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. INTRODUCTION

Many problems from chemical, physical, mechanical, biological, and other systems have been
modeled by reaction diffusion equation and advection reaction diffusion equations. Problems
with a standard Laplacian-type diffusion operator (local problems) are well known [1-5]. A lot of
problems contain a nonlocal [6—12] diffusion operator as well as both [13]. These type of models
are typically complicated, interesting to the scientists, challenging to understand and to analyze.

Study in convolution model of phase transitions (initial value problem) is of ongoing interest
and a lot about numerical analysis yet to be done. In this article, we analyze stability, accuracy,
and rate of convergence of approximations of such a linear partial integro-differential equation
(IDE)

u;(x,t) = e/ Jx —y)wu(y,t) —u(x,t))dy = Lu,
Q
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FIG. 1. Examples of kernel function: (a) J (x) = ,/ lﬂﬂe*m‘)xz, a smooth function and (b) J (x) = Se~M,
¢ = 10 a non-smooth function at x = 0.

which is the linear part of the IDE [6,7,9,10, 14—17]

U =€ </ J(x = yu(y,n)dy — u(x,t)/ J(x — y)dy> + f@w). (D
Q Q

Here, the initial condition u(x,0) = uy(x),x € Q2 where 2 C R, f(u) is a bistable nonlinearity
for the associated ordinary differential equation u, = f(u) [e.g., f(u) = u — u?, see [8, 10] for
more detail] and J (x — y) is a kernel that measures interaction between particles at positions x and
at y. Here, it is assumed that the effect of close neighbours x and y is greater than that from more
distant ones; the spatial variation is incorporated in J(x). We assume that J is a non-negative
function satisfying smoothness, symmetry, and decay conditions. Figure 1 shows two sample
kernel functions. u represents the density (concentration) at point x in €2 of a binary material and
& > 0 is a non-negative parameter.
Note that the convolution Eq. (1) is the L,-gradient flow of the free energy functional [7, 10]

E(u) = 8/ [ J(x = Y)(W(y, 1) — u(x,t))*dxdy +/ F(u(x,t))dx 2)
eJa Q

where u and J are defined above and f(#) = —F'(u). In Eq. (2), the first integral penalizes
special variations in the solution, and when f(u) = u — u?, the second integral penalizes states
u for which |u| # 1.

This type of model also arises in firing rate models in neuronal networks [11, 12, 18-21]. For
the one-dimensional case [11, 12]—and many other articles about neuronal models consider the
equation
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NUMERICAL CONVERGENCE OF A LINEAR PIDE 3

8u§;,1) = —u(x,t) +/ w(x —y) fu(y,t) —thydy 3)
Q

where Q2 C R, w(x) represents the coupling between neurons, u(x,t) represents synaptic input
to a neuron at each point x € €2, and f represents the firing rate of the neuron at x € Q with
threshold th. Troy et al. [11] show that Eqgs. (3) and (1) are similar.

In [7,22], existence, uniqueness, and regularity properties of the convolution problem [Eq. (1)]
are established, these studies also include global asymptotic stability in the case of zero-velocity
continuous waves. There it is shown that Eq. (1) is a direct analog of the more familiar bistable
nonlinear diffusion equation (the Allan-Cahn equation), and shares many of its properties.

In[10, 15,23], the authors study some important properties of the model [Eq. (1)]. Duncan et al.
[10] inspect properties of stationary solutions, coarsening of solutions, stability, and numerical
approximation of Eq. (1) by piecewise constant basis functions. Duncan [10, 15] shows results
for the full nonlinear IDE model in detail as well as for the linear part, and also compares the
model with the famous Allen-Cahn model. Then, he concentrates on approximation and accuracy
analysis of such approximations using piecewise polynomial basis functions.

Motivation of this study comes from [10] where the authors present the approximation of the
partly convolutional linear part of the model [Eq. (1)] using piecewise constant basis functions
followed by mid-point rules for the integrals in each of the sub-domains. We consider the infinite
domain 2 = R. We study stability, accuracy, and convergence of a finite difference method to
approximate the linear part of Eq. (1). We show that the one step approximation is stable and
present the rate of accuracy and convergence for the linear IDE considering smooth and non-
smooth initial functions. We use the continuous Fourier transform [4, 24-26] and the discrete
Fourier transform [4,25,26] for our analysis throughout this article.

The article is organized in the following way. In Section II, we present our problem and its
semi-discrete and fully discrete approximations. We discuss stability of such a fully discrete
approximation in Section III. The accuracy and convergence results for the fully discrete approx-
imation are shown in Section IV whereas Section V contains convergence analysis for the spatial
approximation (continuous in time) of the problem. We finish this study with some concluding
remarks in Section VI.

Il. SIMPLE APPROXIMATION IN AN INFINITE DOMAIN

Consider the linear integro-differential equation [10]

wn = [ 6= 300 = utndy @
with u(x,7) = ug(x), x € R [since ¢ > 0 is a constant, it does not affect our stability and
accuracy analysis, and so we avoid multiplying ¢ in Eq. (4), we consider ¢ = 1]. This IVP can be
approximated by a system of ordinary differential equations as follows:

o _,

o > TG = x) U — Uy )

k=—o0

for each j € Z where U;(t) ~ u(x;,t) and x; = jh where h is the spacing between the grid
points x; for all j € Z. Applying the explicit Euler approximation formula to Eq. (5) we obtain
the fully discrete approximation

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Ut = Ut =hat Y T —x) (U - UT)

k=—00
where U J” = U(xj,1,). This is equivalent to
Ut =y (1 — hAt Z J(x; — xk)) + hAt Z J(x; — x) U (6)
k=—o00 k=—00

We need the following definitions and results to present the approximation in Fourier domain
and to carry out the analysis of the approximations. The Discrete Fourier Transform (DFT) of the
sequence {v,, : m € Z} on the mesh points {x,, = mh : m € Z} is defined by

() = F Z e ", (7

m=—00

if v, € Ly(hZ) [4, page 198]. The inverse DFT is defined by

1 i

- ihmé& ~ d 8
T _%e v(§)d§ ®)

U =

where € € [=X
is defined as

7, h] If u € L,(R), then the Continuous Fourier Transform (CFT) of u(x) in space

G(E) = E/ u(x)e *dx = (Fu)(&). ®)

If u,u € L,(R), then the inverse Fourier transform is defined as

1o
E/ W) dE = (F'i)(x).

Definition 1.  [4, page 36] For any function u(x) with x € R, the H" norm for any r € R, is

defined by
il ey = \/</ (1+ |5|2>f|ﬁ(-§>|2ds>.

Multiplying Eq. (6) by J%e‘i-f k¢ and summing over all j gives

ux) =

h o - o) A o)
\/T Z e—uthnH Z —uhSUjr_l (1 — hAt Z J(x; — xk))
T

j=—00 j=—00 k=—00

Z e~ Mhs |:hAt Z J(x; —xk)e"'(-""‘)”g] .

k=—00 j=—00

ﬁ\
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So,
U&= {1 + hAt Z J(x; — xp) (el s 1)} U"(§).
j=—00
Hence,
U" (&) = (g(hg, AD)"U (&), (10)
where

g(h&, At) =1+ At (h Z e—l’"hEJ(x,)> — At (h Z e_"hOJ(x,))

r=—00 r=—00

=1+ V27 At(J () — J(0)), (11)

using the DFT definition [Eq. (7)].

lll. STABILITY ANALYSIS

Now, we carry out a stability analysis of Eq. (6) following [4]. We examine properties of J(§)
and J (&) under reasonable hypotheses on J(x). We use the bounds on J(£¢) and J (§) obtained
in the next Lemma to bound g(h&, Ar).

Lemma 1. Assume that J(x) € L,(R) N C(R) satisfies
H1 J(x) > 0;

H2 J(x) is normalized such that ffooo J(x)dx =1,

H3 J(x) is symmetric, i.e., J(x) = J(—x), for all x € R;

H4 JA (x) is decreasing on (0, 00);
H5 J(¢&) = 0.

Then, H1-H4 give the DFT results 0 < J(0) and J (&) < J(0) < \/g +J () forall§ € [-%,Z]

and the CFT results J(§) < J(0) < \/g + J(&). Further, if HS holds, then J(&) > 0 for
Je H@R),r > %

Proof. Using H1 and H3 we get
. - - 2 e
J(©)>0 and J(©O)—J(E) =,/ =h [Z (1 — cos(mhé)) J(mh)j| > 0.
bid
m=1
From the previous formula,

. . 2 & )
JO)—J(&) <2,/ =h Z J(mh) since 1 — cos(mhé) € [0,2].
T

m=1
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Conditions H1-H4 ensure that

Z/X"M T(x)dx = /w Jooydx = -
; 2

m=0 v *m

i hJ(mh) <
m=1

for all m > 0 with x,, = mh. So, we have f(O) — J~($) < \/g Hence, we conclude
j(é) < J(0) < \/g + J~(§). The result J~(§) > 0 follows from Proposition 1 and HS if J € H",

1

r > 5. The continuous Fourier transform of J (x) and conditions H1-H3 give
A A 2 [ 2
JO)—-J(E) <2 —/ J(x)dx <,/ —.
T Jo T
Thus, we conclude f(é) < f(O) < f(é) + \/g [ ]

Lemma 2. Assume that J(x) € L,(R) N C(R) and H1 and H3 hold, then there exists C > 0
such that 1 — CAr < g(h&, Ar) < 1. If H2 and H4 also hold, then C = 2. In both cases,
lg(h&, At)| <1 forall0 < At < At* = %

Proof. From Lemma I we observe that {N (0) — J (&) is bounded if J € L, N C(R). So, there
is some constant \/% > 0 such that J(0) — J () < \/% It then follows from

g(hg, A1) = 1+ V2w A1(J (§) — T (0))
and Lemma 1 that 1 — CAr < g(h&, At) < 1. Now, if H1-H4 of Lemma 1 hold then we have
g(hE, At) = 1+ V2r At(J(€) — J(0)) gives 1—2Ar < g(h&, Ar) <1
by Lemma 1. The last result follows by inspection. ]

We now have the stability result. Let us recall Parseval’s relations which are needed to prove
the stability and accuracy results. The relations

/ |M(X)|2dx=/ i (&) *d& (12)
and
19 = [ P = Y hloal = ol? (13)
“h m=—o00

are the well known Parseval Formulae [4, 26].

Lemma3. IfJ(x) =J(—x)and J(x) > 0and J € L,(R) N C(R) then there exists At* > 0
given by Lemma 2 such that |U" ||, < ||U°||, for all 0 < At < At* andn > 0.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Proof. We have

ot =n 3 Juif = [T ior@rde = [ igmer oo ras

e —
m=—00 h h

from Eq. (10). Using Lemma 2, we have |g(h&, At)| < 1 and so using Parseval’s relation

2 02
=U"1;,»

% B 00
ot = [T 100@rds =n Y |up
“h

m=—00

the result follows. u

Hence, we conclude that the scheme [Eq. (6)] is stable in the discrete L, norm (Strikwerda
[4, Definition 1.5.1]).

IV. ACCURACY AND CONVERGENCE

In this section, we investigate the accuracy and convergence of the scheme [Eq. (6)]. We find the
rate at which the approximate solution converges to the exact solution of the IDE [Eq. (4)] for
different choices of smooth and non-smooth initial conditions.

Applying the convolution property of the continuous Fourier transform to the exact IDE [Eq.
(4)] we get

u(&,1) =q@u,), (14)
where § (&) = +/27 (J(€) — J(0)). The solution of Eq. (14) is
i, 1) = ety (). (15)

Here, ¢ < 0 (from Lemma 1), gives the stability property |i(£,1)| < |io(&,1)|. Applying the
inverse continuous Fourier transform to Eq. (15) we have

u(x,t) = Q1@ (£)dE,

1 / e
— e
A/ 27 J -
which is the exact solution of Eq. (4).

Definition 2. [4, page 199] Given v € L,(hZ), then the interpolation operator T is defined by

1 T
- ixé~ d
Nor 7%6 v(§)d§

for each x € R. The continuous Fourier Transform of Zv is

Tv(x) =

_ 5E) gl = T
To() = h
0 iflEl>

The interpolation operator T maps functions in L,(hZ) to functions in L,(R).

Numerical Methods for Partial Differential Equations DOI 10.1002/num



8 BHOWMIK

Theorem 1. [27] Letu € H" (R) withr > % The DFT and the CFT are linked by
i =3 afs+ 2 (16)
= )

j=—00

From Egs. (8) and (10) we have the approximate solution

U =

1 T
"= / ;e‘"”‘f(g(hs,m»"ﬁo(@ds, (17)

and the Fourier interpolant of that mesh function is

TU"(x) = J% f ¢ (g(hE, A1) iig (E)dE. (1)
Now
u(x,t,) —ZU" (x) =\/L2_n o e (1O iy (&) — (g(hE, A1) "ilg(€))dE
+ \/% /s>;; e 1Om o (£)dE. (19)
Using Parseval’s relation [Eq. (12)] one obtains
e, ) — TU" ()] = / " uty) — TU )P
- J% f@ i) = et A e
+ «/%_71 /|g P
< J% 1 ®) — (g0, 80t
+ ﬁ /|s e (20)

using the stability property ¢ < 0.

The right-hand side of Eq. (20) has a time-evolution error term and another term that is deter-
mined by the smoothness of the initial function u#,. We now bound the time dependent part.
Let

A~ 2 .
a) = e""iig(€) — (g(h&, AD)"fig(€) and by = (g(h&, AD)" Y i (“%)’
Jj#0

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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noting that

= 27 j 2
ﬁa9=:23%<s+{}) aa+§:w(s+iﬂ)

j=—o0 Jj#0

Using the triangle inequality one obtains

1

A 2 .
N le? @ (&) — g(hé, AD"itg(§)|°dE < \/;/ 7O — g(hE, AD"| it (§)I°dE
lel< % lE1=%

\/> 27‘[])
£+ —

/s’,f 20 < h
27[] 27\ 27 j

by [4, page 204]. We assume that the initial function is smooth and there exists ¢ > % such that
lleeo || o vy is bounded. So, similar to [4],

Gl )
L

27 j 27\
(645 ) (e+5)
which gives

Gz

where Ci(0) = 2(1)* > 721(2j — 1)7*. Then, following [4, page 203] for the second term in
Eq. (20),

dg,

since |g(h&, Ar)] < 1. Now,

S, <s+2”TJ> < |

Jj#0 Jj#0

—20

2

J#0

s

d§

)6 o)

d§ = h*C(o0) lido(§)1716 1> d&

g
lel> %

< Ci (@)™ |uollyyo @) 1)

1 P 1 (h)z" oA
i dE < —— — d
N luog(§)1°d§ < oz Jer \x 1§17 g (5)|"d§
< Cr(0)h* |luollyyo ) - (22)

Now, define a = ¢?®2" and note that t, = nAt. Thus,
eé(s)fn _ g(h%‘, A1) =a" — gn =(a— g) Zan—rgr.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Because ¢(§) < 0 and |g(h&, Ar)| < 1 we have |a" — g"| < n|a — g, or equivalently
|e1©n — a(hE, A1)"| < n|e?®D — g(h, A1)|.
Now, for the scheme [Eq. (6)],
eM© _ o (hE, At) = AVIEIO-TO) _ (1 4 Ap27 (J(E) — T (0)))

= AtV27(J (§) — J(0)) — At2m (J(§) — T (0))
00 A j R . )
+3 S and© — Jony
Jj=2 ’

Applying Theorem 1 and assuming that J/ € H"(R) with r > % one gets

- - ad 2 N (27
iw-s0= 5 (1(0+3) ()

j=—o0

— je) - J(O)—i—Z( <s+2”71) f(zy}?)).

J#0
Using Eq. (25), Eq. (24) becomes

M) _ g(hE, At) = —Atmz (-i <§ + %TTJ> -7 (27[7]))

J#0

[oe] A j “ A .
£y Ti(ﬂ(](é) —J ).
=2

(23)

(24)

(25)

(26)

To obtain the main accuracy and convergence results we establish a bound for the first term in

Eq. (26) under reasonable assumptions on J (x).
Lemma 4. Assume that H1, H3, and HS of Lemma 1 hold, and assume in addition

6 /() <0fors =0.

Then, for all ] < Z, |32, _o(J (€ + L) — J(3))| <20 (%).

Proof. Foranyé € [—7,7]and j € Z, condition H6 ensures that

f(%(2j+1)) 5f<s+?> Sf(%(Zj—l)).

> (1 (e+5) - () =S (0 G- -3 (7)) ==

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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11
and

Ji( (5+2”—])—f<?>>zi(f(%(2j+1))—f<2”j>>> b=

~

as Jj > JH] for all j > 1 where J; = f(%). So, we have

205 (5) =76

using HS. Hence, using H1, H3, and the definition of the Fourier transform we conclude

;(@+%Q_4%g)sﬁg)

<>

Example 1. Letus consider the kernel function J (x) = ./ me’loo"z' The Fourier transform of

J(x)is J &) = 400 . For this J (¢) we have (using Maple)

f<$+ 27;]) _j<27;:]> - o Tz =D

R

So,

2|

J#0

27 j ~ (21 2 ¢ el
— | —-J|— )| <.,/ = 40012 .
(e 5) -7 (7)) = DI

Thus, using Maple

2

#0

A 2w j ~f2m]
J@+7ﬁ"@r>

where C > \/g and from Lemma 4,

2
ST (64 2ZL) - 7 (ZL)| < ceimn
° h ik
Jj#0
Example 2. Consider the kernel function J (x) = —e“M then J &) = T (222+€2) . Now for this
J (€) we have for j > 1 (using Maple)
Z f(g N an) 3 j(2nj>‘ - (sinh(ci.z) —ch).
P h h /27 sinh(ch)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Sup(CFTa)—DFT(G))

T
- = = sum
— |l

. L L L L .
0.4 0.5 0.6 a7 0.8 0.9 1
h

FIG.2. The figure shows Y" ;o |/ (& + Z) — J(%)| for both cases with J (x) = §e~*! with ¢ = 100.

The Fig. 2 plots the upper bound of the sum obtained from the Lemma 4 and from numerical
observation. Here, we consider J (x) = ‘E’e’“"“. We observe that the infinite sum is bounded and
hence prevails a bound for the numerical sum by Lemma 4.

We return to Eq. (26). We apply Lemma 1 and find

> %(«/ﬂ(i@) SUONEDY %(2)-/’ =exp2Ar) — (1 +2A1) < GAZ. (27)
! !

j=2
Thus, applying Lemma 4 and Eq. (27), Eq. (26) implies
€419 — g(h§, AD| < A1(Ci(h) + C A1), (28)

where C(h) = 2\/2nJA(%). If J € L,(R), then |f($)| — 0 as |&] — oo [28], [29, page 30].

So, Ci(h) — 0 as h — 0. The rate of convergence determines the accuracy of the scheme. In
2

the Example 1, one has C,(h) = \/geugw, which decays exponentially fast as 2 — 0. In the

Example 2, C,(h) = %, which is O(h?) as h — 0. We have

/E € g(he, A i) P

=7

< / RO _ g(he, AnPlio(E)PdE,  using Eq. (23)
el
< AP / (Co(h) + C A1 iAo (E)PdE,  using Eq. (28)
1<

=< t,f/ (Ci(h) + CAD ik (£)PdE < 1;(C1 () + Cr A1 ||uo|1*. (29)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Thus, applying Egs. (21), (22), and (29), the estimate [Eq. (20)] takes the form
lu(x,t,) = ZU" ()| < t,(Ci(h) + C2AD) |uoll + C3(0) A7 [[uo | 5o ) (30)

for all uy € H° (R) with o > % We end up with the following result.
Theorem 2. If J(x) and J (&) satisfy the assumptions H1-H6, then there exists At* > 0 such
that the approximation [Eq. (6)] of the IDE [Eq. (4)] is stable for all 0 < At < At* and, if in
addition, uy € H° (R) with o > % then there exist constants C,(h), C,, C3(o) such that

lux,2,) = ZU" ()| < 1, (C1(h) + CoAD luoll + C3(0)h? [luoll o ®).-

A. Convergence Estimation for Piecewise Continuous Non-Differentiable Initial Data

Now, we consider continuous but not necessarily differentiable initial data. Here, we assume that

the initial function is not smooth enough for ||ug|| zo ®) to be bounded with o > % Instead we
assume that there exists oy < % such that ||| go1 &) is bounded and, that for non-smooth initial

functions there exists o > 0 such that

/|s Zao<s+%>

=% jzo0
Before we start our main discussion let us show the motivation with an example.

2
d& < > C(uy). (31

Example 3. Consider the initial function (similar to [4, page 217])

e ifx >0,

ug(x) ={—e™ ifx <0, (32)
0 if x =0.
The continuous Fourier transform of uy(x) is u¢(§) = %% Now, for any o) < % (using

Maple)
2 * 2N01 | A 2 1
ol =/ (14 827 [fg(€)|2dE < CT <§—01>,

where I'(-) denotes the Gamma function [25]. We evaluate the integral in Maple. Thus, ||ug| yo1 <

C*for o, < % Also, for all [£] < % one has

wi\[ 2 (€ + i) h 1
ﬁ0<§+7>’ :; E h — 3 5;tanh<§h>
j#0 <1+($+2”T’)>

Jj#0
Hence
. 27\ 1 1
> lao(&+==)| d& < —htanh ( h dé < Ch
el<x 4 h 7T 2 ) i<z
=h j#0 —h
with @ = %, which is of the form Eq. (31).

Numerical Methods for Partial Differential Equations DOI 10.1002/num



14 BHOWMIK

Now, we return to the discussion of the accuracy of the approximation [Eq. (6)] of the IDE

[Eq. (4)] with initial functions uy € H°(R), o0 < % We start by rewriting Eq. (20) as

(o)

luCx, 1,) = ZU" ()12 =/ lu(x,1,) — ZU" (x)Pdx

1

. 1 .
= 7= ), 1 ® — o) ©Fds + /g . N GIRE
=n >

|7 A G0(E) — (g(h&))"iio () dE,

T
h

1
el
21 Ju<igi<

where u = ;% for some 0 < v < 1. Using results from the analysis of the continuous initial data
problem we have

lutx, 1) = ZU" ()2

R 2
|10 (€) — (g(h&))"itg(§)PdE + \/; / fo(®) s
1§1=

b
=h

<2
V2w Jig1=u
p A
+ 2 / TS G (6) — (g(hE)) g (E) e
T Jusigl<¥
2 R 27\ |? 2
e
™ 2| h 7 usms%;

[§1=p j#0
2 q(&nAt A na 2 2 A~ 2
< —/ le? ug(§) — (g(h&))'uo(8)1°dé +4 —/ lug(§)|°d&
T Jigl<p T Jusigl

2 . 27\ 2 ) 27\ |
e B b
4 |s|s;LZ vl h : 4 uslé\ﬁ%; ol® :

Jj#0 h
Now, as in Eq. (29) we have

i 27i\[
0<§+T>‘ §

2 N
\/;/ "% (8) — (g(h))"io(§)1°dE < 12(Ci(h) + C2 A1) [ldo . (33)
gEm

Using relation (31) one obtains

2 . 2nj>r \/7/
= g+ ag+ )=
\/Zv/léflt; MO( h T /tf\é\ﬁ”z

T j#0

UGSy

z
=7 j#0

2 . 2
i <é+%)‘ dE

2
d§ < h**C(ug), (34)
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and finally

lio(§) P dE < 4—= / < ) &% ko (§)°dE
\/271 /;;<|s <l
< c<al>h2“lf||uo(s)||,,al . (35)
with 7 and o, defined above. From Egs. (33)—(35), we conclude
lu(x,t,) = ZU"(x)|| < t,(Ci(h) + CoAD)|Jug|l + C3(a)h " |lug || ror @) + h*C(uo)  (36)

for all uy € H' (R) with o7 < % We summarize our results in the following theorem.

Theorem 3. If J(x) and J (&) satisfy the assumptions H1-H6, then there exists At* > 0 such
that the approximation [Eq. (6)] of the IDE [Eq. (4)] is stable for all 0 < At < At* and, if
in addition, ||ug||yo1 ) is bounded with some o < % and Eq. (31) is satisfied, then there exist
constants C1(h), C,, C3(o1) and C(uy) such that

lu(x, ) = ZU" ()| < 1,(Ci(h) + C2AD luoll + C3(0)h™ " luoll gor ) + A% C (uo)

forall uy € H°' (R) with oy < %

B. Convergence in a Discrete Norm

Here, we estimate the accuracy of the scheme at the grid points iZ instead of the continuous
approximation over R given by the Fourier interpolant of the approximation. We estimate the
difference between u(mh, t,) and U,, at the grid points.

Definition 3 (Similar to [4]).  The truncation operator T : L,(R) — L,(R) is defined by

1 o
E/ e (&)dE € L,(R).

Tv(x) = e 0(E)dE, where v(x) =

=1

The Fourier Transform of Tv is

_ 8, iflEl < %
ToE) = .
0, e
We have
Mo t) = U Olln < NGy t) = TG t) s+ 1T 1) = U Ol (37)

The exact solution u(x, t) can be written as

u(x,z>=/ i) = Y / s AT g, (s+27”j)ds.
- 3

]7*00

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Now, using Parseval’s relation we estimate

Sy (4 28)

J#0

2
luC-,0) = Tu, 0l =/ dé§

g
1<%

S /
<

using the inequality (21) and ¢(¢) < 0. From Eq. (15), one has

2
2
3 i (s+7”j)

Jj#0

T
h
e

7=l

Tu(mh,t,) = imh o4 ®infy (£)dE,

and Eq. (17) gives an approximation at each grid point. We have

i1
Tu(mh,t,) — U" e

1
" N2 /—’hf

Now using Parseval’s relation [Eq. (13)] we have

ITw).t) = U QI =h Y |[(Tu)(ih.) — UL

j=—o0

1

P _
< — [ " 1m0 ) — (g(hE, A itg(E)PdE.

= _%
Thus, applying Eqgs. (21) and (29), the estimate [Eq. (39)] takes the form
ITu(, 1) = U"Olln < ta(Ci(h) + CLAD luoll + C3(a)h° ||ug |l to w)
for all uy € H° (R) with o > % Finally, combining Egs. (40), (38), and (37) we get
lu(.,2) = U" O lln < 1,(Ci(h) + CoAD [luoll + C3(0)h” uoll o )

for all uy € H° (R) with o > % This gives the following theorem.

d& < C(@)™ uglFyo )

imhs (g1©m (&) — (g(h&, A1) iio(§))dE.

(38)

(39)

(40)

(41)

Theorem 4. If J(x) and J (&) satisfy the assumptions H1-H6, then there exists At* > 0 such
that the approximation [Eq. (6)] of the IDE [Eq. (4)] is stable for all 0 < At < At* and, if in
addition, U(mh,0) = ug(mh) where uy € H° (R) with o > %, then there exist constants C(h),

C,, C3(o0) such that

lu.t) = U" Ol = t(Ci(h) + CrAD [Juoll + C3(0) R luo |l 1o ).

To show the computational error with some smooth and non-smooth initial functions, we
compute the error in the approximation Egs. (6) of (4). For the computation of the error term,
we consider the functions (&, t,) defined in Eq. (15) in the domain & € [, 7] and Ur &)
defined in Eq. (10). We first compute the solutions in the Fourier domain, and find the difference

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG. 3. Here, we plot the error term |ju(-,2,) — U"(-)||, at + = 1 by varying Ar and h with (a)
J@) = te ™ and up(x) = Le M, (b) J(x) = Le I and wo(x) = /1Le=1007 (¢) J(x) = /10010052

and ug(x) = /L1907 and (d) J (x) = /L1907 and uy(x) = Le .

E(- 1)) = |ii(-,t,) — U"(-)|. Then, we use MATLAB ifft(E) to get the error in the spatial domain
and find the discrete L, norm of the error. Figure 3 shows the behavior of |ju(-,¢,) — U"(-)||, for
various choices of 4 and Ar with smooth and non-smooth J(x) and uo forallx € Ratt = 1. We
observe from Fig. 3(b,c) that for smooth u, the rate of convergence of the solutions is faster than
for the non-smooth u, shown in Figs. 3(a,d).

V. ACCURACY AND CONVERGENCE OF THE SEMIDISCRETE APPROXIMATION

Applying the discrete Fourier transform to the semidiscrete approximation [Eq. (5)] and using
standard convolution results we get

U.&,1)=G@&UE, 1) (42)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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where & € [—Z,Z] and G(§) = v/27 (J(§) — J(0)). The solution of Eq. (42) is

U(E,1) = 1" Uy(8). (43)

Applying the inverse discrete Fourier transform to Eq. (43) we have

U, (t) = imht Q1€ o (& )dE. (44)

1 f’h’
Ry e
V21 —z

Here, we return to the main discussion. Recall the Fourier interpolant (Definition 2)

TU(x,1) = L [T e (&)de
’ V21 -z 0 .
Now using Eq. (15)
1 . . I
u(x,t) — IU(x,1) = i e (1 g (§) — e Uy (§))dE
lel<F
1 . N
+ —/ e el ®1 (&) dE. (45)
V21 Jig=%

Using Parseval’s relation [Eq. (12)] we have

luG.t) =ZU G0l = foo lu(-,1) = ZU (-, 1) Pdx

o0

/” i, 1) —INU(s,t)fds+f (5 1)
- > %

=

1 A U, 1
b i £y _ GO d _/ SV
< Nir s |e1®" (&) — e W(&)|dE + T et litg(§)|°dE

(46)
since by Lemma 1 g < 0. Using Theorem 1 linking the DFT and the CFT, the Cauchy-Schwartz

inequality [30, page 206], and the stability assumptions, the first part of the right-hand side of Eq.
(46) can be written as

1 N -
E |64(E)tu0(%—) _ eq(%‘)tUO(s)|2d$
v 1<%
2
2 N . 2 27 j
< 1 = TPy §) P + —— f i (s + —) dt.

21 Jigi<% N2 Jig<x ; h

Now,

IO _ IO — (d®1 (] _ (@©-ier)
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Applying the Mean Value Theorem [31, page 5] for the function e@®~4©) on the interval (0, 1),
there exists T € (0, ¢) such that

e@®=4EN — 1 4 &) — C}(%—))te(é(é)*é(é))f.
So,
1O _ pd®)n 1§ (&) — q"(%-))eé(é)(fff)eé(f)f‘ 47)

Thus, [e?®" — e7©"| < 1]G (&) — G(§)| since g(§) <0 and §(§) <O0.
Hence,

/ 9O — 1O iy (£) PdE < tz/ 1g(&) — (&) 1io(§)dE.
le|<%

lg1<%

Now apply Theorem 1 and Lemma 4 to obtain

R - it ~ 2 j A2 ]
36 —g®l=var Y |J (s + 7’) —J (Tj> < C(h).
j==00,j#0
where C(h) = 2J (%) goes to zero as h goes to zero (similar to (28)).
Hence,
/ 7O — 1O ity (&) PdE < 2C(h)*(luoll”. (48)
lgl<T
Thus, applying Egs. (21), (22), and (48), Eq. (46) takes the form
lu(x,t) = ZU @) < tCi(M)|luoll + C3(0)h? |luoll o w) (49)

for all uy € H° (R) with o > % This gives the following result.
Theorem 5. If Eq. (5) is a semidiscrete approximation to the IDE [Eq. (4)], J, J satisfy the
assumptions H1-H6 and uy € H° (R) witho > % then there exist constants Cy(h), C5(o) such
that

lu(x, 1) = ZU @O < tCi(M)[luoll + C3(0) R’ lluoll o ).

With similar computations as of Fig. 3, we compute the error E(-, 1) = |u(-, 1) — U(~, t)| of
the approximations (5) of (4). For the computation of the error term, we consider the functions
u(&,t,) defined in Eq. (15) in the domain £ € [—7, 71 and U (&,1) defined in Eq. (43) in each
grid point. We have plotted ||u(-,#) — U (-,t)||; in Fig. 4 with smooth and non-smooth J(x) and
uy with various choices of space discretization at t = 1. We notice that the rates of convergence
in Fig. 4(a,d) are very close to O(h'®) where as Fig. 4(b,c) have very fast rate of convergence.
Particularly from Fig. 3(b,c) and Fig. 4(b,c) we notice that approximate solutions with smooth
uo(x) and J(x) give a very fast convergence rate which also agree with our theoretical error
estimates.
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FIG. 4. Here, we plot the error in ||u(-,¢) — U(-,1)||, varying h at + = 1. We consider (a) J(x) = %e“"‘
and uo(x) = Le M, (b) J(x) = Le M and up(x) = W10 (¢) J(x) = /101007 gpq
uo(x) = /101902 and (d) J (x) = /1Qe=190 and g (x) = Le .

A. Discrete Norm Convergence

Here, we follow the same steps as of Section B to estimate
lu(,8) = UG < luC,t) = Tul,Dllp + 1 Tu,t) —UC |- (50

From (15),

s

ho N
Mty (8)dE,
h

Tu(mh,t) =

7
2r J-
and Eq. (44) gives approximation at each grid point. Thus, we have

T
h

7=l

Tu(mh,t) — U(mh,t) = e (1O o (8) — T[Ty (£))dE.
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Now, using Parseval’s relation [Eq. (13)] we have

T ) —=UCOIZ=h Y |[(Tu)(h.o) — U]

j=—00
1 [ .
< E/; le? g (&) — €11 (§)17dE . (51)

Thus, applying Egs. (21) and (48), Eq. (51) takes the form
ITuC,t,) = UG, t)lln < tCr(M)lluoll + C3(0)h? lluoll o ) (52)

when o > % Finally, combining Egs. (52), (38), and (50) we get

lu(t) = UG Dy < tCr(M)luoll + C3(0)h? lluoll o r)s (53)

for all uy € H° (R) with o > 1. Thus, we get the following bound.

Theorem 6. If Eq. (5) is a semidiscrete approximation to the IDE [Eq. (4)], J, J satisfy the
assumptions H1-H6 and U (mh,0) = u(mh,0) where uy € H° (R) with o > % then there exist
constants C(h), Cz(o) such that

lu0) = UG Dy < tCr(m) [luoll + C3(0)h° lluoll o w)-

VI. CONCLUSIONS

A simple one step approximation for a linear integro-differential equation has been analyzed. We
notice that the full discrete approximation is stable. The scheme is convergent in space and time.
The rate of accuracy of the approximation depends on the choices of the initial function and the
kernel function considered which have been presented theoretically as well as via numerical exper-
iments. In this study, it is noticed that both the full discrete approximation and the semi-discrete
approximation for the IDE give the same rate of convergence in L,(R) and L,(hZ).

The author is thankful to Professor Dugald B. Duncan for his valuable advise and kind help.
He is thankful to Professor Gabriel Lord, Professor Andrew Lacey and Dr. David F. Griffiths for
their valuable suggestions.
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