.10923 -4.01690 12.74616  -2.43792
0.3 0.38362 0.56492 0.10890 -6.13324 18.41238 -3.73035
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0.5 0.38015 0.63021 0.10794 -10.46187 -10.46187 -6.23926
0.6 0.37727 0.66951 0.10734 -12.64779 31.23695  -7.47043
0.7 0.37356 0.71188 0.10663 -14.82082 34.25848  -8.68800
0.8 0.36904 0.75649 0.10582 -16.95900 36.76954  -9.88685
0.9 0.36377 0.80265 0.10490 -19.04228 38.84107 -11.05924
1.0 0.35784 0.84976 0.10387 -21.05359 40.53872  -12.19679

5.4.2 Effect of vortex viscosity parameter, K, on transient shear stress, surface
heat transfer and couple stress coefficients

The effect of the vortex viscosity parameter, K, on the transient shear stress, z., surface heat
transfer coefficient, g, and coefficient of couple stress, m,, are presented in Fig. 5.9 and in
Table 5.2. It is evident from the figures and Table 5.2 that the shear stress coefficient, surface
heat transfer coefficient and coefficient of couple stress decreases due to an increase in the value
of the vortex viscosity parameter, K. Fig. 5.9(a) illustrates shear stress, 7., against z for different
values of the vortex viscosity parameter K (= 0.5, 1.0, 1.5 and 2.0) while Pr = 9.0 . These figures
display the effect of K on shear stress, z,. As K increases, the shear stress, 7, decreases. In the
same figure, for all values of the vortex viscosity parameter K, we observe a local maximum of
the shear stress, z,. These maximum values of the shear stress, z.,, are 0.84163, 0.72448,
0.63753, and 0.57104 at 7= 6.6 for K = 0.5, 1.0, 1.5 and 2.0, respectively. At = 6.6, the shear
stress decreases by 13.91, 24.25 and 32.15 percent, respectively, when K increases from 0.50 to
1.0, 1.5 and 2.0. Fig. 5.9(b) shows the effect of the surface heat transfer coefficient, q., against =
for different values of the vortex viscosity parameter K (= 0.5, 1.0, 1.5, and 2.0) while Pr = 9.0.
This fig. displays the effect of K on the heat transfer coefficient, g.. As K increases, the surface
heat transfer coefficient, g., decreases. Again in Fig. 5.9(b), for all values of the vortex viscosity
parameter, K, there is a local maximum of the heat transfer, q,. These maximum values of the
heat transfer coefficient, g., are seen to be 0.44791, 0.43549, 0.42693, and 0.41999 at 7 = 5.6 for
K =0.50, 1.0, 1.5 and 2.0, respectively. At r = 5.6, the surface heat transfer coefficient, g,
decreases by 2.77, 4.68 and 6.23 percent, respectively, as K increases from 0.50 t01.0, 1.50 and
2.0. Finally Fig. 5.9(c) depicts the couple stress coefficient, m,, against  for different values of

the vortex viscosity parameter K (= 0.5, 1.0, 1.5, and 2.0) while Pr = 9.0. This figure displays the
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effect of K on the couple stress coefficient, m,. With the increase of K, the couple stress
coefficient, m,, decreases. In the same Figure, for all values of the vortex viscosity parameter K,
there exists a local maximum of the couple stress coefficient, m,. These maximum values of the
couple stress coefficient, m,, are noticed to be 0.59832, 0.52276, 0.46347, and 0.41697 at 7= 6.4
for K =0.50, 1.0, 1.5, and 2.0 respectively. At 7= 6.4, the shear stress decreases by 12.62, 22.53
and 30.30 percent, respectively, as K increases from 0.50 to 1.0, 1.5 and 2.0.

5.4.3 Effect of micropolar heat conduction parameter, N on transient velocity

profiles, temperature profiles and angular velocity profiles
The effects of varying N* on the velocity profiles, temperature profiles and angular velocity
profiles against # are depicted in Fig. .10. It is clear from the figures that the velocity profiles,
temperature profiles and angular velocity profiles increase with an increase in N*. We also
observe that there is local maximum for velocity profiles and temperature profiles while angular
velocity always decreases as # increases. Fig. 5.10(a) illustrates velocity profiles, u(0, #), against
n for different values of the heat conduction parameter N* (= 0.25, 0.50, 0.75, and 1.0). As N

increases, the velocity profiles, u(0, #), increase . In Fig. 5.10(a), for all values of the heat

*

conduction parameter N, there exists a local maximum of the velocity profiles, u(0, #). These
maximum values of the velocity profiles, u(0, #), are 0.36891, 0.38174, 0.39588, and 0.411529
at n = 153 for N = 0.5,1.0, 1.5, and 2.0, respectively. At » = 1.53, the velocity profile
increases by 3.47, 7.31 and 11.55 percent, respectively, when N” increases from 0.25 to 0.50,
0.75 and 1.0. Fig. 5.10(b) also shows the temperature profiles, 6(0, #), against » for different
values of the micropolar heat conduction parameter N°(= 0.25, 0.50, 0.75, and 1.0). The
temperature profiles decrease along # for all values of the heat conduction parameter N*. Fig.
5.10(c) depicts the angular velocity profiles, N(O, #), against » for different values of the heat
conduction parameter N* (= 0.25, 0.50, 0.75 and 1.0). As N” increases, the angular velocity
profiles, N(0O, 7), increase. In the same figure, it is seen that for all values of the heat conduction
parameter N, there exists a local maximum of the angular velocity profiles, N(O, 7). These
maximum values of the angular velocity profiles, N(0O, #), are 0.214790, 0.22260, 0.23209, and
0.24973 at = 1.83 for N" = 0.25, 0.50, 0.75, and 1.0, respectively. Again at 5 = 1.83, the
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angular velocity increases by 3.63, 8.05 and 12.07 percent, respectively, when N” increases from
0.25t0 0.50, 0.75, and 1.0.

5.3.4 Effect of vortex viscosity parameter, K on transient velocity profiles,

temperature profiles and angular velocity profiles

Fig. 5.11 exhibits the velocity profiles, temperature profiles and angular velocity profiles against
n for different values of the vortex viscosity parameter, K.
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Fig. 5.8: Numerical values of (a) surface shear stress (b) heat transfer coefficient and (c)

couple-stress for different values of N* against zwhile Pr=9.0 and o= 1.
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Fig. 5.9: Numerical values of (a) shear stress (b) surface heat transfer coefficient and (c)

couple-stress for different values of K against values of zwhile Pr=9.0 and w=1.

It is seen from the Fig. 5.11 that the velocity profiles attain a maximum value while
temperature profiles and angular velocity profile decrease monotonically with the increase of
n. Fig. 5.11(a) illustrates the velocity profiles, u(0, #), against » for different values of the
vortex viscosity parameter K (= 0.5, 1.0, 1.5, and 2.0). These figures display the effect of K
on the velocity profiles, u(0, #). As K increases, the velocity profiles, u(0, #), increase. In the
same fig., for each value of the vortex viscosity parameter K, there exists a local maximum of
the corresponding velocity profile, u(0, #). These maximum values of velocity profiles, u(0,
n), are 0.48234, 0.411529, 0.360379, and 0.322369 at n = 1.56 for K= 0.5, 1.0, 1.5, and 2.0
respectively. Also n = 1.56, the velocity profiles increases by 14.68, 25.28 and 33.16 percent,
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respectively, as K increases from 0.5 to 1.0, 1.5, and 2.0.
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Fig. 5.10: Numerical values of (a) velocity profiles (b) temperature profiles and (c) angular
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velocity profiles for different values of N* against n while Pr=9.0 and o = 1.

Fig. 5.11(b) shows temperature profiles, 6(0, #), against » for different values of the

micropolar heat conduction parameter K (= 0.5, 1.0, 1.5, and 2.0). The temperature profile

decreases along # for all values of the vortex viscosity parameter K. Fig. 5.11(c) also depicts

the angular velocity profile, N(O, #), against # for different values of the vortex viscosity

parameter K (= 0.5, 1.0, 1.5, and 2.0). As K increases, the angular velocity profile, N(O, 7),

also increases. Finally, Fig. 5.11(c) shows that for every value of the vortex viscosity

parameter, K, there exists a local maximum of the angular velocity profile, N(O, 7). These
maximum values of the angular velocity profile, N(O, ), are 0.27360, 0.24073, 0.214149, and
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0.193509 at = 1.83 for K = 0.5, 1.0, 1.5, and 2.0, respectively. At » = 1.83, the angular
velocity increases by 12.01, 21.72 and 29.27 percent, respectively, as K increases from 0.5 to
1.0, 1.5, and 2.0.

-0.1 ] ] ] ] J
0.0 3.0 6.0 9.0 12.0 150

11(c) n

Fig. 5.11: Numerical values of (a) velocity profiles (b) temperature profiles and (c) angular

velocity profiles for different values of K against 7 while Pr=9.0and o= 1.
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Chapter Six

Free convection flow of a thermomicropolar fluid
along a vertical surface with sinusoidal surface
temperature

6.1 Introduction

The paper studies the problem of two-dimensional steady free convection about a vertical
plate with the combined effect of stream wise sinusoidal variations of the surface temperature
in a micropolar fluid flow with classical Newtonian fluid. Under these assumptions, the
governing boundary layer equations are analyzed numerically by a straight forward finite
difference method.

The space of various the material parameters contains the micro polar heat conduction
parameter, N”, the vortex viscosity parameter, K, and the amplitude of surface temperature, a,
as well as the shear stress, 7, the surface heat transfer, g, and the couple-stress, m, are plotted
graphically and discussed.

Also, it was found that, the effects of non-dimensional physical parameters are

obtained by the isolines of temperature, isolines of the species concentration and streamlines.

6.2 Mathematical Formalisms
The two-dimensional steady free convection laminar boundary layer flow of a thermo-

micropolar viscous incompressible fluid along a vertical flat plate is considered. The

temperature of the ambient fluid and the surface are assumed to be T, and T, respectively.

The coordinate system and the flow configuration are shown in Fig. 7.1.
In this figure Jom, ot and dn represent approximate momentum, thermal and micro

rotation boundary layer thickness, respectively.
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Fig. 6.1: Flow configuration and coordinate system.

Under the usual Boussinesq approximation the governing equations of conservation of mass,

momentum, angular velocity and energy that govern the flow are given as

an, @ 1)
X oy
oo _ou ou , oN - =
plU—+0— |=(u+k)—+k—+pgp(T -T,
( X 87) ( )672 oy ( ) (6.2)
_ _ ) B
pj(Uﬂ+?7ﬁJ=ya ’;I—k(Zl\_lJr@—u]
ox oy oy oy (6.3)
T _oT T a (0T ON oT N (6.4)
U—+0—=a—+ —_——
X oy Oy pc,\OX Yy Oy KX

The boundary conditions to be satisfied are
U(x,0)=0, 9(X,0)=0, N:—la—U,T—(m):f +(T,(%)-T.) 1+8.Sin(ﬂ'zj aty =0

0U—0, 9=0, N>0, T >0 as y>o (6.9)

Here, X,y are the dimensional coordinates parallel with and perpendicular to the flat surface,
U, v are the dimensional velocity component, p the fluid density, x the dynamic viscosity, k
the thermal conductivity, N the dimensional angular velocity, g the acceleration due to

gravity, S the coefficient of volume expansion, T the dimensional temperature, T, (x) the
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mean surface temperature of the fluid in the surface, T, the temperature of the ambient fluid, j

the micro inertia per unit mass, y the spin-gradient viscosity, ¢, the specific heat capacity,

« the thermal diffusivity, ¢, the micro polar conductivity and a is amplitude of oscillation in

the surface temperature.
We introduce the following dimensionless variables

(6.6)

where L is the wave length, N is the dimensionless angular velocity, 6 is the dimensionless

temperature.
Thus the dimensionless equations of conservation of mass, momentum, angular

velocity and energy that govern the flow are given as

o, 0, 67
oxX oy
2
0o M o pr (k) Y Pk Ny g
ox oy oy (6.8)
2
Uﬂ—FZJ@:PI’(l—i—Eja ’;I —BK(ZN +a_u]
ox oy 2 )0y oy (6.9)
00 00 %0 *{aeaN 00 6Nj
U—+0—=—F+N"| ——————|.
ox oy oy Ox dy 0y Ox (6.10)
The boundary conditions are
u=0, v=0, N:—la—u, 0=06,(x)[1+asin(zx)] at y=0
2.0y (6.11)

u—>0, v50, N->0, >0 as y—>w

In equations (6.8)-(6.10), K =xfu is termed as vortex viscosity parameter, Pr = v/ is the
Prandtl number, y= (u +x/2)j is the gyro-viscosity coefficient and N"=ax(gB84TL3)Y2/(L2pcpa)
is the micropolar heat conduction parameter, B=L?(gBATL%/c?)?[j is the material
parameter. Finally, Ow(x) defined in equation (6.11) is assumed to be proportional to a linear
function of x. From application point of view, we need to find the values of shear stress, 7,

the couple-stress, m, and the rate of heat transfer, J, at the surface of the plate, that may be
obtained by the relations given below:
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ou oT oN
T = k) — ) aqa=-k| — , M= -
T=(u+ )[ayjyzo q (ay]yzo m 7(@_/1:0 (6.12)
Using the relation (6.6) on (6.12), we obtain
ou 060 K\ oN
1+ K , =—| — , =1+— || —
e ] e (G (55 619

Where 7, m and q are the dimensionless shear stress, couple-stress and rate of heat transfer,
z—_a1/2

respectively, which are defined by
2 1/4
( ) Mo
T= q= =

q(a
) — g7 M=—7"7-—.
ul AT (gpaT)" HI9PAT

6.3 Method of Solution
The set of equations (6.7)-(6.10) with the boundary conditions (6.11) can be integrated by
straight forward finite difference method. For integration, we set the following group of

transformation for the dependent and independent variables:
u=XU,v=V,x=X, y=Y, N=XG, 6=X0 (6.14)
Therefore the equations (6.7)-(6.10) are transformed into

ou oV

U+X=+Z=0
oX oY (6.15)
2
u(u x@) V%:Pr(l+K)aU+P kC.o
oX oY oY? oY (6.16)
2
uG+xu L, V@:Pr(1+5]aG—KB[2G an (6.17)
oX oY 2 )ov? oY
2
U®+X(U N* @ja_®+ V4N (G xﬁj a—®+N*§®=a@3 (6.18)
oY ) ox oX )| oY o oY

The boundary conditions to be satisfied by the above equations are by the equations (6.11)

6.19
U=0,V =0, G——%%, ®=1+asin(zX) at Y=0 (6.19)

U—-0,V->0 G—-0 650 a Y—O0
Here Bw(X) = X
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Now, equations (6.15)-(6.17) subject to the boundary conditions (6.19) are discredited by
central difference scheme for the diffusion terms and backward-difference scheme for the
convective terms. The resulting tridiagonal algebraic system is obtained as follows:

For the momentum equation, we have
AlUi—l,j + Blui,j +C1Ui+1,j = D1 (6.20)

where

V. . 2(1+ K X V. .
_ 1+K+ ij Blz{_PrM U - JUi'j}, C1=Prl+K— i)j

=Pr —_— -U, . —— -
A AY?  2AY AY? JAX AY? 2AY

Gi+l'_Gi—1' X;
and D,=-PrK W _®i,j_§ui,jui,i4'

For the angular velocity equation, we get

AG,;+BG ;+CG,,; =D, (6.21)
(1+K/2) V;; 2(1+K/2) X,
whear A, =Pr L B = prm— U, ~2KB-—LU,
AY 2AY AY ’ AX 7
1+K/2) V. U, -U_. X,
C2 — Pr( - )_ 1] and D2 — KB i+1, i-1,] _ j Ui -Ui L
AY 2AY 2AY AX T

Finally, for the energy equation, we obtain
A®,_;+B0,;+C0,,;=D (6.22)

3
1 1 * Gi,'_Gi,'— 1
Where A, =-S5 +-2V,; +N {Giﬁx{ e JljZAY}

G, -G G, -G ,.
B3=— 2 _Uij_xjiuij_i_XjN* i+1, ] i-1,] 1 _N* i+, ] i-1,]
’ AX 2AY AX 2AY

AY?
G .-G .
C3= 12_ 1 Vij_N* Gi,-+x,- ij e 1
AY® 2AY ¢ ’ AX 2AY
D,=-X. G)i,jfl U  + XN* GiJrl'j _Gifl,j ®i,j—1 .

The implicit tridiagonal algebraic system of equations (6.20)-(6.22) is solved using the
Gaussian elimination method for the unknown U, W, and @ independently. In the
computation, the continuity equation is used to directly measure the normal velocity vector V

from the following expression:

AY AY
V. =V, —Kxj (U, —ULH)+7(UU +U,;)-

1]

(6.23)
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The effects of the physical parameters, such as, the micropolar heat conduction parameter,
N*, the vortex viscosity parameter, K, the amplitude of surface temperature, a, are discussed
in terms of the coefficients of the shear stress, z, rate of heat transfer, g, and couple stress, m,

from the following expressions:

r:(1+K)X(@j , q:_x(a_(ﬂ 1 m:(“ij(@j (6.24)
oY Y=0 oY Y =0 2 oY Y=0

6.4 Results and discussion
In this study we have analyzed numerically the natural convection flow of viscous
incompressible fluid along a vertical flat surface with streamwise variations of the surface
temperature. The dimensionless equations are solved using the straight forward finite
difference method. Results have been presented in terms of the coefficients of the shear
stress, rate of heat transfer and couple stress. We also investigate the effects of physical
parameters on the isolines of temperature, isolines of angular velocity and the streamlines in
the boundary layer regimes.

In order to validate the numerical solutions, a comparison is made in Table 1. From

the table, it is seen that the present solutions are good agreement with Jena and Mathur [8].

Table 6.1: Numerical values of U’(0,0) and G’(0,0) for Pr =9.0, a=0.0, K=0.1, B = 500.0
and N =1.0

U’(0,0) G'(0,0)

Jena and Mathur [8] Present Jena and Mathur [8] Present

0.1558 0.15574 0.0365 0.03650

6.4.1 Effect of the physical parameters on coefficients of shear stress, z, rate

of heat transfer, g, and couple stress, m

The effects of the micropolar heat conduction parameter, N*, on the coefficients of the shear
stress, rate of heat transfer and couple-stress are shown in figures 6.2(a)-6.2(c). From the
figures 6.2(a) and 6.2(c) it is seen that the amplitudes of oscillation of the surface shear stress
and couple-stress decrease slowly, while figure 6.2(b) indicate that the amplitude of heat

transfer coefficient increases with x as the value of N* increases.
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Fig. 6.2: Numerical values of (a) the shear stress (b) rate of heat transfer and (c) couple-

stress against x for different values of N* while Pr = 9.0, K=5.0, a = 0.5.

Figures 6.3(a)-(c) depict the effects of varying the vortex viscosity parameter, K, on the shear
stress, rate of heat transfer and couple-stress. Figures suggest that the amplitude of oscillation
of the shear stress, rate of heat transfer and couple-stress is higher for lower values of K. The
reason for such an increase in the amplitude is that the value of K is higher for lower viscous

fluid or higher vortex viscosity paraetemr.
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Fig. 6.3: The coefficients of (a) the shear stress (b) coefficient of heat transfer and (c) couple-
stress against x for different values of K while Pr=9.0, N*=1.0,a=0.5.

The influence of the amplitude of the surface temperature on the surface shear stress, rate of
heat transfer and couple-stress is shown in figures 6.4(a)-(c). Evidently, the surface shear
stress, the rate of heat transfer and the couple-stress are found to be higher with an increase of

the amplitude of the surface temperature oscillation. It is due to strong influence of heat
transfer from the surface.

78


Anis
Typewritten text
Dhaka University Institutional Repository


Dhaka University Institutional Repository

Free convection flow of a thermomicropolar fluid along a vertical surface with sinusoidal
surface temperature
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Fig. 6.4: Numerical values of (a) the shear stress (b) rate of heat transfer and (c) couple-stress

against x for different values of a while Pr =9.0, N*=1.0, K=5.0.

6.4.2 Effect of the physical parameters on the isolines of temperature,

isolines of angular velocity and on streamlines

In this section we discuss the effects of the micropolar heat conduction parameter, N*, the
vortex viscosity parameter, K, and the amplitude of surface temperature, a, on the isolines of
temperature, isolines of angular velocity as well as the streamlines in the boundary layer
regimes.

Figures 6.5(a)-(c) demonstrate the effects of N* on the isolines of temperature, isolines of
angular velocity and the streamlines. Results indicate that for higher values of N* the thermall
and momentum boundary layers become wider but the isolines of angular velocity reduces.
Also it is found that there develops near wall layers within the main boundary layers of

temperature and isolines of angular velocity fields. These layers increase when N* increases.
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Free convection flow of a thermomicropolar fluid along a vertical surface with sinusoidal
surface temperature

Moreover, the oscillation in the fluid flow is observed due to streamwise variations of the

surface temperature.
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Fig. 6.5: (a) Isolines of temperature (b) isolines of angular velocity and (c) streamlines in the

boundary layer for different values of N* while Pr = 9.0, K=5.0, a = 0.5.

The influences of the variation of vortex viscosity parameter, K, on the isolines of
temperature, isolines of angular velocity and the streamlines are depicted in figures 6.6(a)-(c).
The thicknesses of the momentum and thermal boundary layers and the isolines of angular
velocity become wider with the increase of K. It is because the vortex viscosity or the fluid
viscosity significantly affects the fluid flow and heat transfer.

Figures 6.7(a)-(c) exhibit the effects of the amplitude of oscillation, a, on the isolines of
temperature, isolines of angular velocity and the streamlines. It is observed that the
momentum and thermal boundary layer thicken and the isolines of angular velocity is higher

for higher values of the amplitude of oscillation, a. Due to high amplitude of oscillation in the
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Free convection flow of a thermomicropolar fluid along a vertical surface with sinusoidal
surface temperature

surface temperature, the fluid flow and heat transfer are seen to be oscillating with larger

amplitude.
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Fig. 6.6: (a) Isoclines of temperature (b) isoclines of angular velocity and (c) streamlines in

the boundary layer for different values of K while Pr =9.0, N* =1.0, a = 0.5.
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Free convection flow of a thermomicropolar fluid along a vertical surface with sinusoidal
surface temperature
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Fig. 6.7: (a) Isolines of temperature (b) isolines of angular velocity and (c) streamlines in the

boundary layer for different values of a while Pr=9.0, N* =1.0, K =5.0.

82


Anis
Typewritten text
Dhaka University Institutional Repository


Dhaka University Institutional Repository

Chapter Seven
Summary and Future Work

The present dissertation deals with the effect of heat transfer of a steady free convection flow
of Newtonian fluids along a uniform surface heat flux. We start by introducing a similarity
transformation and the governing non-linear partial differential equations have been
transformed into a system of non-linear ordinary differential equations which are locally
similar and solved them numerically using shooting iterative technique.

From the present study we have investigated the effects of the vortex viscosity
parameter, K , and the transpiration parameter, s, on laminar mixed convection boundary
layer flow of a micropolar fluid past a vertical permeable flat plate. The governing boundary
layer equations have been simulated employing four distinct methods, namely: (1) the series
solution for small £, (2) the asymptotic solution for large &, (3) the implicit finite difference
method together with Keller-box scheme and (4) the primitive-variable formulation method
for all £. Results are expressed in terms of the surface shear stress, the couple-stress and heat
transfer rate. From the present investigation it may be concluded that:

() Agreement between the solutions of the stream-function formulation and the primitive-
variable formulation found to be excellent.

(i1) An increase in the value of the vortex viscosity parameter, K , leads to an increase in the
value of the surface shear stress, the heat transfer rate and the local couple-stress.

(iii) Values of the surface shear stress, the heat transfer rate or the couple-stress increases
due to increase in the rate of increase in fluid injection parameter s.

In this article we have investigated an unsteady free convection boundary layer flow
of a thermo-micropolar fluid along a heated vertical plate, considering the presence of
micropolar heat conduction. The reduced governing equations that are valid for entire time
regimes are solved using explicit finite difference method. Asymptotic solutions for small
and large time are also obtained. The results thus obtained are compared and found in
excellent agreement. From the present investigation we may conclude the following:

1. The micropolar heat conduction, «” leads to decrease the shear stress as well as the heat
transfer; whereas, this leads to increase in the couple stress.
2. There is decrease in the value of shear stress and the couple stress and increase in the

surface heat transfer owing to increase in the value of the vortex viscosity.
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3. Both the axial velocity and angular velocity along with temperature profile increase due to
increase in the micropolar thermal conductivity, o

4. Increase in the vortex viscosity leads to decrease in the momentum boundary layer
thickness; but leads to reduce the angular momentum boundary layer thickness.

In this Thesis, the unsteady free convection boundary layer flow of a thermo-micro
polar fluid along a vertical plate has been discussed. It is assumed that the temperature of the
plate is oscillating about a constant mean temperature, &, with small amplitude, & The
governing boundary layer equations are analyzed using, straight forward finite difference
method for the entire values of locally varying variable, x. The effects of the material
parameters such as angular velocity, N, the vortex viscosity parameter, K, on the shear stress,
surface heat transfer and the couple-stress have been investigated. Through the present
investigation it is found that micro polar fluids have a greater resistance (resulting from
dynamic viscosity and vortex viscosity) to the fluid motion compared to Newtonian fluids.

The steady two-dimensional flow of an incompressible micropolar fluid about a
vertical plate with the effect of stream wise sinusoidal variations of the surface temperature
has been investigated. The governing boundary layer equations are solved numerically using
the straight forward finite difference method. It is found that the vortex viscosity parameter
and the amplitude of surface temperature strongly affect the shear stress, rate of heat transfer
and couple stress while the influence of the micropolar heat conduction parameter is rather
weak. The thicknesses of the momentum, thermal and angular velocity are found to be wider
owing to an increase of the micropolar heat conduction parameter, the vortex viscosity
parameter and the amplitude of surface temperature. But the exception is that the isoclines of
angular velocity become lower for higher values of the micropolar heat conduction

parameter.

Scope of possible future works
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The results of this study may be made applicable in different fields of science, technology

and industry. The possible extensions of the present study are indicated below:

The present investigation can be extended for three dimensional studies.

This work can be applied for other non -Newtonian micro polar fluid.

Different numerical techniques can be applied to analyze this study and compare with
existing methodologies.

Better knowledge of this work will be helpful in designing of related equipment.

The present analysis can be extended to study the influences of different parameters
by changing the boundary conditions.

This problem can be extended to nano fluid flow with an objective to explore how
nano particles with volume fraction as parameter, affect the velocity and particularly
temperature field.

The future work can be carried out generalizing the geometry of the bearing shape,
using different types of lubricants, types of loading and variation of magnetic field
applied.

Further this can be extended by applying Finite Volume Method.

Velocity, temperature and concentration profiles for different variations of the
parameters. This study may be helpful to do the two dimensional problems of
unsteady MHD free convective flows.

Also this study may be helpful in investigating the nature of flows.
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