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1. Introduction

Many scientific problems have been modeled by reaction diffusion equations as well as by advection reaction diffusion
equations. Many models consider nonlocal type diffusion operators [2-4,6-8,12,13] as well. In this article, we consider such
a linear model (linear partial integro-differential equation (IDE))

ut(x,t)=8/1°°(x—y)(u(y,t)—u(x,t))dy=Lu, (1)
2

and analyze stability, accuracy and rate of convergence of a simple approximation in space and time. (1) is the linear part
of the IDE [2,3,5,9,10,12]

ue(x, t)=8</]°°(x—y)u(y,t)dy—u(x, t)/]""(x—y)dy) + f(u). (2)
2 2

Here the initial condition u(x, 0) = ug(x), x € 2 where 2 C R, f(u) is a bistable nonlinearity for the associated ordinary
differential equation u; = f(u) and J°°(x) is a kernel function that measures interaction between particles at positions x
and y. Here it is assumed that the effect of close neighbors x and y is greater than that from more distant ones; the spatial
variation is incorporated in J°°(x). We assume that J°°(x) satisfies the following properties:
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1. J®®) = 0;
2. J®(x) is normalized such that ffooo J®xdx=1;
3. J®°(x) is symmetric, i.e. J°°(X) = J*°(—x), for all x e R.

In [6], the author studies stability and accuracy of an one step approximation of the IDE (1) considering infinite spatial
domain. He first writes a discrete equivalent of the integral equation, then uses the forward Euler method for time dis-
cretization. Then he analyzes the accuracy and convergence of the scheme. He presents some numerical results to illustrate
the rate of convergence considering both smooth and non-smooth initial functions. Whereas in [7] the author considers a
linear partial IDE that contains a local and nonlocal diffusion operator. He analyzes accuracy of an explicit Euler approxima-
tion and a mixed Euler approximation. He presents some numerical results to demonstrate the accuracy of the schemes.

A brief discussion about numerical approximation of this type of models can also be found in [11]. The author consid-
ers several local and nonlocal operators that contain the operator acting on (1). He approximates the models using finite
difference schemes and discusses some stability issues.

In [12], Duncan et al. consider (2) in a spatial periodic domain. They approximate the problem using piecewise constant
basis functions with collocation and mid-point quadrature rule for space discretization, then they use some standard ODE
solver for time integration. They present some numerical results to demonstrate their scheme.

We present the stability and convergence of the rescaled integro-differential equation model in a spatial periodic domain.
Here we consider spatial [0, 1] periodic domain. If we choose spatially one-periodic initial data u(x, 0), then for all x e R
and t e R4

ux,t)=u(x+1,t).

So, with any kernel function J*°(x), (1) can be written as

u(x, t) = Sf JPx—y)(uy. ) —ux t)dy
R

1
:8/](x—z)(u(z,t)—u(x, t))dz, (3)
0
where
Jo= Y J®x=-n, (4)

and x € [0, 1]. Two sample kernels are shown in Fig. 1. Here it is assumed that the periodic kernel function satisfies the
following conditions

Al J(x) >0,
A2, J(x) = J(1 —x),
A3. [, J()dx=1.

For simplicity of notations, from here J and u mean functions in the periodic domain, and J*° and u® mean functions
defined in the infinite domain. We consider € =1 only since it does not affect our analysis.

Here we study stability and accuracy of a simple scheme using the Fourier series and the discrete Fourier transform
definitions. We organize our article in the following way. We present a space time discretization in Section 2 followed by
stability analysis of the scheme in Section 3. We analyze accuracy of the full discrete scheme in Section 4 considering both
smooth and non-smooth initial functions. We study accuracy of the semi-discrete time dependent scheme in Section 5. We
finish our study in Section 6 with some numerical experiments and discussion.

2. Numerical approximation

We approximate (1) as

dU (¢ N-1
#Ozhzj(x]'—xk)(l]k—”f) X
k=0

for each j=0,1,2,...,N —1 where U;(t) ~ u(xj,t) and x; = jh. Applying Euler’s method we can again approximate the
semi-discrete problem (5) as
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Fig. 1. Examples of kernel functions in [0, 1] periodic domain defined by (4) where (a) J*°(x) =,/ ;ﬁe*mo"z, (b) J®(x) = Se~M, c=10.

N-1
U;?“ —UT=hAt Y J(xj—x)(UR = UY),
k=0
which gives
N-1 N—1
st =U?<1 —hAth(x,-—xk)> +hAt Y J(xj - x)U}. (6)
k=0 k=0

We use Fourier series and discrete Fourier transforms throughout. Before the main discussion let us introduce some
necessary definitions and theorems. The Discrete Fourier Transform for a periodic function (DFT) can be defined as

N-1
Vk —h Z V(Xj)eleJTka
j=0

where v(x,t) is a periodic function with period 1 and its inverse Fourier transform is defined as

N—1 g
vj= Z Vkeﬂrrkxj or vj= Z Vke‘zﬂ""f.
k=0 k:—%—‘rl

For any periodic function f(x) with period 1, its Fourier series can be defined as

1
00
fx) = Z -Afnel'ZJTnX where fn:/f(x)e_iZ””"dx.
n=—oo .

For any 1-periodic complex-valued function v(x) the relation
Z |\7n|2=/|v(x)| dx

n=—oo 0

where v, are the Fourier coefficients of v(x) and for a real-valued function v(x)
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~D o) 1

v 1 " "
TO +3 Y (402 = f v (x) dx

n=1 0

is called Parseval’s relation for the Fourier series where a,, b, are Fourier coefficients. For the Discrete Fourier Transform of
v(x), the relation

N-1 N—1 5

2 7. 12 7 12
DTWiP=hY IV? or b Y|V
jZO k=0 k:_%_;,_]

is called Parseval’s relation where V| is the DFT of v j» both have the same length N.
Now we will discuss the relation between the DFT and the Fourier coefficients. From the DFT definition Vi =
hZ?’Z_O] v(jh)e 127k the Fourier coefficients are

1
Ok — / v(x)e_iz”""dx
0

and the corresponding Fourier series is

00
V(X)= Z Okeﬂnkx.
k=—o00
Thus

N—-1 oo
Vk —h Z Z ‘A/reIZJTrxjelenkxj

]:O r=—o0
o0 o0
=h Z VrNén(r—k) = Z VitmN (7)
r=—00 m=-—00

where r —k =mN and

1 j=mN forsomem e Z

S () = { (8)

0 otherwise.

The relation (7) is known as the discrete Poisson sum formula [15]. The Fourier coefficients of the kernel function in [0, 1]
are given by

1 o0
Jj= / J (e 2T dx = f J¥ (e PV dy = J*@x j), ©)
0 —00

the relation between the Fourier coefficient of J(x) defined in (4) and the continuous Fourier transform of J°°(x).

Definition 1. (See [1, page 223].) For integer k >0, HX(27) is defined to be the closure of Cf, (27r) under the inner product
norm

1

k 2

||¢||Hk=[ZH¢”)Hiz} :
i=0

For arbitrary real s > 0, H(2m) can also be obtained following [1, pages 219-223].

Theorem 1. (See [1, page 223].) For s € R, H*(2m) is the set of all series

o.¢]

PO = Y am¥m(X)

m=—oo

for which
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2 2 2 2
lpl2s=laol* + D Im*|am|* < oo

|m|>0

where

VUm(X) = ™ m=0,4+1,42,....

1
V21
Moreover, the norm | @||+s is equivalent to the standard Sobolev norm ||| us for ¢ € HS(27).

For exact details of Theorem 1 please see [1, page 223]. Here, to use norm definitions in a periodic domain [0, 1], we

use [l@llus = l@llusa)-
Now we return to the main discussion. Here we present approximate solutions in the Fourier domain. Multiplying both
sides of (6) by he 27k and summing over j

N-1 N-1 N-1
h Z U?+1€_i2ﬂkxj —h Z U]ne—iZJ'rkxj (1 — hAt Z ](Xj _ Xr))
=0 =0

r=0

N-1 N-1
+h Z e—iZ]Tka U’l? <hAt Z _](X] _ Xr)e—iZJTka) )

r=0 j=0
That is,

N-1 N-1
oMt = Ug<1 —hAtY " J(xj—x) +hAt Y J(x —xr)e_iznk"j)

r=0 j=0
= g(h, At k)U},

and clearly

Ul = g"(h, At,k)U}, (10)
where
N-1 )
g(h, At,k) =1+ hAt Z J&xj—x)(e7 ™ —1) =1+ At(Jk — Jo)
j=0

since J is 1-periodic. Taking the inverse of the discrete Fourier transform in (10) we get the approximate solution of (1) as

N
2
U= Y g"h At k0™, (11)
k=—5+1

Now the Fourier series of u(x,t) be

e¢]

u(,ty= > ij(t)e>, (12)

j=—00
where
1

uj(t) = / u(x, e I2T¥ dx,
0

and the Fourier series expansion of J(x) be

Joo =Y ]l (13)

j=—00

where

1
]j = / J(x)e U2TX dx.
0



S.K. Bhowmik / Applied Numerical Mathematics 62 (2012) 1880-1892 1885

Substituting (12)-(13) in (1)
Z aﬁj(t)elﬂnx — < Z ﬁj(t)]jelﬂﬂx _ Z ﬁj(t)elﬂnx)
j=—00 j=—o00 j=—00

gives
d. A AL A oA
&uj(t) =(Jj— Jou;®t) =q;ju;®),

with q; = (J i Jo) where ] j is the j-th Fourier coefficient of the kernel function J(x). Solving the above equation we have
fij(t) = eV'a1(0),

where
1

j(0) = / u(x, 0)e~ 12 dx.
0

Thus the exact solution of the IDE (1) can be written as

o0
ux,ty=Y_ i1j(0)elitel2mx, (14)

j=—o00
3. Stability analysis
In this section we establish stability properties of the scheme (6). To prove the stability of the scheme we need some
reasonable restrictions on J(x). We will examine properties of the DFT of J(x) under some reasonable hypothesis on the
function J(x).

Theorem 2 (Stability ). If ] (x) is a periodic function in [0, 1], satisfies A1-A3, and, in addition,

A4. L J(x)<0forxe (0, 1),
A5. Ji=0for - +1<k<y,

then there exists At* > 0 where At* = % C > 0 such that |U"||, < |[U°|| for all 0 < At < At* andn > 0.
To prove the stability Theorem 2 we need to find a bound on g(h, At, k). To this end we need the following lemma.

Lemma 1. Assume that A1-A5 hold. Then 0 < Jo — Jk < 2, Jo — Jx <2 where — 5 +1 <k < §. Furthermore, J, > 0.

Proof. We have

_ N-1 ' _ N-1
Je=h)  Je)e ™™ and Jo=h)  J(x;).
r=0 r=0

So
L N-1 .
Jo—Jk=h Z ](Xr)(l _ e—lkznxr).
r=0

For simplicity from here we take N to be even. Using the symmetry of J(x) in [0, 1]
N
» - 2
Jo=Jk=2hY_ J(x)(1~ cos(k2rxy)) >0
r=0
ash>0and J >0. Also 1 — cos(k2mrx;) < 2. Thus

N 1

2 2 1
jo—]k=4hZ](xr)<4/j(x)dx=2 Jx) dx =2.
r=0 0

0
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So we conclude 0 < Jo — Ji < 2. The result Jo — Ji < 2 follows from the definition of J and by using similar steps to those
of [4]. O

Lemma 2. If ] (x) satisfies A1-A3 then 1 > g(h, At, k) > 1 — CAt for some C > 0 and if ] (x) satisfies A4-A5 from Lemma 1 as well
then C =2 and

2
|g(h, At k)| <1 forall0 < At < At* = -

Proof. Proof of this lemma follows directly from Lemma 1. O

Proof of Theorem 2. We have

N-1 N-1 N-1
Jumy=h Y- Us* =2 D2 |05]° =h? 3" [g" k. At HOS?
j=0 j=0 j=0

2
h’

N-1 5 N-1 X
<h? Y |03 <h ) _|Uf) = [Uf]
j=0 j=0
which gives the result. O

4. Convergence analysis of the fully discrete approximation

Here we analyze accuracy and rate of convergence of the fully discrete approximation presented above considering
both smooth and non-smooth initial functions. Before giving the main convergence results let us introduce a lemma and a
theorem with some reasonable restrictions on J(x), which will be needed throughout this section.

Lemma 3. If ] (x) satisfies A1-A3 in [0, 1] then §; <0 and | Jo — J;| <2 where §; = (Jj — Jo) with J; = [ J(x)e=27¥dx.
Proof. The proof of Lemma 3 follows directly from the definition of ] j» and assumptions on J(x). O

Theorem 3 (Accuracy). If J(x) e H' (1), r > % satisfies A1-A5 then there exist C1 (h) and C; such that
€952t — g(h, At k)| < At(C1(h) + CoAL).

Proof. Here
|e‘7iAt| <1 and |g(h, At k)| <1,

So
|e‘A“<tm — g"(h, At k)| = ](e‘?km)m — g™ (h, At, k)| < m]eakA[ — g(h, At k).

Also,

eIA _ g(h, At, k) = e U]0 — (14 At(Ji — Jo))

. . ~ ~ P Atd . .
=Af((1k—]0)—(Jk—fo))+ZT(]k—]o)], (15)
=
and thus there exist C1(h) and C, (using (7) and (9)) such that
e85 — g(h, At k)| < At(Ci(h) + CoAL).

Here Cq(h) — 0 as h — 0, and C, is bounded, if J(x) and ] j satisfy all the properties mentioned earlier in this article, see
[4] for exact details. O
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4.1. Convergence analysis for smooth initial data
Here we establish the main convergence result by the following theorem.

Theorem 4 If the approximation (6) of the initial value problem (1) is stable, ], ]k, —% +1<k< % satisfy A1-A5 and ug € H° (1)
with o > 5, then there exist constants Cy (h), C, C3(0') such that

Jux, tm) = UT (0 || < AL(C1(h) + C2At)l|uoll + C3(0)h7 [[uollue 1y

Proof. From (14) and (11)

N
00 2
Uy tm) —UT = > g (0)etme™™ % — N gM(h, At, k)T
k=—00 k:—%-‘r‘l
N
2

= Y (@@ein — g™ (h, AL, k)TQ)el2

k=—5+1
+ Y dig(0)edimek2Ty;, (16)
lk|> %

Now taking the inner product on (16) and applying Parseval’s relation

N
2
JuGej.tm) =UT [ < 3 [me@eln — g™ (h, At UR
k=—5+1
A tm|2‘ (17)
Iki>5

The Poisson summation formula gives
[o¢]
ym ~A00,Mm
Uk - Z ul<+rN Z uk+rN
r=—00 r=—00

where ﬁkm+rN is the coefficient of the Fourier series at t;, for the periodic function u whereas ﬁ,ffrf;\, represents the CFT for
the nonperiodic (infinite-dimensional) case. A calculation similar to that leading to (9) gives

1
Q) =/u(x, 0)e K2 xdx = 00 = a3 (2mk) = 17°. (18)
0

So the first part of the right-hand side of (17) can be written as

N N
7 2
N P ~ 012 g N 2
B)eitn —gmBPP < 3 |(efin — )i
k=—5+1 k=—5 41
N
7 2
+ g"(h, At k)Y g (2 (k+TN))| (19)
k=—5%+1 r#0
Applying Theorem 3 on the first part of the right-hand side of (19) we get
%
G n oo |2 2
|(e%'m — g™)ag°|” < (mAL)*(C1(h) + CaAt) |luo 1. (20)
k=—5+1

Now
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< Z|ﬁ8‘°(2n(k +sN))]|
s#£0

Z ug° (2m (k+ sN))
s#£0

5 (2 (k + sN)) (27 (k +sN)) " [* 37| (27 e+ sN)) | 7>
s#0 s#0
using the Cauchy-Schwartz inequality. Thus,

N
2

g"(h, ALK Y A 2rk+sN))| < Y |Y a5 (2m (k+sN))

k=—5+1 s#0 k=—5+1'5#0

<y

2 2

=

fio (277 (k + sN)) (277 (k + sN))“ )(Z| (27 (k+sN))| 2 )

k=—5+1 570 s#0
gives
N
2 2
> g™ Atk A (2w (k+sN))| <h*7Co) Y |2k
k=—5+1 s#0 lk|> Y

< C(@)N* [lugll2 5 = C(a)h* [luollfo 4 (21)

for some o > % Thus applying above bounds, Lemma 3 and Theorem 1 in (17) one gets

Juej, tm) — U7 < AL (C1(h) + C2At) gl + C(@I [uoliZo gy + D i@

lk|> 5
2
< AL (Ci(h) + C2AL) [lug1* + C(0)h*7 [|uo | o g
2 20 )
20 |5
+(N) Z |k[*7 |i1o (2k7)|
Ik|>5
< A (Ci(h % luol? 2% |luo |12 22
< AL (Ci(h) + C2AL) [Juo|1* + C3(0)h*7 [[uollfo 4 (22)

for some 0 > 1. O

4.2. Convergence analysis for non-smooth initial data

Here we consider an initial function which is not smooth enough so that ||ug|lpv(1) is bounded when v > % but there
exists vy < v such that |Jug|lyv (1) < oo and there exists « such that

N

S |ag 2 k4 sN)) [P < Ax*C(up). (23)
k=—5+1

For examples of such functions please see [4,15] and references therein.

Theorem 5. If the initial value problem (1) with some non-smooth initial function uo(x, O) g(x)is considered so that the condition
(23) holds and is approximated by the stable one step finite difference formula (6), J, Jx, — 5 Ni1<k< 5 N satisfy A1-A5, then

|ux;j, tm) — U <t (C1(h) + C2At) [[ugll + Ca(v1) AX™ [[uo | v 1) + AX¥ C3(uo),

where C1(h), Cy and C3 are constants.

Proof. We start rewriting (17) as
2 R .
JuGej tm) —UT[7 < D | (0)ediim — gmG2J?
k<M

+ > i@l — g G+ 3 |(0elien|?

M<k<y lk|> 5§
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for some 0 < M < . Now with the same algebraic operations as we performed for Theorem 4
5 g p p

Jutj tm) —UT ]2 < S |i@edkin — gma>0® 1 3" | (0)elkin — g™ (0)]

k<M M<Ky
2
+ 3 ik @edin P+ 3 g™y a5 (2 (k+ sN))
lkI> % kI<M' 50
2
+ ) gy aFeak+sN)|
My s#0
3 Ji(@eiim — g™z (0)|* < £2,(C1(h) + C2At) Juo|?,
k<M
and
3 |i@etin — g ) + Y [ (©0)etn |
M< ki< Y Ik|> %
2 1\ 2
=C Y |ag <C<M> D kP01 < C3w) AX* M |uoll v 1)
k|>M k|>M

hold. Also following [4,15], there exists & € R such that
2

> + 2
lk|<M Mgik<y

2
< AX**C(up),

2
gy age (27 (k+sN))
s#£0

gy age (2w (k+ sN))
s#£0

< Z Z ug° (2w (k4 sN))

ki< —1 570

which gives

2 2
Juej, tm) = U] " <5 (Cr(h) + C2AL)  uoll* + C3(w) AX* ol 1) + AX**Clug). O

5. Convergence of the semi-discrete approximation

In this section we analyze accuracy of the spatial approximation (5).

Theorem 6. If the semi-discrete approximation (5) of the initial value problem (1) is stable, ], ]k, —% +1<k< % satisfy A1-A5 and
up € H°(1) witho > % then there exist constants C1(h), C(o) such that

Juxj. 6y = Uxj, )| <tCi()lluoll + C2(0)h7 lugllne 1)
Proof. Applying the discrete Fourier transform to (5)

d- .
auk = qrUx (24)

where Gy = (Jx — Jo) and its solution can be found as

Uy (t) = e Ty (0). (25)
Applying the inverse of the DFT in (25)
N
2 ~ ~ .
U(X], t) — Z ert U]((O)elkzﬂxj, (26)
l(:—%-‘rl

Thus comparing (14) and (26)
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N
00 2
uxj, ) UG, 0= Y i(0elel@™ — 3™ elktel2m (o)
k=—00 k=—5+1
b
_ eianxj(ﬂk(O)eﬁkt _eﬁ/<t0k(0))+ Z ﬁk(O)e&"teikZ”Xj_ (27)
k=—841 k>3

Applying Parseval’s relation to (27)

N

2
ue. 0 —UELOT < Y [l — e T ) + Y |a0)eite |

k=—5+1 lki> 5§

g
< Y W@ =GO + Y [aoe |, (28)
k=—5+1 Ik|>§

Now applying Poisson’s formula to the first part of the right-hand side of (28),

N N
2 2
> [ROEE e‘7’<t(~1k(0)|2 = > |kt — eﬁ’<t|2}ﬁ8°(2nk)|2
k=—5+1 k=—5+1

N
2
+ Z Zeza’<t|ﬁ8°(27r (k +sN)) |2.

k=—4 41570
Now
et — ekt |* = et (1 — @00 [* < (2|g — G-

Now

[o¢]
Gk — k= < > €1k+mN> —qk, using(7)
m=—00

= Zak—i-mN = Z(]k-ﬁ—mN - ij)a since gy = ]k - ]0,

m#0 m=#£0
=" (J® (27 (k+mN)) — ]*@mmN)), using (9).
m##0

So from [4] it follows that
. oA A T
|Gk — qi| < 2J°°(E> =C1(h),
and Cy(h) — 0 as h — 0 when J® is smooth enough (if J® € Ly(R), then |J®(&)| — 0 as |£| — oo [14], [16, page 30]).
Thus
|t — ekt | < 2C2(h).
So applying the relation (18), Parseval’s relation and Theorem 1

Z |(eflkt _ eﬁkt)a80|2 < l'ZC]Z(h) Z |ﬁk(0)|2

ki< ki<

0@+ Y |k|°|ak<0>|2)

k|>0

< tZC%(m(

<M uoll? o =t CTWlluollFo g, = C W) luoll”.
Thus, similar to Section 4 there exists a constant C, (o) such that

2
Juxj. ) = Uxj, 0|~ < 2CTM)lluoll® + C3(@)h*7 lluollfo ). O
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(a) (b)
-2 T T T T T T
10 T—dt=.0001 1 —— Gt=.0001
——dt=.001 1072H dt=.001 1
o dt=.01 o dt=.01
10'4 || ——dt=.1 i ——dt=.1
107 ;
6 lo} O o
10 0 000 °° 1 107k ]
0 0 0° °
S S
a-) 10—8 L s | a 10 ¢ E
-6 O
10 F o © E
107 ] 0 0°
107} ;
10—12 |
10} :
10° 107 10" 10° 10° 107 10" 10°
h h

Fig. 2. Here we plot the error term |lu(-,t,) — U™(-)||p at t =1 by varying At and h with J*®(x) =,/ :1—08_10)(2 and (a) up(x) = \/;e*("’%)z (left figure),
(b) up(x) = %e*"‘*%‘ (right figure).

6. Numerical experiments and discussion

Here we start by experimenting with numerical error in the approximation (6) of (1). We compute numerical error at
t = 1. Fig. 2 shows the behavior of |u(-,t;) — U™(-)||p for various choices of h and At with smooth and non-smooth ug
for all x € [0, 1] where J*(x) = \/?exp(—m)cz), u(-, tp) is defined by (14) and U"(-) is defined by (11). From Fig. 2, we
observe that for smooth ug the rate of convergence of the solutions is faster than for the non-smooth ug. Here we also
notice that choices of h and At have an impact on the rate of convergence. This experiment agrees with our theoretical
estimates (and also motivates us to investigate further the theoretical stability and convergence analysis of such a one step
approximation). From this study we notice that the full discrete scheme is conditionally stable. The accuracy of the scheme
depends on the smoothness of the initial function. We have some limitations in this study. We impose some reasonable
restrictions on the kernel function to prove the stability and convergence results. The analysis of higher order schemes in
one and multi-dimensions, which is of course more challenging, is left for future studies.
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