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Abstract

The Boundary Value Problems (BVPs), either the linear or nonlinear, arise in
some branches of applied mathematics, engineering and many other fields of
advanced physical sciences. Many studies concerned with solving second order
boundary value problems using several numerical methods. But few studies
concerned with especial cases of higher order BVPs have been solved applying
several numerical techniques. In our thesis, we have used the Galerkin technique
for solving higher order linear and nonlinear BVPs (from order four up to order
twelve). The well known Bernstein and Legendre polynomials are exploited as

basis functions in the technique.
The main steps, in this thesis, depend on:

1. To use the Bernstein and Legendre polynomials we need to satisfy the
corresponding homogeneous form of the boundary conditions and

modification is thus needed.

2. A rigorous matrix formulation is developed by the Galerkin method for
linear and nonlinear systems and solved it using Bernstein and Legendre

polynomials.

3. Using the Newton's iterative method for nonlinear problems to obtain more

accurate results.

The numerical results for the Galerkin method that appear in this thesis are good,
but the errors in the method increase when the order of the differential equations
become high. Also the accuracy of the method depends on the boundary
conditions as well as the changes on the order of boundary conditions. In addition,

this method requires long computing time when the order of the BVPs increase.

The thesis entitled “Numerical solutions of higher order BVPs using piecewise
polynomial bases” contains ten chapters, among them the first chapter is confined

as “Introduction”. In this chapter we discuss some mathematical preliminaries

X
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which are important to study the problems investigated in this thesis, such as,
some theorems, corollaries which are used in the subsequent chapters, Bernstein
polynomials and its properties; Legendre polynomials and its properties, etc. We

also include in this chapter, the objectives and scope and a layout of the thesis.

Chapter 2 is devoted to find the numerical solutions of the fourth order linear
and nonlinear differential equations using Bernstein and Legendre polynomials
as basis functions. We derive rigorous matrix Formulations: Formulation I,
Formulation II and Formulation III, by Galerkin method for two different types of

boundary conditions.

d*u d>u d*u du
Tta3——+a——+a——+au=r,a<x<b

dx dx dx dx

subject to the boundary conditions

u(a)= 4y, u(b)y=By,u'(a)=A4,u'(b)=B,.

(1). Formulation I: a4

d*u d3u d*u du
Tta——+tay——+a——+aqu=r,a<x<b

dx dx dx dx

subject to the boundary conditions

u(a)=A4g,u(b)=B y,u"(a)=A4,,u"(b)=B,.

(2) Formulation II: a4

2

2 2
(3) Formulation III: 4 p(x)d—gl +r(x)u=s(x),a<x<b
dx dx

subject to the boundary conditions

u(a)=A4g,u(b)=B y,u"(a)=A4,,u"(b)=B,.
For the numerical verification of the proposed formulations we consider four
linear and two nonlinear BVPs. It is observed that the approximate solutions

converge to the exact solutions even with desired large significant digits.

The numerical solutions of fifth order BVPs is studied in chapter 3. In this
chapter, we first derive the matrix formulation for solving linear fifth order BVP

by the Galerkin weighted residual method with Bernstein and Legendre
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polynomials as trial functions and then we extend our idea for solving nonlinear
differential equations. Two linear and two nonlinear BVPs are considered to
verify the reliability and efficiency of the proposed method. The computed results
are presented in tabular form and also graphically. It is noted that the present
method is quite efficient and yields better results when compared with the existing

methods.

Chapter 4 is dealt with the numerical solutions of sixth order BVPs and is
devoted to find the numerical solutions of linear and nonlinear differential
equations using Formulation I and Formulation II which are derived for two types
of boundary conditions by the Galerkin method. In this method the basis functions
are modified into a new set of basis functions which must satisfy the
corresponding homogeneous form of Dirichlet boundary conditions. Numerical
verification of the method is performed by considering four linear and two
nonlinear BVPs. It is found that the obtained results are superior to other existing

methods.

The computations of seventh order linear and nonlinear BVPs are provided in
chapter 5 by the Galerkin method using Bernstein and Legendre polynomials as
basis functions. The basis functions are transformed into a new set of basis
functions to satisfy the corresponding homogeneous form of boundary conditions
where the essential types of boundary conditions are mentioned. The method is
formulated as a rigorous matrix form which is tested on three linear and one
nonlinear BVPs. The numerical results are shown both in tabular form and also by
the depicted of graphs, and it is observed that the results are better than other

existing methods.

The numerical solutions of eighth order BVPs are illustrated in chapter 6. In
this chapter, five linear and two nonlinear differential equations are solved
numerically by Galerkin method with Bernstein and Legendre polynomials as
basis functions using Formulation I and Formulation II for two different types of

boundary conditions. The numerical results of the proposed method are compared

xi
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with both the exact solutions and the results of the other methods available in the
literature. The comparison shows that the present method is of great accuracy and

convenient.

Chapter 7 is devoted to find the numerical solutions of ninth order BVPs. The
aim of this chapter is to apply Galerkin weighted residual method with Bernstein
and Legendre polynomials as basis functions. The method is formulated as a
rigorous matrix form. Then only one numerical example of linear BVP is
considered, which is available in all existing literatures, to verify the proposed

formulation and the solution is thus compared with the existing methods.

Chapter 8 is entitled as Tenth Order BVPs. In this chapter, we consider
Formulation I and Formulation II for two different kinds of boundary conditions
by the Galerkin method. Then we solve five linear and two nonlinear BVPs using

these two formulations and we get better results than the previous results.

In chapter 9, we consider an application of Galerkin method for the numerical
solutions of linear and nonlinear eleventh order BVPs with Bernstein and
Legendre polynomials as basis functions. Results of two linear and one nonlinear
BVPs are tabulated to compare the errors with those methods developed

previously.

The last chapter entitled Twelfth Order BVPs is devoted to find the numerical
solutions of linear and nonlinear differential equations by the Galerkin method
using Formulation I and Formulation II for two types of boundary conditions. In
this chapter we have solved four linear and two nonlinear BVPs and get superior

results to other existing methods.

All problems of this thesis have been solved by using the software MATLAB,
which is used to perform scientific computations and visualization. Finally, the

conclusion and a list of references are appended towards the last of this thesis.

xii
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CHAPTER 1

Introduction

In the real life phenomena, the boundary value problems (BVPs) either the linear
or nonlinear problems have many scientific applications. These problems occur in
many branches of applied mathematics, theoretical physics, and engineering, the
most significant among them being the boundary layer theory, the study of stellar
interiors and control and optimization theory. Problems involving the wave
equation, such as the determination of normal modes, are often stated as BVPs. A
large class of important BVPs is the Sturm-Liouville problems. Much theoretical
work in the field of partial differential equations is devoted to proving that BVPs
arising from scientific and engineering applications are in fact well-posed. Higher
order BVPs occur in the study of fluid dynamics, astrophysics, hydrodynamic,
hydro magnetic stability, astronomy, beam and long wave theory, induction
motors, engineering and applied physics. The BVPs of higher order have been
examined due to their mathematical importance and applications in diversified
applied sciences. The BVPs for singularly perturbed differential difference
equations arise in various practical problems in biomechanics and physics such as
in variation problems in control theory and depolarization in Stein’s model. The
depolarization in Stein’s model is continuous time, continuous state space,
Markov process whose sample paths have discontinuities of first kind. The
mathematical modeling of the determination of the expected time for generation
of action potentials in nerve cells by random synaptic inputs in dendrites includes
a general BVP for singularly perturbed differential difference equations with
small shifts. Many phenomena in applied mathematics and other sciences can be
described very successfully by models using mathematical tools from ordinary

differential equations.
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1.1 Objectives and Scope of the Thesis

The BVPs for fourth order differential equations arise in variety of areas of

applied mathematics, physics and variational problems of control theory. For
example u’ (t) = f(t,u(t)) subject to boundary value conditions u(0)=u(1) =u"(0)
=u"(1) =0 can be used to model the deflection of elastic beams simply supported

at the endpoints. The fourth order problem is applied as an advanced version of
the Bolzano’s theorem. Many approaches such as the Leray-Schauder
continuation theorem, nonlinear alternatives of Leray-Schauder, fixed point
theorems and coincidence degree theory are used to acquire the existence and
multiplicity results. The fourth order BVP is the problem of bending a rectangular
clamped beam of length / resting on an elastic foundation. The vertical deflection

@ of the beam satisfies the system

(e

@(0) = o(l) = @' (0) = &'(]) = 0.

4

where L = d—4 ,D 1is the flexural rigidity of the beam, k is the spring constant of
dx

the elastic foundation and the load ¢g(x) acts vertically downwards per unit length

of the beam.

The induction motor behavior is represented by a fifth order differential equation
model. Addition of a torque correction factor to the model accurately reproduces
the transient torques and instantaneous real and reactive power flows of the full
seventh order differential equation model. Singular fifth order BVPs arise in the
fields of gas dynamics, Newtonian fluid mechanics, fluid mechanics, fluid
dynamics, elasticity, reaction-diffusion processes, chemical kinetics and other
branches of applied mathematics. These problems generally arise in the
mathematical modeling of viscoelastic flows and other branches of mathematical,

physical and engineering sciences. In general, it is not possible to obtain the
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analytical solution of the fifth order BVPs. Consequently, we usually resort to
some numerical methods for obtaining an approximate solution of the fifth order
BVPs.

Many mathematical models arising in various applications can be written as
BVPs. One such problem is the sixth order BVP which plays an important role in
astrophysics and the narrow convecting layers bounded by stable layers which are
believed to surround A-type stars. It may also note that dynamo action in some

stars may be modeled by such equation.

The seventh order BVPs generally arise in modeling induction motors with two
rotor circuits. The induction motor behavior is represented by a fifth order
differential equation model. This model contains two stator state variables, two
rotor state variables and one shaft speed. Normally two more variables must be
added to account for the effects of a second rotor circuit representing deep bars, a
starting cage or rotor distributed parameters. To avoid the computational burden
of additional state variables when additional rotor circuits are required, model is
often limited to the fifth order and rotor impedance is algebraically altered as
function of rotor speed under the assumption that the frequency of rotor currents
depends on rotor speed. This approach is efficient for the steady state response
with sinusoidal voltage but it does not hold up during the transient conditions,
when rotor frequency is not a single value. So the behavior of such models shows

up in the seventh order.

Eighth order BVPs govern the physics of some hydrodynamic stability problems.
When an infinite horizontal layer of fluid is heated from below and is subjected to
the action of rotation, instability sets in. When this instability sets in as over
stability, it is modeled by an eighth order ordinary differential equation. Eighth
order differential equations are also modeled while considering the motion of a
cylindrical shell. Equations for the equilibrium in terms of displacement
components for an orthotropic thin circular cylindrical shell subjected to a load

that is not symmetric about the axis of the shell, which resulted in eighth order
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differential equations. We would like to point out that the eighth order BVPs arise

in the torsional vibration of uniform beam.

The BVPs of ninth order have been presented due to their mathematical
importance and the potential for applications in hydrodynamic and hydro
magnetic stability whereas the eleventh order BVPs have been developed due to
their mathematical importance and the potential for applications in numerous
fields of science and engineering. If a uniform magnetic field is applied across the
fluid in the same direction so that of gravity, then the instability may be sets in as
over stability which can be modeled by a twelfth or eighth order BVP; whereas
the instability which occur as ordinary convection can be modeled by a tenth
order BVP. Twelfth order differential equations have several important
applications in engineering. Such problems arise in geophysics when studying

core fluid adjacent to the core mantle boundary.

Therefore, we have attempted to solve numerically higher order (fourth to
twelfth order) BVPs by applying the following steps to get high accuracy:

- To use the Bernstein and Legendre polynomials we need to satisfy the
corresponding homogeneous form of boundary conditions and modification is
thus needed.

- A rigorous matrix formulation is developed by the Galerkin method for linear
and nonlinear systems using Bernstein and Legendre polynomials as trial
functions.

- Using the Newton's iterative method for nonlinear problems to obtain more

accurate results.

The computed results, in respect of all the above mentioned BVPs, are represented
through tables and graphs. For doing this, all calculations are performed by the
appropriate and widely used software — MATLAB.
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1.2 Plan of the Thesis
To achieve the objectives set out in the previous section, the plan of the thesis

comprises the following ten chapters:

e Chapter 1 contains some important definitions which are related to our thesis
and will be used in the subsequent chapters. This chapter also highlights in
detail the properties of Bernstein and Legendre polynomials which are used as
basis functions in the Galerkin method to study the problems in this thesis.
Objectives and scope of the thesis are also given in this chapter.

e Chapter 2 is dealt with the numerical solutions of the fourth order BVPs where
Bernstein and Legendre polynomials are used as basis functions. We derive
matrix Formulation I, Formulation II and Formulation III by applying the
Galerkin method with two different types of boundary conditions for solving
these problems.

e Chapter 3 is devoted to find the numerical solutions of fifth order BVPs. In
this chapter we first derive the matrix formulation for solving linear fifth order
BVP and then we extend our idea for solving nonlinear differential equations.

e The numerical solutions of sixth order BVPs using Formulation I and
Formulation II for two types of boundary conditions by the Galerkin method is
discussed in Chapter 4.

e In Chapter 5, the numerical solutions of seventh order BVPs by the Galerkin
method are evaluated. The method is formulated as a rigorous matrix form
which is tested on several linear and nonlinear BVPs to compare the results
with the existing methods.

e We provide the numerical solutions of eighth order BVPs by applying
Formulation I and Formulation II for two different types of boundary
conditions in Chapter 6. The numerical results of the proposed method show
that the present method is of high precision, efficient and convenient.

e In Chapter 7, we illustrate the numerical solutions of ninth order BVPs. The

aim of this chapter is to apply Galerkin weighted residual method with
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Bernstein and Legendre polynomials as basis functions for numerical solution
of a linear BVP.

e Chapter 8 is concentrated on the numerical solutions of tenth order BVPs. In
this chapter we consider Formulation I and Formulation II for two different
kinds of boundary conditions. Several numerical examples both linear and
nonlinear BVPs are solved using these two formulations and we get better
results than the previous results obtained so far.

e In Chapter 9, we consider an application of Galerkin method for the numerical
solutions of eleventh order BVPs with Bernstein and Legendre polynomials as
basis functions. Numerical results of several linear and nonlinear BVPs are
tabulated to compare the errors with those developed so far.

e Numerical solutions of twelfth order BVPs are investigated in Chapter 10
using Formulation I and Formulation II for two types of boundary conditions.
Some numerical examples are considered to verify the proposed method.

e Conclusions and references are given towards the last of the thesis.

1.3 Some Mathematical Preliminaries
In this section we discuss some important definitions those are related to our
thesis and the properties of Bernstein and Legendre polynomials which are used

as basis functions in the Galerkin method.

1.3.1 Definitions
In this section we write down some definitions which will be used in subsequent

chapters of our thesis.

Solution of a differential Equation:

Consider the nth-order ordinary differential equation
n
f|:x:yaﬁa"'ad—y:|:() (11)
dx dxn

n
where f'is a real function of its (n+2) arguments x, y,%,- ,%
X X
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Then, we may say that a solution of the differential equation (1.1) is a relation
between independent and dependent variables, not containing derivatives, which
identically satisfies the differential equation (1.1).
Example: The function f'defined for all real x by

2
f(x)=sinxis a solution of the differential equation d { + f =0, that
dx

—sin(x) + sin(x) = O which holds for all real x.

Analytical solution:
An exact solution to a problem that can be calculated symbolically by

manipulating equations. Manipulating means to work, operate or treat with hand.

Numerical solution:

Numerical analysis is a technique to do higher mathematics problems on a
computer and also widely used by scientists and engineers to solve their problems.
An important advantage for numerical analysis is that a numerical solution can be
obtained even when a problem has no “analytical” solution. It is important to
realize that a numerical solution is always numeric but analytical methods usually
give a result in terms of mathematical functions that can be evaluated for specific
instances. However, numerical results can be plotted to show some of the
behavior of the solution. Another important distinction is that the result from
numerical analysis is an approximation, but results can be made as accurate as

desired.

Initial value problem: Constraints that are specified at the initial point, generally
time point, are called initial conditions. Problems with specified initial conditions

are called initial value problems.

Boundary value problem:
Constraints that are specified at the boundary points, generally space points, are

called boundary conditions. The number of boundary conditions is usually equal
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to the order of the ODE. Problems with specified boundary conditions are called
boundary value problems.

Boundary value problems (BVPs) for ordinary linear or nonlinear differential
equations arise in many branches of applied mathematics, theoretical physics and
engineering, the most important among them being the boundary layer theory, the

study of stellar interiors and control and optimization theory.

Existence and Uniqueness of Solution:

Here, we shall consider the following nth order differential equation

4"y =f£x,y,dl,...,dn_1yJ (1.2)
dx " dx dx "
with boundary conditions
y(a;) = Al,iay'(ai) = Az,i"'ay(ki)(ai) = Aki+1,z} (13)
a<a <a,<--<a,<b0<k
and
yD(a)) = A4;,i= 01, ,n-2 } L
P (a,)=B,,(0< p<n-1) '
also
y(P)(al)zAp,(O<p<n—l)} )
yD(a,)=B;,i=01,,n-2
The function y(x) can be written equivalently the integral equation as
a
y(x)=1;(x)+ j G (x,8) f (5, y(s), -,y (s))ds (1.6)

al

where

[;(x)is polynomial of degree (n-/) satisfying eqn. (1.3) for j=1, (1.4) for j/=2 and
(1.5) for j=3 and also

Gi(x,5) = g(x,5), Gy (x,5) = =hy (x,5), G3(x,5) = —hy(x,5)

q+1

The function f we shall assume continuous on [a,b]x R throughout without

mention.
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Theorem 1.1 [8]: Let k; >0,i=0,1,---,¢g be given real numbers and let Q be the
maximum of ‘f(t, Ug,Up, Uy, )‘ on the compact set

{(t,ug,up, ,uq),a <t<b,

w;|< 2k;i=01,-,q}

then if
Casel:
1
max l(l) <k d (b < ki E—Ol -
agtgb‘l (t)‘— ;and (b—a) < oc, i=01-.q (17

the boundary value problem (1.2) with boundary conditions (1.3) has a solution.

Case2: a;=a,a, =b
1

. P
zﬁ”aﬂgkﬂmdaq—ags hw =01 (1.8)
oC

n,i

max
ay<t<a,

the boundary value problem (1.2) with boundary conditions (1.3) has a solution.

Case3: a; =a,a, =D
1

. k. \n—i
‘lj(l)(l‘)‘ < k;and (a, —a))<| — " l,i=0,1,"',61,j=2s3 (1.9)
Qan,i

max
ay<t<a,

the BVP (1.2) with boundary conditions (1.4) or (1.5) has a solution

Theorem 1.2 [8]: Let f(¢,uq,u; ,~-~,uq) satisty the condition

|f (tuguy, )| S L+ i[,j‘uj‘ (1.10)
=0

q+1

Forall (¢,ug,uy,---,u,)<lay,a,]x R?" where L is any number and let

L;(j=0.,1,--,q) satisfy the inequality

9 .
0= ZC**-L-(ar —a;)""" <1. Then the BVP (1.2) with boundary conditions (1.3)
i=0

n,i*i

has at least one solution for any 4; ;
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Theorem 1.3 [8]: Let f(¢,uq,u;,--,u, ) satisfy the Lipschitz condition

q
‘f(tau())ula'”auq) - f(tsVO:Vls"'qu)‘ < Lilu; = v
i=0

Then
1.1f8 <1, the BVP (1.2) with boundary conditions (1.3) has a unique solution for
any Ai,k

q .
2.ifa=) a,;Li(a,—a)"" <1 (1.11)
i=0

each of the BVPs (1.2) with boundary conditions (1.4); (1.2) with boundary

conditions (1.5) has a unique solution for any A4; and B;

Residual Function:

To obtain the residual function [10] we first collect all the terms in the differential
equation on the left hand side. The exact solution will produce an answer which is
identically zero for all values of x in the problem domain when substituted into the
left hand side. But an approximate solution will not produce an identically zero

function but a function say, R(x) which is called residual function.

4 4~
Example: If d—:l+ 4u =11s a differential equation. Then R(x)= —Z +4u -1 is
dx dx

the Residual Function of the differential equation where #(x)is the approximate

solution.

Galerkin Method:
A more commonly used technique involving residuals, particularly in connection
with finite elements, is Galerkin’s method [10]. Our first step is to look for an
n
approximate solution of the form: u(x) = 6y(x)+ Z a,;0;(x)
i=1
where

(a) the function 6, (x)is chosen to satisfy the given boundary conditions of the

problem.

10
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(b) The functions 6;(x),i=12,---,n must each satisfy the corresponding

homogenous form of the boundary conditions. In this method we determine the n
unknown parameters by selecting n weighting functions which are multiplied by
unknown parameters. Galerkin’s method then involves determining these

parameters by solving the n weighted residual equations:

b
jR(x)ai(x)dx =0,i=12,,n
a

Modified Galerkin Method:

If we continue to use the Galerkin technique in conjunction with piecewise linear
coordinate functions then second derivative terms in the differential equation
would make no contribution to the approximation leading to poor results. Hence it
is desirable to use an alternative weighted residual technique which involves only
first derivative terms. The new technique is obtainable using integration by parts
from the standard Galerkin approach and is known as the modified Galerkin
method [10].

Also in the modified Galerkin technique we shall demand of the trial solution

still taken in the form

E(x)z@o(x)+zn:ai(9i(x) (1.12)

i=1
where 6)(x) satisfies any essential boundary condition present and
0;(x),i =1,---,n should satisfy the corresponding homogeneous form of any such

essential boundary condition.

It is important to realize that boundary conditions are of two basic types, referred
to as essential and suppressible. For second-order differential equations a
boundary condition containing a derivative term is called suppressible; otherwise
it is referred to as essential. For example consider a second-order differential
equation:

—%[p(x)%j+q(x)u:r(x), a<x<b (1.13)

11
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with boundary conditions

agu(a)+oqu'(a) = }

Bou(b)+ Biu'(b) = c,

where p(x),q(x) and r(x) are specified continuous functions and & ,xy, By, 5>

(1.14)

c1,c, are given constants. Here if «;, 5, are both non-zero then both boundary
conditions are suppressible. If o; =0 and f; #0 then the first condition is

essential, the second is suppressible and so on.

Now using eqn. (1.12) into eqn. (1.13) we obtain weighted residual equations of

the form
b d dir
J‘{——(p(x)—uj +q(x)u — r(x)}é’j(x)dx =0,7=123,---,n (1.15)
’ dx dx

Integrating first term by parts of eqn. (1.15) and using eqn. (1.12) and after minor

simplification, we can obtain

b
Hp(x)%%w(x)eo )0, +Z{p(x)—ﬁ+q(x) } }dx
—pb)u'(b)0;(b) + p(a)i'(a)d;(a) =0 (1.16)

Now we consider the following boundary conditions:

Case 1: Robin (mixed) boundary conditions (i.e.,ay # 0,0, 0,5, #0,5, #0)
From eqn. (1.14) we have

—aii(a) and i7'(b) = ¢y = Poii (b)
a] by

Hence eqn. (1.16) becomes

D [EEE

1

u'(a) =

j|d Bor(D)6; (b)ej (b) B agp(a)b; (a)ej (a) .
0 ﬂl 051

b , 0, b)0. (b 9.
=| {r(x)e (- p() 20 d——q(xwo } c2p(0)9;(b) _c1p(@)6;(a)

By Q)

_ Pop(0)8;(0)6y(b) . ayp(a)0;(a)by(a)
B o

12
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Or, equivalently in matrix form

Z ca;=F;, j=12,-

ﬂop(b)ei (0)8,;(b) ayp(a)b;(a)f;(a)
b o}

6, do;
—L 4+ q(x)0,0 }
x

L 2PB)0;() _cp(@)0;(a)
1 oy

do, 0,
F, quw<mmm — (000 }
X

_ Pop(0)8;(0)6y(b) . ayp(a)0;(a)by(a)
B o

Case 2: Dirichlet boundary conditions (i.e.,ay # 0,0, =0,8, #0,5, =0)
Here the boundary terms vanish because the boundary conditions imply 6;(a) =0
and 6,(b)=0.

Hence from eqn. (1.16), we obtain

n|b b
46, 49, de, d9;
%M””Ea*‘I(")‘g"gfﬂ""dx‘ﬂ“’”@ﬂx)p(xng(xwoej @
where

b
de. do; .
D; ;= ﬂp(x)gg"ﬂ(x)eiej}dx’ L,j=12,--,n

b do,
F; j [r(x)e ()~ p(x)%d—x]— q(x)@oﬂj}dx

Case 3: Neumann boundary conditions (i.e.,ay =0,a; 20,5, =0, #0)

From eqn. (1.14) we have

#'(a)="1 and ¥'(b)="2
) b

Hence eqn. (1.16) reduces to

13
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n | b do, do; b do;
Z{j {p( 01— L+a(1)0,0 } adx = | {r(x)e (x)- p(x)—d——qoc)eo

i=0 a

| 2p0)0;(b) ¢pla)p;(a)

B @
where
b
j|:p( ) —+CI(X) } X, i:jzlaza"'an
a
b
do; cHrp(b)8;(b) cip(a)f;(a
Fp=] r(x)ﬁj(x)—p(x)%—J—q(x)HOHj g 2P0 _ap@?;(@)
" dx dx 1 o
Case 4: Cauchy boundary conditions:
(i): when o 20,4, =0
Here we obtain from eqn. (1.14) that
(@) = 19D ng i) =,
o
It also follows that 6,(b) =0
Therefore eqn. (1.16) becomes is this case
n[b do . 0.(a)0 -
5 f{ 46, 0, iéj}dx—aop(a) (@0, @]
i=0| o dx (24
br
do, d9; cip(@)f;(a) oyp(a)d;(a)d,(a)
- j r(x)0;(x) = p(x)—>—L —q(x)0y0 }dx— R /
uL dx dx 24 24
where
b
ayp(a)f;(a)f;(a)
= {p( )=~ +q<x>9 (x)0,(x )}d - p—
1
a

L do,
F;= j [r(x)@ p(x)%g - q(x)@oej}dx -
0

cp(a)d;(a) N agp(a)y(a)d;(a)
o )

(ii): when o =0, #0

Here we obtain from eqn. (1.14) that

14
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ayi(a) =c; and @'(b) = %05@
1

It also follows that 6;(a) =0

Therefore eqn. (1.16) becomes is this case

= [ 49, do, Bop(0)60;(b)0,(b)
;)_Z[{p(x) . d—xJJr q()c)é’l-té’J}der 0 0 J a;
=
_ 3 dfy do; cp(0)0;(b)  fop(0)0;(5)0 (b)
= £ _r(x)Gj(x) pER)—E—= q(x)@oﬁj}dx+ 5 5

Bop(0)8;(5)0; (D)

1

b de, do;
D, =| {p(’“)d%d—f 46,8 (x)}dx :

1 a6, 49, e p(B)0; () fop(B)0;(5)8y ()
F; = ﬂr(x)ejp(x)d—;d—;q(xwoﬁj}dﬁ 5

Piecewise polynomials or basis functions:

A piecewise polynomial or basis function is a function defined on [a,b] by
p(x)=p;(x), x; <x<x;,y, i=0l,---,n—1 where for i=0l---,n—1 -each
function p;(x) is a polynomial defined on [x;,x;,;]. The degree of p(x) is the

maximum degree of each polynomial p;(x) for i=0,1,---,n—1

Dual basis:

In linear algebra, given a vector space V with a basis B of vectors indexed by an
index set / (the cardinality of / is the dimensionality of V), its dual set is a set B" of
vectors in the dual space V" with the same index set / such that B and B~ form a
biorthogonal system. The dual set is always linearly independent but does not

necessarily span V. If it does span V", then B” is called the dual basis for the basis

B. Denoting the indexed vector sets as B:{vi}i .; and B :{vi} being

iel >

biortho- gonal means that the elements pair to 1 if the indexes are equal and to

15
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zero otherwise. Symbolically, evaluating a dual vector in ¥~ on a vector in the
original space V:
. - l ifi=j
vily,)=0) = f /
0ifi+]j

where 5} is the kronecker delta symbol.

1.3.2 Bernstein polynomials and its properties:

The Bernstein polynomials are used in approximations of functions as well as in
other fields such as smoothing in statistics, in numerical analysis, constructing the
Bezier curves. The Bernstein polynomials are also used to solve differential
equations. According to Farouki [106], the Bernstein polynomial basis was
introduced 100 years ago (Bernstein, 1912) as a means to constructively prove the
ability of polynomials to approximate any continuous function, to any desired
accuracy, over a prescribed interval. Their slow convergence rate and the lack of
digital computers to efficiently construct them caused the Bernstein polynomials
to lie dormant in the theory rather than practice of approximation for the better
part of a century. The Bernstein coefficients of a polynomial provide valuable
insight into its behavior over a given finite interval, yielding many useful
properties and elegant algorithms that are now being increasingly adopted in other
application domains.

The general form of the Bernstein polynomials [2—4] of nth degree over the
interval [a,b] is defined by

nj(x—a)%b—x)”"’
i (b-a)"

,a<x<b,i=0,12,...,n

Bi,n(x) = (

The Bernstein polynomials of nth degree form a complete basis over [0,1]and they
are defined by

B _ h i n—i <i<
in(x)= ; x(1=-x)""",05i<n

n !
where the binomial coefficients are given by ( j -
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For example, the first 11 Bernstein polynomials of degree 10 over the interval

[0, 1] are given bellow:

By(x) = (1-x)"° By(x)=210(1-x)°x* By (x) = 45(1—x)?x*
B (x)=10(1-x)"x Bs(x)=252(1-x)°x"  By(x) =10(1 - x)x’
B, (x) =45(1-x)%x? Bs(x)=2101-x)*x® B (x)=x"
By(x)=120(1—-x)"x>  By(x)=120(1-x)>x’
Note that each of these n+1 polynomials having degree n satisfies the following
properties:
(i) For convenience we set, B; ,(x)=0 if i<0ori>n (1.17)
(i7) It can be readily shown that each of the Bernstein polynomials is positive and
also the sum of all the Berstein polynomials is unity for all real x belonging to the
interval [0, 1] that is, Zn:Bi’n (x)=1 (1.18)
i=0
(iii) It can be easily shown that any given polynomial of degree n can be expanded
in terms of a linear combination of the basis functions, that is,
n
p(x)=> CiB; ,(x),n21 (1.19)
i=0

(iv) without first and last Bernstein polynomials, all Bernstein polynomials
becomes zero at the points 0 and 1, that is,

B;,(0)=58;,1)=0, i=12,...,n-1 (1.20)
(v) The derivatives of the nth degree Bernstein polynomials are polynomials of
degree (n-1) and are given by

DBy (30) = 1B (D= By (0). D= (121)
(vi) The multiplication of two Bernstein bases is

il
i | k B

Bi,j (x)Bk,m (x) = ]+—m i+k,j+m (%) (1.22)
(z +k J

17
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and the moments of Bernstein basis are

n
m I
X Bi,n (x) = —Bi+m,n+m (x)
n+m
(i+mj

(vii) Like any basis of the space[],,, the Bernstein polynomials have a unique dual

(1.23)

basis (Dy ,, Dy, -+, D, ,) which consists of the n +1dual basis functions
n
D; (x)=Y¢; ;B; ,(x),(j=0,:,n) (1.24)
j=0

where

i (1) minz(z;:é')zk N 1)(n +k'+1j(n —kj(n +k+ IJ{n —k.} (G j =01 )

Ci,j . .
n\n) = n—i \n-—i n—j \n—j
i \J

(1.25)

The dual basis functions must satisfy the relation of duality

1

J B;  ()Dy () = 0 4 (1.26)
0

(viii) Indefinite integral of Bernstein basis is given by

1 n+l
JBi,n (x)dx = 1 Z By (x) (1.27)
Jj=i+l

and all Bernstein basis function of the same order have the same definite integral

over the interval [0, 1] namely

(1.28)

1
B (x)dx =
_([ l,n(x)x 1

For these properties, Bernstein polynomials are used as the trail functions
satisfying the corresponding homogeneous form of the essential boundary

conditions in the Galerkin method to solve a BVP.

18
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Derivatives of Bernstein Polynomials
The main objective of this section is to prove the following two theorems for the
derivatives of Bernstein polynomials and Bernstein coefficients of the qth

derivative of f(x).

Theorem 1.4 [107]:

! min(i, p) v D
D? Bi,n(x) = | Z (=1 P(k jBi—k,n—p(x) (1.29)
(n—p)! k=max(0,i+p—n)

Proof: For p =1, (1.29) leads us to go back to (1.21)

If we use the induction method on p, letting that (1.29) holds, we want to show

that
al min(i, p+1) p+1
pPl B; ,(x)= N Z (-pfrr k Bitn=p1()
(n— p— ! k=max(0,i+ p+1-n)

If we differentiate (1.29), then we have (using eqn. (1.21))
DP* B, (x) = D(D? (B;,, (x)))
min(i, p)

=D " Z (—1)k+p(£JBik,np(x)J

(n N p)! k=max(0,i+ p—n)

min(i, p)

> (—1)"+P[lij(Bi_k,n_p(x>)

(n - p)! k=max(0,i+p—n)

n!

min(i, p)

_nl(n-p) Z (—1)k+p (f:j(Bi—k—l,n— p-100) =Bi_g - p-1(x))

(=P _max(0.i+ p—n)

min(i, p)

Z (_l)k+p(£j3i—k—l,n—p—l (x)

(n—p-D! k=max(0,i+ p—n)

n!

! min(Z, p) b »
- p-1)! )3 D Bk p-1 () (1.30)
k=max(0,i+ p+1-n)

Set k = k —11in the first term of the right hand side of eqn. (1.30), we obtain
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1 al min(i, p+1) i 7
PPUB =TT Ty 2 0 (k 1)Bi‘k’”_p_l(x)
(n—p- )'k:max(l,i+p+1—n) B
! min(i, p) p
+—1' Z (_l)k+p+1 . Bi—k,n—p—l(x) (1.31)
(n—p-D! k=max(0,i+ p+1-n)

It can be easily shown that

Al min(i, p+1) p p
O s v SN o V| O 1 TPTC)

(n—p-D! k=max(0,i+ p+1-n)

. min(i, p+1) . e+ 1
- - _ p+l .
= X ,l p —-n

This completes the induction and proves the theorem.

Lemma 1.5 [107]

HeA
k+p .
Bm=Y YA g (1.33)

J
Let f(x) be a differentiable function of degree n defined on the interval[0, 1],

then we can write

n
JX)=2 a;,B;,(x) (1.34)
i=0
Further, let al.(jlq) denote the Bernstein coefficients of the gth derivative of f(x),
that 1s,
dif(x) <
rOw =03 0, 098,,(0.f) =a, (139)
i=0

Then, we can state and prove the following theorem.
Theorem 1.6 [107]

q
ai(,ZI) = ZCk(i:naq)ai—k,n (136)
k=—q
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where

e [ n—i
Cr(isn,q) = q'mzo( D q[ j(ka_m_kj (137)

Proof: Since

fx)= Za,n B; ,,(x)

dif(x) <
rOw=L03 0,008, (1.38)
i=0
Then by the theorem 1.4 immediately yields
! min(i,q) . q
SO (x) = Za, Y > D +q[kj8,-_k,n_q<x)
k=max(0,i+g—n)
! min(i,q) .
SO (x) = Za,n > D W[ j k=g (%) (1.39)
( ) k=max(0,i+g—n)

If we change the degree of Bernstein polynomials using (1.33), then we obtain

A

i+m—k,n(x)
m=0 n
i—k+m

St St jiwam,m

m=0 n
i—k+m

q
n q q
NS R (mj )
R PR i S

f D)= Za, .

(—)'

q
Expanding the two summations Z Z and rearranging the coefficients of
k=0 m=0

B,k nfrom—g<k<gq,wehave
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=" i 1 NGNS
( - )'l 0 ln k=—q l+kn m=0 mMNi—-m)\m+k
i i+k |
m+al 4 n—q q
el
oo I mio(q ) "—4q q
_(n—q)', 0 :Z: ( ) ln(X)Z( g q(iﬂ)(l—k—m)[nwrk)

:go_q'kzquO( 1)m+q( j(mi+kj(q o /J” }B,n(x)

n
=S a8, ,(x) (1.41)

i=0

= y ! . 1 < m+ n—q q
) i:z(:) (n-q)! k_z_:q (njmzzo( 1) q( J( e mJ(m N kjai—k,n B; (%)
i

and this completes the proof of Theorem 1.6

The following two corollaries will be of fundamental importance in what follows.

Corollary 1.7 [107]

1 ”'(nj minG, p) (pj(n B pj
J Z (—1)f+P \kNi—k ) (1.42)

B{P)(x)B; ,(x)dx =
'([ @n—p+D)(n-p)! k=max(0,i+p—n) ( 2n—p ]

i+j—k

Proof: We can express explicitly the pth derivatives of Bernstein polynomials

from theorem 1.4 to obtain

1 1 Al min(i, p) . p
[ B (0B, (x)dx = | > D *P(kjsi_k,n_p(ij,n(x)dx
0 ( - ) k=max(0,i+p—n)
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min(i, p)

1
2 (- Uj f By pp(x)B; ,(x)dx (1.43)
0

(n - p)! k=max(0,i+p—n)

n!

Now, eqn. (1.42) can be easily derived by applying (1.17) and (1.23), we get

n—pin
( 5(0) no R kep[ P l(i —k j@

[BR @B e =—" Y (DM WBH e
0

( B )k =max(0,i+p—n) k 0
i+j—k

Bi+j—k,2n—p(x)dx

n—pi\n
! min(i, p) i ( —k j(]j
8 {rusthy
i+j—k
n—pi\n
o mirfp) (_1)k+p p (i—k J(]j 1 (1.44)
=" . ( .

(n_p)!kzmax(O,Hp—n) 2n=p | 2n-p+l
i+j—k

O'—-.’—‘

(n N ]9)! k=max(0,i+p—n)

Corollaryl. 8 [107]

n—p
1 N
B ()D; , (xyd =— STk ’ (1.45)
'([ ( P) k=max(0,i+p—n) (nJ
J

Proof: Applying theorem 1.4, we obtain

1 min(i, p)

1
[BR (0D, (x)x = | " > (= (/];jﬁi—k,n—p(x)l)j,n(x)dx
0

( h )k max(0,i+ p—n)

(1.46)
It follows immediately from (1.34) and (1.21) that

n—p p
' min(i,p) P i—k+p(._k j( _.+kJ
IB(p)(X)D (X)dx_( n. Z (- 1)k p(qugk I (Zj i
q

x j B, ,(x)D; ,(x)dx
0

|
)k max(0,i+p—n)
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n—p p
l min(i,p) . p i— k+p(l_k J[q—ij
>" crr(f]3 s

q,J
k gk ( nJ
q

n—p p
n! minll; 7) p [i—k J(j—z#kj
= Z (_l)kﬂ?[k] : (1.47)
)

1.3.3 Legendre polynomials and its properties:

(n—=p)! k=max(0,i+p-n)

(I’l N p)! k=max(0,i+p—n)

The Legendre polynomials were first introduced in 1782 by Adrien-Marie

Legendre as the coefficients in the expansion of the Newtonian potential

1 1 2 !
- = =Y ——pi(cosy)
|X_X| r2+r2—2rr'cosy I= 0’”1 H

where r and 7' are the lengths of the vectors X and X'respectively and yis the
angle between those vectors. The series converges whenr >r'. The expression
gives the gravitational potential associated to a point charge. The expansion using
Legendre polynomials might be useful, for instance, where integrating this

expression over a continuous mass or charge distribution. Legendre polynomials

occur in the solution of Laplace eqn. of the potential V2¢(x) =(01n a charge-free

region of space, using the method of separation of variables, where the boundary
conditions have axial symmetry.

Now we introduce Legendre polynomials through the generating function

(1.48)

g(t,x) = p, ()"
\/1 —2xt+12 Z

The importance of Legendre polynomials in physics is that they satisfy the

following differential equation (Legendre’s equation)

(1-x )p (x)=2xp,(x)+n(n+1)p,(x)=0 (1.49)
which arises in the solution of many partial differential equations, particularly in

the boundary value problems for spheres.
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The solution of the Legendre’s equation (1.49) is called the Legendre polynomial
of degree n and is denoted by p, (x). The general form of the Legendre polyno-

mials [5, 6] over the interval [-1, 1] is defined by

N
Pa(x)= Y (1) PR

=0 2"l (n—r)(n—-2r)!

(1.50)

n-l for n odd.

where N zg forneven and N =

The first 10 Legendre polynomials are given below:

pi(x)=x

2 (%) =§(3x2 N

p3(x) =3 (55 ~3v)

p4(x)=%(35x4 -30x% +3)

ps(x)= %(63x5 ~70x> +15x)

pe(x) = %(231x6 ~315x* +105x% - 5)

p7(x) =%(429x7 —693x° +315x> —35x)

pg(x) = %(6435x8 —12012 x® + 6930 x* —1260 x2 +35)
po(x) = %(12155 x? —25740 x7 +18018 x> — 4620 x> +315x)

pio(x) = ﬁ(46189 x19 2109395 x® + 90090 x® — 30030 x* + 3465 x% — 63)

Rodrigue’s Formula:
We have obtained the Legendre polynomials as solutions of the Legendre’s
equation. They can also be represented using the following Rodrigue’s formula

1 d"

2" ! dx"

Pa(¥) = (x> =" (151)
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Shifted Legendre Polynomials:
The shifted Legendre polynomials are defined as p, (x) = p,(2x—1). Here shifting

functionx — 2x—1 (in fact, it is an affine transformation) is chosen such that it
bijectively maps the interval [0, 1] to the interval [-1, 1], implying that the
polynomials p, (x)are orthogonal on [0, 1]:

Omn -

1

~ ~ 1
[ B () ()b = ——
5 2n+1

An explicit expression for the shifted Legendre polynomials is given by

n k
Bo(x)=(=1)" Z@[; j(—x)k (1.52)
k=0

and the analogue of Rodrigue’s formula for the shifted Legendre polynomials

over [0, 1] is given by

~ 1 d"* 5 "
Prx) =0 (7 =) (153)
- ax

Now we modify the above shifted Legendre polynomials given in eqn. (1.48) to

satisfy the conditions p,(0)=p,(1)=0,n>1, so that they can be used as set of

basis functions satisfying the corresponding homogeneous form of the Dirichlet
boundary conditions to derive the matrix formulation for solving a BVP in the

Galerkin method in the following form

- 1 d"
pn(x): o

(x2 =x)" = (=" [x(x-1) (1.54)
n! dx"

We write first 10 modified Legendre polynomials over the interval [0, 1]:

Pi(x)=2x(x-1)

Pr(x) = 6x(x—1)

P3(x) = 2x(x —1)(10x? —15x + 6)

P4 (x) =20x—110x2 +230x> —210x* + 70x°

Ps(x) = =30x +240x% —=770x> +1190x* —882x> +252x°

Pe(x) = 42x —462x% +2100x> —4830x* +5922x° —3696x° +924x’
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P7(x) = —56x+812x2 —4956 x> +15750 x* — 28182 x° + 28644 x® —15444 x”
+3432x°

Pg(x) = 72x —1332x% +10500x> —43890x* +106722x° —156156x5 +135564x”
— 64350 x5 +12870 x°

Po(x) = —90x + 2070 x> — 20460 x> +108570 x* — 342342 x> + 672672 x°

— 832260 x' + 630630 x® — 267410 x° + 48620 x'°

Pro(x) =110 x —3080 x2 +37290 x> — 244530 x* + 966966 x° — 2438436 x°
+ 4015440 x’ — 4302870 x® + 2892890 x° —1108536 x'* +184756 «x!!

Orthogonality of Legendre polynomials:
The differential equation and the boundary conditions those are satisfied by the
Legendre polynomials form a Sturm-Liouville system. They should therefore

satisfy the orthogonality relation

1 O,m=#=n
[P, 0dx=1 2 (1.55)
-1 2n+1’

Recurrence Relations:

We start by generating a recurrence relation between Legendre polynomials of
different order

(D) (n+1D)p,(x) = 2n+1Dxp, (x) —np,_(x) (1.56)
This is the promised recurrence relation between Legendre polynomials of

different order.
(i6) pps1 (%) + Py () = 2xp,, (x) + pyy (%) (1.57)
(i) (n+1) sy (X) + 1y (x) = 20+ D] p,, (x) + xp}, ()] (1.58)
Eqns. (1.57) and (1.58) can be used to obtain Legendre’s equation.
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CHAPTER 2

Fourth Order Boundary Value Problems

2.1 Introduction

Fourth order linear and nonlinear BVPs arise in the mathematical modeling of
viscoelastic and inelastic flows, deformation of beams and plates deflection
theory, beam element theory and many more applications of engineering and
applied mathematics. These BVPs are solved either analytically or numerically. A
major advantage for numerical analysis is that a numerical answer can be obtained
even when a problem has no “analytical” solution .For this, many authors have
attempted to solve fourth order BVPs to obtain high accuracy rapidly by using a
numerous methods, such as least square method, finite difference method, Sinc-
Galerkin method, and also some other methods using polynomial and
nonpolynomial spline functions. Since the piecewise polynomials can be
differentiated and integrated easily, and can be approximated any function to any
accuracy desired. So Bernstein polynomials have been studied by many authors [2
— 4], spline functions [11 — 15] have been studied extensively for solving only
linear BVP. Recently Loghmani and Alavizadeh [12] has attempted to solve both
linear and nonlinear BVP using least square method with B-splines. Special
nonlinear BVPs have been studied by Twizell and Tirmizi [18] using
multiderivatives with Pade’ approximation method, also by El-Gamel et al [16]
and only linear BVP by Smith et al [17] by the technique of Sinc-Galerkin
methods. Usmani [13] and Usmani and Warsi [19] developed and analyzed
second order and fourth order convergent methods for the solution of linear fourth
order two-point BVP using quartic, quintic and sextic polynomial spline
functions, respectively. Al-Said and Noor [20] and Al-Said et al [21]
demonstrated second order convergent method based on cubic and quartic
polynomial spline functions for the solution of fourth order obstacle problems.
Also Rashidinia and Golbabaee [14] and Siddiqi and Akram [19] generated a
difference scheme via quintic spline functions for this problem. Loghmani and

Alavizadeh [12] converted this problem into an optimal control problem and then
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constructed the approximate solution as a combination of quartic B-splines. Van
Dacele et al [24] introduced a new second order method for solving the BVPs with
the boundary conditions involving first derivatives based on nonpolynomial spline
function. Very recently Kasi ef al [25] used Quintic B-splines for solving fourth
order BVP by the Galerkin method. Besides spline functions and Bernstein
polynomials, there is another type of piecewise continuous polynomial, namely
Legendre polynomial [5, 6].

This chapter is devoted to find the numerical solutions of the fourth order linear
and nonlinear differential equations using piecewise continuous and differentiable
polynomials such as Bernstein and Legendre polynomials with two types of
boundary conditions. We derive rigorous matrix formulations for solving linear
and nonlinear fourth order BVP and special care is taken about how the
polynomials satisfy the given boundary conditions. The linear combinations of
each polynomial are exploited in the Galerkin weighted residual approximation.
The derived formulation is illustrated through various numerical examples. Our
approximate solutions are compared with the exact solutions, and also with the
solutions of the existing methods. The approximate solutions converge to the
exact solutions monotonically even with desired large significant digits. Then we
discuss in section 2.2, the formulation for solving linear fourth order BVP by
Galerkin weighted residual method [1], using Bernstein and Legendre
polynomials as basis functions in the approximation, in details. Then we deduce
similar formulation for nonlinear problems in the next section. Numerical
examples, for both linear and nonlinear BVPs, are considered to verify the
proposed formulation, and the obtained results are compared as well. Finally we

have given the conclusions of this chapter.

2.2 Galerkin Weighted Residual Formulation
In this section we first obtain the rigorous matrix formulation for fourth order
linear BVP and then we extend our idea for solving nonlinear BVP. For this, we

consider a linear fourth order differential equation
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d*u d3u d*u du

ay + ay + a, +a—+agu=r,a<x<b (2.1a)
dx? dx? dx? dx
subject to the following two types of boundary conditions
Type Liu(a) = 4, u(b) = By, u'(a)= 4,4, u'(b) = B, (2.1b)
Type l:u(a)=A4 , u(b)=B,, u'(a)=4,, u'(h)=B, (2.1¢)

where 4;,B;,i =0,1,2 are finite real constants and a;,i =0,1,---4 and r are all

continuous and differentiable functions of x defined on the interval [a, b].
Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (2.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

d*u d3u d’u du

c +c +c +c—+cpu=s5,0<x<1 (2.2a)
Yot T ad P e
u(0) = 4. L (0)= 45,
—a
u(l) = By, ! u'(l) = B, (2.2b)
and
u(0)=A4,, ——u"(0)=4,,
0 (b—a)2 2
u(l) = By, ;Zu"(l) =B, (2.2¢)
(b—a)
where
Cq = ! as(b—a)x+a) cy = ! ay((b—a)x+a)
Yot | T’ |
CHy = ! a,((b—a)x+a) c = ! aj(b—a)x+a)
2 o) 2 ; 1= ;
co=ag((b—a)x+a), s=r((b-—a)x+a)

We approximate the solution of the differential equation (2.2a) as

i (x) = 6y (x) + iaiN,-,n (x), n>1 (2.3)
i=1
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Here 6,(x) is specified by the essential boundary conditions, N; ,(x) are the

Bernstein or Legendre polynomials which must satisfy the corresponding

homogeneous boundary conditions such that N;,(0)=N,,(1)=0, for each
i=123,...,n

Using eqn. (2.3) into eq. (2.2a), the Galerkin weighted residual equations are:

1 4~ 3~ 2~ ~
d"u d’u d“u du
c +c +c +c +cot —s |N; ,(x)dx =0 (2.4)

0

2.2.1 Formulation I
In this section, we formulate the matrix form with boundary conditions of type 1.

Integrating by parts the terms up to second derivative on the left hand side of

(2.4), we have

1 4~ 37 3~
d’u d’u d d’u
cqg——N;  (x)dx =|cyN; ,(x)—= cuN ;i (x) dx

J(; 4 P A {4 jan 73 . {d 44N j ]

I
d d’i d?
:_Lx [C4Nj’n(X)]dx—2} +£ﬁ[c4 n(x)] L i [Since N, ,(0)=N;,(1)=0]

0
d d*i
__|:d [ n(x)] :l

1

2 1
L;iz[ n(x)]dw} .([d_3[ Nj’n(X)]%dx (2.5)

0
¢ & % | d i,
| c3—3N,~,n(x>dx={ e } j Nl
o dx 0 0 c
_{i[c N . (x)]ﬁ}l +j‘£[c N (x)]ﬂdx (2.6)
de 3 dx |, de2 37 Jon dx '
1 2~ dit 1 1
d u d du
dx =|cHyN; —|eyN
£62 dx ] n(x) X = |:CZ 7, n(x) :|0 '(l).dx [CZ Js n(x)]
1 ~
d du
=—|—I|c,NV; —d. 2.7
'([dx %) ],n(x)] dx X ( )
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Substituting eqns. (2.5), (2.6) and (2.7) into eqn. (2.4) and using approximation
for u(x) given in equation (2.3) and after applying the conditions given in type I,

eqn. (2.2b) and rearranging the terms for the resulting equations we get a system

of equations in matrix form as

dD; ja;=F;,j=12...n (2.8a)

1 3
Diaj = _([{|:_CZC_3[C4N]',” (x)]+ aiic [6'3 ] n(x)] Jdx [CZN] n(x)]

dN;
+e N, (x)] la’jc (x) +coN; (N, (x)}dx _ [% [ (x)] y (x)]
x
x=0

d d2Ni,n(x)
{E N5 L (2.80)

1 3 2
Fy= I{s ,Ax){ sl a5l Sl ] ,n(x)}deo
0

2
—CoN ;. ()0, } dx + {j—x[cﬂvj,n(x)]—gc—z[cmj,n(x)]} (b-a)x B,

x=1

2 2
e, 0] [c4N,~,n(x)]} (b—a)xm{%[cmj,n(x)]%}

dx
L x=0 x=1
d e4N (x)]dzgo} (2.8¢)
—|-lea 5 :
_d dx =0

Solving the system (2.8a), we find the values of the parameters «; and then

substituting these parameters into eqn. (2.3), we get the approximate solution of

the BVP (2.2). If we replace x by 74 u(x), then we get the desired

approximate solution of the BVP (2.1).
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2.2.2 Formulation II

In this section, we obtain the matrix formulation by using the boundary conditions
of type II.

In the same way of section (2.2.1), integrating by parts the terms consisting
fourth, third, and second derivatives on the left hand side of (2.4), and applying
the conditions prescribed in type II, eqn. (2.2c), we get a system of equations in

matrix form as

n

D io;=F,; j=12,...,n (2.9a)
2; >J J
where
e d> d
= {{‘ dx_3[c4Nj,n (x)]+ dx—z[c3Nj,n (x)]— E[C2Nj,n (x)]
dN,
+Cle,n (x)] ;;(X) +CONi,n (x)Nj,n (X)}dx |:j [C3NJ I’l( )] Z(X)j|
x=1
d dN; , (x) d? dN; , (x)
+ |:d C3N] n(x)]T:L:O + l:dx [C4Nj n(x)]—xj|x1
d2 dNﬁn(x)
[ ke )]TLO (2.9b)
F =j SN . (x)+ d—3 —c4N- (x)]—d—z[c3N- (x)]+i[czN~ (x)] alN; ,(x) d@o
J ) Jjsn PRl e Jsn dx Jsn jon

e a6, d> do, |
=N (¥) Jx - o2 leaN i (X)]d—xo} + Lx—z[ in (X)] .
x=1

L -x:O
d do, d do, d 1
+ {a [CzN Jun (X)]d—;LZI - {a [C3N Jn (x)]d—;}x:() + [a [C4N jon (x)]_ »
x@—afsz—kgqupxﬂﬂ x(b—a)* x4 (2.9¢)
x=0

Solving the system (2.9a), we find the values of the parameters «; and then

substituting these parameters into eqn. (2.3), we get the approximate solution of

the BVP (2.2). If we replace x by 74 u(x), then we get the desired

approximate solution of the BVP (2.1).
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2.2.3 Formulation III
In this portion, we obtain the matrix formulation by applying the boundary

conditions of type II.

Here we consider a linear fourth order differential equation given by

2 2
d—z(p(x)%J+r(x)u =s5(x),a<x<b (2.10)

X X

where p(x), s(x) and r(x) are specified continuous functions. We want to solve
the BVP (2.10) by the Galerkin method using Bernstein and Legendre
polynomials as trial functions.

Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (2.10) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

d* (- d*u)| . -

ﬁ(p(x)gg‘}rr(x)u:s(x),o<x<1 @.11)
where
p(x)= p((b—a)x+a),7(x)=r((b—a)x+a),s(x)=s((b—a)x+a)

(b-a)*
We approximate the solution of the differential equation (2.11) as
n
0(x)=6y(x)+ D a;N; ,(x),n=1 (2.12)
i=1
Here 6(x) is specified by the essential boundary conditions, N; ,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such that N;,(0)=N;,(1)=0, for each
i=123,...,n
Using eqn. (2.12) into eqn. (2.11), the Galerkin weighted residual equations are:

i d d%i
J. — ﬁ(x)—2 +7 (XU =5(x) |N; ,(x)dx=0,j=12,....n (2.13)
ol dx dx '

Now integrating the first term of (2.13) by parts, we have
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1
i PN N La(_ % )dN;,()
J [ 2 (P@)ﬂNj,n(x)dx—[ 0 {p(x) ] ,—,Ax)} - { dx{m )xJ L d

0 0

2 j.n 1 ZﬁdCi ]V> R
{p( ke’ (x)} j (L L i) (2.14)
X

0 dx> abc2

Substituting eqn. (2.14) into eqn. (2.4) and using approximation for #(x) given in
equation (2.12) and after using the boundary conditions given in type II, eqn
(2.2¢) and rearranging the terms for the resulting equations, we get a system of

equations in matrix form as

Zn: = (2.15a)
where
jN( JINin @) N oo N oo b (2.15b)
= X X X : X X .
0 P dx? dx? b P
dl a2, d*N; (%)
Fy=[|F0)N (0 - =3 d;; —F(X)ON ; , (x) |dx

+| B(x) f”( )} x(b—a)%{ﬁ(x)%} x(b-a)’4,  (2.15¢)
x=1 x=0

Solving the system (2.15a), we find the values of the parameters «;, and then

substituting into eqn. (2.12), we get the approximate solution of the BVP (2.11). If

X—a . ~ : . .
we replace x by in #(x), then we get the desired approximate solution of

the BVP (2.10).

For nonlinear BVP, we first compute the initial values on neglecting the nonlinear
terms and using the systems (2.8) and (2.9) and (2.15). Then using the Newton’s
iterative method we find the numerical approximations for desired nonlinear BVP.
These formulations are described through the numerical examples in the next

section.
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2.3. Numerical examples and results
In this section, we consider four linear and two nonlinear BVPs to verify the
proposed formulations in sections (2.2.1), (2.2.2) and (2.2.3). For this, we give the
results for linear problems in brief depending on prescribed boundary conditions,
but the nonlinear problem is illustrated in details. All computations are performed
by MATLAB 10. Since the convergence of linear BVP is calculated by

E = [, (017, (x)| <5

where u,(x) denotes the approximate solution using »n polynomials and &

(depends on the problem) which is less than107'2 . In addition, the convergence of
nonlinear BVP is calculated by the absolute error of two consecutive iterations
such that

~N+l ~N
Uy —Uy

<0

where & is less than10™'%and NV is the Newton’s iteration number.

Example 1: Consider the linear differential equation [7]

4 3 2
d:l+2dz+d§+8ﬂ—l2u=l2sinx—e_x, 0<x<l1 (2.16a)
dx dx dx dx

subject to the boundary conditions of type I in eqn. (2.2b):
u(0)=u(1)=0,u'(0)=0,u'(l)=1. (2.16b)

whose exact solution is
u(x)=0.4518e* - 0.3173 e 3% 20.2769 sin 2x + 0.2155 cos 2x — 0.8sin x

—0.4cos x+0.05¢ .

Using the method illustrated in (2.2.1), we approximate u(x) as

ﬁ(x):ﬁo(x)+zn:aiNi’n(x), n>1 (2.17)
i=1

Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(2.16b). Now the parameters ¢; (i =1,2,...,n) satisfy the linear system

n
ZDi,jai:Fj,jzl,z,...,n (2'18a)
i=1
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where
_j [N (x)]+_2[2N 1--LIN ()] 48N, (x) ANin ()
= ) N N dx j.n i i
_12Ni,n(x)Nj,n (X)dX}dx — di[ i, n( )]d Nl n(x)
x=1
i[ (¥ )] n(x) (2.18b)
x=0
1 2
F; =I(12Sinx—e_x) n(X)dx— L’ [ N, n(x)]:l [d [ n(x)ﬂ (2.18c¢)
0 x=1

Solving the system (2.18a), we obtain the values of the parameters and then
substituting these parameters into eqn. (2.17), we get the approximate solution of

the BVP (2.16) for different values of x.

The numerical results for this problem are shown in Table 1.

Table 1: Maximum absolute errors for the example 1.

x | Exact Results 13, Bernstein Polynomials 13, Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error

0.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 1.2759373E-000
0.1 | -0.0121694898 | -0.0121694898 | 7.8062556E-017 | -0.0121694898 | 2.5376055E-013
0.2 | -0.0416565792 | -0.0416565792 | 3.9551695E-016 | -0.0416565792 | 4.2368192E-013
0.3 | -0.0791115756 | -0.0791115756 | 1.5265567E-016 | -0.0791115756 | 6.0500216E-013
0.4 | -0.1164681503 | -0.1164681503 | 4.4408921E-016 | -0.1164681503 | 4.5652371E-013
0.5 | -0.1466834463 | -0.1466834463 | 2.2204460E-016 | -0.1466834463 | 1.5656920E-013
0.6 | -0.1635744681 | -0.1635744681 | 4.4408921E-016 | -0.1635744681 | 7.8939633E-013
0.7 | -0.1617212698 | -0.1617212698 | 1.9428903E-016 | -0.1617212698 | 9.0033536E-013
0.8 | -0.1364140352 | -0.1364140352 | 4.4408921E-016 | -0.1364140352 | 6.0421113E-013
0.9 | -0.0836262301 | -0.0836262301 | 4.7184479E-016 | -0.0836262301 | 4.3842707E-013
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

errors are shown in Fig. 1(b) of example 1 for n=13. It is observed from Fig.

1(b) that the error is nearly the order1071.
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u ~0.05 m Fxact Solution
E = = = Bernstein Approx.
z O Legendre Approx.
= —0.1p
<l\
G
[}
5
=

-0.15p

_02 i, i I>

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 ' x
Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 13 polynomials.

E - Relative Error for Bemstein
M = @ = Relative Error for Legendre 9
2 i
o]
3 ¢
~ 1
oY ¢
¢ @ ﬁ ﬁ '
[ ] [ ] ¢ ’ @,
® s ° ‘e
§ # d o e ® 9.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 I X
Fig. 1(b): Graphical representation of relative error of example 1 using 13

polynomials.

Example 2: Consider the linear differential equation [14, 19, 25]

d*u

dx 4

+xu=—-8+Tx+x)e*, 0<x<l (2.19a)
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subject to the boundary conditions of type I in eqn. (2.1b):
u(0)=u(l)=0,u"(0)=Lu'(l)=—e. (2.19b)
whose exact solution is, u(x) = x(1-x)e".

Applying the method illustrated in (2.1.1), we approximate u(x) in a form

u(x)=6y(x)+ iai N (x), n>1 (2.20)
i=1

Here 6, =0 is specified by the Dirichlet boundary conditions of equation (2.19b).

Now the parameters «; (i =1,2,...,n) satisfy the linear system

ZD a;=F;,j=12,...n (2.21a)
Where
3l &N,
Di,j :I d [ ],n( )]:l zn( )-i—x]V,‘,n(X)Nj,n(x) d[ ] n( )] (X)
oL d dx 1
N i[ e )] (X) (2.21b)
_dx -

2

F~=—j(8+7x+x3)ex @] v, )| et dZ[N. )] 2.21¢)
! 0 " dxz " x=1 dxz " x=0 |

Solving the system (2.21a) we obtain the values of the parameters and then
substituting these parameters into eqn. (2.20), we get the approximate solution of
the BVP (2.19) for different values of .

The numerical results obtained by our method are given in Table 2.

Table 2: Maximum absolute errors for the example 2.

x | Exact Results 11, Bernstein Polynomials 11, Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error

0.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 6.2404583E-026
0.1 | 0.0994653826 | 0.0994653826 | 1.8735014E-015 | 0.0994653826 | 4.6490589E-014
0.2 | 0.1954244413 | 0.1954244413 | 2.7755576E-015 | 0.1954244413 | 1.2767565E-013
0.3 | 0.2834703496 | 0.2834703496 | 4.5519144E-015 | 0.2834703496 | 1.7824631E-013
0.4 | 0.3580379274 | 0.3580379274 | 3.7747583E-015 | 0.3580379274 | 2.8310687E-015
0.50.4121803177 | 0.4121803177 | 1.6653345E-016 | 0.4121803177 | 2.5018876E-013
0.6 | 0.4373085121 | 0.4373085121 | 3.9412917E-015 | 0.4373085121 | 1.8657298E-013
0.7 | 0.4228880686 | 0.4228880686 | 4.6074256E-015 | 0.4228880686 | 8.5431662E-014
0.8 | 0.3560865486 | 0.3560865486 | 2.8310687E-015 | 0.3560865486 | 2.0078383E-013
0.9 | 0.2213642800 | 0.2213642800 | 1.8873791E-015 | 0.2213642800 | 1.4432899E-013
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000
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On the other hand the maximum absolute errors have been found by Rashidinia

and Golbabace [14], Al-Said et al [19] and Kasi et al [25] are

5.37x107°,2.36x107" and 5.99x107° respectively.
We have shown the exact and approximate solutions in Fig. 2(a) and the relative

errors in Fig. 2(b) of example 2 for n =11. It is found from Fig. 2(b) that the error

is of the order 10712

A

0.6p
0.5p
o 04fF
=
=
g 0.3 m— ixact Solution
5‘; = = = Bemnstein Approx.
= 0.2 © ]egendre Approx.
¥
L

_0.1 " M M M i M M L " —p

0.
0 0.1 0.2 0.3 0.4 0.5 0.6 07 038 0.9 I X

Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 11 polynomials.
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Fig. 2(b): Graphical representation of relative error of example 2 using 11

polynomials.
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Example 3: We consider the linear BVP [11]:

4
d—:‘ —u=—4(2xcosx +3sinx), 0<x <1 (2.222)
dx
subject to the boundary conditions of type II in eqn. (2.2¢):
u(0)=u(l)=0,u"(0)=0, u"(1)=2sinl+4cosl. (2.22b)

whose exact solution is u(x) = (x2 —1)sinx.
Using the method illustrated in section (2.2.2), we approximate u(x) as
n
0(x)=6y(x)+ D a;N; ,(x),n=1 (2.23)
i=1
Here 6,(x) =0 as specified by the essential boundary conditions of eqn. (2.22b).

Now the parameters «; (i =1,2,....... ,n) satisfy the linear system

n

ZDi’jai:Fj,jzl,z,...,n (2'24a)

. :j &N, () dN,, () d*N (%) dNi’n(x)}
0 x=1

—N;p(X)N; , (x)]dx+[ 5

i’ dx dx dx
42N . (x) dN,
| (%) ZIZ(X)] (2.24b)
L . x=0

1
. . dN] n(x)
F; = I— 4(2xcosx +3sinx)N; ,(x)dx +(2sinl+4cosl)x d— (2.24¢)
X

0 x=1

Solving the system (2.24a), we find the values of the parameters and then
substituting these parameters into eqn. (2.23), we get the approximate solution of

the BVP (2.22) for different values of n.
The numerical results for this problem are tabulated in Table 3.

The maximum absolute error has been found by Ramadan et al [11] is

1417x10° M
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x | Exact Results 12, Bernstein Polynomials 12, Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error
0.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 2.2411893E-026
0.1 | -0.0988350825 | -0.0988350825 | 6.9388939E-017 | -0.0988350825 | 5.4053984E-014
0.2 | -0.1907225576 | -0.1907225576 | 0.0000000E+000 | -0.1907225576 | 4.3104409E-014
0.3 | -0.2689233881 | -0.2689233881 | 5.5511151E-017 | -0.2689233881 | 3.4527936E-014
0.4 | -0.3271114075 | -0.3271114075 | 5.5511151E-017 | -0.3271114075 | 8.3932861E-014
0.5 | -0.3595691540 | -0.3595691540 | 5.5511151E-017 | -0.3595691540 | 3.3861802E-014
0.6 | -0.3613711830 | -0.3613711830 | 0.0000000E+000 | -0.3613711830 | 3.0253577E-014
0.7 | -0.3285510205 | -0.3285510205 | 0.0000000E+000 | -0.3285510205 | 3.5527137E-014
0.8 | -0.2582481927 | -0.2582481927 | 5.5511151E-017 | -0.2582481927 | 1.8540725E-014
0.9 | -0.1488321128 | -0.1488321128 | 0.0000000E+000 | -0.1488321128 | 1.2018164E-014
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

We depict the exact and approximate solutions in Fig. 3(a) and a plot of relative

errors in Fig. 3(b) of example 3 for n=12. From Fig. 3(b) we observe that the

error is nearly the order 10713

A

0.1
e Fxact Solution

g = = = Bernstein Approx.
g b 0 Legendre Approx.
2
a,
2y
5!
= -0.2p
o
i

-0.3p

_04 2 I. z l- 2 2 1 1 l)

¢ 01 02 03 04 05 06 07 08 09 ' X

Fig. 3(a): Graphical representation of exact and approximate solutions of

example 3 using 12 polynomials.
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Fig. 3(b): Graphical representation of relative error of example 3 using 12

polynomials.

Example 4: We consider another linear differential equation [13]
d*u

dx?

2

—xu=—(1149x+x2 —x>)e*,~1<x<1 (2.25a)

subject to the boundary conditions of type II, eqn (2.1c)

u(=1) = (1) = 0,u"(=1) = 2. u"(1) = —6e . (2.25b)
e

Exact solution of this BVP is u(x) = (1-x?)e*.

The equivalent BVP over [0, 1] to the BVP (2.25) is,

4
—14 d Z—xuz—(ll+9x+x2—x3)ex,0<x<1 (2.26a)
27 dx
L 21,
u(0) = u() =0, Su"(0) ==, ;u"(1) = ~6e (2.26b)
e

Applying the method illustrated in section (2.2.2), we approximate u(x) as

E(x)z@o(x)+zn:aiNi,n(x), n>1 (2.27)
i=1
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Here 6)(x) =0 as specified by the essential boundary conditions of eqn. (2.26b).

Now the parameters «; (i =1,2,....... ,n) satisfy the linear system

n

dD;a;=F;,j=12,...n (2.28a)

i=1
where

1 ;3 2

d°N; ,(x)dN; d°N: , (x)dN:;
Dij:I _ANj () ”"(x)—16xNin(x)Njn(x) dx + ) dNip (3)
s dx3 dx 4 ’ dxz dx
oL x=1
52
~ d Nj’n(x) dNi’n(x) (2.28b)
dx? dx .
L x=0
1
dN: (x dN; (x
F; :_|‘—(11Jr9x+x2 —x3)exNjn(x)dx+ L() x(—24e) - L() X(§j
’ dx dx e
0 x=l1 x=0
(2.28¢)

Solving the system (2.28a) we obtain the values of the parameters and then

substituting these parameters into eqn. (2.27), we get the approximate solution of

the BVP (2.26) for different values of n. Replacing x = X+l

in u(x), then we

get the desired approximate solution of the BVP (2.25).

The numerical results for this problem are shown in Table 4

Table 4: Maximum absolute errors for the example 4.

x | Exact Results 12, Bernstein Polynomials 12, Legendre Polynomials
Approximate | Abs. Error Approximate | Abs. Error

-1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 4.3341268E-023
-0.8 | 0.1617584271 | 0.1617584271 | 1.5840107E-013 | 0.1617584271 | 4.4986237E-012
-0.6 | 0.3512394471 | 0.3512394471 | 6.4837025E-014 | 0.3512394471 | 6.6550099E-012
-0.4 | 0.5630688387 | 0.5630688387 | 2.8876901E-013 | 0.5630688387 | 9.5666808E-012
-0.2 | 0.7859815230 | 0.7859815230 | 6.7412742E-013 | 0.7859815229 | 8.3194562E-012
0.0 | 1.0000000000 | 1.0000000000 | 8.5709218E-013 | 1.0000000000 | 3.9990233E-013
0.2 | 1.1725466478 | 1.1725466478 | 6.4681593E-013 | 1.1725466478 | 8.5980112E-012
0.4 | 1.2531327460 | 1.2531327460 | 2.4802382E-013 | 1.2531327460 | 1.1270762E-011
0.6 | 1.1661560322 | 1.1661560322 | 3.0642155E-014 | 1.1661560323 | 8.3508755E-012
0.8 | 0.8011947343 | 0.8011947343 | 1.5110135E-013 | 0.8011947343 | 5.7696070E-012
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

The maximum absolute error has been found by Usmani [13]is 1.84 x 10 ~°
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In Figs. 4(a) and 4(b), the exact and approximate solutions, and the relative errors

of example 4 for n =12 are depicted respectively. We see from Fig. 4(b) that the

error is nearly the order 107!

14p
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mm Fxact Solution
= = = Bemnstein Approx.

© Iegendre Approx.
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Fig. 4(a): Graphical representation of exact and approximate solutions of

example 4 using 12 polynomials.
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Fig. 4(b): Graphical representation of relative error of example 4 using 12

polynomials.
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Example 5: Consider the nonlinear differential equation [25]

d4

2
2
:‘sinx+sin2x[d ;‘] ,0<x<1 (2.292)
dx dx

subject to the boundary conditions of type I in eqn. (2.2b):
u(0) =0,u(1) =sinl, u'(0) =1,u'(1) = cosl1. (2.29b)
The exact solution of this BVP isu(x) =sinx.
Consider the approximate solution of u(x) as
n
0(x)=60y(x)+ > a; N; ,(x), n>1 (2.30)
i=1
Here 6,(x)=xsinl is specified by the essential boundary conditions in
eqn.(2.29b). Also N; ,(0) = N; , (1) = 0 foreach i=1.2,...,n
Using eqn. (2.30) into eqn. (2.29a), the Galerkin weighted residual equations are
1 4~ 2~
J'd—Z+ d—”z‘ —sinx—sin®x [N, ,dx=0 (2.31)
ol dx dx '

Integrating first term of eqn. (2.31) by parts we have

L4 i LN, () a3
[ N s =| Ny ()T | [ Sn DT,
o dx ’ ’ 0 dx  dx

dx 0

dx [Since Ny, (1)=N; ,(0)=0]

i M“wm%deMAmdu
dx 0

(2.32)

1 1
{de,n(x) d%?} {dsz,n(x) dﬁ} td N (%) dii
=— T B LA —I——dx
0

dx dx? dx? dx 0 0 x> dx

Putting eqn. (2.32) into equation (2.31) and using approximation for u(x) given
in equation (2.30) and after applying the conditions given in eqn. (2.29b) and

rearranging the terms for the resulting equations we obtain

i ENe) dNy () a2y d°N;y(@) 1 (dPN,,(x) d*N; ()
— N L,n 2 0 LY AT ) i,n J.n N ¥
Il i dad ae +]Z:1:a’ e R

i=1| 0
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| W) Ny () || AN () AN ()
dx dx? | dx dx?
xX=

1
} }a,. = j[(sinx +sin% X) Ny, (%)
x=0 0

3 2
+d Nin(x) d6y _[dzgoj N n(x) dx+{dN/;”(x) dzgo} {de’”(x) dzeo}
X
x=1 x=0

x> dx dx? dx? dx dx?
d*Ny ,(x) d*Ny ,(x)
S| SRR cos 14| Sk (2.33)
dx dx
x:1 x:o

The above equation (2.33) is equivalent to matrix form
(D+B)A=G (2.34a)

where the elements of 4, B, D, G are a;,b; ;,d; yand g respectively, given by

1 3 2 2
d Nk n(x) d]vl n(x) d20 (x)d ]vln(x) de n(x)d ]vln(x)
dij=|-——= 2 42— N, - —= ’
o £ e dx a2 O T e .
N d*N,
+ k,n(x) z,;(x)] (234b)
dx dx
L x=0
no LGN, (x)d*N; ,(x)
b =Y a; ok LEZEN, (x) dx (2.34c)
ik ]ZZI JE[[ dx2 dxz k,n
1l 3 2
d°N, ,(x 2 dN, . (x) 4%
gk :J (sin.x+sin2x)Nk () + n) dby | 9% N, (%) |dx+ el )—d %
: ’ o dx \ad ) " dx  af |
[ Nen | N | N () 2340
dx  dx? B dx’ dx’
L x=0 x=1 x=0

The initial values of these coefficients «; are obtained by applying Galerkin
method to the BVP neglecting the nonlinear term in (2.29a). That is, to find initial
coefficients we solve the system

DA=G (2.35a)

whose matrices are constructed from

d; :_1[ _d3Nk,n(x) d]Vi,n(x) I — de,n(x) dz]vi,n(x) + de,n(x) dz‘Ni,n(x)
i,k dx3 dx dx dx2 dx dxz
0 =1 x=0

(2.35b)
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! 3
d°N;, ,(x AN, (x) 42
gk = [| (sinx+sin” )N, (x)+ "’;( Vdby |, | WNenX) d 20
0 , dx dx dx )
) x=1
_ , 2
| e Gl B K x cosl+ 4N () (2.35¢)
dx d)C2 - dxz dxz
- x=0 =1 o

Once the initial values of the coefficients «; are obtained from eqn. (2.35a), they
are substituted into eqn. (2.34a) to obtain new estimates for the values of «;. This

iteration process continues until the converged values of the unknown parameters
are obtained. Substituting the final values of the parameters into eqn. (2.30), we

obtain an approximate solution of the BVP (2.29).

The numerical results for this problem are presented in Table 5.

Table 5: Maximum absolute errors for the example 5 with 5 iterations

X

Exact Results

12, Bernstein Polynomials

12, Legendre Polynomials

Approximate

Abs. Error

Approximate

Abs. Error

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0000000000
0.0998334166
0.1986693308
0.2955202067
0.3894183423
0.4794255386
0.5646424734
0.6442176872
0.7173560909
0.7833269096
0.8414709848

0.0000000000
0.0998334163
0.1986693308
0.2955202066
0.3894183423
0.4794255386
0.5646424734
0.6442176872
0.7173560909
0.7833269092
0.8414709848

0.000000E-000
1.573325E-011
1.140406E-011
1.492606E-011
9.988721E-012
6.413814E-012
7.907730E-012
6.589806E-012
2.166500E-012
1.818679E-011
0.000000E-000

0.0000000000
0.0998334162
0.1986693307
0.2955202060
0.3894183423
0.4794255386
0.5646424733
0.6442176870
0.7173560909
0.7833269090
0.8414709848

0.000000E-000
3.341089E-010
5.051098E-010
5.717921E-011
2.823010E-011
9.905154E-010
1.433638E-011
1.854461E-010
8.770040E-011
4.991119E-011
0.000000E-000

The maximum absolute error has been obtained by Kasi et a/ [25] is 1.359 x 107>,

Example 6: We consider the nonlinear differential equation [16, 18]

4
d—:‘—ée—“” =—12(1+x)*, 0<x<1 (2.36a)
dx

subject to the boundary conditions of type II, eqn (2.2¢)
u(0)=0,u(1) =In2,u"(0)=-1Lu"(1) = —%. (2.36b)

The exact solution of this BVP is u(x) =In(1 + x).
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In Figs. 5(a) and 5(b) we have given the exact and approximate solutions, and the

relative errors of example 5 for n =12. From Fig. 5(b) we observed that the error

is nearly the order 1077,
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Fig. 5(a): Graphical representation of exact and approximate solutions of

example 5 using 12 polynomials.
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Fig. 5(b): Graphical representation of relative error of example S using 12

polynomials.
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Consider the approximate solution of u(x) as

u(x)=6y(x)+ Zn:al- N; y(x), n>1 (2.37)
i=1

Here 6,(x)=xIn2 is specified by the essential boundary conditions in (2.36b).
AlsoN; ,(0)=N; ,(1)=0 foreach i=12,...,n.

Substituting eqn. (2.37) into eqn. (2.36a), the Galerkin weighted residual eqns. are

4~ ~
JB—4 —6e” M +12(1+ x)“‘}vk,n(x)dx =0 (2.38)
X

In the same way of example 5, integrating first term of (2.38) by parts we get

L 1
4y dN;, ,(x) d%u
J Ny ,(x)dx = —{ . +
x k,n 2

0 4 dx  dx 0

1
d* Ny (%) dﬁ] jd3Nk,n(x) dit
i\ @ N di
0

i dx | d dx
(2.39)

Putting eqn. (2.39) into equation (2.38) and using approximation for #(x) given

in equation (2.37) and after applying the boundary conditions given in eqn.

(2.36b) and rearranging the terms for the resulting equations we obtain

f j N @ AN @) || N @ AN @) || N @) AN @) ||
, d dx i dx - ax’ dx 0 l

i=1| o

n
1 —4{(90+ Z ajN jp (x)] X
—6je =1 kn()deod
0

Nygop(x)dx + j P R—

1 d2N n (X dZN ¥
x=l x=0

dx? dx dx? dx
de,n(x) y _l _ de,n(x) o (—
" |:T:|x:1 ( 4) |: dx :|x=0 ( 1) (240)

The above equation (2.40) is equivalent to matrix form

DA=B+G (2.41a)
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where the elements of the square matrix D and the column matrices B and G are

given by
PN, @ aN 0 | [dN () aN ()
di=]|- i 2 dx+ : :
0 dx dx dx dx
L _ x=1
[d2Ny () AN, () |
- 2 y (2.41b)
L X * dx=0
I n
1 —4[00+ Z “ij,n (x)}
b =6[|e /= Ny (X)dx (2.41c)
0
1_d3N X) d d’N, , (x d
gk =J k’;( ) % —12(1+x)_4Nkn(x) dx — k,2n( ) %
5 dx dx ’ dx dx -

1
X (_Z) -

|:de,11()€)

o L> x(~1) (2.41d)

i dx dx

) dsz,n(x) d6?0] +{a’Nk,n(x)}
L =0 =1

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (2.36a). That is, to find initial

coefficients we solve the system
DA=G (2.42a)

whose matrices are constructed from

L d Ny, (x) dN,, (x) d* Ny, (x) dN; (%)
diy=]|- dx+
0 x=1

dx> dx d? dx

(2.42b)

dx? dx

dsz,n(x) dNi,n(x)]
x=0

1 3

d’° N X

2i =j k. (X) d6 ~12(0+x)* N, (x) |dx -
0 dx? dx ’

d*Ny ,(x) do,
dx2 dx
x=1

A dx dx 4 dx

"2
[N dé?()] +{de,n(x):| " 1)_{d2\’;f,n(x)} ) (420
x=0 =1 =0
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Once the initial values of the coefficients «; are obtained from eqn. (2.42a), they
are substituted into eqn. (2.41a) to obtain new estimates for the values of ¢;. This

iteration process continues until the converged values of the unknown parameters
are obtained. Substituting the final values of the parameters into eqn. (2.37), we
obtain an approximate solution of the BVP (2.36).

The maximum absolute errors for different number of polynomials are shown in
Table 6 with 5 iterations to compare with the results obtained so far

Table 6: Maximum absolute errors for the example 6 with 5 iterations.

Number of Max. Abs. Max. Abs. Reference Results
Polynomial | Error for Error for
used Bernstein Legendre
7 1.150x10~" | 3.170x1077
8 2370x10~° | 1.707 x10-° | 2.2x1078( El-Gamel et al [16])
9 9710 x10™° | 8.640 x10~° | 6.5x10 > (Twizell and Tirmizi [18])
10 9.740x1071° | 5.840x1071°

The exact and approximate solutions are depicted in Fig. 6(a) and a plot of the

relative errors is shown in Fig. 6(b) of example 6 for n =10. We observed from

Fig. 6(b) that the error is of the order 1070,

0.7F
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& © Legendre Approx.
% 04p
=
oy
< 03}
2
®
4 0.2F
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0 0.1 02 0.3 0.4 0.5 0.6 0.7 08 09 ].>j

Fig. 6(a): Graphical representation of exact and approximate solutions of

example 6 using 10 polynomials.
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Fig. 6(b): Graphical representation of relative error of example 6 using 10

polynomials.

2.4 Conclusions

In this chapter, we have considered an application of Galerkin method for the
numerical solution of fourth order BVPs with Bernstein and Legendre
polynomials as basis functions for two different cases of boundary conditions. The
exact solutions, numerical results, absolute errors and relative errors are given for
each example. From the tables we see that the numerical results obtained by our
method are superior to other existing methods. In addition, Bernstein polynomials

yield the better results than the Legendre polynomials.
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CHAPTER 3
Fifth Order Boundary Value Problems

3.1 Introduction

In the literature of numerical analysis, we observe that the fifth order BVPs arise
in some branches of applied mathematics, engineering and many other fields of
advanced physical sciences specially in the mathematical modeling of viscoelastic
flows [26, 27]. Agarwal [8] has discussed extensively the existence and
uniqueness theorem of solutions of such BVPs in his book without any numerical
examples.

There are few numerical techniques available to solve fifth order BVPs. Such as
Caglar et al [28] used sixth degree B-spline functions for the numerical solution
of fifth order BVPs where their approach is divergent and unexpected situation is
found near the boundaries of the interval. The spline methods have been discussed
for the solution of higher order BVPs. Kasi et al [33] presented the numerical
solution of fifth order BVPs by collocation method with sixth order B-splines.
Lamnii ef al [34] derived sextic spline solution of fifth order BVPs. The numerical
solution of fifth order BVPs by the decomposition method was developed by
Wazwaz [35] while differential transformation method was used by Erturk [36]
for solving nonlinear problems.

In this chapter, we present Galerkin weighted residual method for constructing the
numerical solution of fifth order linear and nonlinear BVPs with two point
boundary conditions. To obtain accurate result by the Galerkin technique with
Bernstein and Legendre polynomials, we use the transformation of the original
polynomials into to a new set of basis functions to satisfy the corresponding
homogeneous form of boundary conditions where the essential types of boundary
conditions are given. The method is formulated as a rigorous matrix form.

In the present chapter, first we derive the matrix formulation for solving linear
fifth order BVP by the Galerkin weighted residual method with Bernstein and
Legendre polynomials as basis functions. Then we extend our idea for solving

nonlinear differential equations. Few numerical examples of both linear and
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nonlinear BVPs, available in the literature, are presented to illustrate the reliability
and efficiency of the proposed method. In section 3.4, we mention the conclusion

of this chapter.

3.2 Galerkin Method for Matrix formulation

In this portion, we first obtain the rigorous matrix formulation for fifth order
linear BVP and then we extend our idea for solving nonlinear BVP. For the
numerical solution we consider a general fifth order linear boundary value

problem of the form:

d’u d*u d>u d*u du
as—s+ay——F+a3——+tay——+a——+au=r,a<x<b (3.1)
dx dx dx dx dx
subject to the following boundary conditions
u(@) =4, u(b)=18,, u'(a)=A4,, u'(b)y=1B,,
u"(a)=4, (3.2)

where 4;,i = 0,1,2 and B;,j=0,1 are finite real constants and ¢;,i=0,L--5

and r are all continuous functions defined on the interval [a, b]. The boundary
value problem (3.1) is solved with the boundary conditions of eqn (3.2).

Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (3.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

c d5u+c d4u+c d3u+c d2u+cd—u+c u=s,0<x<l (3.3)
o ot Cad Pt ax ’ .
1 1
u(0)=4,, u'(0)=4,, ——u"(0) = 4,,
0 b_q 1 (b—a) 2
u(l) = By, L= (3.4)
where
c5 = : sas((b—-a)x+a), c4=;4a4((b—a)x+a),
(b—a) (b—a)
1 1
c3 = ya3((b-a)x+a), ¢y =——a(b-a)x+a),
(b—a) (b—a)
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1
b—a
s=r((b—a)x+a)

| = a,(b-a)x+a), co=ag((b-a)x+a),

We approximate the solution of the boundary value problem (3.3) as

L7(x)=00(x)+zn:aiNi,n(x), n>1 (3.5)
i=1

Here 6)(x) is specified by the essential boundary conditions, N;,(x) are the

Bernstein or Legendre polynomials which must satisfy the corresponding

homogeneous boundary conditions such that N;,(0)=N,,(1)=0, for each
i=123,...,n

Using eqn. (3.5) into eqn. (3.3), the weighted residual equations are

1 5~ 4~ 3~ 2~ ~
d’u d’u d’u d“u du
c +c +c +c —+c — 4l =S |N; ,(x)dx=0 3.6
I{stS s ra g rta ara o } N p(x) (3.6)

Integrating by parts the terms up to second derivative on the left hand side of

(3.6), we get

1 S5~ 4~ 1 4~
45 d%i d%i
[ cs—SNj,n(xwx{cs 0% } j s
0 dx
dr Sl a2 i
== n(x)] [ esv n(x)] dx [Since N, (0)=N,,,(1)=0]
dx 0 de
d 1430 d? 2l L 1427
S L P VAR | il I BN PO VR o] i esN () [ —-dx
x0T '0%3}0 {dxz[s S ]akz . {a& s x>
r 1 1 1
d 1d°% d? d%i a3 1dii
= | Z eV, 2 | N 2 o 2N, -
| dx csN j 0 (X)) I L l:dxz [CS J,n(x)]dxz L L,x3 [CS jon (X)), e )
1 .4 ~
d du
+|—|esN; , (x)[—dx 3.7
'([dx4[5 J,n( )]dx (3.7

1

d4ﬁ d3~ d
_[04 j n(x)dx - C4N] n(x) J C4N] n(x)]
0 dx* 0 o®

d3~
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4l (x)]d2 1+jd2 [ea (x)]d2
dx 44V j,n . de 44V j,n

2~1 2 3 ~
2ol [ S ol T o

0 0

! 35 2~ 2~
d’u d’i d, d%i
IC3 —3 N p(X)dx —{Cs n(x) } J n(x)]
0 dx 0 0 dx
d dir] |t d dit
= —{E[CSNj,n(x)]Ej‘O +‘(|;dx—2|:C3Nj’n(X):|de (39)
1 2~ ~1 1 ~
JO'CZ 2 N p(x)dx = {CzNj’n(X)EiL - '([a[CZNj,n(x)]de

]dﬁ

1
d

=—|—Ile N; , (x)}—dx 3.10
'(').dx 2 j,n()dx ( )

Substituting eqns. (3.7) — (3.10) into eqn. (3.6) and using approximation for #(x)
given in equation (3.5) and after applying the boundary conditions given in eqn.

(3.4) and rearranging the terms for the resulting equations we get a system of

equations in matrix form as
n
YD ja;=F;,j=12,..n (3.11a)
i=

where

2

1 4
Jﬂ - rlesv, n(x)] [C4N] @] N @)
0 dxc* dx?

d
dx

d d? d d?
N {E[CSNj,n(x)]E[Ni,n(x)]} _1—{a[CSNJ’"(X)]ﬁ[Ni’"(x)]:I .

C2N] n(x)]+cl ] n(x)i| [Nl n(x)]+c0 n(x)N] n(x)}dx
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d* d? d d*
{ [csfvj,n<x)]0bcz [Ni,n(an {dx [qN,;Ax)]E [Ni,n(xﬂ} (3.11b)

¥ _
x=1

1 4 2
Fi=| {sN,-,n(x){—%cs Vil £ [c4N @ s @ e 0]
0

do, d d>0
—eN;, (x)]d—x0 — 40N, (x)} dx + {E lesv (x)]?;il
d d6, d* d200 d 0,
{dx [CSN j,n(X)]MLO _L,xz[ (X)] » Hp» [C4N j,n(x)]dxz _
[ 42 , PE
| s n(x)]} x(b—a)* 4 2+{—3[c51v].’,,(x)]} x(b—a)B
L x=0 dx x=1
3
|4 [CSN] ) (x)]} x(b—a)d  + {di 4N 1 (x)ﬂ x(b-a)? A,
L =0 X x=0
WE WL
e, )| x-aB | e @] xt-a)4,
L x=1 -dx x=0
d dr
+ {a [c3Nj,n ()C)]L=1 x(b-a)B |- {a _c3Nj,n (x) Lzo x(b-a)A, (3.11¢)

Solving the system (3.11a), we find the values of the parameters «;, and then

substituting these parameters into eqn. (3.5), we get the approximate solution of

the BVP (3.4). If we replace x by T4 u(x), then we get the desired

approximate solution of the BVP (3.1).

For nonlinear BVP, we first compute the initial values on neglecting the nonlinear
terms and using the system (3.11). Then using the Newton’s iterative method we
find the numerical approximations for desired nonlinear BVP. This formulation is

described through the numerical examples in the next section.
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3.3 Numerical examples and results
To test the applicability of the proposed method, we consider two linear and two
nonlinear problems. For all examples, the solutions obtained by the proposed
method are compared with the exact solutions. All the calculations are performed
by MATLAB 10. The convergence of linear BVP is calculated by

E =[@ 1 (x)~ 1, (x)| < 5

where 1, (x) denotes the approximate solution using n-th polynomials and &

(depends on the problem) which is less than 10712,
In addition, the convergence of nonlinear BVP is calculated by the absolute error
of two consecutive iterations such that

ﬁri\/+1 _

<o

~N
uy

where 6 <1071 and N is the Newton’s iteration number

Example 1: Consider the linear differential equation [33]

d’u

F+xu =19xcox +2x° cosx+41lsinx—2x%sinx, 1< x <1 (3.12a)
x

subject to the boundary conditions
u(=1)=u(l) =cosl, u'(-1) =—u'(1) = —4cosl +sinl,u" (-1) =3cosl —8sinl.  (3.12b)
The analytic solution of the above system is, u(x) = (2x2 —1)cosx.

The equivalent BVP over [0, 1] to the BVP (3.12) is,

5
ZLS % +(2x-Du=192x—-1)cos(2x—-1)+2(2x - 1)3 cox(2x —1)+41sin(2x—1)
X
—2(2x=1)?sin(2x-1), 0<x <1 (3.13a)

u(0)=u(1)=cosl, %u'(O) = —%u'(l) =—4cosl+ sinl,%u”(O) =3cosl—8sinl (3.13b)

Applying the method illustrated in section (3.2), we approximate u(x) as

ﬁ(x)z@o(x)JriaiNi,n(x), n>1 (3.14)
i=1
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Here 6,(x)=(1 —2x)2 cosl is specified by the essential boundary conditions of

eqn. (3.13b). Now the parameters o, (i =1,2,....... ,n) satisfy the linear system

ZD a; =F;,j=12,...,n (3.15a)

where

1 3
d 1) i) M%4M%®MAﬂW1Mﬁ®dM¢i
0 dx ’ ’ dx dx -

3 2 2
{mwdeAﬂ +FNm@dMﬂﬂ (3.15b)
x=0 x=l1

dx x> d? dx?

1
F; = I {[1 9(2x—-1)cos(2x—1)+2(2x — 1)3 cox(2x —1)+41sin(2x—1)
0

d*N
—2(2x—1)?sin(2x - 1)]32N (0 —7 () dby _ (2x-D&N, , (x)}dx
’ dx dx ’

dN; ,(x) d%ﬂ {dN (@) d36?0} {dzN (@) d26?0]
x=1 x=0 x=1

| dx dx? dx  dx’ dx? dx*
Pa d°N;
+ _d,,;(x)] (12c051325in1)+[%(x>} (8cosl—2sinl)
e x
L x=1 XZI
>N, (x
[%()} (—8cos1+2sinl) (3.15c¢)
x
x=0

Solving the system (3.15a), we obtain the values of the parameters and then

substituting these parameters into eqn. (3.14), we get the approximate solution of
. 1. -
the BVP (3.13) for different values of n. If we replace x by % in u(x), then

we get the desired approximate solution of the BVP (3.12).
In Table 1, we list the maximum absolute errors to compare with the existing

methods.
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Table 1: Maximum absolute errors for the example 1.

Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
10 2.150x107"" | 2.478x107°
12 4256x10712 | 3.584x107'2
13 7.994x107 | 6.912x10713

Example 2: Consider the linear differential equation [28, 33, 34, 35]

5
d—?zu—lSex—IOxex,OSxSI (3.16a)
dx
subject to the boundary conditions

u(0)=u(1)=0,u'(0) =Lu'(l) =—e,u"(0)=0. (3.16b)

The analytic solution of the above system is, u(x) = x(1 — x)e™ .
Using the method mentioned in section (3.2), we approximate u(x) as
n
i(x)=0y(x)+ Y a;N; ,(x), n>1 (3.17)
i=1

Here 6(x) =0 as specified by the essential boundary conditions of eqn. (3.16b).

Now the parameters «; (i = 1,2,....... ,n) satisfy the linear system
n
YD ja;=F;,j=12,...n (3.18a)
i=1
where
1[ ;4 3
d"N; ,(x)dN, dN: . (x)d°N;
Dl',j _ J’ ],:( ) i,n (X) ~N;, (x)Nj’n (X) dx — ],n( ) 1,731 (.X)
dx dx dx dx
oL x=1
|dN ; ,(x) d°N, d’N; ,(x) d*N,
+ jn ) ”;l(x) + ]’;( ) l’;(x) (3.18Db)
dx dx dx dx
L x=0 x=1

1 3 3
Fj =I(—15€x—10xex)Njn(x)dx+ M (—e) - M (3.18¢)
, dx e X 0

3 3
0
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Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

errors are shown in Fig. 1(b) of example 1 for n=13. It is observed from Fig.

1(b) that the error is nearly the order107'1.

m—— Exact Solution

=
(2]

= = = Bernstein Approx.
© Legendre Approx.

Exact,Approximate

-1 4

-1 -08 -06 -04 =02 0 0.2

L ->

06 08 I'X

Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 13 polynomials.

A
8 9

? 3
?
n
of n
G R
o sk 1
4 : " = = = Relative Error for Bernstein
E 4 " = @ = Relative Error for Legendre
i [
D 4k '
% 3 P
o
2F 1 | ¢
] 1 A
| I 1 LA
[ 1 1 ¢ 0
' <4 b
et 80 0 9 g 8-020:0:0-0", D5

-1 -08

-0.2 0 02 04

06 08 I X

Fig. 1(b): Graphical representation of relative error of example 1 using 13

polynomials.
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Solving the system (3.18a), we obtain the values of the parameters and then

substituting these parameters into eqn. (3.17), we get the approximate solution of

the desired BVP (3.16).

The numerical results for this problem are summarized in Table 2.

Table 2: Maximum absolute errors for the example 2.

x | Exact Results 11 Bernstein Polynomials 11 Legendre Polynomials
Approximate | Abs. Error Approximate Abs. Error
0.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 6.2656048E-026
0.1 | 0.0994653826 | 0.0994653826 | 6.7168493E-015 | 0.0994653826 | 4.6283810E-013
0.2 | 0.1954244413 | 0.1954244413 | 9.8809849E-015 | 0.1954244413 | 4.5449755E-013
0.3 | 0.2834703496 | 0.2834703496 | 1.0158541E-014 | 0.2834703496 | 9.0760732E-014
0.4 | 0.3580379274 | 0.3580379274 | 1.3877788E-015 | 0.3580379274 | 6.1872729E-013
0.50.4121803177 | 0.4121803177 | 8.7707619E-015 | 0.4121803177 | 2.9387603E-013
0.6 | 0.4373085121 | 0.4373085121 | 8.8262730E-015 | 0.4373085121 | 3.4067194E-013
0.7 | 0.4228880686 | 0.4228880686 | 1.2767565E-015 | 0.4228880686 | 3.6154413E-013
0.8 | 0.3560865486 | 0.3560865486 | 3.0531133E-015 | 0.3560865486 | 3.7581049E-014
0.9 | 0.2213642800 | 0.2213642800 | 2.3869795E-015 | 0.2213642800 | 7.2025719E-014
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand the maximum absolute errors have been found by Caglar et a/

[28], Kasi et al [33], Lamnii et al [34] and Wazwaz [35] are up to

1.570 x1072,1.5228<107,8.6115x 107" and 2.2x107° respectively.

Example 3: Consider the nonlinear differential equation [35, 36]

5
d—?zuze_x,()ﬁxﬁl (3.192)
dx
subject to the following boundary conditions
u=Lul)=e, u'(0)=Lu'(1)=e,u"(0)=1. (3.19b)
The exact solution of this BVP is u(x) =e”.
Consider the approximate solution of u(x) as
n
0(x)=0y(x)+ Y. N; ,(x), n>1 (3.20)

i=1

Here 6,(x)=1-x(1—e) is specified by the essential boundary conditions in

(3.19b). Also N, ,(0)= N, ,(1)=0 foreach i =12,...,n.
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We have shown the exact and approximate solutions in Fig. 2(a) and the relative

errors in Fig. 2(b) of example 2 for n =11. It is found from Fig. 2(b) that the error

is of the order10™'2.

A

0.6f
0.5F
.’:\L"EII -

B 0 4 ] . 'ﬁﬂ.‘-‘- ‘\\\
y e,
g 03h P e Fxact Solution \
'”& ’f’ Bernstein Approx. ‘\
< 02} ',f‘ © Legendre Approx. \_
< 4 \
% 4 \
it L 4 )

1 \

v \
0§’ “
01 L L L L L L _l>

0 01 02 03 04 05 06 07 08 09 ' X
Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 11 polynomials.

Relative Error for Bernstein
= @ = Relative Error for Legendre

Relative Error

5]
-
a_—na"_-.-o
1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 I
Fig. 2(b): Graphical representation of relative error of example 2 using 11

polynomials.
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Using eqn. (3.20) into eqn. (3.19a), the Galerkin weighted residual equations are

5~
J [z—?aze"}Nk,n(x)dxo,kl,z,---,n (3-21)
0 X

Integrating first term of (3.21) by parts, we obtain

LS [ a1 Lan, () a%
5 Nunords=| Ny } [ P,
’ dx  gx*

0 4* L d* 0 0
r 1
dN ,(x) d°it i 2Nkn<x>du
| & dx3_o 0
_ 1
dNy () a7 | 2Nkn(x)d2~ _j‘d3Nk,n(x)d217
dx dx3 x> dx?

dx [Since Ny ,(0) =Ny ,(1)=0]

X

o O

dx  dx’ dx? d? e’ dx e dx

_ 1 1
AN} n(x) dﬂ [dsz,nm dﬂ !d3Nk,n(x> da] (4N () dii
+ - — +I——dx
0 0 o O
(3.22)
Putting eqn. (3.22) into eqn. (3.21) and using approximation for #(x) given in
eqn. (3.20) and after applying the boundary conditions given in eqn. (3.19b) and

rearranging the terms for the resulting equations, we obtain

- 2HOe_x i,n (X)Nk, n (x)— Zaj (]vz,n (X)Nj, n (x)Nk, n (x)) e |dx
Jj=1

f j d*N_,(x) dN; ,(x)
dx4

i=l| 0

dx dx’ dx ax dx? dx’

{denu)d Ax)] +{dkan(x)oz n<x)] +{dzzvkn(x)dz n<x>] |
x=1 x=0 x=1

. .
d*nN dN, 3 dN, 3

J‘ k, n(x) dlgo 90 _xNk n(x)]dx k,n(x) d 6, _ k,n(x) d 6,
dx  dx dx  dd’

0 x=1 dx=0
| Nk 20 42 00 LN @ | EN @) | N @)

dx? d’ dx?
x=1 x=0 x=1 dx=0
(3.23)

The above equation (3.23) is equivalent to matrix form as
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(D+B)A=G (3.24a)

where the elements of 4, B, D, G are a;,b; ;. ,d; yand g, respectively, given by

1[ ;4 3
d Nk n(x) d‘Nz n(x) _ de n(x)d Nin(x)
d:, = d > —20,e *N; (X)N, ,(x) |dx— d d
i,k ‘([ dx4 0 z,n( ) k,n( )] dx dx3
L x=1
_dN x)d>N:  (x d*N, (x)d>N, (x
n k,n( ) l,;l( ) n k,zn( ) l,;’l( ) (324b)
dx dx dx dx
L x=0 x=1
>, j (N; g CON (N (x))e ™ (3.24c)
j=1
L d*N, (x dN, (%) 43 dN, (%) J°
gk:.[ k}’l( )d@o 92 _xNkn(x)]dx k,n( )d 00 . k,n( )d 00
et dx dx dx’ dx dx
0 x= x=0
dZNk,n(x) dz(go dsz,n(x) dst,n(x)
- S > H——"—| |5 | xe
dx dx dx dx
L x=1 x=0 x=1
_d3N X
- —"’3”( ) ] (3.24d)
dx
L x=0

The initial values of these coefficients «; are obtained by applying Galerkin
method to the BVP neglecting the nonlinear term in (3.19a). That is, to find initial
coefficients we solve the system

DA =G (3.25a)
whose matrices are constructed from

_pd'Ng n(x> dNjy (@) | AN () d*N; , (x) AN, ,(x) d*N; (%)
9 9 + 9 9
dx S dx dx>
x=1 x=0

O'—.

x dx

(3.25b)
dx? dx?

d’Ny ,(x) d’ N,-,,,<x)]
x=1

_j_d4Nk,n(x) d0y , | WNen™ a6y | | ANk () d6,
B 0 dX4 dx d dx3 x=1 dx dx3 x=0
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d* Ny ,(x) %6, d* Ny, (x) d>Ny (%)
- 2 2 S T — 5 | *¢
dx dx B dx 0 dx »
_d3N X
- k—;() (3.25¢)
dx
L x=0

Once the initial values of «; are obtained from eqn. (3.25a), they are substituted
into eqn. (3.24a) to obtain new estimates for the values of «;. This iteration

process continues until the converged values of the unknown parameters are
obtained. Substituting the final values of the parameters into eqn. (3.20), we

obtain an approximate solution of the BVP (3.19).

The maximum absolute errors for this problem using Bernstein and Legendre

polynomials are shown in Table 3 with 6 iterations.

Table 3: Maximum absolute errors of example 3 using 6 iterations.

x | Exact Results 12 Bernstein Polynomials 12 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error

0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 1.1051709181 | 1.1051709181 | 2.5376055E-013 | 1.1051709181 | 2.9918024E-012
0.2 | 1.2214027582 | 1.2214027585 | 4.2368192E-012 | 1.2214027582 | 3.4379395E-011
0.3 | 1.3498588076 | 1.3498588076 | 6.0500216E-012 | 1.3498588076 | 1.1878055E-012
0.4 | 1.4918246976 | 1.4918246979 | 4.5652371E-013 | 1.4918246976 | 2.3980112E-011
0.5 | 1.6487212707 | 1.6487212707 | 1.5656920E-012 | 1.6487212707 | 3.4213951E-012
0.6 | 1.8221188004 | 1.8221188004 | 7.8939633E-013 | 1.8221188004 | 3.6519182E-012
0.7 | 2.0137527075 | 2.0137527075 | 9.0033536E-013 | 2.0137527075 | 2.8570975E-012
0.8 | 2.2255409285 | 2.2255409287 | 6.0421113E-012 | 2.2255409285 | 1.4395748E-011
0.9 | 2.4596031112 | 2.4596031110 | 4.3842707E-013 | 2.4596031112 | 2.8618543E-011
1.0 | 2.7182818285 | 2.7182818285 | 0.0000000E+000 | 2.7182818285 | 1.2759373E-000

On the other hand, the maximum absolute errors have been obtained by Wazwaz

[35] and Erturk [36] are 4.1x10™® and 1.52><10_10respectively.

Example 4: Consider the nonlinear differential equation [28, 33]

5
d—g‘ +24e” 3 =481+ x) 3, 0<x <1 3.262)
dx
subject to the following boundary conditions
u(0)=0u(l)=In2,u'(0)=1Lu'(1) =0.5,u"(0)=—1. (3.26b)
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We depict the exact and approximate solutions in Fig. 3(a) and a plot of relative

errors in Fig. 3(b) of example 3 for n=12. From Fig. 3(b) we observe that the

error is nearly the order 1078

e Fxact Solution
25F = = = Bernstein Approx.

© Legendre Approx.

Exact.Approximate
[

I

l Il il L 4 L il il

—i>

0 01 02 03 04 05 06 07 08 09 I X

Fig. 3(a): Graphical representation of exact and approximate solutions of

example 3 using 12 polynomials.
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Fig. 3(b): Graphical representation of relative error of example 3 using 12

polynomials.
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The exact solution of this BVP isu(x) =In(1+x).

Consider the approximate solution of u(x) as

L7(x)=¢90(x)+zn:aiNi,n(x), n>1 (3.27)

i=1
Here 6,(x)=xIn2 1is specified by the essential boundary conditions in (3.26b).
AlsoN; ,(0) = N; ,(1) = 0for eachi =12,...,n

Putting eqn. (3.27) into eqn. (3.26a), the Galerkin weighted residual equations are

5~ ~
J B—ﬁ 247" —48(1+ X)S}Nk,n(x)dx =0,k=12,...,n (3.28)

In the same way of example 3, integrating first term of (3.28) by parts we obtain

1 1 1
td%i AN, ) B | | PN ) a2 | | PN () di
j % Ny p(xX)dx =~ + _| e O
0@ 0 0 0

dx x> dx? dx? dx> dx

1 ;4 ~
d'N; ,(x
+J.¢()d—udx (3.29)

5 et dx
Using eqn. (3.29) into eqn. (3.28) and using approximation for z(x) given in eqn.
(3.27) and after applying the boundary conditions given in eqn. (3.26b) and

rearranging the terms for the resulting equations, we obtain

Zi d*Nin@ ANy () || N () ENip@) | | N,y (3) &N ()
4 dx dx . dx »

i=1| o dx dx3 dx3
dle-’n(x) dsz,n(x) _5{904_ z ajNj, n(X)}
i e a— :‘24I Nw(X)ds
g * x=0

4
N X
_J‘ kn()d&od

1 dN X 3
48' (1 x)_s ]Vk,}’l('c)d‘-C [ k’n( ) d 90}
x=1

dx>
dN 3 d*N 2 d*N
| ANk (X) d7 6, ~ k(¥ d 6y | kyn (X)
dx dx’ B dx? dx? dx?
X—O x:l X=0
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3 3
dx x=1 dx x=0

The above equation (3.30) is equivalent to matrix form

DA=B+G (3.31a)
where the elements of the square matrix D and the column matrices B and G are
given by

p _j d* Ny () ANy () || AN () PNy ) | N () dNp ()
i,k — 4 d X
ol & * =1 =0

dx ax’ dx dx’
ANy () AN, () Gh)
+ 2 2 .
dx? dx?
L x=0
1 _5[‘90"' g aij n(x)]
by =-24e J=1 Ny p(x)dx (3.31¢)
0
1 4
d*Ny ,(x) do . AN ,(x) d*6
g =]|- dj dxo dx +48(1+ x) SNk,n(x)]dx+{ ; y 2
0l X X x=1

_de,n(x)mo} _[dsz,n(xWeo} _[dsz,n(»o}
x=0 x=1 x=0

i dx dx> dx? dx? dx?
d>N X d>N X
+ —"’3”( " x05)- —"’3”( ) (3.31d)
dx _1 X o

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (3.26a). That is, to find initial

coefficients we solve the system
DA=G (3.32a)

whose matrices are constructed from
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et dx

dx

] [dM 2(0) PN, (x)
dx— d ’

dx> dx?

d’N; ,(x) dsz,nu)}
x=0

ax’ dx p o

+{oﬂvi,n(x) d3Nk,n(x>]
x=1 x=0

(3.32b)

1 4
d’"N; ,(x dN, ,(x) g3
2k =I - 6n (1) dby dx+48(l+x)_5Nk 2 (X) |dx + 6n (0 d°6y
e dx ’ dx  dx’
0 x=1
[dveaate, | | PN a%ey | | 4PN ()
dx dx’ 3 dx? dx? dx’?
x=0 x=1 x=0
d>N, , (x d>N, (x
—"’3”( | ws)—| e (3.32¢)
dx . dx 0

Once the initial values of the coefficients «; are obtained from eqn. (3.32a), they

are substituted into eqn. (3.31a) to obtain new estimates for the values of «;. This

iteration process continues until the converged values of the unknown parameters

are obtained. Substituting the final values of the parameters into eqn. (3.27), we

obtain an approximate solution of the BVP (3.26).

The maximum absolute errors, using different number of polynomials, by the

present method with 5 iterations and the previous results obtained so far, are

summarized in Table 4.

Table 4: Maximum absolute errors for the example 4 with 5 iterations.

Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
7 2.150x1077 | 7.980x107
2
8 5370x10°8 1.770x10~8 | 4.6x10 “(Caglar et al [28])
9 7 515x10"° | 5.440 x10°° | 5.3197 x 10> (Kasi et al [33])
10 9.750x10710 | 8.940x107"°
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In Figs. 4(a) and 4(b), the exact and approximate solutions, and the relative errors

of example

4 for n =10 are depicted respectively. We see from Fig. 4(b) that the

error is nearly the order 107
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Fig. 4(a): Graphical representation of exact and approximate solutions of

example 4
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Fig. 4(b): Graphical representation of relative error of example 4 using 10

polynomials.
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3.4 Conclusions

In this chapter we have used Bernstein and Legendre piecewise continuous and
differentiable polynomials as basis functions for the numerical solutions of fifth
order linear and nonlinear BVPs in the Galerkin method. We see from the tables
that the numerical results obtained by our method are better than other existing
methods. Also we get better results for Bernstein polynomials than the Legendre
polynomials. It may also notice that the numerical solutions coincide with the
exact solution even lower order Bernstein and Legendre polynomials are used in
the approximation and are shown in Figs. [1-4]. Thus the present method is quite

efficient.
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CHAPTER 4
Sixth Order Boundary Value Problems

4.1 Introduction

Sixth order BVPs arise in many real life phenomena, for example the vibration
behavior of ring structures is governed by a sixth order ordinary differential
equation and also in the mathematical modeling of astrophysics; the narrow
convecting layers which are believed to surround A-type stars [39]. Moreover,
Chandrasekhar [9] determined that when an infinite horizontal layer of fluid is
heated from below and is under the action of rotation, instability sets in. When
this instability is as ordinary convection, the ordinary differential equation is sixth
order. Agarwal [8] has discussed the theorems of the conditions for the existence
and uniqueness of solutions of the sixth order BVPs thoroughly in a book, but no
numerical methods are contained there in. Non-numerical techniques were
developed by Baldwin [37, 38] for solving such BVPs.

There are many researchers have attempted to solve sixth order BVPs
numerically. For example, Boutayeb and Twizell [40] developed a family of
numerical methods for the solution of special and general nonlinear sixth order
BVPs. Numerical methods for the solution of special and general sixth order
BVPs with application to Benard layer eigenvalue problem were introduced by
Twizell and Boutayeb [41]. Glatzmaier [42] also noticed that dynamo action in
some stars may be modeled by such BVPs. Siddiqi et al [43] presented the
Quintic spline solution of linear sixth order BVPs. Siraj-ul-Islam et al [44] used
nonpolynomial splines approach to the solution of sixth order BVPs. Siddiqi and
Akram [45] developed septic spline solutions of sixth order BVPs. On the other
hand, Chawla and Katti [46] presented numerical methods of solutions implicitly,
although the authors concentrated their attention on fourth order BVPs. A second
order method was introduced in [47] for solving special and general sixth order
BVPs and in later work Twizell and Boutayeb [41] developed finite difference
methods of order two, four, six and eight for solving such problems. Gamel et al

[48] used Sinc-Galerkin method for the solution of sixth order BVPs. Wazwaz
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[49] developed decomposition and modified domain decomposition methods to
find the solution of the sixth order BVPs. Siddiqi and Twizell [32] solved the
sixth order BVPs using polynomial splines of degree six where spline values at
the mid knots of the interpolation interval and the corresponding values of the
even order derivatives were related through consistency relations. Recently, Khan
and Sultana [50] used parametric quintic spline solution for sixth order two point
BVPs. Fazal-i-Haq et al [51] developed the solution of sixth order BVPs by
collocation method using Haar wavelets. Akram and Siddiqi [52] presented the
solution of sixth order BVPs using non-polynomial spline technique. Logmani
and Ahmadinia [53] derived numerical solution of sixth order BVPs with sixth
degree B-spline functions.

In this chapter, Galerkin method with Bernstein and Legendre polynomials as
basis functions is devoted to find the numerical solutions of the sixth order linear
and nonlinear differential equations for two different cases of boundary
conditions. In this method, the basis functions are transformed into a new set of
basis functions, which must satisfy the homogeneous form of Dirichlet boundary
conditions.

However, the formulation for solving linear sixth order BVP by Galerkin
weighted residual method is described in the portion 4.2. Two formulations are
described considering two types of boundary conditions which are presented in
sections 4.2.1 and 4.2.2 respectively. Then we deduce similar formulation for
nonlinear problems in the next section. In section 4.3, numerical examples for
both linear and nonlinear BVPs are considered to verify the proposed formulation.

Finally conclusions of this chapter are given in section 4.4.

4.2 Matrix Formulation

In this section we first derive the matrix formulation for sixth order linear BVP
and then we extend our idea for solving nonlinear BVP. For the numerical
solution, we consider a general sixth order linear BVP given by

du d’u d*u du d*u

+a +a +a +a adu+au r.,a<x<b (4.1a)
5 4 3 2 1, ou=r, .
dx® dx> dx? dx’>

+
dx? dx

ag
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subject to the following two types of boundary conditions

Type I: u(a) =4, u(b) =By, u'(a)= A4y, u'(b) = By,
u"(a)=A4,, u"(b)=B, (4.1b)

Type II: u(a)= 4, u(b)=B,, u'(a)y=4,, u"(b)y=1B,,
Way=a,  uMpy=8, (4.1¢)

where 4,,B,,i=0,1,2,4 are finite real constants and «;,i =0,1,---6 and r are all
continuous and differentiable functions of x defined on the interval [a, b]. The
BVP (4.1) is to be solved with both the boundary conditions of type I and type II.

Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (4.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

du d’u d*u du d*u du
+o—+cpu=s5,0<x<1

c +c +c +c +c (4.2a)
‘oS Cad tat Cad dx
M(O):Ao, 1 M’(O):Al, ! 214”(0):142,
- (b—a)
1 1
u(l) = By, u'(1) = By, u"()=~B (4.2b)
0 _ 1 (b—a)2 2
and
1 " 1 (iv)
u(0) = 4o, 'O =dy, ™ (0)= 4y,
(b-a) (b-a)
u(h) = By, Ll =B, ™ )=B,  @20)
(b—a) (b—a)
where
= ! ~ag((b—a)x+a), cs5 = : sas((b—a)x+a),
(b-a) (b-a)
cs=——ay(b-a)x+a), & =——ay((b-a)r+a),
(b—a) (b—a)
1 1
= b— . = b_ )
2 = (G -ata) o= ——a((b-a)+a)

co =ag((b—a)x+a), s=r((b—a)x+a)

To solve the boundary value problem (4.2) by the Galerkin method we

approximate u(x) as
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M@ﬂmn+i%MMﬁmzl (4.3)
i=1

Here 6)(x) is specified by the essential boundary conditions, N; ,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such that N;,(0)=N,,(1)=0, for each
i=123,...,n

Using eqn. (4.3) into eqn (4.2a), the Galerkin weighted residual equations are

% &Pu dYi d3~ d2ﬁ
JC6 +C5dx5+ d4+ d3 dz

+q % +coil —S}Nj,n(x)dx =0 (4.4
4.2.1 Formulation I
In this portion, we have derived the matrix formulation by applying the boundary
conditions of type I.
Integrating by parts the terms up to second derivative on the left hand side of

(4.4), we get

5~ 5~
J%d“ N (x)e = { Aﬂd } j les v nuﬁi

1
d d*i d? d*i
{E ¢V, n(x)] P L ‘([dx [c6Nj n(x)] dx [SinceN; ,(0)=N;,(1)=0]

. N
]d3u d

1 |
d*i d? d’i d?
ce N X + ce N X ce N X
|:dx 6 Jn( )] x4:|0 |:dx [6 jn( )] x3_0 ‘([dx [6 jn()

4, (Nf ka.@ﬂﬁﬂﬂka.mﬁﬁ
dx o 0 dx2 m x> 0 _dx3 & dx?

1

0

e
d [ Nj’n (x)]%dx

i

—_ i[cN (x)-|d4z7 1+ d’ [CN (x)]d3ﬁ 1_ d [c N (x)]—dzg |
dx 6 an de4 0 dx? 6 o de3 0 dx’ 6 Jom dx? 0
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T 5 ~
_} - %[C6Nj’n(x)]i’—2dx (4.5)
0

0

4 4
n(x)d :l _[ [CSNJ n(x)]d
0

d Sl a2 a3
= el 5 gcbc_z["’SNf’”(x)]?dx

d Bl a2 ol 1%
= e ]S O{J[cszvj,n(x)_ - L— | lestiatol e

1 1 1
d d>u d* d*i d’ dii
: { ksl L{cbc—z[csfv,-,n(x)]dxz} { sV )7

1 .4 ~
+ '([% [cij,n (x)]il—z dx

dx

1
d d*i
dx” |,

d’u
c3——=N; (x)dx =
I3dx3 jsn {

d*u d’i d

0 0

(4.6)

1 3~

0 0

PO LI 2~
- %[C4Nj,n(x)]%:| +£%[¢4Nj,n(x)]%dx

0

1y,
d2 du d dii
+Lbc2 e ’n(x)]dxl _([ dx3[c4Nj’n(x)]dx dx (4.7)
1
| _d e
N; —d
n(x) :|O E').dx C3 ]’n(x)] dxz '

2
= {di[c‘j’Nj n(x)]du} +_[ d [03 N; ,,(X)]du (4.8)

d*i
Icz — Nj’n(x)dx = {
dx

1

~

1
- '([i[czNj’n (x)]j—idx

du
Ny -1

0
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1 d dii
__ g E[CZN i (x)]d—de (4.9)

Substituting eqns. (4.5) to (4.9) into eqn. (4.4) and using approximation for #(x)
given in eqn. (4.3) and after applying the boundary conditions given in type I, eqn.
(4.2b) and rearranging the terms for the resulting equations we get a system of

equations in matrix form as

DD ja;=F;,j=12,..n (4.10a)
i=1
where
1 5 4 3 2
d d d d
D; ;= J.{{—ﬁ[%Nj,n(x)]Jrg[Cij,n(x)]—$[04Nj,n(x)]+?[03]\’],,,(36)]
0

d d
_EczNj,n(x)]+Cle,n(x)j|$[ n(x)]+C0 N; ,(x)N n(x)}dx

4 4
- ;,i n(x)] [ i,n(x)]:| + ;; n(x)]d ln(x)]:l

L x=1 L x=0

WL 42
< leeN, (x)] (x)]L1 - y[

(x)] (x)]LO

3
N i [CSN J.n (x)];ig [ i,n (x)]:| |: [ n(x)]i [ in (x)]:| (4.10b)
x=1 x=0

dx

3

1 5 4 2
F;= f{sN (0 + {% [%N j,n(x)]_% [CSN j,n(x)]+ % [C4N iun (x)]—% [C3N j,n(x)]
0

d d d*e
T N n(x)] oaN n(x):| — N j,n(x)}dx + |:E[C6N j,n(x)]dx_4
d da*o d? a0 d? 430 |

- n(X)] Lo {y [%N j,n(x)]ﬁ:| J{g[ n(X)]

dx

W 40 d 4’0 a4 5

| Lesn, n<x>] *[ n<x>] H e L@ x-aB,
- - ax

dx=1

x=1 dx=0

dx dx

x=1
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d3 _ . d4
- _ﬁ _%Nj,n(x)__x:o x(b—a)* 4, —{g [C6Nj,n(x)]Ll x(b—a)B,
_d4 i 1 d> 5
| S eeN 0] x(b—a)A1—|:—2[CSNj’n(x)]} x(b—a)’B,
_dx 1o dx e
"dz ) 1 3
+ _w _Cij,n(x)__xzo x(b—a)* A, + {w [Cij,n(x)]Ll x(b—a)B,
iR 1 d
| sV j’n(X)'_Fo x(b—a)d; + {E eV j’"(x)]lc:l x(b—a)’B,
- ) 2 2
| % c4Nj,n(x)]_x:0><(b—a) Ay - ?[04]\/}’”()()] x:1><(b—a)Bl
52
+ d—[c4N,-,n<x>]} -+ L, ]| x6-08,
L x=0 x=1
{di[cﬂvj,n(x)]} x(b—a)4, (4.10c)
X x=0

Solving the system (4.10a), we find the values of the parameters «;, and then

substituting these parameters into eqn. (4.3), we get the approximate solution of

the BVP (4.2). If we replace x by )bc—a

in u(x), then we get the desired

approximate solution of the BVP (4.1).

4.2.2 Formulation 11

In this section, we have used the boundary conditions of type II for obtaining the
matrix form.

In the same way of portion (4.2.1), integrating by parts the terms consisting sixth,
fifth, fourth, third, and second derivatives on the left hand side of (4.4), and
applying the boundary conditions prescribed in type II, eqn (4.2c), we get a

system of equations in matrix form as

n
DD ja;=F;,j=12,..n (4.11a)
i=1

where
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2

| 5 4 3
g{{— j?[%Nj’” )]+ % [CSNj,n )]~ % [C4Nj,n )+ % [CSNj,n )]

—%czN,-,nu)]wle(x)} [Ni o)} o n<x>N‘n<x>}dx

¥ ;fz[ n<x>] [n(xﬂ} - 522[ n<x) [N, ()

Sl .
L.

_ A _ _
e CAPRES) L) | I R P AED) Lo AP ES)

- _le -

B 3
o %[CSNj,n(x)] 4 N; n(x)] l:i n(x) n(x)]:l

x=0

i d3 d d d
+__[65Nj:n(x)]£[Ni,n(x)] » {—2 caN ,n(x)]a[ n(x)]

52
— d—z[c4Nj,n(x)]di[Ni,n (x) } C3N] n(x) i n(x)]}

L X X
+ j C3N] n(x)] ln(x)]:l (4.11b)

dx

1 5 4 3 2
Fj= I {SN a0+ {d_s [C6Nj,n(x)]_% [CSNj,n(x)]+% lea j,n(x)]_% lesv J',”(x)]
0

dx

d do d 4%0
- czNj,n(x)]—cle’n(x)}—dx—COHONj’n(x)}dx+ N (2 3}
x=1

- - x:O -

- _x:] -

3 3
Al (x)]d - %[csfvj,n(x)]ﬂ

d> do
A e, il

x:l -

+{% [C3N o (x)]%}

d do d
e, (x)]ELo +[E[C6Nj,n(x)]}x:1 x(b-a)* B,

[ 52
% [C4N jun (X)]%}

x=0 x=1

4 4>
x(b—a) A4+ F
X

[%N jun (X)]} x(b—a)’ B
x=0

x=1
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Wi d?
|4 [csv j’n(X)]Lo x(b—a)> Ay — le—z lesv j’n(X)]Ll x(b—a)’B,
2
; d—z[csN j’n(x)]} x(b—a)’ 4y + {i leav (x)ﬂ x(b—a)*B,
_dx =0 dx vel
d
{E leav j’n(x)]LO x(b—a)* 4y @.11¢)

Solving the system (4.11a), we find the values of the parameters «; and then

substituting these parameters into eqn. (4.3), we get the approximate solution of

the BVP (4.2). If we replace x by )bc—a

in u(x), then we get the desired

approximate solution of the BVP (4.1).

For nonlinear BVP, we first compute the initial values on neglecting the nonlinear
terms and using the systems (4.10) and (4.11). Then using the Newton’s iterative
method we find the numerical approximations for desired nonlinear BVP. This

formulation is described through the numerical examples in the next section.

4.3. Numerical examples and results
To test the applicability of the proposed method, we consider four linear and two
nonlinear problems consisting of both types of boundary conditions. For all the
examples, the solutions obtained by the proposed method are compared with the
exact solutions. All the calculations are performed by MATLAB 10. The
convergence of linear BVP is calculated by

E = [, (017, (x)| <5

where u,(x) denotes the approximate solution using n-th polynomials and o

(depends on the problem) which is less than 107'2. In addition, the convergence of
nonlinear BVP is calculated by the absolute error of two consecutive iterations
such that

~N+l ~N
Uy —Uy

<0

where 8 <107'% and N is the Newton’s iteration number.
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Example 1: Consider the linear differential equation [43, 45, 50, 51, 52]

6
d—g—u=—6ex,0SxS1 (4.122)
dx
subject to the boundary conditions of type I in eqn. (4.2b):

u(0)=1,u()=0, u'(0)=0,u'(1) = —e,u"(0) =—-1Lu"(1) = 2e . (4.12b)
The analytic solution of the above problem is, u(x) =(1-x)e".

Using the method illustrated in (4.2.1), we approximate u(x) as

LNt(x):Go(x)+zn:al-N,~’n(x),n21 (4.13)

i=1

Here 6,(x)=1-x as specified by the essential boundary conditions of eqn.

(4.12b). Now the parameters o; (i =1,2,....... ,n) satisfy the linear system
n
DD o =F;,j=12,...n (4.14a)
i=1
where
1 5
d
Disj :_[ N e [ ] n(x)] zn(x)] N; n(x)N] n(x):|dx
oL

i L g4
_ %[Nj’n(x)_%[N,-’n(x)]} _l{j—x[ ]n(x)] [Nln(x)]}

X x=0

W 1d° 42
+_E[Nﬂ"(’c)-;[Nw)]L{E[ @ Iy, (x)]} (4.14b)

x=0

1 i d’ do d 4’6
F, :_([{—6e J’”(x)+{E[Nj’n(x)]E +O)N j  (x) dx + E[ J, n(x)]dx4 »

I d d*o | d2 430 a3
| & ]n(x) L—o_ 2 N (x )] :|x—1_I:E[Nj’n(X)]}x—OX(_l)

42 430 WL
H SN0 5 }x0+_$[fvj,n<x)]}

4
x(—k){%[fvj,n(x)]} x(-0)

(4.14c¢)
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Solving the system (4.14a), we obtain the values of the parameters and then
substituting these parameters into eqn. (4.13), we get the approximate solution of

the BVP (4.12) for different values of ».

The maximum absolute errors, using different number of polynomials by the
present method and the previous results obtained so far, are summarized in Table

1.

Table 1: Maximum absolute errors of example 1.

x | Exact Results 11 Bernstein Polynomials 11 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 0.9946538263 | 0.9946538263 | 1.1102230E-016 | 0.9946538263 | 1.0880186E-014
0.2 | 0.9771222065 | 0.9771222065 | 1.5543122E-015 | 0.9771222065 | 3.0531133E-014
0.3 | 0.9449011653 | 0.9449011653 | 1.9984014E-015 | 0.9449011653 | 5.0848215E-014
0.4 | 0.8950948186 | 0.8950948186 | 1.9984014E-015 | 0.8950948186 | 2.1316282E-014
0.5 | 0.8243606354 | 0.8243606354 | 0.0000000E+000 | 0.8243606354 | 5.9507954E-014
0.6 | 0.7288475202 | 0.7288475202 | 2.3314684E-015 | 0.7288475202 | 1.0658141E-014
0.7 | 0.6041258122 | 0.6041258122 | 1.3322676E-015 | 0.6041258122 | 4.7961635E-014
0.8 | 0.4451081857 | 0.4451081857 | 4.9960036E-016 | 0.4451081857 | 9.8254738E-015
0.9 | 0.2459603111 | 0.2459603111 | 8.8817842E-016 | 0.2459603111 | 1.3655743E-014
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand Siddiqi et al [43], Siddiqi and Akram [45], Akram and Siddiqi

[52] have found the accuracy nearly the order 10~ and Khan and Sultana [50],

Fazal-i-Haq et al [51] have found the accuracy nearly the order 1071,

Example 2: Consider the linear differential equation [45]

X
(4.152)
subject to the boundary conditions of type I in eqn. (4.1b):
u(=1)y=4cos I, u(1)=-2cos 1, u'(=1) =cos 1+4sinl,u’(1) =cos 1+2sinl
u"(-1)=-16cosl+2sinl,u"(1) =14cos1—2sinl. (4.15b)

6

d—’g+ (5x+Du = (185x — 25x> +10x*) cos x + (270 - 36x2)sinx, —1 < x <1

The analytic solution of the above BVP is u(x) = (2x3 —5x+1)cosx.

The equivalent BVP over [0, 1] to the BVP (4.15) is,
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Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

errors are shown in Fig. 1(b) of example 1 for n=11. It is observed from Fig. 1(b)

that the error is nearly the order 10713,

0.8
2 me= Exact Solution
g 0.6k = = = Bernstein Approx.
% © Legendre Approx.
&
3 04
5 0.
5
0.2p

0 ] Il ] L 1 ] ]
0 0.1 02 03 04 05 06 07 08 0.9 I'X

Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 11 polynomials.

2.5p
2 3

§ Ls = = = Relative Error for Bernstein
q Relative Error for Legendre
=
o 1F
a7

0.5f

0 0.1 02 03 04 05 06 07 08 0.9 I'X
Fig. 1(b): Graphical representation of relative error of example 1 using 11

polynomials.
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6
216‘; +(5(2x = 1)+ Du = (185(2x = 1) = 25(2x = 1)> +10(2x — )*) cos(2x — 1)
+(270-36(2x —1)%)sin(2x —1), 0<x<1 (4.16a)

u(0) =4coslu(l) =-2cosl, %u'(O) = cosl +4sinl,%u'(1) =cosl+2sinl,

%u"(O) =—16cosl+ 2sin1,%u"(1) =14cosl—2sinl. (4.16b)

Using the method illustrated in (4.2.1), we approximate u(x)as

ﬁ(x):ﬁo(x)+zn:aiNi’n(x), n>1 (4.17)
i=1

Here 6,(x)=(4-6x)cosl is specified by the essential boundary conditions of

equation (4.16b). Now the parameters o, (i =1,2,...,n) satisfy the linear system

DD ;a;=F;,j=12,...n (4.18a)

1
D, = £ — [N, m]d [N;.0 (0)]+ 64((10x =5) + DN, , ()N, n(x)}

A 4
- j_x[Nj,n(X)]ZCT [Ni,n (x)]} ; + [% [Nj,n (x)] d Nin (x)]}

x=0

+ |::;_:2 [Nj,n (x)]j_; []vi,n(x)]:IXI - |:§ [Nj’n(x)]g []Vl,n ()C)]:| (4.18b)

x=0

F; {[(185(2x 1)—25(2x —1)% +10(2x —1)*)cos(2x — 1)

o'—.H

. d’ do
+(270 - 36(2x ~1)?)sin(2x - D]64N ,, (x) + sz_S . (x)]a:|

d d*o d d*o
—64((10x—5) + DN ;, (x)}dc + {E [ij,n(x)]dx—éi1 {5 [Nj’n(x)]dx—ét}

x=0
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d2
+ dx_z[Nj,n(x)

x=0

x=0

|4°0
dx’

x=0

& at
x(56c0s1 —8sinl) — ﬁ[Nj,n(x)] x (—64cos1 +8sinl) — y[zvj,n(x)]

x(2cosl+8sinl)

d
_I__
d.

3
x3 [N],n (x)]

x=1

x=1

(4.18¢)

Solving the system (4.18a) we obtain the values of the parameters and then

substituting these parameters into eqn. (4.17), we get the approximate solution of

the BVP (4.16) for different values of n. If we replace x by XTH in u(x), then

we get the desired approximate solution of the BVP (4.15).

The numerical results for this problem are given in Table 2.

Table 2: Maximum absolute errors of example 2.

x | Exact Results 14 Bernstein Polynomials 14 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error
-1.0 | 2.1612092235 | 2.1612092235 | 0.0000000E+000 | 2.1612092235 | 0.0000000E+000
-0.8 | 2.7701058764 | 2.7701058764 | 4.4408921E-016 | 2.7701058764 | 1.1102230E-013
-0.6 | 2.9447974740 | 2.9447974740 | 8.8817842E-016 | 2.9447974740 | 8.1046281E-013
-0.4 | 2.6452871748 | 2.6452871748 | 2.6645353E-015 2.6452871748 | 4.7823967E-012
-0.2 | 1.9444520904 | 1.9444520904 | 1.7763568E-015 1.9444520904 | 8.9346308E-012
0.0 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 6.2458927E-012
0.2 0.0156810652 | 0.0156810652 | 2.1024849E-015 0.0156810653 | 2.8920269E-012
0.4 -0.8031651868 | -0.8031651868 | 2.3314684E-015 -0.8031651868 | 9.1874286E-012
0.6 -1.2941262442 | -1.2941262442 | 1.3322676E-015 -1.2941262442 | 8.3202334E-012
0.8 -1.3766924577 | -1.3766924577 | 1.1102230E-015 -1.3766924577 | 5.0157656E-012
1.0 -1.0806046117 | -1.0806046117 | 0.0000000E+000 | -1.0806046117 | 0.0000000E+000

It is observed that the accuracy is found nearly the order 10~ by Siddigi and
Akram in [45].

In Fig. 2(a), the exact and approximate solutions are given and a plot of relative

errors are shown in Fig. 2(b) of example 2 for n=14. It is observed from Fig.

2(b) that the error is nearly the order10712.
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= = = Bernstein Approx.
0 Legendre Approx.

-0.25
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Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 14 polynomials.
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Fig. 2(b): G

raphical representation of relative error of example 2 using 14

polynomials.
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Example 3: Consider the linear differential equation [44]

d®u 3
—6+xu:—(24+11x+x ), 0<x<1 (4.19a)
dx

subject to the boundary conditions of type II in eqn. (4.2¢):
u(0) = u(1) =0, u"(0) =0, u"(1) = e, u™ (0) =8, u™ (1) = —16e . (4.19b)

The analytic solution of the above problem is, u(x) = x(1-x)e”.
Applying the method illustrated in (4.2.2), we approximate u(x) in a form
n
H(x)=6y(x)+D_a; N; ,(x), n=1 (4.20)
i=1
Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(4.19b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n

ZDi’jai:Fj,jzl,z,...,n (4'21a)

5
_ ;X_S[N in (x)]j—x [N,y )]+ 2N, (ON S, (x)} dx

WE 43 d> 43
+ dx_z[Nj,n (X)]ﬁ [Ni,n (x)]:| - |:dx_2 [Nj,n (x)]g [Ni,n (x)]:|

L x=1 x=1

d* d d* d
{g[Nj,n(x)]a[M,n(x)]Ll{g[fvj,n(x)]a[%nuﬂlO (4.21b)

1
F;= E[—(24 +11x+x3)exNj’n(x)dx+{j—x[Nj’n(x)]L:1 x(-16e)

3
_ [% Ly (x)]LO x(-8) + {% v, (x)]} x(~4e) (4.21¢)

x=l
Solving the system (4.21a) we obtain the values of the parameters and then
substituting these parameters into eqn. (4.20), we get the approximate solution of

the BVP (4.19) for different values of .
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The maximum absolute errors, using different number of polynomials by the
present method and the previous results obtained so far, are tabulated in Table 3.

Table 3: Maximum absolute errors for the example 3.

Number of Max. Abs. Max. Abs.

Polynomial Error for Error for Reference Results
used Bernstein Legendre
9 2.880x107"" | 2.880x107"!
11 0.881x107"° | 3.092x107'4
12 6.106x107¢ | 8316x10714

We depict the exact and approximate solutions in Fig. 3(a) and a plot of relative

errors in Fig. 3(b) of example 3 for n=12. From Fig. 3(b) we observe that the

error is nearly the order 10713

A

0.6p
0.5F
g V. ‘e
g S \
% 03 o - \
g H V 4 mem Fxact Solution N\
—] i ' 4
d:& ; V4 Bernstein Approx. ‘\
o ‘.3 ,a,f' © Legendre Approx. \
g P \
N ¥
A otp A \
/ \
of’ °

_010 2 2 2 2 2 2 2 3 3 4->

01 02 03 04 05 06 07 08 09 I X

Fig. 3(a): Graphical representation of exact and approximate solutions of

example 3 using 12 polynomials.
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Fig. 3(b): Graphical representation of relative error of example 3 using 12

polynomials.

Example 4: Consider the linear BVP [44, 50, 53]

6
d—Z+u:6(2xcosx+SSinx), 1<x<l (4.222)
dx

u(-1)=u(l)=0, u"(-1) = —4cos(-1) + 2sin(-1), u"(1) = 4cos1 + 2sin1

u®™ (=1) = 8cos(—1) — 12sin(-1), ™ (1) = —8cos1 —12sin]1 . (4.22b)
The analytic solution of the above system is, u(x) = (x2 —1)sinx.

The equivalent BVP over [0, 1] to the BVP (4.22) is,

1 dou

+u =6[2(2x —1)cos(2x — 1) + 5sin(2x - 1)],0 < x <1 (4.23a)
26 ax®

u(0) =u(l) =0, %u"(O) = —%u”(l) =—4cosl— ZSinl,%,u(iv) (0)=8cos1 +12sin1

L (1) =—(8cos1+12sinl). (4.23b)

16

Employing the method illustrated in (4.2.2), we approximate #(x) in a form
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u(x)=6y(x)+ iai N (x), n>1 (4.24)
i=1

Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(4.23b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

1 5
D; =I —j [ J, n(x)] [Nzn(X)]+64Nl n (XN, (X)}lx
0

ol o]

_L Vol v, nmﬂ

=1 x=0

[ 44
+%[ n<x>] M)L{ 3 [,nm] S Ax)]} (4.25b)

x=0

1
Fj = j[z(zx —~1)cos(2x — 1)+ 5sin(2x —1) B84 N, (x)dx
0

n %[Nj’n(x)ﬂ x(—12800s1—192sin1)—{%[Nj’n(x)] x(128cos1 +192sin1)
L x=1

dx=0
[ 3 3
+ %[N],n(x)]:|

x(16cosl+8sinl)— Lj []n(x)] x(—16cosl—8sinl)
dx=0

x=1
(4.25¢)
Solving the system (4.25a) we obtain the values of the parameters and then

substituting these parameters into eqn. (4.24), we get the approximate solution of
the BVP (4.23) for different values of n. If we replace x by XTH in u(x), then

we get the desired approximate solution of the BVP (4.22).
In Table 4, we list the maximum absolute errors for different values of n by
applying the present method mentioned in (4.2.2) to compare with existing results

obtained so far.
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Table 4: Maximum absolute errors of example 4

Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
9 5905x107"" | 7.596x107° | 9.45x107!! (Siraj-ul-Islam ez al [44])
10 7.655x107% | 9.343x107'! | 3.47x107° (Khan and Sultana [50])
11 7661x107% | 9344x107'2 | 5.80x10™ (Loghmani and Ahmadinia [53])
12 2.776x1071% | 6.928x1071*

Example 5: Consider the nonlinear differential equation [49]

6
d—Z:uzex,OSxSI (4.262)
dx
consisting of boundary conditions of type I defined in eqn. (4.2b)
wO) =Lul)y=e,u'0)=-Lu' ) =—",u"0)=Lu"()=e"". (4.26b)
The exact solution of this BVP is, u(x)=e™*.
Consider the approximate solution of u(x) as
n
i(x)=0y(x)+ Y a; N; ,(x), n=1 (4.27)

i=1
Here 6y(x) =1-x(1- e_l) is specified by the essential boundary conditions in
(4.26b). Also N; ,(0)=N; ,(1)=0 foreach i =12,...,n.

Using eqn. (4.27) into eqn. (4.26a), the Galerkin weighted residual eqns. are

e @i
j {— —ﬁzex}Nk,n(x)dx =0,k=1,2,,n (4.28)

Integrating first term of (4.28) by parts, we obtain

rd i s~ 1 s
4 d”u ANy, (X) d°u
J 6 Nk,n(x)dx: Nk,n(x) s _.[ N . dx
0 dx dx oy Iy .

dx [Since Ny, (1) = Ny ,(0)=0]

al!
_ _{de,n(x) d'a | | i d’Ni o(x) d*it

B dx dx4 Jo o dx2 dx4
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In Figs. 4(a) and 4(b), the exact and approximate solutions, and the relative errors

of example 4 for n =12 are depicted respectively. We see from Fig. 4(b) that the

error is nearly the order 10713

0.8

0.6

Exact,Approximatc

== Exact Sclution
= = = Bernstein Approx.
© Legendre Approx.

0

0.1

02 03 04 05 06 07 08 09

I'x

Fig. 4(a): Graphical representation of exact and approximate solutions of

example 4 using 12 polynomials.
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Fig. 4(b): Graphical representation of relative error of example 4 using 12

polynomials.
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X

1 1
_{de,n(X) d%} +l:d2Nk,n(x) dﬂ _j‘d3Nk,n(x) 4%
0 0

- dx gyt dx? x> 0 x> x>

- 1 1 1
dN (%) d‘ﬂ [dsz,n(x) d3a] [d3Nk,n(x) d%z] Ld*N, () a%
= + - + j dx
0

dx et i’ ax’ 0 e’ dx® 0 0 dx* dx?

_ 1 1 1 1
W@ a5 ] | PN @ a7 || PN () dPi || 4N () die
dx  dx* 0 dx? dx’ 0 dx’ dx? 0 dx* dx .

_J‘ 5va n(x) du dx

x

(4.29)

Using eqn. (4.29) into equation (4.28) and using approximation for #(x) given in
equation (4.27) and after applying the conditions given in eqn. (4.26b) and

rearranging the terms for the resulting equations we obtain

n| L &N, ,(x)dN,, n
2 .[ dl;S (x) dx (X) —ZQOex i,n(x)Nk,n(x)_Zlaj(]vi,n(x)Nj,n(x)Nk,n(x))ex:ldx
=1 0 j=

dx e dx i dx? e

[N d“N,-,n(x)] {de,nm d“Nl-,n(xﬂ +[d2Nk,n<x> d3N,-,n<x)]
x=1 x=0 x=1

AN, () PN, (x f| @ Nealx
X=

NEAE d4¢90} {de,nu) d490} _[dZNk,nm m]
x=1 x=0 x=1

dx  dx* dx  dx* dx? dx’
dsz n(x) d3190 d3Nk n(x) -1 d3Nk n(x)
+ 3 3 s B — xe -3
dx dx dx dx
x=0 x=1 x=0
d*N X d*N X
N i/ CON B VIC) (4.30)
dx dx
x=1 x=0
The above equation (4.40) is equivalent to matrix form
(D+B)A=G (4.31a)
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where the elements of 4, B, D, G are a;,b; i ,d; ;and gjrespectively, given by

i &N, ()N, ,(x)
dik :J. -

4
B 2006x i,n (x)Nk,n (x)]dx — [de,n (x) d Ni,n(x)]
x=1

0 dx’ e
AN, (x) dAN L, () d2Ny(x) d* Ny (x)
* 1 + 2 3
dx dx dx dx
L x=0 x=1
_dzN x)d°N: (x
_ k,2n( ) z,;q( ) (431b)
dx dx
L x=0
a1
B ==20; [ (N} ,(ON ; , (IN, (x)) " dx (4.31¢)
J=1 0

1[ 45 3 .
d°N;, . (x BN, (x BN (x

gk :I k,n( )dde() +HozexNk’n(x)]dx+{#()] xe ! l:#()]
0 X x=l x=0

dxs dx dx3
d*Ny , (x) Lo dN () dN ., (x) d*6,
+ —4 X e — —4 + 2
dx dx dx dx
x=1 x=0 x=1

LdN, (%) g d*N, (x d*N, (%) &3
k,n( )d 30 N k,:( ) X€_1+ k,zn( )d 630 (431(1)
dx  dx dx dx dx
x=0 x=1 x=0
The initial values of these coefficients ¢; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (4.26a). That is, to find initial

coefficients we solve the system
DA=G (4.32a)

where the matrices are constructed from

&N, (x) dN;,(x) AN ,(x) d*N; (%) AN ,(x) d*N; (%)
iy = ]| - - +
x=1 x=0

0 d xs dx dx d x4 dx d x4

(4.32b)
d? x> d? x>

+[dzzvk,noc) d3N,~,n<x)} {dsz,nm d3N,~,n<x)}
x=1 x=0
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1 5 3 3
d°N, ,(x d°N, ,(x d°N, ,(x
g = [| Tkr O | grery, | S| )
0 dx X dx dx
- x=1 x=0
d* Ny, (x) AN () N, (%) d*6,
H xe  —| + 2
dx dx dx dx _
x=1 x=0 x=1
[N e || N ey || 4N de, (4.320)
dx et i X i ax .
L x=() x:l x=0

Once the initial values of the «; are obtained from eqn. (4.32a), they are
substituted into eqn. (4.31a) to obtain new estimates for the values of ¢;. This

iteration process continues until the converged values of the unknown parameters
are obtained. Substituting the final values of the parameters into eqn. (4.27), we

obtain an approximate solution of the BVP (4.26).
The numerical results with 7 iterations for this problem are presented in Table 5.

Table 5: Maximum absolute errors of example 5 using 7 iterations.

X

Exact Results

11 Bernstein Polynomial

11 Legendre Polynomial

Approximate

Abs. Error

Approximate

Abs. Error

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.0000000000
0.9048374180
0.8187307531
0.7408182207
0.6703200460
0.6065306597
0.5488116361
0.4965853038
0.4493289641
0.4065696597
0.3678794412

1.0000000000
0.9048374180
0.8187307532
0.7408182207
0.6703200460
0.6065306596
0.5488116365
0.4965853006
0.4493289641
0.4065696587
0.3678794412

0.000000E-000
6.991551E-012
9.528275E-011
7.833204E-012
2.975769E-012
3.409741E-011
9.459007E-011
1.301415E-010
1.432544E-012
9.5354360E011
0.000000E-000

1.0000000000
0.9048374111
0.8187307539
0.7408182272
0.6703200545
0.6065306563
0.5488116390
0.4965853081
0.4493289565
0.4065696597
0.3678794412

0.000000E-000
5.303428E-010
3.085906E-010
3.344482E-010
9.157376E-010
1.033783E-009
5.706066E-010
2.427534E-010
9.238728E-010
9.542350E-011
0.000000E-000

On the other hand the maximum absolute error obtained by Wazwaz [49] is

1.389x10°°

Fig.5 (a) depicts the exact and approximate solutions and the relative errors are

shown in Fig. 5(b) of example 8 for n =11. We see from Fig. 5(b) that the error is

nearly the order1 o'
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Fig. 5(a): Graphical representation of exact and approximate solutions of

example 5 using 11 polynomials.
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Fig. 5(b): Graphical representation of relative error of example S using 11

polynomials.

Example 6: Consider the nonlinear differential equation [44]

6
d—Zz 20e
dx

S0 _400+x)7%,0<x<1 (4.332)
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with boundary conditions type II, defined in eqn. (4.2¢c)

1 1 1 ~ 1
0)=0, u(l)=—1In2, u"(0) = —,u"(1) = ——,u™ 0y =-1,u™ 1) =—— . (4.33b
u(0)=0, u(1) 6n u'(0) 6u() ik 0) u (1) T ( )

. . : 1
The exact solution of this BVP is, u(x) = gln(l +X).

Consider the approximate solution of u(x) as

u(x)=6y(x)+ iai N;(x), n>1 (4.34)
i=1

Here 6,(x) =%xln2 is specified by the essential boundary conditions in eqn.

(4.33b). Also N, ,(0)=N; ,(1)=0 for each i =1,2,...,n.

Applying eqn. (4.34) into eqn. (4.33a), the Galerkin weighted residual eqns. are

1T 6~ _
J{_‘; 2 —20e7% 1 40(1+ x)ﬂNk’n(x)dx =0,k=12,....n (4.35)
0 X

Similarly of example 5, integrating first term of (4.35) by parts we obtain
1
d°u

1
[ Nea(odr = {
0

dx®

1 1
AN () dﬂ +[d2Nk,n<x> m] _[d3Nk,n<x> dza]
0

dx e’ dx? ax’ x> dx?

0 0

—dx 4.36
et dx (4.36)

1
|4 N () air _deNk,m dit
dx®  dx
o O

Putting eqn. (4.36) into eqn. (4.35) and using approximation for #(x) given in
eqn. (4.34) and after applying the boundary conditions given in eqn. (4.33b) and

rearranging the terms for the resulting eqns. we obtain

$ j P Niy ) ANy ()| | Ny () 42N () &N, ,(x) d° Ny, (x)
— > i Ix+ > 2 _ > 5
1 dx® dx dx’ dx* dx> dx’
! 0 x=1 x=0
N WNen@ ANy | AN () d N, ) || _deNk,m) a0,
dx ax* dx dx? : x> dx
x=1 x=0 0
1 —36[6’0+ § ajNj p(x) 1 d2N 3
+20[| e /=l N, () = 40[ (14) O Ny, (x) e - k’;(x) d 930
0 ' 0 ’ dx dx o
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dx? x>

dSNk,n(x) 1
[d—] i

ENiw™ a0y | | d N (0 a6y || 4N ) db,
dx*
x=0 x=1 x=0

dx it dx

X

(AN}, (%) 1, [dNg () d’ Ny, (x) 1
i dx Lzlx(_g)_{ dx L_O(I)Jr[ dx’ }lx(ﬂ)

(4.37)

The above equation (4.37) is equivalent to matrix form

DA=B+(G

(4.38a)

where the elements of the square matrix D and the column matrices B and G are

given by
L d°Ng (@) dN,, ()|

dﬁk::j - d 5 dx d 3 d 2
0 X X X

ax’ p

[d3fv,~n<x> dZNkn(x>] [d3Nin(X) dZNkn(x)]
dxt| — : " ’
x=1 x=0

AN, () d*N )| [an,, () d*N
n z,n(x) k,n(x) _ l,n(x) k,n(x) (438b)
dx a* dx dx*
dx=1 x=0
n
1 —36|:90+ Z aij’n(X):l
b, =20 j e J=1 Ny (x)dx (4.38¢)
0
1[ 45 2 .
d°N,  (x d°N, (x) g3
o5 :J‘ k,n( )dﬁo —40(1+x)_6Nk (x) |dx - k,n( ) d 90
dx? dx " dx? dx’
oL dx=1
N ENa @ By | [ N0 a6y || 4N () doy
dx? dx? dx* dx dx* dx
L x=0 x=1 dx=0
[dN dN d’N
" k,n(x) y (_i) _ k,n(x) (_1) " k,;q (x) « (_L)
dx | 16 dx 0 dx 24
L = X= x=1

d3Nk,n(x) 1
L

(4.38d)
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The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in eqn. (4.33a). That is, to find
initial coefficients we solve the system
DA=G (4.39a)

whose matrices are constructed from

&N, () dN, () | | &N, ,(x) d*Np (%) &N, ,(x) d°Nj.,(x)
d,.kzj— : M e+ . . - : .
T e dx dx dx | ax’ dx .

| N () Ny () || N () AN () 4.39b)

dx dx4 dx dx4 .
x=1 x=0

1] 45

d°N X

g =] k’.f( 24O 4014 XNy | -
0 dx dx ’

dx? x>

d° Ny, (%) d36?0]
x=1

dsz,n(x) d3(90 _ d4Nk,n(x) d&o + d4Nk,n(x) d@o
dx? dx’ dx? dx dx? dx
x=0 x=1 x=0

B 3
+ de,n(x):| X(_i)_|:de,n(x)} (_1)+ d Nk,;q(x) X(—L)
x=1 16 x=0 x=1

i dx dx dx 24
d°N, (x
— [ﬂ] x (- l) (4.39¢)
dx’ 6
x=0

Once the initial values of the coefficients «; are obtained from eqn. (4.39a), they
are substituted into eqn. (4.38a) to obtain new estimates for the values of «;. This

iteration process continues until the converged values of the unknown parameters
are obtained. Substituting the final values of the parameters into eqn. (4.34), we

obtain an approximate solution of the BVP (4.33).

The maximum absolute errors, using different number of polynomials by the
present method with 5 iterations and the previous results obtained so far, are

summarized in Table 6.
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In Figs. 6(a) and 6(b) we have given the exact and approximate solutions, and the

relative errors of example 6 for n =10. From Fig. 6(b) we observed that the error

is nearly the orderl 0.

A
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0.1p

0.08F

0.02

Exact,Approximate
o
]
(=)

0
Fig. 6(a): Graphical representation of exact and approximate solutions of
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example 6 using 10 polynomials.
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Fig. 6(b): Graphical representation of relative error of example 6 using 10

polynomials.
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Table 6: Maximum absolute errors for the example 6 with 5 iterations.

Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
7 8.915x1077 | 8915x107’
8 2008x10-5 | 8.905x10-° | 2.68x107"! (Siraj-ul-Islam er al [44])
9 9.870x107° | 9.864x107
10 4790x107'" | 4794x1071°

4.4 Conclusions

In this chapter, we have used Bernstein and Legendre, the piecewise continuous

and differentiable polynomials as basis functions for the numerical solution of

sixth order linear and nonlinear BVPs in the Galerkin method for two different

types of boundary conditions. We see from the tables that the numerical results

obtained by our method are superior to other existing methods. Also, we get better

results for Bernstein polynomials than the Legendre polynomials. It may also note

that the numerical solutions identical with the exact solution even lower order

Bernstein and Legendre polynomials are used in the approximation which are

shown in Figs. [1-6].
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CHAPTER 5

Seventh Order Boundary Value Problems

5.1 Introduction

From the literature on the numerical solutions of BVPs, it is observed that the
higher order differential equations arise in some branches of applied mathematics,
engineering and many other fields of advanced physical sciences. Particularly, the
seventh order BVPs arise in modeling induction motors with two rotor circuits.
The performance of the induction motor behavior is modeled by a fifth order
differential equation. This model is constructed with two stator state variables,
two rotor state variables and one shaft speed. Generally, two more variables must
be added to account for the effects of a second rotor circuit representing deep
bars, a starting cage or rotor distributed parameters. For neglecting the
computational burden of additional state variables when additional rotor circuits
are needed, the model is often bounded to the fifth order. The rotor impedance is
done under the assumption that the frequency of rotor currents depends on rotor
speed. This process is appropriate for the steady state response with sinusoidal
voltage, but it does not hold up during the transient conditions, when the rotor
frequency is not a single value. So this behavior is modeled in the seventh order
differential equation [54]. Presently, the literature on the numerical solutions of
seventh order BVPs and associated eigen value problems is not too much
available. The existence and uniqueness theorem of solutions of BVPs was
presented in a book written by Agarwal [8] which does not contain any numerical
examples. Siddiqi and Twizell [29 — 31] used eighth, tenth and twelfth degree
splines for solving eighth, tenth and twelfth order BVPs respectively. Siddiqi and
Ghazala [55 — 61] solved fifth, sixth, eighth, tenth and twelfth order BVPs using
polynomial and nonpolynomial spline techniques. Siddiqi et al [62, 63] presented
the solutions of seventh order BVPs by the differential transformation method and
variational iteration technique, respectively. Very recently the solution of seventh
order BVPs was developed by Siddiqi and Muzammal [64] using variation of

parameters method.
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However, the aim of this chapter is to apply Galerkin weighted residual method
for solving seventh order linear and nonlinear BVPs. In this method, we exploit
Bernstein and Legendre polynomials as basis functions which are modified into to
a new set of basis functions to satisfy the corresponding homogeneous boundary
conditions where the essential types of boundary conditions are mentioned. The
method is formulated as a rigorous matrix form. Moreover, the formulation for
solving linear seventh order BVP by the Galerkin weighted residual method with
Bernstein and Legendre polynomials is presented in section 5.2. Then numerical
examples for both linear and nonlinear BVPs are considered to verify the
proposed formulation and the solutions are compared with the existing methods in

section 5.3 and conclusions of this chapter are illustrated in section 5.4.

5.2 Description of the Galerkin Method

In this section, we first derive the matrix formulation for seventh order linear BVP
and then we extend our idea for solving nonlinear BVP. In the present chapter, we
have used Galerkin weighted residual method with Bernstein and Legendre
polynomials as basis functions for the numerical solution of a general seventh

order linear boundary value problem of the following form:

d’u dou du d*u du d*u du

a +a +a +a +a +a +a—+agu=r,a<x<b
T S Ve’ U’ el de
(5.1a)
subject to the following boundary conditions
u(a)=4,, u(b)=B,, u'(a)=4y, u'(b)=1B,
u"(a)=A4,, u"(b)=1B,, u"(a)= A, (5.1b)

where 4;,i =0,1,2,3 and B j»J =012 are finite real constants and a;,i=0,1,---7

and r are all continuous functions defined on the interval [a, b]. The boundary
value problem (5.1a) is solved with the boundary conditions of eqn. (5.1b).

Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (5.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b—a)x+a and thus we have:
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c d7u+c d6u+c d5u+c d4u+c d3u+c d2u+c @+c u=s,0<x<l
7dx7 6dx6 de5 4dx4 3abc3 2a’x2 Pax ,
(5.2a)
1
u(0)=4,, u'(0)=4,, u"(0)=4,,
(0)= 4, ' (0)= 4, GO 4
1 1
u(l)=B,, u'(l)=By, u"(1)=B,,
()= By ——u'()=5, rpRORL
%u”’(O) = A; (5.2b)
(b—-a)
where
1 1
c7 = —a7((b—a)x+a), Co = g ac((b—a)x+a),
(b-a) (b—a)
¢s=——as(b-a)x-+a), ¢4 =——a(b-a)x+a),
(b—a) (b—a)
€3 = : ya3((b-a)x+a), ¢y = 1 s ay((b—a)x +a),
(b—a) (b—a)
6 = ——a (b= a)x+ a), co = ap((b—a)x+a),

s=r((b—a)x+a)
To solve the boundary value problem (5.2) by the Galerkin method we

approximate u(x) as
n
0(x)=6y(x)+ D a;N; ,(x), n>1 (5.3)
i=1
Here 6)(x) is specified by the essential boundary conditions, N;,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such thatN;,(0)=N,,(1)=0, for each
i=123,...,n

Using eqn. (5.3) into eqn. (5.2a), the weighted residual equations are

I c d7a+c d6ﬁ+c i c d'i c d3ﬁ+c d25+c dﬁ+CL7 S}N (x)dx=0
. ’ . 4 3 2 1~ =S N, N
oL Y dx® dx’ dx* dx’ dx’  dx "

(5.4)
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Integrating by parts the terms up to second derivative on the left hand side of

(5.4), we get

1 T~ 6~ 6~
d'u d’u d d’u

.[07 7 Nj,n (x)dx = I:C7 n(x) :| J n(x)]

L 0 0 i

I
d R d? a4
__ a[6»7]\71.’,1@)]—0[)65 L+ £ e [C7Nj,n(x)] dx [Since N, (0)=N (1) =0]

1 1
d d’i d? d*i d? d*i
=— N +| —|c N ; — c-N . (x dx
d C7V n(x)] G :|0 I:dxz [6'7 ],n(x)] P :|0 '([dx [ 74V, n( )] i

d? il [ 4P 4
+L’x_2[c7Nj’"(X)]cbc—Zl L [C7Nj n(x)] }

1

W d>i
- = c7NJn(x)] }

0 0

1 .4 3~
+'(|).d—4[c7Nj,n(x)]%dx

1

1
d 4 d? d*i d? a3
i 7N, n(x)] x5:l {—2[071\7171(?0] L |:E[C7Nj,n(x)]?

i 0 X 0
WL P25 I P 225
+ _g[ n(x)] L .([g[cﬁ i (x)]ggdx

1 1

5~
== a [C7N] n(x)]d :|

dx

d3[ N ]d3z7 1
- dx3 C7 j,n(x)y

0

d* 144
" Lﬂx2 [C7Nj’n ()] dx* :l

0 0

1 1
a* d%i d’ dii d° dii

| 2o N, 2 E e N, [N (0 ax 55
dx4 [6'7 ],n(x)]dxz :lo |:dx5 [6'7 j,n(x)]dx:| ‘([dx6[7 ],n( )]dx ( )

0

1 6~ 5.7 5~

d u d’u d d’u
ce——N,; , (x)dx=|ccN; ,(x)— ceN ;: , (x) dx

{ 6dx6 Jsn [6 St s . -([d 6" j,n ] e

4s 2 4
|:j C6N] n(x)]d :|0 +'([;,i [C6N] n(x)]d
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_ i[c N (x)-|d4z7 | + d [c N (x)]d3g 1 _j d [c
dx O de4 0 dx? 67 n de3 0 de3 6
1 1
d d* d* 14 d’ d*i
X +| ——=|ccN; , (x — ceN: (X)——
_dx Njun )] dx* L {dx2[6 sonl )de3 0 dx3[6 sl )]dxz
1 .4 2~
e d d-u
e a5
0 &
d LN (x)]d4~_1 NS 6N, (x)1d3”~‘ [ le6N; (x)]ﬁ
| dx e 1o a2t 3 0 a3 PO g2
_ﬁ[ N (x)]@_1 —id—s[c N (x)]ﬁdx
| ax o d 40 0dx5 B dx
d>i

dw] td d*i
?Nj’”(x)dx = I:CS n(X) }0 -([E[CsN]’n(X)]de

1
4’
N; ,(x)dx = |:C4Nj’n(X)F:|
* Jo

108

J4

0

d
dx

d s L2 d3~
e ij,n(x)]? 0+_([dx—2[05 n(x)]
d sl [ a2 2l L4
_dx[ n(x)] _0 + ] [ n(x)] _0 _-([ﬁ[CS
i 3 T 12 27! 3
_;’i[ n(x)]d _O+_d [Cij,n(x)]zxZ_o{;g s

!
Nj,n(x)]f;_z:|

]d3e7

Nj’n(X) ?dx

1

0

1

0

(5.6)

d*i
Nj,n (x)]ﬁdx

0

(5.7)

C4N] n(x)]d u

| ) 2~
+ I%[c“NJ?” (x)]adlx—bzl dx
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2~l 2 3
bkhﬁw%ﬂ;&ﬂ lej;hmmg%; (5.8)

0

d3i d?i d d%i
IC3FNj,n(x)dx_l:C3 n(x) L de C3Nj,n(x)]dx_2dx

0 0
d daill ¢ d? dii
_{E[C-”Nj’”(x)]ﬁl +£cbc_2[c3Nj’”(x)]de (5.9)
1 . ~l 1 -
d“u du d
c x)dx=|coN; (x)—| —|—|c N X
‘gzdx () {2 J’n()dx}o {dx[2 Jn( )]

]dﬁ

1
d

=—|—I|e N; , (x)|—dx 5.10
{dxz,,nmdx (5.10)

Substituting eqns. (5.5) — (5.10) into eqn. (5.4) and using approximation for #(x)
given in eqn. (5.3) and after applying the boundary conditions given in eqn. (5.2b)
and rearranging the terms for the resulting equations we get a system of equations

in matrix form as

n
i=1

where

6 3
Diaj - _([{l:cjx [C7N] n(x)]_T[c6Nj n(x)]+_ CSN] n(x)]_dT C4Nj n(x)]

2

SVl eNlan;, @l n<x>]+coNi,n<x>N,-,n(x)}dx

1w,

5
- |:i[c7Nj,n(x)]%[Ni,n(x)]:| +|:di C7N] n(x)
x=1

x=0

d? d* 42 oY
_ {ﬁ [C7N jun (X)]dx—4[Ni,n (X)]L_O + {? [C7N I (x)]y[Ni’n (x) ]L_l
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3
[CSNj,n(x)]%[Ni,n(x)]:l
x=1

5

4 3 3
jcéN,n(x)]d e e o) [N,n(x)]}
dx=1 L x=1
2 3 | 4
L e 01|+ L n(x)]d4[N,~,n(x)]}
| dx dx Jeop L dx =0

(5.11b)

4
%[%Nj,n(x)]%[CSNM(’C)]}

2
+jx3[c4Nj,n(x)}jx2[@Nj,n(x)kic[cZNj,Ax)]—qu,n(x)}‘ﬁf—coeon,nu)}dx
d Pe | [d e |4 1d°6, |
| Gt nt of 2 L [Ec Nyl 3 LO {g[cﬂvj,n(x)_ @l
a2 d* & 4°q d 1d°0, |
a2 [c7N,~,n<x>]0bcflo +Lx3 [cﬂvj,n(x)]dx;’L1 *sz [C6Nj’n(x)'dx40_x:1
d a*q e el d 44
- _Z jon (X)] D } - Lbfz [%N i (X)]dxfll + Lbc [CSN in (x)]dxfll
] ) ]
B n(x):l x(b—a)’ A5 [d4[c7Njn(x)] x(b-a)*B
i dx ’ 1oe
dS -
T n(x):| x(b—a) A2+L5[C7Nj,n(x)} x(b—a)B,
L X x=1
—_d—s (x) x(b SYM K L leeN; @] x-a)4
_dx5 i, 1 1 d 6+Yj,n » 3
ER & )
+_F N; ()] x(b )2 B o 5 L leeN; )] xzox(b—a) A,
4
B n(x)} x(b—a)B 1{ 4 e, n(x)]} x(b—a)A,
i dx ’ =0
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[ d d?
e csNj (X)]L:O x(b—a)’ A 5- {y [CSNj,n (X)]L] x(b—a)’ B,
[ d> ] 5 3
H eV ]| x@-a? 4y | e, L] xG-a)B,
L dx=0 dx x=1
Wi | d 5
| lesv j,n(x)]_x=0 x(b—a)d 1+ [E leav j’"(x)ﬂx:l x(b—a)’B ,

[ d d?
| ke j’"(x)ﬂx:o x(b—a)* A - le—z sV j,n(x)]:l x(b-a)B,

x=0

[ 52

+ d_[c4Nj,n(x)]} «(b—a)A IJ{% [c3Nj’n(x)ﬂ x(b—a)B,
L x=0 x=1

_ di[cgNj’n(x)ﬂ <(b—a)d, (5.11c)
L ax x=0

Solving the system (5.11a), we find the values of the parameters «; and then

substituting these parameters into eqn. (5.3), we get the approximate solution of

the BVP (5.2). If we replace x by )bc—a

in u(x), then we get the desired

approximate solution of the BVP (5.1).

For nonlinear BVP, we first compute the initial values on neglecting the nonlinear
terms and using the system (5.11). Then using the Newton’s iterative method we
find the numerical approximations for desired nonlinear BVP. This formulation is

described through the numerical examples in the next section.

5.3. Numerical examples and results

To test the applicability of the proposed method, we consider three linear and one
nonlinear problems. For all examples, the solutions obtained by the proposed
method are compared with the exact solutions. All the calculations are performed

by MATLAB 10. The convergence of linear BVP is calculated by
E =iy (1) i, (x)] < 8

111



Dhaka University Institutional Repository

where 1, (x) denotes the approximate solution using n-th polynomials and &

(depends on the problem) which is less than 10713,
In addition, the convergence of nonlinear BVP is calculated by the absolute error
of two consecutive iterations such that

~N+1 ~N
u, —u, |<o

where 6 <107 and N is the Newton’s iteration number.

Example 1: Consider the linear boundary value problem [62]

7
d—?zxu+ex(x2—2x—6),OSxS1 (5.12a)
dx

u(0)=Lu(1)=0,u'(0)=0,u'(1)=—e,u"(0)=-1Lu"(1) =2e,u”(0)=-2. (5.12b)
The analytic solution of the above system is, u(x) =(1—x)e”.
Using the method illustrated in the portion (5.2), we approximate u(x) as
n
i(x)=0y(x)+ Y a;N; ,(x), n>1 (5.13)
i=1
Here 6,(x)=1-x as specified by the essential boundary conditions of eqn.

(5.12b). Now the parameters o, (i =1,2,....... ,n) satisfy the linear system

n

i=1
where
i at d
D: . =||—I|N;,(x)[—IN; , (x)|-xN; (x)N;,(x)|dx
g {M[ 5 E N 0] =3, GO )}

: 5 _ 5
- %[Nj,nu)]j?[fvi,n(x)]} K %[Nj,nu)]j?[zv,-,n(x)]} .

WE d° " 42 pr
+ _ﬁ v Jon (X)]ﬁ [N, (X)]} - _ﬁ v i (x)]y V.., (x)]}

x=1 x=0

-

3
[N j,n(x)]% [Ni,n (X)]} (5.14b)

x=1
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| d° do
(x? = 2x=6)e" N, (x) —dx—6[Nj’n (x)]EJr x00N (x):ldx

o
Il
o'—.»—a

-
_ _ﬁ [Nj’n (x)]:lx1

[ ;4
L [Nj,n(x)]}

_dx4

x(—2e)
=1

4
x(—z)—m—ét[iv,-,nm]}

x(—e)

x=1

(5.14¢)

5
x(—l){;—s[fv ,;Ax)]}

x=0
Solving the system (5.14a), we obtain the values of the parameters and then
substituting these parameters into eqn. (5.13), we get the approximate solution of

the BVP (5.12) for different values of .

The maximum absolute errors, using different number of polynomials by the
present method and the previous results obtained so far, are summarized in Table

1.

Table 1: Maximum absolute errors of example 1.

Number of Max. Abs. | Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
8 4312x107"" | 3.846x107°
9 5350x103 | 4312x10-"" | 8.922x107'!(Siddigi et al [62])
10 9215x107"° | 5.416x107"
11 6.661x1071° | 9.548x107"°

Example 2: Consider the linear differential equation [64]

7
d—;‘z—u—eX(zxz+12x+35),03x31 (5.15a)
dx
subject to the boundary conditions
u(0)=u(l)=0,u'(0)=Lu'(l)=-e,u"(0)=0,u"(1)=—4e,u”(0)=-3. (5.15b)
The analytic solution of the above system is, u(x) = x(1—x)e*.
Applying the method mentioned in section (5.2), we approximate u(x) as
n
0(x)=6y(x)+ D a;N; ,(x),n=1 (5.16)

i=1
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Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

errors are shown in Fig. 1(b) of example 1 for n=11. It is observed from Fig. 1(b)

that the error is nearly the order10714.

Exact,Approximate

0.8

04F

=
(]
L

e Exact Solution
= = = Bemnstein Approx.
© Legendre Approx.
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Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 11 polynomials.
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Fig. 1(b): Graphical representation of relative error of example 1 using 11

polynomials.
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Here 6,(x) =0 as specified by the essential boundary conditions of eqn. (5.15b).

Now the parameters «; (i =1,2,....... ,n) satisfy the linear system

n
i=1
where
1

J{ [N] n(x)] [Nz n(x)]+ Nin(X)N;, n(x)}dx

d d’ d d’
{ w el sy, Ax)]L {a[zv,-,n(x)] v, Ax)]L
d? d5 d? d*
L’Xz [N] n(x)] [Nz 2] B _|:dx_2[Nj,n(x)]dx_4[Ni,n(x)]:|x_0
3
Lf— ,n<x>] <x>]} (5.170)
X x=1
1 X 2 d3 [
F, :H—e (35+12x + 2x )Nj,n(x)]dx—{E_Nj,n(x)]} X (=3)
0_ . . x=0
_ [N W] x(4e)+ d—S[N~ W] x(-e)
d * ' dx=1 dxs " dx=1
- | dx s [NJ n(X) Lo (5.17¢)

Solving the system (5.17a), we obtain the values of the parameters and then
substituting these parameters into eqn. (5.16), we get the approximate solution of

the BVP (5.15).

The maximum absolute errors for this problem are shown in Table 2.

Example 3: Consider the linear differential equation [63]

7
d—;lzu—7ex, 0<x<l 5.18a)
dx

subject to the boundary conditions

u(0)=1, u(1)=0, u'(0)=0,u'(1)=—e,u"(0)=—Lu"(1)="2e,u” (0)=-2. (5.18b)
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Table 2: Maximum absolute errors for the example 2.

x | Exact Results 12 Bernstein Polynomials 12 Legendre Polynomials
Approximate | Abs. Error Approximate | Abs. Error

0.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 6.2597190E-026
0.1 | 0.0994653826 | 0.0994653826 | 1.1934898E-015 | 0.0994653826 | 5.8911209E-014
0.2 | 0.1954244413 | 0.1954244413 | 1.0824674E-015 | 0.1954244413 | 1.0269563E-014
0.3 | 0.2834703496 | 0.2834703496 | 3.8857806E-016 | 0.2834703496 | 1.0608181E-013
0.4 | 0.3580379274 | 0.3580379274 | 1.7763568E-015 | 0.3580379274 | 6.8500761E-014
0.510.4121803177 | 0.4121803177 | 9.9920072E-016 | 0.4121803177 | 9.6977981E-014
0.6 | 0.4373085121 | 0.4373085121 | 8.8817842E-016 | 0.4373085121 | 7.1442852E-014
0.7 | 0.4228880686 | 0.4228880686 | 1.1657342E-015 | 0.4228880686 | 6.1228800E-014
0.8 | 0.3560865486 | 0.3560865486 | 1.1102230E-016 | 0.3560865486 | 5.0015547E-014
0.9 | 0.2213642800 | 0.2213642800 | 2.2204460E-016 | 0.2213642800 | 5.9674488E-015
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand the maximum absolute error has been found by Siddiqi and

Muzammal Iftikhar [64] is 7.482 x 107 1°

In Fig. 2(a), the exact and approximate solutions are given and a plot of relative

errors are shown in Fig. 2(b) of example 2 for n=12. It is observed from Fig.

2(b) that the error is nearly the order10713.
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Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 12 polynomials.

116



Dhaka University Institutional Repository

F
? "‘
6["“ = = = Relative Error for Bemstein
‘l‘| = = = Relative Error for Legendre
]
> Iy
)
24 I‘lu nﬂ“
2 s
b= :l " Y
W 3k 1 " P,
& 3 Noa t:‘ P ;
Tk ‘l‘ ’ » “ “ ¢ -‘ '
L 1 o n U 4! “‘ /
i o ! v ¥ N £
: 1 L )
g l-iﬂ wh '. ‘s \ v !
f ol o \ v/

Fig. 2(b): Graphical representation of relative error of example 2 using 12

polynomials.

The analytic solution of the above system is, u(x)=(1-x)e" .

Using the method described in section (5.2), we approximate u(x) as

n
H(x)=6y(x)+ Y a;N; ,(x),n>1 (5.19)

i=1
Here 6,(x)=1-x as specified by the essential boundary conditions of eqn.

(5.18b). Now the parameters o, (i =1,2,....... ,n) satisfy the linear system

n

DD o =F;,j=12...n (5.20a)

1 6
D= WV @ Vi 0] N o j,n(x)}dx

d d’
- E[Nj,n(x)]dx_5[Ni,n(x)]:|

L x=

d d’
] + |:E [Nj,n (X)]dx_s [Ni,n (x)]:lxo
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x=1

dx=1

2
o ;C_Q[Nj,n(x)]

N, (x)]%} +ON (x)}dx

d4
X(=2)- M[N;n(x)] -

x(~e)

d4
dx_4[Ni,n (X)] »
(5.20b)

4
<20+ LV, )| D
dx =0

(5.20c¢)

Solving the system (5.20a), we obtain the values of the parameters and then

substituting these parameters into eqn. (5.19), we obtain the approximate solution

of the BVP (5.18).

The maximum absolute errors for this problem with Bernstein and Legendre

polynomials are shown in Table 3.

Table 3: Maximum absolute errors for the example 3.

X | Exact Results 12 Bernstein Polynomials 12 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error

0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 0.9946538263 | 0.9946538263 | 1.1102230E-016 | 0.9946538263 | 2.5535130E-016
0.2 | 0.9771222065 | 0.9771222065 | 1.1102230E-016 | 0.9771222065 | 9.5479180E-017
0.3 | 0.9449011653 | 0.9449011653 | 3.3306691E-016 | 0.9449011653 | 2.9976022E-015
0.4 | 0.8950948186 | 0.8950948186 | 6.6613381E-016 | 0.8950948186 | 1.6653345E-014
0.5 | 0.8243606354 | 0.8243606354 | 1.1102230E-016 | 0.8243606354 | 7.3274720E-015
0.6 | 0.7288475202 | 0.7288475202 | 1.1102230E-016 | 0.7288475202 | 1.4210855E-014
0.7 | 0.6041258122 | 0.6041258122 | 0.0000000E+000 | 0.6041258122 | 8.3266727E-015
0.8 | 0.4451081857 | 0.4451081857 | 5.5511151E-017 | 0.4451081857 | 6.3837824E-015
0.9 | 0.2459603111 | 0.2459603111 | 1.1102230E-016 | 0.2459603111 | 2.1094237E-015
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the contrary the maximum absolute error has been obtained by Siddiqi et al

[63]is 1.5x107 !4

Figs. 3(a) and 3(b) deal with the exact and approximate solutions, and the relative

errors of example 3 for n=12. It is found from Fig. 3(b) that the error is of the

order 10714
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Fig. 3(a): Graphical representation of exact and approximate solutions of

example 3 using 12 polynomials.
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Fig. 3(b): Graphical representation of relative error of example 3 using 12

polynomials

Example 4: Consider the nonlinear differential equation [63]

d7u_

dx’

2

ue*,0<x<1
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subject to the following boundary conditions
u=Lul)=e, u'(0)=Lu' D) =e,u"(0)=1u"(1)=e,u”(0)=1. (5.21b)
The exact solution of this BVP is u(x) =e”.
Consider the approximate solution of u(x) as
n
H(x)=6y(x)+ Y a; N ,(x), n21 (5.22)
i=1
Here 6,(x)=1-x(1—e) is specified by the essential boundary conditions in
(5.21b). Also N; ,(0)= N, ,(1)=0for each i =1,2,...,n
Using eqn.(5.22) into eqn. (5.21a), the Galerkin weighted residual eqns. are
.
| d—‘;—;ﬂe—x Ny, (xX)dx=0,k=12,-,n (5.23)
ol dx ’
Integrating first term of (5.23) by parts, we obtain

td7i il td dSii
'[d = Np n(x)dX—|:Nk n(x)_:|0 —ga[Nk,n(x)]d?dx

S )
Lf [Nkn(x)]d }+ fd [Nkn<x)]—dx [Since Ny, 0) = Ny, (1) = 0]
0

dx

[ d au | [ a? 7| L
= — E[Nk,n(x)j dx5 :|0 +|:dx2 [Nk,n(x)]dx—4:|0 __([_[Nk n(x)]—dx

1 1
d 1470 d* d*i d’ 4
=~ —|N; ,(x) + N, |—F1| | =Nk, () |—~
dx[ ko des L lez [ ko ]dx4 0 dx’ [ ko ]dx3

1

0

I [N k n(x)]_dx

d [ ]dsﬁ : d? [ ]d4L~l : d? [ ]d31/7 :
=—| —|N; ,(x) + N, . (X)—| —| —=|[N; , (%)
dx k. des 0 dx? ko dx 0 x> ko x> 0

d ] ta° d2~
+y[ n<x>] L {;[ n(x>]
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1

r 11 1

d 140 d* d*i d? 4
= | N (%) + Ne a1 = 5N

dx[ | erz[ oo ]dx4 . dx3[ oo ]dx3

0

— 2~_1
u

d* 1d d’
+ Q[Nk,n(x)Jd 2 _|:dx5 [Nk,n(x)

L X o

1 1 .6 ~
190 (9 v ol g (504
de . ‘([dx6[ k,n( )]dx (5.24)

Putting eqn. (5.24) into eqn. (5.23) and using approximation for #(x) given in

eqn. (5.22) and after applying the conditions given in eqn. (5.21b) and rearranging

the terms for the resulting eqns. we obtain

n d6Nk,n(x)d]vi,n(x)
21{ :

dx6 - 2QOQ_X i,n (x)Nk,n (x) - Zaj (]Vl,n (x)Nj,n (x)Nk,n (x))e—x ] dx

=0 j=l

| W@ PNy () || ANy () N () || PN () 4N ()
dx dx’ dx dx’ dx? dx*
x=1 x=0 x=1

dx> et > x> dx® dx

_ dsz,n(x) d4Ni,n(x)] [d3Nk,n(x) d3Ni,n(x)] a. _j‘[ d6Nk,n(x) dtgo
x=0 x=1 0

dN. 5 d*N 4 dN 5
+l902€_xNk’n(x)]d _{ fon(X) d .90} _! feon(X) d 90} J{ kn(X) d 90}
x=0 x=1 x=1

dx dx’ dx? dx* dx dx’
d’N,_,(x) d*6, N, (%) 39, Ny, () d* N (%)
+ > 2 | 7 3 . e s e e e
dx dx i dx dx 3 dx - dx »
_d N (x d°N, ,(x d°N,, (x
n k,;z( ) n k,;( ) Xe— k,Sn( ) (525)
dx dx dx
L x=0 x=1 x=0
The above equation (5.25) is equivalent to matrix form
(D+B)A=G (5.26a)

where the elements of 4, B, D, G are a;,b; i ,d; ;and g, respectively, given by

1[ 46

ANy () ANy ()

i = [| = o = 260 N,y (DIN () Je
ol dx dx

ANy, (x) d°N; ,(x)
dx ax’
x=1

dx dx> dx? dx?

W@ dSNi,n<x>] +{dzzvk,m) d“Ni,n(x)}
x=0 x=1
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d*Ny ,(x) d* N, ,(x) d* Ny (x) d* Ny (%) <ot
B 2 4 - 3 3 (5. )
dx dx dx dx
x=0 x=1
a1
bg==2@ jI(Ni,n(x)N (N, (x)) e dx (5.26¢)
=l 0
1] 6
d°N,  (x dN x) 43
g :I _ k,6n( ) d(90 +6’026_xNk’n(x):|dx+ k,n( ) d 050
0 dx d dx dx x=1

[ dNea ) dSQO} _[dsz,n(x) d400] +l:d2Nk,n(x) d400}
x=0 x=1 x=0

| dx ax’ dx? e dx? e
. EN @ a0y | [N, | 4N, ) »
x> dx’ d’ dx?
x=1 x=0 x=1
d*N, (x d°N, (x d°N, (x
+ k,4n( ) " k,sn( ) Xe— k,sn( ) (526d)
dx i dx L dx 0

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (5.21a). That is, to find initial
coefficients we solve the system
DA=G (5.27a)

whose matrices are constructed from

LN, (x) dN;,(x) | dNg,(x) d°N, , (x)
dig=| dx —
x=1

- 0 dx dx dx dx?>

ANy, (x) d°N; , (x) d*Ny ,(x)d *N; ,(x)
+ 5 + 2 4
dx dx o dx dx _1

(5.27b)

| PN @ N || PN () d N ()
dx 2 dx dx 3 dx 3
x=0 x=1

b dON, ,(x) de ANy, (x) d°6 dN; (%) d°6,
gr = I— 0 dx + 0 — 0
dx® dx dx dx> el dx x> =0

0
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d* Ny, (x) d*g,

ANy (%) d38,

dx? dr’ dx? e’ x> x>
x=1 x=0 x=1
A’ Ny () ANy, (x) d*Ny , (x) A’ Ny ()
A || e —2— ———| xe
dx dx dx dx
L x=0 x=1 x= x=1
d°N X
- %() (5.27¢)
dx o

Once the initial values of «; are obtained from eqn. (5.27a), they are substituted
into eqn. (5.26a) to obtain new estimates for the values of «;. This iteration
process continues until the converged values of the unknown parameters are

obtained. Substituting the final values of the parameters into eqn. (5.22), we

obtain an approximate solution of the BVP (5.21).

The maximum absolute errors for 11 pieces of Bernstein and Legendre
polynomials are shown in Table 4 with 6 iterations.

Table 4: Maximum absolute errors of example 4 using 6 iterations.

x | Exact Results 11 Bernstein Polynomials 11 Legendre Polynomials
Approximate | Abs. Error Approximate | Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 1.1051709181 | 1.1051709181 | 1.6084911E-012 | 1.1051709181 | 1.6084911E-011
0.2 | 1.2214027582 | 1.2214027582 | 1.3298251E-012 | 1.2214027580 | 1.3298251E-011
0.3 | 1.3498588076 | 1.3498588076 | 5.0746074E-012 | 1.3498588075 | 5.0746074E-011
0.4 | 1.4918246976 | 1.4918246976 | 7.1547213E-012 | 1.4918246976 | 7.1547213E-012
0.5 | 1.6487212707 | 1.6487212707 | 6.2061467E-012 | 1.6487212707 | 6.2061467E-011
0.6 | 1.8221188004 | 1.8221188004 | 2.9898306E-012 | 1.8221188004 | 2.9898306E-012
0.7 | 2.0137527075 | 2.0137527075 | 1.8429702E-013 | 2.0137527075 | 1.8429702E-013
0.8 | 2.2255409285 | 2.2255409285 | 6.5281114E-014 | 2.2255409282 | 6.5281114E-011
0.9 | 2.4596031112 | 2.4596031112 | 1.6604496E-012 | 2.4596031112 | 1.6604496E-011
1.0 | 2.7182818285 | 2.7182818285 | 0.0000000E+000 | 2.7182818285 | 0.0000000E+000

On the contrary the maximum absolute error has been obtained by Siddiqi et al

[63] is 7.586 x10~1°

We depict the exact and approximate solutions in Fig. 4(a) and a plot of relative

errors in Fig. 4(b) of example 4 for n=11. From Fig. 4(b) we observe that the

error is nearly the order 1078
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Fig. 4(a): Graphical representation of exact and approximate solutions of

example 4 using 11 polynomials.
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5.4 Conclusions

In this chapter, Galerkin method has been applied for the numerical solution of
general seventh order linear and nonlinear BVPs using Bernstein and Legendre
polynomials as trial functions. We see from the tables that the numerical results
obtained by our method are better than other existing methods. Also we get better
results for Bernstein polynomials than the Legendre polynomials. We observe that
the numerical solutions coincide with the exact solution in some cases which are

shown in Figs. [1-4].
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CHAPTER 6
Eighth Order Boundary Value Problems

.6.1 Introduction

Eighth order differential equations represent physics of some hydrodynamic
stability problems. We can find from a book written by Chandrasekhar [9] that
when an infinite horizontal layer of fluid is heated from below and is subject to
the action of rotation, instability sets in. When this instability is as ordinary
convection, the ordinary differential equation is sixth order. When the instability
sets in as overstability, it is modelled by an eighth order ordinary differential
equation. Eighth order differential equations are also modelled while considering
the motion of a cylindrical shell. The existence and uniqueness theorem of
solution of such type of BVP was presented by Agarwal [8]. The literature on the
numerical solutions of eighth order BVPs and associated eigenvalue problems is

found to be rare.

Some researchers have developed few methods for computing approximations to
the solutions of eighth order BVPs. For this, Shen [65] investigated eighth order
ordinary differential equations occurring bending and axial vibrations. An eighth
order differential equation governing in torsional vibration of uniform beams was
derived by [66]. Paliwal and Pande [67] developed equations for the equilibrium
in terms of displacement components for an orthotropic thin circular cylindrical
shell under a load that is not symmetric about the axis of the shell, which resulted
in eighth order differential equations. Over the years, there are several authors
who worked on eighth order BVPs by using different methods. For example, finite
difference methods for the solution of eighth order BVPs were presented by
Boutayeb and Twizell [69]. Twizell et al [70] derived numerical methods for
eighth, tenth and twelfth order eigenvalue problems arising in thermal instability.
Siddiqi and Twizell [71] solved the eighth order BVP using octic spline. Siddiqi
and Ghazala Akram [72, 73] used nonic spline and nonpolynomial respectively

for the solution of eighth order linear special case BVPs. Siddiqi et al [74] applied
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Variational Iteration Technique to solve eighth order BVPs. Kasi and Raju [75]
used Quintic B-spline Collocation Method for solving eighth order BVPs. Further
Scott and Watts [76] presented a numerical method for the solution of linear
BVPs applying a combination of superposition and orthonormalization. Inc and
Evans [77] solved eighth order BVPs using Adomain decomposition method. Liu
and Wu [78] investigated differential quadrature solutions of eighth order
differential equations. Scott and Watson [79] proved that Chow-Yorke algorithm
was globally convergent for a class of spline collocation approximations to
nonlinear BVPs. Wazwaz [80] applied modified decomposition method for
approximating solution of higher order BVPs with two point boundary conditions.
Modified adomain decomposition method was developed in [81] to find the
analytical solution of the eighth order BVPs.

In this chapter, Galerkin method with Bernstein and Legendre polynomials as
basis functions is used for the numerical solutions of general eighth order linear
and nonlinear differential equations for two different cases of boundary
conditions. In this method, the basis functions are transformed into a new set of
basis functions which vanish at the boundary where the essential types of
boundary conditions are defined and a matrix formulation is derived for solving
the eighth order BVPs. The numerical results of the proposed method are
compared with both the exact solution and the results of the other methods. A
comparison of the results obtained by the present method with the results obtained
by the previous methods reveals that the present method is of high precision,
efficient and convenient

However, in this chapter, the formulation for solving linear eighth order BVP by
Galerkin weighted residual method with Bernstein and Legendre polynomials is
given in portion 6.2. Particularly, two formulations are described by using two
types of boundary conditions in sections (6.2.1) and (6.2.2) respectively. Then we
deduce similar formulation for nonlinear problems in the next section. Then
numerical examples for both linear and nonlinear BVPs are considered to verify
the proposed formulation and the conclusions of the present chapter are given in

the last section.
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6.2 Matrix Derivation using Galerkin method

Here we first derive the matrix formulation for eighth order linear BVP and then
extend our idea for solving nonlinear BVP. Because of this reason, we consider a

general eighth order linear BVP of the type:

. d8u+a d7u+a d6u+a d5u+a d4u+a d3u+a d*u
i dx ’ dx’ ¢ dx 8 : dx? ! dx? . dx> 2 dx?
+a1ﬂ+a0u:r,a<x<b (6.1a)
dx
subject to the following two types of boundary conditions
Typel: u(a)=A4,, u(b) =By, u'(a)= A4y, u'(b) =By,
u"(a)=4,, u"(h)=B,, u"(a)= 45, u"(b) = By
(6.1b)
Typell: u(a) = 4y, u(b) =By, u'(a)=4,, u"(b) = B,,
u(iv) (a):A4, u(iv) (b):B4, u(Vi) (a):A6, u(Vi) (b):B6
(6.1¢c)

where 4;, B;,i = 0,1,2,3,4,6 are finite real constants and a;,i=0,1,---8 and r
are all continuous functions defined on the interval [a,b]. The boundary value
problem (6.1) is solved with both cases of the boundary conditions of type Typel
and Typell.

Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (6.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

ddu d’u dou d>u d*u d3u d’u
+C7 +C6 +C5 +C4 +C3 +Cz

Cg

dx 8 dx’ dx © x> dx dx’ dx 2
+clﬂ+cou:s,0<x<1 (6.2a)

dx
u0)=4 ! u'(0)=4 ;u"(O)—A

0> b—a 1> (b_a)z 2
1 1

1) = B,, '(1) = By, —u"(1)=8B,,
u(l) = By ——u'() =5 e URL

! 314'”(0):/13, ! 3u'”(l):B3 (6.2b)
(b—a) (b—a)
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and
1 " 1 A
u(0)= A, T (0)=4,, W”( ) (0)= 44,
1 " 1 v
M(l):Bo, (b_a)z u (l)sz, mu( )(1):B4,
A—quwkm:A& A—J——uMND:B6 (6.2¢)
(b-a° (b-a)°
where
1 1
cg = (b—a)8 ag((b—a)x+a), ¢y = (b—a)7 a;((b—a)x+a),
1 1
Ce = (b—a)6 ag((b—a)x+a), cs = (b—a)5 as((b—a)x+a),
1 1
cy = (b—a)4 as(b—a)x+a), c3 = (b—a)3 ay((b—a)x+a),
cy = ! a,((b—a)x+a), c = ! a(b-a)x+a),
(b—a)? b-a
co=ag((b—a)x+a), s=r((b-—a)x+a)

To solve the boundary value problem (6.2) by the Galerkin method we
approximate u(x) as
n
H(x)=6y(x)+ Y a;N; ,(x), n>1 (6.3)
i=1
Here 6(x) is specified by the essential boundary conditions, N;,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such thatN;,(0)=N,,(1)=0, for each
i=123,...,n

Applying eqgn. (6.3) into eqn. (6.2a), the weighted residual equations are

j{c a8 d7i d%i 45 dtn d% d2i
8
0

+C +C +C +C +C +C
dx 8 ! dx’ 6 dx ® > dx> ! dxt . dx’ 2 dx?
+clfl—z+coﬁ—s}Nj,n(x)dx (6.4)
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6.2.1 Formulation I

In this section, we obtain the matrix formulation by using the boundary conditions
of type I

Integrating by parts the terms up to second derivative on the left hand side of
(6.4), we obtain

o dh | td d’it

ch gNj,n (x)dx = { (x) L j N, (X)]dx_7 dx

5 dx

a5 b A
= Len, (x)] ¥ j ?[cgNj,n(x)]Xde [Since N, (0)= N, (1) =0]
0

A <x>1"’65_1+_d2[ (x)]dSNI—jdi[cN )
] 8Vj.n de6_0 _dx2 I, de3 8 j,n de

2
L _0 _dx |

- 1 r 1

| d 1d6~ o o gdi| | & ol

= V@ | e 0] O sl O
4 4

e SA e

1
d 4% d? i d’ d*i
={E[cgNj,n<x>] 6 L{ el L { S [cij,nw]gZ‘}

o d3~1 L s d3~
+ E[CSNJ',"(X)]XZL_g_[ n(x)]

1

0

dx

d 4% 4> 457
o] e, col2E]

1

d3[ N ]d4i7 1
e N g

0

0

d* si| [ || e 4%
+ E[CSNj,n(x)]?:lo_[ﬁ[ n(x)J :| +J- x [08 ',n(x)]?dx

0 O

d3[ N ]d4i7 1
S

0

d d% d? d’i
o] e, col2E]

1

0
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+ ﬁ[c N (x)]ﬁ 1 _ ﬁ[c N (x)-ldza l—l— d6 [C N (x)]ﬁ 1
e 57 n x> 0 dx’ 7 n dez dx® 877n dx 0

0
1 ,7 ~
_ g%[cgNj,n(x)]Z—de (6.5)

5 dx

T 67 657
Jw%zvj,n(x)dx{ (x)" } j"' (x)]d
0
5~ ) 5~
=— d[ n(x)]d +£%[C7Nj,n(x)]%dx
1

d ]dsﬁ | d? '|d4ﬁ L3 %
—[C7Nj,n(X)de5 +_dx2 [C7Nj,n(x)1dx4 ‘{ [C7Nj,n(x)]ydx

1
1
—

1

_ _d[ ]dSNI _dz[ N ]d4ﬁ_l d3[ N ]d3ﬁ
T n(x)J + 2 C7 j,n(x)de4 - C7 j,n(x)ﬁ

3
L _o L Jo Ldx 0
1 .4 3~
d d’u
+'(|;dx [c7NJ n(x)]
d v, 1d5~ d* e, 144 s Y ]d3ﬁ 1
E C7 n(x)] . + dx2 C7 j,n(x)] dx4 . - dx3 C7 j,n(x) ; .
I
d* d2~ d® d?i
—|c (x) — 7N, (x)|[—=-dx
Lz’x4[7 " L El;dxs[7 S0 ]dx2

1

d i d? d*i
=- dx[ n(x)] L lez [C7Nj,n(x)]dxﬂ

@ oy )|
dx’ 7n dx’

0 0

1 1 1
a* d’i d’ dii dt dii
+| Z—|e-N. — | —| =—|c-N: — | +|—|cN; —d. 6.6
dx? [C7 ]’H(X)]dxz :L Lllxs [C7 J’n(X)]dx} '([dx6 [C7 ]’n(X)]dx g (6.6)

0

tod% sl &i
JcéﬁNj,nmdx—{ a5 } j [cﬁN]noc)]

0 0
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a1 a2 d4~
n<x>] _;{Q[ n<x>]

- 11

~ 1o 3 3
d 1% d* 1470 d d’i

=— —|cgN; (%) + ceN; ,(x) — ceN; ,(X)|—5dx
[6 Jsn de4 { [6 J-n de3 ‘([dx3[6 Jon ]dx3

L 40 10

d di
- _l:dx n(x)] :|0

1 .4 2~
+ E‘;%[%Nj’n(x)]%dx

1

22 ]d3” IR 25
N . —
dx2 [c6 J» n(x)] _O |:dx3 [ n(X)] :|0

1

1 1
d 144 d* 14 &> d*u
=— —|cgN; (%) + ceN; ,(x) — ceN; ,(X)|—=
dx[ 6 Jam de4 1o lec2 [ o om de3 0 dx’ [ 67 )m ]dx2

0

4 1o 5 ~
26_4[66Nj’n(X):|Z_Z —_([%[06Nj’n(x)]2—zdx (6.7)
10

5~ 4 4
Jcs‘;—Z‘N,-,n(mdx{ n(x>d } j [csN,nm]d
0

X
3~ L 2 3N
l:j CSN] n(x)]dx :| +J.(;i_2[ n(x)]d
0 O

_ 3~1 m 2~1 1 3 2
o AT ol T R —i%[csfvj,nu)]%dx

_a’x do L X 1o
d LAY ]d3 T [ a2 [ ]a’zﬁ_1 &> [ ]dﬁ 1
- X + csN . (x - c:N . (x)[—
dx n( ) dx2 5 j,n( )de2 dx3 5 ],n( ) dx
L _O L 10 0
1 .4 ~
d du
+|—|esN; , (x)—dx 6.8
_([dx4 [ 5 ],I’l( )] dx ( )
1 4~ 3~ 43
d'u d’u d u
cg—N; ,(x)dx =|cyN; ,(x)— —eaN;, (x)
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70 LI ) 2~
= {% [C4Nj,n(x)]%:|o + _([%[C4Nj,n(x)]%dx

——{%[ (x)]dﬂO B;[ <x)]d”}

3 ~
I ;;3 [C4N Jun (x)]% dx  (6.9)
0 0

1 3~ 2~ 2~
d’u d d du

Jerl 3N x| N0 5 J 5N u () d
dx dx

: 0 de

_{i[c N (x)]ﬂ}l +jﬁ[c N, 0] % ax (6.10)
de b3 dx | dez S dx '

1 2~ dit 1 1
du d du
—N d N . — —|e, N ;

‘([Cz dxz ]’n(x) X = |:02 7, n(x) i|0 -([dx [CZ Js n(x)]

]dﬁ

1
d

=—|—Ile N; , (x)|—dx 6.11
{dxz,,nmdx (6.11)

Substituting eqns. (6.5) — (6.11) into eqn. (6.4) and using approximation for #(x)
given in equation (6.3) and after applying the boundary conditions given in type I,
eqn. (6.2b) and rearranging the terms for the resulting equations we get a system

of equations in matrix form as

DD ja;=F;,j=12,....n (6.12a)
i=1
where
1 d’ L
Dz Jj :_([ |: dx [CSN] n(x)] dx [C7N] n(x)] [C6N] n(x)]
4 3
v e, 0] 2 eV 0]+ > [c3NJ ()] [czN, ()]
6 )
+Cl n(x)] ln(x)]+co ,n(x)Nj,n(x)}dx_ l::Zi[CSN],n(x)]d6 []vl,n(x)
x=1
2
{j o0l v n(x)]} { el v, @]
x=0 dx* dx=1
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do d
_Cle’n (.X)]d—xo—C()eon’n (x)}dx+|:d—x C8Nj’n(X):| J

+

d* d
; Lx_“ lexv mm]lo x(b—a)’ A5+ {ﬁ

W

+

d4[

dx

1 d’
| {s ; n(x){ s n(x>] [c7N, n(x)]
0

e,

_d2

—|C
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5

2 3 4 |
E [CSNM(x)] [,-,n<x>]} —{d—3[c8N,-,n<x>]d—4[Ni,n(x>]
oo Ldx dx
WE d* d d5
e L] | Lo} ]
x=0

d 2

ke n(x)] [Nn(x)]} O{i—z C7Nj,n(x)]ic_2[Ni»n(x)]

dx?

[mN]n(x)] [N,n(x)]} {j [c6N]n(x)] [Nln(x)]
x=0

4
| 6N,-,n(x>]i—4[Ni,n<x>]} )

5
d [C6Nj n(x)]

sN,-,n<x)]+d [c4N,n(x>] [cgN]n(x>]+ oo 0]

d°0,

6 i|
6
X x=1

(6.

x=1

dx=1

x=1

dx=1

12b)

6 2 5 ) 5
(x)]d 6’0} _chiz[cgN j,n(x)]ilg’} {;‘;2 [cgNj’n(x)]%}
x=0 x=1 x=0
. d*0, 9 d3 d*6, J 0. ]

5

[C8

Nl xo-as,

__x:]
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Obccwj,n(x)]”;xﬂ {[No]] | Lol
x=0 x=1 dx=0
Ax)]ﬂ} { =y n(xﬂ%} { j,n<x)]} «(b-a)' B,
x=1 x=0 x=1
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6 .
_ n(x)} x(b—a)ZAz—{d—chNjn(x)} x(b—a)B,
dx ’ o
&> | 3
+ n(x):l x(b—-a)A + l:_3[c7Nj,n(x)] x(b—a)’B;
dx ey
_d3 ; d* )
SN, ] xe-aP 45| N, @) xe-a?B,
| dx =0 dx i
4 Ny 5

X (b—a)> A o+ [% [C7Nj’n(x)]} x(b—a)B,

x=1

+ l:% [C7Nj’ n (x)]_ .

i ; d> ]
—| —=5|e7Nj 0 (), x(b—a)A 1—{?[C6Nj’n(x)] x(b—a)3B3
L _xz() —X=1

_ - 3 i
A eV, @] x(p-a) 4+ {% lesV j,n(x)_:l x(b—a)*B
x=1

L dx=0

[ LI ;

2 d*
< (b—a)? A 2{—4 [C6Nj’n(x)]} x(b—a)B,
dx

-dx3 x=0 x=1
[ ;4

+ d—4[c6Nj’n(x)]} «(b—a)A 1+[j—x cij,n(x)]} 1><(b—a)3193
L x=0 xX=
d d?

| ks (x)ﬂ _ (b—a)* 4+ {; lesnv j,n(x)]L1 x(b—a)*B
;2 ] 3

o4 Na()] x(b—a)2A2+{%[cij’n(x)]} x(b—a)B
L dx=0 x=1
- .

| Sl @]) - L, ]| <o-ors,
L dx=0 X=

2

- j c4N,n<x>]} x(b—a)? A 1 L‘l’x [C4N]n(x)]} x(b-a)B,
L x=0
2

+ d_z[c4Nj’n(x)]:| x(b—a)A 1+Lj_x c3Nj’n(x)]} 1><(b—a)B1
L x=1 xX=

_{%[C3Nj,n(x)ﬂ x(b—a)d, (6.12¢)

x=0
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Solving the system (6.12a), we find the values of the parameters «; and then

substituting these parameters into eqn. (6.3), we get the approximate solution of

a . - : .
in #(x), then we get the desired approximate

BVP (6.2). If we replace x by z_

solution of the BVP (6.1).

6.2.2 Formulation II

In this portion, matrix formulation is given by applying the boundary conditions
of type II.

Similarly of section (6.2.1), integrating by parts the terms consisting eighth,
seventh, sixth, fifth, fourth, third, and second derivatives on the left hand side of
(6.4) and applying the boundary conditions prescribed in type II, eqn (6.2¢c), we

get a system of equations in matrix form as

Zn:Dl-,jaisz,jzl,Z,...,n (6.13a)
i=1
where
1 7 6 5 4
D; ;= J.{{_ZC_7[C8Nj,n(x)]+%[C7Nj,n(x)]—%[%Nj,n(x)]Jr%[Cij,n(x)]
0
d3
[C4N] n(x)]+ [C3Nj n(x)] [CZN] n(x)]
2 5 .
FaN, W] [M-,n<x>]+cM,Ax)N,-,Ax)}dx{sz [cgN,-,n<x>]jxs [N, ) )
2. 5 4 3 4]
B d_z .CSNj:n(x)] 4 [Nl n(x)]:| +|: 4 [CSN] n(x)] d [ i,n(x)_
_d‘x x=0 dx=1
- 4 X ;
- 2—4_c8N,-,n(x)] Vi) { e n<x>] N ()]
: d d> | _:le
| e, n(x) [Nl n(x)]} { N n(x)] N, ()]
L dx=1
5 E
+ _;i C7 7, n(x)] [Nz n(x)]:|x0 +|:;; [C7Nj n(x)] x i,n(x)__x_l
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_ 1d d3 d3 ;
- __C7Nj,n(x)_E[Ni,n(x)]:|x1 _|:dx [C7N] n(x)] i,n(x).

1

=
Il

(e}

) 4 73 5 ) .
+ __C6Nj,n(x)_:;_3[Ni,n(x)]:| +|:;i_5|:c7Nj,n(x)];_x .Ni,n(x)_
x=1

L

=
Il

o

_ - 2 3 -
: —_céNj,nu)_j—x[N,-,n(x)]} —fo SRIC) e )
x=1

d’ ] d* d | -
]dx_3'Ni’n(x)' - CbCT[CéNj,n(x)]E_Ni,n(X)_

d - 4 d> -
Cij,n(x)]E Nin ()] + I csN n(x)] 3 Vi (2]

d? d | | d’ d | 1
+ dx_z[C“Nj’n(x)]d_x _Ni,n (x)_:|x 1 +l:dx_3[cij’n(X)]d_x _Ni,n (x)

3
+ di[ SN] n(x)] 4 [Nl n(x)]:|

2 -
_|:;i [C4N] n(x)] a i,n(x)-

x=0 dx=0

+ j &N, n(x)] [ n(x)]} (6.13b)
L x=0

5

1 d’
F J.{S J» n(x)+ |:d [CSN] n(x)] [C7Nj n(x)] d [C6N] n(x)]
0

4
d [CSN] n(x)]+ x [C4N] n(x)] x [C3N] n(x)]+ [CZN] n(x)]

X

do d? d>0
_cle’n(x)]d—xo—cOHONj’n(x)}dx—LZX [esV ;0 ()] : o}

PL 4% d* & | d* 420
+_M[c8Nj,n<x)]X;’ - M[%Nj,n(x)]df;_x_l{ e nooH}

dx=0 L x=0

;6 7 ;6
@l | ;’6[ n<x>]d9° +jx N, @)% ‘9‘)}

| aX dx=1 L aX dx=0 L

A RN ) & 146 | 46
|: [C7N],n(x)] dX5 j| +_dx3 [C7NJ»"(X)]§1C1 dx3[ n(x)] x3 j|x0

dx
x=0

x=1
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4° do d° do d? d*6
+ dx[ (X )] )ﬂ _I:dxs[C7Nj’n(x)]d)?:| _[dxz[ n(x)] !
L x=1 x=0 x=1
NES O S ) ] e e (x)]d@o'
L . x=0 a7 d = at " d Jy=0
Jar (x)]d36’0} [d o (x)]d390:| J{ds - (x)]dé’o_
S5 m 3 5 Y n 3 IR SR A -,
_dx dx 1 dx dx 0 dx dx Joet
P 8 B P Y B VRN 3
_dx3 T x=0 " d x=1 _dxz H x=0
[ d do, d 6, ]
+ c3N (x)] } [ c3N (x)]
_d o dx x=1 dx o dx=0
” ] ]
| a0 (=)’ B | e o) x4
_d3 [ '_ 4 _d3 | 4
eV @] xt-a)* By -| SN ]| xG-a) 4
_dx dx=1 — dx=0
Wl 1 2 4 | 2
H eV @] x-a?By -| N, ] x4
L& =l - =0
d2 _ i d2
N @] xt-0) By+ | eV, 0] x(b-a) 4
_dx dx=1 —dx Hx=0
s 1 2 s 2
N ] x-a?By+| eV ]| x(b-a) 4,
_dx dx=1 L dx=0
& 1] X 1
H eV, ]| x0-a)?By | eV, 0] x(-a)?4,
_dx dx=1 L dx=0
42 | e |
S eV )| x-aBy+| esN @] x(b-a)? 4y
- X dx=1 —dx dx=0
d d
{[ n(x>ﬂ x(b—a)sz{[cz;Nj,n(x)ﬂ x(b-a)’4,  (613¢)
dx x=1 dx x=0

Solving the system (6.13a), we find the values of the parameters «; and then

substituting these parameters into eqn. (6.3), we get the approximate solution of
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X—d

BVP (6.2). If we replace x by 5

in u#(x), then we get the desired approximate

solution of the BVP (6.1).

For nonlinear eighth order BVP, we first compute the initial values on neglecting
the nonlinear terms and using the systems (6.12) and (6.13). Then using the

iterative method we find the numerical approximations for desired nonlinear BVP.

6.3 Numerical examples and results
To test the applicability of the proposed method, we consider five linear and two
nonlinear problems with both types of boundary conditions. For all examples, the
solutions obtained by the proposed method are compared with the exact solutions.
All the calculations are performed by MATLAB 10. The convergence of linear
BVP is calculated by

E = [, (017, (x)| <5

where #,(x) denotes the approximate solution using n-th polynomials and o

(depends on the problem) which is less than107'2. The convergence of nonlinear
BVP is calculated by the absolute error of two consecutive iterations such that

~N+l ~N
Uy —Uy

<0

Where & <10™''and NV is the Newton’s iteration number

Example 1: Consider the linear differential equation [75]

du d’u _d% _du _d*w _d’u _d*u du
g+ 7+2 6+2 5+2 4+2 3+2 St tu
dx®  dx dx dx dx dx dx® dx
=14cosx—16sinx—4xsinx, 0<x <1 (6.14a)
subject to the boundary conditions of type I in eqn. (2b):
u(0)=0,u(1)=0, u'(0)=-1,u'(1) =2sinL,u"(0) = 0,u"(1) =4 cos1+2sin1

u"(0)=7,u"(1)=6cosl—6sinl. (6.14b)

The analytic solution of the above problem is, u(x) = (x2 —1)sinx.

Using the method illustrated in (6.2.1), we approximate u(x) as
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ﬁ(x)z@o(x)Jan:aiNi’n(x), n>1 (6.15)
i=1

Here 6)(x)=0 1is specified by the essential boundary conditions of equation

(6.14b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n
YD ja;=F;,j=12...n (6.16a)
i=1

where

1

7 6 5 3
D, = I{—ZJ[Nj’n(x)]+ZC6[Nj’n(x)]—;[2 ,,(x)]+ [2 n(X)]—jxg[zNj,n(x)]

0

d? d d
+d7[2N n(x)ka[2N,~,n<x>]+Nj,n<x>b[zvi,n(x)]+Ni,n<x)Nj,n<x>}dx

_ 6 6
- %[Nj,n(x)]%[]vi,n(x)]} » +|:%[NJ’H(X)]%

[Ni,n (x)]:l
x=0

a 15 i 175 ]
+ _-Nj,n(x)_%[Ni,n(x)] - _.Nj’n(x)-%[Ni’n(x)]

L dx=1 L dx=0

_ . 1 - 144 ]
K] .Nj,n(x)_:;;_4[Ni,n (x)] T3 _Nj,n(x)_jx4 [Ni’”(x)]

L dx=1 L dx=0

_ S S
- %[Nj,n(x)]j?[]\[i,n(x)]} , +|:%[Nj,n(x)]%[]vi,n(x)]:|

x=0

2 ; 2 4
+ d [ N, n(x)] [ n(x)} _{d_z[Nj,n(x)]d_A;[Ni,n(x)]}
1 dx dx

2
_dx =0

i 4
- di[zNj,n<x)]d—4[Ni,n(x>] { b, n(x>] [Nn(xﬂ} (6.16b)
X dx

L dx=1

x=0

d4
FjI(14cosx16sinx4xsinx)Nj’n(x)dx+{6bC—4[ n(x)]+ [ el
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_dez[zN j,n(x)]+%[21v j,,,,(x)]} x (6cos] —6sin1) +{ZC—Z V)]

x=l
d? d? d d’
el G) it ELPRIC)) ol e (x)]} 0><7+{0b€—5[N,-,n<x>]

4 3 2
—d[Nj,n<x>]+;[2Nj,n<x>]—612[2 Nl by Nﬂ}

6
{_:;_[ jn(x)]+
—%[2Nj,n<x)P%[2Nj,n<x>]} 1><zsinl—{%[ V] [ ()

4 3
+%[2Nj,n(x)}i[ n(x)]+ [2 n(x)]—%[zNj,n(x)]}

Solving the system (6.16a) we obtain the values of the parameters and then

x(4cosl+2sinl)
x=1

4 PE
[N]n(x)] d [2N]n<x>] 3[2N,-,n(x)]

(6.16¢)
x=0

substituting these parameters into eqn. (6.15), we get the approximate solution of

the BVP (6.14) for different values of x.

The maximum absolute errors, using different number of polynomials by the
present method and the previous results obtained so far, are summarized in Table
1.

Table 1: Maximum absolute errors for the example 1.

Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
9 3.149x107° | 3.149x107°
10 219310 | 6239x10-"1 | 4.679 x107% ( Kasi and Raju [75])
11 359310713 | 3.592x107"
12 3.164x107° | 9.660x107

Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

errors are shown in Fig. 1(b) of example 1 for n=12. It is observed from Fig.

1(b) that the error is nearly the order10713.
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g e Fxact Solutions
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Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 12 polynomials.
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08p === Relative Error for Legendre

[
[
|

—
iy

IRoelalive Error

—
[

0
(. 0203 04 05 06 07T 08 09
Fig. 1(b): Graphical representation of relative error of example 1 using 12

polynomials.
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Example 2: Consider the linear differential equation [75]
8
d—Z—u:—8ex, 0<x<I (6.172)
dx
subject to the boundary conditions of type I in eqn. (2b):
u() =L u(1)=0,u"(0)=0,u’'(1)=—e,u"(0)=-1,u"(1) = 2e,u" (0) =2

u"(1)=-3e . (6.17b)

The analytic solution of the above system is, u(x) = (1—x)e”.

Employing the method given in (6.2.1), we approximate u(x) as

n
H(x)=6y(x)+ > a; N; ,(x), n>1 (6.18)
i=1
Here 6,(x) =1-x is specified by the essential boundary conditions of equation

(6.17b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n

DD ja;=F;,j=12,...,n (6.192)
i=1
where
id d d d6
2= {—W[Nj,m]dx v, (x)]—Ni,n<x)N,,n<x>}dx—[dx RS ) _
2 . 45 ]
K =, n<x>] [Nl Ax)]} +{0’—2[N,-,n<x>_d—s[zvz-,noo]
i ©=0 dx dx 1oy
d? d’ 4> 1d* |
- _dx_z[Nj’n(X)]g[Ni’n(X)]:lxo _l: [ j n(x) s 2 [Ni,n(x)]_x:1
d’ d*
J{g [Nj,n(x)]y [Ni,n(x)]:|x_0 (6.20b)

x do, d*
_ge J,,(x)+ [ n(x)]d—xo+eon,n(x)}dx{y[zvj,n(x)]} «(=3€)

x=1

4
+ ;’i—“[Nj’n(X)]}

5
x(=2) + LZC—S[N i (x)]} x (=2¢)

x=1

d’ d°
{; [Nj’n(X)]Lo X(—l){ﬁ v j,n(x)]:|x_1 x(-e) (6.20c)

x=0
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Solving the system (6.20a) we obtain the values of the parameters and then

substituting these parameters into eqn. (6.19), we get the approximate solution of

the BVP (6.18).

The numerical results for this problem are summarized in Table 2.

Table 2: Maximum absolute errors for the example 2.

X

Exact Results

12 Bernstein Polynomials

12 Legendre Polynomials

Approximate

Abs. Error

Approximate

Abs. Error

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.0000000000
0.9946538263
0.9771222065
0.9449011653
0.8950948186
0.8243606354
0.7288475202
0.6041258122
0.4451081857
0.2459603111
0.0000000000

1.0000000000
0.9946538263
0.9771222065
0.9449011653
0.8950948186
0.8243606354
0.7288475202
0.6041258122
0.4451081857
0.2459603111
0.0000000000

0.0000000E+000
0.0000000E+000
7.7715612E-016
1.5543122E-015
7.7715612E-016
5.5511151E-016
2.2204460E-016
6.6613381E-016
1.6653345E-016
1.1102230E-016
0.0000000E+000

1.0000000000
0.9946538263
0.9771222065
0.9449011653
0.8950948186
0.8243606354
0.7288475202
0.6041258122
0.4451081857
0.2459603111
0.0000000000

0.0000000E+000
4.4408921E-016
6.2172489E-015
3.5527137E-015
8.6597396E-015
2.9976022E-015
1.0214052E-014
2.2204460E-016
8.6042284E-015
5.5511151E-016
0.0000000E+000

On the other hand Kasi and Raju [75] obtained the accuracy nearly the order 107°

on using Quintic B-spline collocation method.

In Fig. 2(a), the exact and approximate solutions are given and a plot of relative

errors are shown in Fig. 2(b) of example 2 for n=12. It is observed from Fig.

2(b) that the error is nearly the order 10714,

Lixact, Aapproximate
= [t [
- -

=
[

01

wem Fxact Solutions

= = = Bernstein Approx

02 03

¥ Legendre Approx.

04 05 06

07 08

09

Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 12 polynomials.
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= = = Relative Error for Bemstein
== Relative Error for Legendse

Rclarive Hrror
oy

[ )

0
0 ol 02 03 04 05 06 07 08 09

Fig. 2(b): Graphical representation of relative error of example 2 using 12

polynomials.

Example 3: Consider the linear differential equation [74]
d3u
dx®

subject to the boundary conditions of type I in eqn. (2b):

u(0) =1,u(§) =1,u'(0) = 1,u'(§) = —1L,u"(0) = —1,u"(§) = —1Lu"(0)=—1,

=u, OSXS% (6.21a)

u"'(%) -1, (6.21b)

The analytic solution of the above system is, u(x) =sinx+cosx.

To use Bernstein and Legendre polynomials over [0, 1], we convert the BVP

6.21) to an equivalent BVP on [0,1] by letting x = 7 x. Thus the BVP (6.21) is
2

equivalent to the BVP
8 8
du _ T o<x<l (6.222)
dx® 256
! 2 ! 2 " 4 n 4 " 8
u(0) =Lu() =1, w'(0) = =,u'(1) = = =,u"(0) == ,u"(1) = =, u" (0) = =,
T T T T T
u"(1)= % (6.22b)
/4
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Applying the method mentioned in (6.2.1), we approximate u(x) as

u(x)=6y(x)+ Zn:al- N;p(x), n21 (6.23)
i=1

Here 490(x)=(1—2)c)2 is specified by the essential boundary conditions of

equation (6.22b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n

where

d dab
[,n(x>] [0 il Nia(N (x)}dx{dx [Nj,n(x>]dx6 [Ni,n(xﬂ}

6 ! 2 5
+ i[Nj,n(x)]d_6[Ni,n(x)] J{ ; [ n(x)] ‘ [N n(X)]}
dx di—o dx*

x=l

dx

x=1

2 1 5 ]
S [FRLE E OE  E R T ES

L X dx=0 x=1

PE T -
+ {g [Nj,n (X)_y[Ni,n(X)_LO (6.24b)

1 d7 doy d4 g
d* 8 d’ 4
toa j,n(x)]Lo X(‘;)* Lbc_s[Nj’"(x)]Ll x (—”—zj

L dS 4 d° 2
- __Nj,n(x)] X _?j_|:dx_6[Nj,n(x)]:| X(‘;)
2

L dx=0
A Y | —j (6.240)

6 L bl
T
_dx o

x=1

Solving the system (6.24a), we have the values of the parameters and then

substituting these parameters into eqn. (6.23), we get the approximate solution of
the BVP (6.22) for different values of n. If we replace x by %x in u(x), then we

get the desired approximate solution of the BVP (6.21).
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The maximum absolute errors, shown in Table 3, are listed to compare with

existing results.

Table 3: Maximum absolute errors for the example 3.

Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
9 9297107 | 9297x107!!
10 2310x10-3 | 6297x10-12 | 6.9188 x10™!! (Siddigi et al [74])
11 2456x1071 | 2.398x10714
12 6.661x1071° | 9.104x1071°

In Figs. 3(a) and 3(b), the exact and approximate solutions, and the relative errors

of example 3 for n =12 are depicted respectively. We see from Fig. 3(b) that the

error is nearly the order 10714

L

14

._.
T2

Tixact. Approximate

0l

02

05 04

et SolUIOLS
« = = Bemsteln Approx
¥ Legendre Approx

05 06 0§ 09

Fig. 3(a): Graphical representation of exact and approximate solutions of

example 3 using 12 polynomials.
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O Relative Error for Legendse ﬁ
A
: % % 0

Relative Tirror
—~
-

3(b): Graphical representation of relative error of example 3 using 12

polynomials.

Example 4: Consider the linear boundary value problem [71]

8
d—g—xu——(55+17x+x2 xer, —1<x<1 (6.25a)
dx
" 2 " (iv) 4 (iv)
u(-H=ul)=0,u"(-1)=—,u"(1) =-6e,u""’ (-1)=——,u""’(1) = -20e,
e e
w0 <1y = =212 0D 1y = _ane. (6.25b)
e

The analytic solution of the above system is, u(x) = (1— x? Ye*.

To use Bernstein and Legendre polynomials over [0, 1], we convert the BVP
(6.25) to an equivalent BVP on [0, 1] by letting x = 2x —1. Thus the BVP (6.25)
is equivalent to the BVP

8
lgd—(zx Du=—(55+172x -1+ 2x—1)? —2x-1*)e® D 0<x<1  (6.26a)
28 a®
u(0) = u(l) = 0— "(0)_3 1 ”(1):—6e,iu("v>(0)=—i,iu<"v> (1) = —20e,

e 4 16

L i) 8 1 i
— 0)=——,— 1) =-42 6.26b
a’ (0) o (1) e ( )
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Applying the method illustrated in (6.2.2), we approximate u(x) as

u(x)=6y(x)+ Zn:al- N; y(x), n>1 (6.27)

i=1

Here 6)(x)=0 1s specified by the essential boundary conditions of equation

(6.26b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

DD ja;=F;,j=12,....n (6.28a)
i=1
where
L7 d
Piy=] _—dx—7[N j,n(x)]g[fv,-,nm]—256<2x—I)Ni,n(xﬂv,-,n(x)}dx
"dz 'd5 ] "dz 'd5 T
+ w[Nj,n(m_?[N,-,n(xn_Fl 2= [Nj,n(x>_$[zv,-,n(x>]_x:0
+_d4[ - (x>'d—3 N, wi| o V0] 14 I, w1
I e I S
6
J{d [ n(x)] [Nn(X)]} { [N n(x)]d[Nn(x)} (6.28b)
dx 0
Fi=[-(5+17Qx -+ @2x-1* - 2x - VN, , (x)dx

[Nj,n(x)]} x (42 x 64 ¢) — 64{;’[ ,n(x)]} X(%j

y (_ ﬁ}
x=0 €
« (§j (6.28¢)
e

Solving the system (6.28a), we have the values of the parameters and then

i d3
+ dx—3[N Iy (x)_L1 x (=320 €) — L’? [N i (x)]}

5 ] 5
{%[N,-,nm] <(-240)- LZC v wﬂ}

dx=1

x=0

substituting these parameters into eqn. (6.27), we get the approximate solution of
: 1. -
the BVP (6.26) for different values of n. If we replace x by % in u(x), then

we get the desired approximate solution of the BVP (6.25).
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In Table 4, we tabulate the maximum absolute errors to compare with the

previous results.

Table 4: Maximum absolute errors for the example 4.

Number of Max. Abs. Max. Abs.
Polynomial | Error for Error for Reference Results
used Bernstein Bernstein
10 4294x1071% | 9.975x107°
11 0.805x% 10—12 4.294 % 10—10 9.443 % 10_3 (Slddlql and Twizell [71])
12 4.590x107" | 9.859x107!2
13 3.078x1071% | 8218x10713

In figs. 4(a) and 4(b) we have given the exact and approximate solutions, and the

relative error of example 4 for n =13 . From fig. 4(b) we observed that the error is

nearly the order1 012,

Exacl, Approxiinale
[—
S

e et Solntions
* = = Bemstein Approx
¥ Legendse Approx

0 0 04 06 08

Fig. 4(a): Graphical representation of exact and approximate solutions of

example 4 using 13 polynomials.
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5
—

== Relative Error for Bernsten
=== Relative Error for Legendre

[ ]

Relative Tirror
it
LN

04 06 08

Fig. 4(b): Graphical representation of relative error of example 9 using 13

polynomials.

Example 5: Consider the linear BVP [71]
du
— U =8(2xsinx—7cosx), —1<x <1 (6.29a)
dx
u(=1) =u(l) = 0,u"(~1) = 4sin(—1) + 2 cos(—1),u"(1) = —4sin(1) + 2 cos(l),
u™ (1) = =8sin(—1) — 12 cos(—1),u™ (1) = 8sin(1) — 12 cos(1),
u (1) =12sin(-1) + 30cos(-1),u " (1) = —12sin(1) + 30cos(l) . (6.29b)

The analytic solution of the above system is, u(x) = (x2 —1)cosx.

To use Bernstein and Legendre polynomials over [0, 1], we convert the BVP
(6.29) to an equivalent BVP on [0, 1] by letting x = 2x —1. Thus the BVP (6.29)
is equivalent to the BVP

8
Lgd—;l —u=8212x-1)sin(2x—-1)—7cos(2x—1)), 0<x <1 (6.30a)
2° dx

u(0)=u(l) = O,%u"(O) =4sin(-1)+2 cos(—l),%u”(l) = —4sin(l) + 2 cos(1),
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%u(iv) (0) = —8sin(—1)—12 cos(—l),%u(iv) (1) = 8sin(1) — 12 cos(),
i4u(”') (0)=12sin(—1) + 3ocos(—1),éu(”'> (1) = —12sin(1) + 30cos(1) (6.30b)

Using the method mentioned in (6.2.2), we approximate u(x) as

ﬁ(x)z@o(x)+iaiNi’n(x), n>1 (6.31)
i=1

Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(6.30b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n
DD ja;=F;,j=12,....n (6.32a)
i=1
where
1 7 2 5
d d d
D= j _ﬁ[ n(x)] [ N, ()] 256]\7l~’n(x)Nj’n(x):|dx+Liz[Nj,n(x)]ds N, )
0 X X =1

2 5 4 3
- 4 [ ] n(x)] a [Nl n(x)]:l +|::;,_4[Nj,n(x)]d_3[Ni,n (x)]
=0 X dx

- x:l

3 6 ]
{ o) < w, Ax)]} {i—JN @[V 0]
x=0

- x:l

{ (x)] [ (JC)]L0 (6.32b)

1
= j2048 (2(2x = )sin( 2x —1) = 7cos( 2x = 1)) N, (x)dx
0
T 64[% v j’n(x)ﬂ
d3
><(—12sin1+30scos1)+16{d—3[Nj’n(x)]} x(8sin1—12cos1)
X x=1
3
6 00)

x(—=16sin1+8cosl)— {d—s ]n(x)]} x(=16sinl+8cosl) (6.32¢)
x=0

| d
x (~12sin1+30cos 1) — 64{E v (x)ﬂ

5
x(8sin1-12cos1) + {;—S[Nj,n (x)]}

0

X x=1
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Solving the system (6.32a), we have the values of the parameters and then

substituting these parameters into eqn. (6.31), we get the approximate solution of

the BVP (6.30) for different values of n. If we replace x by XTH in u(x), then

we get the desired approximate solution of the BVP (6.29).

The maximum absolute errors, shown in Table 5, are tabulated to compare with

existing results

Table 5: Maximum absolute errors for the example 5.

Number of | Max. Abs. Max. Abs.

Polynomial | Error for Error for Reference Results
used Bernstein Legendre
10 9.286x10™ | 9.286x107°

11

3.524x10711 | 8.998x10712 | 7.937x 102 ( Siddiqi and Twizell [71])

12

8.950x107'% | 9.000x107"?

13

4718x107 | 2.676x10713

We illustrated graphically the exact and approximate solutions in Fig. 5(a) and the

relative errors in Fig. 5(b) of example 5 for n=13. It is clear from Fig. 5(b) that

the error is of order 10713

Exacl, Approximmale

i

e FxacT Solutions
= = = Bernstein Approx

¥ Legendre Approx.

-08  -06 -2 0 02 04 06 08

Fig. 5(a): Graphical representation of exact and approximate solutions of

example 5 using 13 polynomials.
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| == *Reluive Euror for Bemstein
b= Relative Error for Legendre n

Relative Hrror
e

[ ]

5(b): Graphical representation of relative error of example 5 using 13

polynomials.

Example 6: Consider the nonlinear differential equation [75]
d3u
&®

subject to the boundary conditions of type I defined in eqn. (2b)

u(0)=Lu()=e,u'(0)=Lu' D) =c,u"(0)=Lu"(1)=e,u" (0)=Lu" (1) =e. (6.33b)

=ule™,0<x<1 (6.33a)

The exact solution of this BVP is u(x) = e”.

Consider the approximate solution of u(x) as

E(x)z@o(x)+zn:ai N; y(x), n=1 (6.34)
i=1

Here 6,(x)=1-x(1-e) 1is specified by the essential boundary conditions in
(6.33b). Also N; ,(0)=N; ,(1)=0 foreach i =12,...,n.

Using eqn. (6.34) into eqn. (6.33a), the Galerkin weighted residual equations are

o @t
j [——ﬁzex}vk,n(x)dx =0,k=1,2,,n (6.35)

154



Dhaka University Institutional Repository

Integrating first term of (6.35) by parts, we obtain

Ladi =1 VAN, (o) 475
[N e =| Ny 2| - LT g,
0 d ’ ’ dx' |, o, A dx

dx [Since Ny, (1) = Ny ,(0)=0]

r 1
_ N atit | I d*Niw(x) d%
dx dx6 0 dx2 dx

0

X

_ 1 1
_ [N () d%} +[a’zf\’k,n(x) dﬂ _id3Nk,n(x) 4%
0 0

dx dx® dx? dx’ 0 x> dx’

X

- 1 1
dNew) d || & Newls) d d3Nkn<x> d4~ j “Nkn(x> d4
dx  dx® 0 d* dx’ 0

0

_ 1 1 1 1
_ de,n<x>d6L~,} {dsz,nm m] [cﬁNk,n(x) dﬂ +{d“N;{,m) m]
0 0 0 0

i dx g dx? dx’ dx> i e dx>
1 dSNk,n (x) d3l7
—I s 3 dx
dx dx

1 1 1
[ dNea) d6~ *Ny () d% | | PN i || AN () @
+ 2 510 3 g T 4 3

dx dx dx . dx dx . dx dx .

dSNkn(»o d2~ 1 6Nkn(x)du 7,
dx '([ g

1 1 1 1
| dNea () d6~ N, @ | | PN a*a | | dON () i
+ 2 51 3 g T 4 3

dx dx dx 0 dx dx 0 dx dx 0

dx (6.36)
dx’ dx dx® dx 5 dx’ dx

1 1
N, () a% | | dONg (%) dir d" Ny ,(x) dit
_ 7| N di I—
0 0

Putting eqn. (6.36) into eqn. (6.35) and using approximation for #(x) given in
eqn. (6.34) and after applying the conditions given in eqn. (6.33b) and rearranging

the terms for the resulting eqns. we obtain
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o) d'N, ,(x) dN L
Z[ J. {— dk’7n &) ldi(x) —26pe " N ,(X)Ny,(x) — Za (N y (N (N, (x))ex} dx
i=1| o X J=1

| N () ANy () | AN () ANy () || AN () 4N ()
dx dx® dx dx® dx* dx’
x=1 x=0 x=1

a’ ax ax’ i ax’ dx?

PN, (%) dSNi,nm} VNk,n(x) d“zv,-,n(x)} {oﬁNk,n(x) d“zvi,n(x)}
. »
x=0 x= x=0

=} d'Ny ,(x) 6,
0 dx’ dx

dN; ,(x) 4° dN, . (x) 46
+902€_xNk,n(x)]dx+{ ka0 d '90} —{ ko) d 00}
x=1 x=0

dx d x6 dx dx 6

| SN &y | [N a0y || V() d,
dx? dx? dx? dx’ ax’ e
x=1 x=0 x=0

&N, () d“eo] {d“Nk,n(x)] [d“Nk,n(x)} [dSNk,nm]
- ——] xe+|—— +|—————| xe
x=0 x= x= x=1

x> ' ' ' ax’
d°N, (x d°N, (x d°N, (x
_ k,5n( ) _ k,6n( ) Xe— k,6n( ) (637)
dx dx dx
x= x=1 x=0

The above equation (6.37) is equivalent to matrix form
(D+B)A=G (6.38a)

where the elements of 4, B, D, G are a;,b; i ,d; ;and g, respectively, given by

1 ;7
d' N, (x)dN:  (x

dip=|- "’7”() 0 b Ny (N () [
s O dx dx ) s

ANy ,(x) d°N; ()
dx ax® |

dN i, (x) d°N; , (x) . d* Ny, (x) d° N, (x)
dx dx6 a’x2 d)c5
x=0 x=1

[N @ PN @] [N 0 a0
dx? dx® o dx’ dx* _

(6.38b)

| N () NG ()
ax’ '
x=0
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n 1
B == 0, [Ny (N (¥IN ()€™ dx
J=l 0

d7Nk,n(x) dlgo
dx7 dx

O —y —

_de,n(x) d690

+ Qoze_xNk,n (x)]dx +

dsz,n(x) dSHO

_de,n (x) d600

(6.38¢)

dx

L

dsz,n (X) dSHO

dx ©

L

+[
x=1

.

i dx dx® dx? x> dx? dx>
. N ddey | | N dtey | |4 N @) y
x> dx x> dx '
L x=1 x=0 x=1
_d4Nk n(x) dSNk n(x)_ dSNk n(x)
dx dx dx
L x:O dx=1 x=0
_d6N X d’N X |
_ k,6n( ) X e— k,6n( ) (638(1)
dx dx
L x=1 dx=0

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (6.33a). That is, to find initial

coefficients we solve the system

DA=G (6.39a)
whose matrices are constructed from
. j d'Ny ,(x)dN,,(x) e | Wi () d°N; , (x)
ik — |~ -
0 dx7 dx dx dx6
x=1
AN, (x) d°N; ,(x) d* Ny, (x)d°N; ,(x)
+ 6 + 2 5
dx dx dx dx
L x=0 x=1
d*Ny ,(x)d° N, , (x) ANy, (x) d* N, , (%)
dx? dx? x> dx
L x=0 x=1
i d>N x)d*N. (x
+ "’3”( ) ”Z( ) (6.39b)
dx dx 0
L xX=
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td Ny, (x) 4o N}, (x) d%9 ANy, (x) 49
gr = J. 0 dx + 0 - 0
0 dx7 dx dx dx6 B dx dx6 B
x=1 x=0
| dPNa(x) a5, d*N; ,(x) d%, Ny, (x) d*d,
dx? dx> dx? dx> x> dx?
L x=1 x=0 x=0
~ d3Nk,n(x)d490 ~ d*Ny , (x) ot d*Ny , (x)
dx’ dx? dx? dx?
L x=0 x=1 x=0
d’ Ny, (x) d° Ny, (x) ANy, (x)
H Xe—| ———— - X e
dx dx dx
L x:l XZO X=1
i d®N X
- "—6”() (6.39¢)
dx
L x=0

Dhaka University Institutional Repository

Once the initial values of «¢; are obtained from eqn. (6.39a), they are substituted
into eqn. (6.38a) to obtain new estimates for the values of «;. This iteration

process continues until the converged values of the unknown parameters are
obtained. Substituting the final values of the parameters into eqn. (6.34), we

obtain an approximate solution of the BVP (6.33).

The maximum absolute errors are shown in Table 6 with 7 iterations.

Table 6: Maximum absolute errors of example 6 using 7 iterations.

x | Exact Results 12 Bernstein Polynomials 12 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 1.1051709181 | 1.1051709181 | 2.5979219E-014 | 1.1051709181 | 1.6084911E-011
0.2 | 1.2214027582 | 1.2214027580 | 7.0188300E-013 | 1.2214027582 | 1.3298251E-011
0.3 | 1.3498588076 | 1.3498588075 | 2.6412206E-012 | 1.3498588076 | 5.0746074E-011
0.4 | 1.4918246976 | 1.4918246976 | 5.0834892E-012 | 1.4918246976 | 7.1547213E-012
0.5 | 1.6487212707 | 1.6487212707 | 6.2061467E-012 | 1.6487212707 | 6.2061467E-011
0.6 | 1.8221188004 | 1.8221188004 | 5.0610627E-012 | 1.8221188004 | 2.9898306E-012
0.7 | 2.0137527075 | 2.0137527075 | 2.6179059E-012 | 2.0137527075 | 1.8429702E-013
0.8 | 2.2255409285 | 2.2255409282 | 6.9233508E-013 | 2.2255409285 | 6.5281114E-011
0.9 | 2.4596031112 | 2.4596031112 | 2.5757174E-014 | 2.4596031112 | 1.6604496E-011
1.0 | 2.7182818285 | 2.7182818285 | 0.0000000E+000 | 2.7182818285 | 0.0000000E+000

On the other hand the maximum absolute error has been obtained by Kasi and

Raju [75] is 9.799 x107°
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We have shown the exact and approximate solutions in Fig. 6(a) and the relative

errors in Fig. 6(b) of example 6 for n=12. It is clear from Fig. 6(b) that the error

is of order 10712

|

me Exact Solutions
= = = Bemsteln Approx
X Legendre Approx

| ]
L ]
L

Mopproximate
[ ]

Exact.
e
i

01 02 03 04 05 06 08

Fig. 6(a): Graphical representation of exact and approximate solutions of

example 6 using 12 polynomials.

= o = Relative Error for Bernstein
s Relative Error for Legendse

Tl

Relative Hrror
| e )

001 02 03 04 05 06 07T 08 09

Fig. 6(b): Graphical representation of relative error of example 6 using 12

polynomials.
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Example 7: Consider the nonlinear differential equation [82]

1

8 il
ﬂ:ﬂxe—f‘“—2x7!(1+x)‘8,03x3e2—1 (6.40a)

dx®
with boundary conditions type II, defined in eqn. (1¢)

1 1
u(0)=0, u(e? —1) = % u"(0)=-Lu"(e? —1)= -, u™(0) = -6,

1 1
u™ (2 —1)=—-6e%,u"(0) = —120,u (€2 1) = —120e . (6.40Db)
The exact solution of this BVP is, u(x) =In(1+ x).

To use Bernstein and Legendre polynomials over [0, 1], we convert the BVP

1
(6.40) to an equivalent BVP on [0, 1] by letting x=(e? —1)x. Thus the BVP

(6.40) is equivalent to the BVP

8 1 1
d—Z: 712 -1)¥xe ™ —2x71(e2 =13 1+x)%,0<x <1 (6.41a)
dx

. 1 ! !
u(0) =0, u()=—, u'(0)=~(e2 =*,u' () ==¢" (e =D%,u™(0) ==6(c? - ",
1 1 1
u™ (1) =-6e72(e2 =1)*,u"(0)=-120(e2 - 1)®,u"D (1) = =120 3 (e2 - 1)*
(6.41b)
Consider the approximate solution of u(x) as
n
i(x)=60y(x)+ Y a; N; ,(x), n>1 (6.42)
i=1

Here 6, (x):g is specified by the essential boundary conditions in (6.41b).

AlsoN; ,(0)=N,; ,(1)=0 foreach i=12,...,n.

Applying eqn. (6.42) into eqn. (6.41a), the Galerkin weighted residual eqns. are

1 1 -8

72 -8 e -2 142 1) | ||N,()dx=0,k=12,...,n (6.43)

L a8
i
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In the same way of example 6, integrating first term of (6.43) by parts we obtain

s {2 1]
4 Nin () di

d 1 =1 Lay (X) dii
- dir | _ 14 Ninl®) dit 6.44
e o

dx dx7 dx
Putting eqn. (6.44) into eqn. (6.43) and using approximation for #(x) given in

~

i dNy (%) 4%
— N (¥)dx = | —==

dx  dx®

d* Ny, (%) &5

dx? dx’

>Ny, (x) d*
dx3 dx4

N (%) a2

dx
x> dx?

-]

0

eqn. (6.42) and after applying the boundary conditions given in eqn. (6.41b) and

rearranging the terms for the resulting eqns. we obtain

n |l 2 5
Z[I[_ }dx—i_|:;C_Q[Nk,n(x)];;_5[Ni,n(x)]
i=1| o

d" Ny, (x) dN; ,(x)

dx’ dx -
[ 52 5 4 ]
- %[Nk,n(x)]%[]vi,n(x)]:l +|:;;C [Nk n(x)] [Nl n(x)]
L x=0 dx=1
L d° d |
| v n(x>] [Nl n<x)] | - er_6 Wi o[- [N,-,nu)]_x:1

1
1+(e? —1)x

1 1

a; =(-2)x(M(e? -

|
]

d® d
—{g Ve a @l [Ni,noc)]}

-8
} Nk,n (x)dx
x=0

n
6o+ Zlaij’n (x)
J:

1 47 1 1
d'N }
k,n (X) ddeo Ny (s

+| ; - dx+(7!)(e2—1)8£ e

0 dx

d* Ny, (x) d%9,

d? dx>

d*Ny (%) d%9,

dx? dx>

.1

| 4N () a6,

x=1

dx? dx>

L

Ve dPey | | AN dy | | AN () dby
dxtdx? dx®  dx dx®  dx
L x=0 dx=1 x=0
r 1 1
dN - dN L
o Wen () x (=120e3(e2 -1)%) - N6 (-120(e2 -1)%)
| dx ol dx =0
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J— 3 J—
2 1)4)[%] x (—6(e2
x=0

2) _ dSNk,n(x)
dx?

The above equation (6.45) is equivalent to matrix form

DA=B+G

1

-

1
] x(—(e2 =1)%) (6.45)
x=0

(6.46a)

where the elements of the square matrix D and the column matrices B and G are

given by
; :j AN () AN, ()
k 5 dx’ dx

o Nk n(x)]

d6

=1

1 1 [6’0"‘2 a; j}’l(x)

= (7)(e2 - 1) j

d7Nk,n(x) dgo

2 [, o Ll ,.,nm]}

d? d’ |

:ldx + l:dx_z [Nk,n (x)]dx_s [Ni,n (x)]
d* d’

n(x)]LO + [y Vel 5T

Nknoc)] ,n<x>]} { [Nknoc)]
x=0

x=0

} Nk,n (x)dx

,n(x)

i.n(X)

dx=1

_le

|

dx=1

(6.46b)

(6.46¢)

O ey —

dx’ dx

1 | -8
—2x(T)(e? 1)8[1+(e2 l)x] N (x) |dx

d*Ny ,(x) d°6,

dx? x>

d*Ny () a8,

] +[d2Nk’n(X) dSHO
x=1

dx? x>

Ny.a (%) do,

d.x d.x
d
X—O

dx 6 dx
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1 1

N —de’”(x)} x (~120e3(e2 —1)%) - {—de’"(x)} (~120(e2 ~1)°)
L dx x=1 d x=0
PNy (x) D ANy, (%) .

+ _—dx3 Ll x(—6e 2 (e2 —1)*) - T . x (=6(e2 =1)*)
&N (%) ol d’Ny, ,(x) 5

+_ dx° L(_e (- oA xzox(_(ez ~1)%) (6.46d)

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (6.41a). That is, to find initial

coefficients we solve the system
DA=G

whose matrices are constructed from

d"Ny ,(x) dN; ,(x)
dx’ dx

d5
];&gLV

, i
d_z[Nk

dx in (X)]

(%)

_d4

d3
d4 ]

n<x>]

[Nk n(x)

e [Nk n(x)] [ i,n(x)]}

d7Nk,n(x) dgo

}dx+

dx=0

(6.47a)

d? d’
l:dx_z [Nk,n (x)]dx_s [Ni,n (x)]:|

x=1

. [Nknu)] v n(xﬂ}

x=1

6
% [Nk, n (x)]% [Ni,n (x)]:l

x=1

(6.47b)

x=0

O ey —

dx’ dx

1 | -8
—2x(T)(e? 1)8[1+(e2 l)x] N (x) |dx

| 4N () a6,
dx* dx’

d* Ny, (x) d%6,
dx? dx’

d*Ny ,(x) 4%,
dx? x>

d°Ny ,(x) d6,
dx6 dx

d°Ny ,(x) d6,
dx© dx

d*Ny () a8,
dx x>
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_ 1 1
n M} x (12073 (e2 -1)%) - {M} (-120(e2 - 1)°)
L dx x=1 dx x=0
PNy (x) D ANy, (%) .
+ dx—3} x (—6e 2 (e2 = 1)) - S x (=6(e2 —=1)*)
L x=1 x=0
_dSNk’n(x) N A’ Ny ,(x) "
+__dx5 ]xl(—e ez -1 - B x_ox(—(ez 1)) (6.47¢)

Once the initial values of the coefficients «; are obtained from eqn. (6.47a), they
are substituted into eqn. (6.46a) to obtain new estimates for the values of «;. This

iteration process continues until the converged values of the unknown parameters

are obtained. Substituting the final values of the parameters into eqn. (6.42), we

1
obtain an approximate solution of the BVP (6.41). If we replace x by (e? —1)x in

u(x), then we get the desired approximate solution of the BVP (6.40).

The maximum absolute errors, using different number of polynomials by the
present method with 5 iterations and the previous results obtained so far, are
summarized in Table 7.

Table 7: Maximum absolute errors of example 7 using 5 iterations.

Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
8 6.910x1077 | 5.915x107/
9 8918x10° | 7.905x10° | 4.44 x10 ~° ( Djidjeli et al [82])
10 9.875x107° | 9.860x107°
11 5.795x1071% | 9.980x107!°

The exact and approximate solutions are depicted in Fig. 7(a) and a plot of the

relative errors are shown in Fig. 7(b) of example 7 for n =11. We observed from

Fig. 7(b) that the error is of the order107°.
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Fig. 7(a): Graphical representation of exact and approximate solutions of

example 7 using 11 polynomials.
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Fig.7 (b): Graphical representation of relative error of example 7 using 11

polynomials.
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6.4 Conclusions

This chapter has been considered to find the numerical solutions of the general
eighth order linear and nonlinear differential equations using Bernstein and
Legendre polynomials as basis functions in the Galerkin method with two
different types of boundary conditions. From the tables we see that the numerical
results obtained by our method are better than the other existing methods. In
addition, Bernstein polynomials yield the better results than the Legendre
polynomials. We may also notice that the numerical solutions coexist with the
exact solution even lower order Bernstein and Legendre polynomials are used in

the approximation which are shown in Figs. [1-7].
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CHAPTER 7
Ninth Order Boundary Value Problems

7.1 Introduction

It is observed that the ninth order BVPs are known to arise in hydrodynamic,
hydro magnetic stability and applied sciences. The literature of numerical analysis
contains little on the solution of the ninth order BVPs. The existence and
uniqueness theorem of solutions of BVP was presented in a book written by
Agarwal [8] which does not contain any numerical examples. Recently, the BVPs
of ninth order have been developed due to their mathematical importance and the
potential for applications in hydrodynamic, hydro magnetic stability. Few
techniques including finite-difference, polynomial and nonpolynomial spline,
homotopy perturbation and decomposition have been used to solve such problems
[82 — 86]. Most of these techniques used so far are well known that they provide
the solution only at grid points. The modified variational iteration and homotopy
perturbation methods have been applied for solving tenth and ninth order BVPs
and twelfth order BVPs by Mohy-ud-Din and Yildirim [87] and Mohamed
Othman et al [88] respectively. Nadjafi and Zahmatkesh [89] also investigated the
homotopy perturbation method for solving higher order BVPs.

The aim of this chapter is to apply Galerkin weighted residual method for solving
ninth order BVPs. In this method, we exploit Bernstein and Legendre polynomials
as basis functions which are modified into to a new set of basis functions to
satisfy the corresponding homogeneous boundary conditions where the essential
types of boundary conditions are mentioned. The method is formulated as a
rigorous matrix form.

Moreover, the formulation for solving linear ninth order BVP by the Galerkin
weighted residual method with Bernstein and Legendre polynomials is presented
in the portion 7.2. Then one numerical example of linear BVP is considered to
verify the proposed formulation and the solution is compared with the existing

methods. We have given the conclusions of this chapter in the last portion 9.4.
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7.2 Formulation using Galerkin method
In this section, we employed the Galerkin weighted residual method with
Bernstein and Legendre polynomials as basis functions for the numerical solution

of a general ninth order linear BVP of the following form:

d’u ddu d’u d%u d u d*u d3u d*u

619 +Clg +a +Cl6 +a +a4—+a3 +a2

dx’ dx® ’ dx” dx 8 : dx? dx dx’ dx?
+a1@+a0u:r,a<x<b (7.1a)

dx

subject to the boundary conditions
u(a)=4,, u(b)=1B,, u'(a)=4,, u'(b)=1B,
u"(a)=4,, u"(b)=B ,, u"(a)=A4s, u"(b) = B,
u™(a)= 4, (7.1b)

Where 4;,i=0,,2,3,4 and B;,j=0123 are finite real constants and

a;,i =0,1,---9 and r are all continuous functions defined on the interval [a, b].

The BVP (7.1) 1s solved with the boundary conditions of eqn (7.1b).
Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (7.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

d’u d8u d’u d%u d>u d*u d3u d*u

c +c +c +c +ci——+4c¢ +c +c
? dx’ 8 dx ! dx’ 6 dx © > dx> 4 dx? 3 dx’ 2 dx?
+clﬂ+cou:s,0<x<1 (7.2a)
dx
1 ! 1 14
u(0)=4,, u'(0)= 4y, ——u'(0) = 4,,
b-a (b-a)
u(l)y=1B 1 u'(l)=1B ;u"(l)—B
0> b—a 1> (b_a)2 2
! u"(0)=A lmmB ! u™ (0)=4, (7.2b)
= a3, = D3, 4 =A4y .
(b-ay’ (b—ay’ (b-a)*
where
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1 1

cy = (b—a)9 ag((b—a)x+a), cg = (b—a)g ag((b—a)x+a),
1 1

7 = (b o = s b=+
1 1

Cs :(b_a)s a5((b_a)x+a)’ Cyq :(b—a)4 a4((b_a)x+a)a
1 1

s == yeslbmara) 2= a(b-ara)

6= a (b= @)+ a), co = ag((b—a)x+a),
-a

s=r((b—a)x+a)
For solving the boundary value problem (7.2) by the Galerkin weighted residual

method we approximate u(x) as
n
0(x)=6y(x)+ D a;N; ,(x), n>1 (7.3)
i=1
Here 6)(x) is specified by the essential boundary conditions, N;,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such that N;,(0)=N,,(1)=0, for each
i=123,...,n

Putting eqn. (7.3) into eqn. (7.2a), the weighted residual equations are

j{c A7 d% d'w 4% % d*m dPn d%
9

+C8 +C7 +C6 +C5 +C4 +C3 +02
0 dx’ dx’ dx’ dx® x> e x> dx?
du -
+ ¢y —+ coul —S:|Nj a,(xX)dx =0 (7.4)
dx ’

Integrating by parts the terms up to second derivative on the left hand side of
(7.4), we have

1

L
d’u dsi d d%i
.([Cg WN],n(x)dx = I:C9Nj="(x)ﬁ:|0 —ga C9Nj’n(x)]dx_8dx

oAl
- —{% oV, (x)]%‘}

[ d’ aw
+Id B [C9Nj,n(x)]7dx[SmceNj’n(O) = Nj,n(l) =0]
0o o X
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0 0

d ]d71,7 1 dz[ 1d 6@7 1 d3[ ]dsﬁ
N ; N - N ; —
d ColV ;. n(x) x7 . dx ColV ;. n(x)J . dx3 C9 j,n(x) dxs

1 d4 d5~
+ ‘([y[@Nj’n(x)];zdx

1

0

—I;@

d* d*i d’ 4’
y[%Nj,n (X)]E:l L, [C9N] n(x)]
0

1 1
d d'w d? 1% d’ 4>
—|coN ; , (x) +| —=|cgN ; ,(x) — coN ; , (xX)|——
9V j,n ] } { 2[9 J.n de6 . dx3[9 J-n ]de

d 0 X

(V)]

dx

d* il L d%
y[ (x)] L __([_[C9Nj,n(x)]ﬁdx

all

1
L d’i d? d%u
om0 7} {—z[cgN]nuﬂ
x 0 X

3 S5~
Jabomolf]

10

1

~

d 2l [ Bl Lasy 1%
y[@l\’j,n(x)]g - ﬁ[C9Nj,n(x) +_|. coN j p(x) [—=-dx
0

Tdx® do 0 dx® x>

dx dx® dx®

dx?

4 4 5 P 1 6 . 2~
ol } {d eonj 0] } {d _cgN,-,n<x>_d—“}
dx 0 dx® 0

0
7 2~
d [ Agm(xﬂié;dx

7

1
d d'w d? 1%
o coN ;. n(x)] 7 L +{¥[09Nj’n(x)1dx6 -

1

7 ~7 8 ”
%[@Nj,n(x)]j—ﬂ [l ]
0

0
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d il [ a2 il T a a5 |
coN; n<x)] T R E ) e i N Y ) e
0 dx’ 0

1 1
d dla | | d? 1d%i 4> d%i
—|egN :  (x + coN ;  (x - coN ;  (x)|——dx
a’x[9 ],n( )de7 :|0 I:dx2[9 ],n( )de6 Idx3[9 ],n( )]dx6

1

0

1

0

1

0
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0
d ] b a2
:__dx[ n(x)] | +£?[cg
i 6~1 [ 2
= __%[CS n(x)] Iy + i ciz [

i 6~1 [ 2
- a [CS n(x)] + dz[
L X 10 L X
1 .4 4~
o e SA e
0

V@] L o olT]
S0 des 0 x> 87 7n dx*
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T
Jj CSN] n(x)]d “ dx
0

]d6ﬁ

Nj,n(x) ﬁdx

1o 3 S~
dii d d’i

N,  (X)fF—1| = |—|gN; ,(x)|—=dx
S ]dx5 '(l;dx3 [ 85 ]dx5

10

0

——ikN(Mf”:-ka~mW%l—ka-mﬁzl
d 8 6 0 a2t g 0 a3 - A 0

d4 1d°%
—lesN; (X))
l:dx4 85 e’ L

0

1
d 1% d* 14
=— —|c N X + C N X
dx[8 ]’n( )de6 L L’xz[g ]’n( )des

1 ,7 ~
- %[CSN Ln(x)]f{—idx

1
d 1% | | d* 147
dx[ 8 J,n( )de6 L lez [ 8 J,n( )des
_ 1
d* S| | d || d° dii
+| — X N (x + N (x)|—
dx4[ n( )] :IO |:dx5 [ 8 j,n( )dez ) dx6 [ 8 ],n( )]dx

1430

5
J-;i [cgN 2 (X)) dx

x>

1 1

d’ d*i
—thhﬂhn@ﬂzgl

0 0

o e 1 P 2l L6 25
+ dx_4[08Nj,n(x)]Ez:|o_|:ﬁ[ n(x)-| :| +J- x [08 ',n(x)]gzdx

0 O

—

1

a3 d4i7_
— N (x)|—
0 {dxa’ [ 8 ]dx4 1o

al!

-0

(7.6)
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1 7~ 6~ 6~
d'u d d d’u
Jer© TN (de=| N (0 j &N, n<x)]
0 dx 0 Od
B I L 2 5~
d d°i d dii
=——|c7N,; ,(X)|——=<| +|—=l|c7N; ,(x)|——=dx
_dx[ 74V j,n ]dxs | _([dxz [ 7Y j,n ]dxs
B ol N 1 3 4
d 1470 d* d*
=——I|c/N; ,(x + X N, (x)|—-dx
dx[ sl )des {dxz[ s )J } ‘([ x3[7 s )]dx4

0 0

d il [ 14 bl & |
5[07]\’]',;1(?6)]6&—5}0 L, [C7N] n(x)J L L [C7N] ]SS x3:|

1 .4 3~
+J d [c7NJ n(x)]d
0

»
+_g[ n<x>]

dx

1 1

a* d%i d’ dii

Ao, ol e, o]
er“ e f’”(x)]dle erS e ]’n(x)]dx}

5~ 1 2 4~ 1 3 3~
- j [C7N] n(x)]d :|O +|::; [C7N] n(x)] . :|0 _|::;’ [C7Nj n(x)]d :|

~ 1 d5
L ,([E[Cﬁ

1 1
d 4 d* 1 45 d’ d’i
=——I|c/N; , (x)|— cN; . (x) — N, (xX)|—=
[7 J>n ]deL L’l [7 J-n J . dx3[7 Jsn ]dx3

d>i
Nj’n(x)]dx—2dx

¢ d° dii
O + '([ﬁ [C7Nj’n (x)]d—z dx

1 6~ 5~ 5~
| c6‘;7”6‘N,-,n<x)dx={ n(x>d } j [c6N,n(x>]d
0
r 4~1 1 2 4s
- Sl | [ ]
L 40 0
d il a2 FE A R PET]
——_5[06Nj,n<x>]dxﬁ'_o+sz [CéNj,n(x)]de L‘!dx eV n(x)] .
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d di] [ 147 s % |
= SleoN - S o) 3 P el

| ax
0

1 .4 2~
+ E‘;%[%Nj’n(x)]%dx

Ol AR i W G e |
64V j,n de4_0 72 61V j,n de3 . e 6V j,n 2

dx

L 0
+_£[CN- (x)]ﬁ_l—jd—s[czv. )] ax (7.8)
_dx4 6 sum dx-o de5 07 m M .

1 5 4s 4s
Jcs‘;TZN,-,n(mdx{ n(x>d } j eV n(x>]d
0

1 1 ;2 3~
d d3i d d>i

= LN | + [ |esN (o) [ ax
l:dx 54Vi.n ]dx3 :|0 _(').dxz[S J.n ]dx3

W 43 d> %+l d’u
= __d csN ;. n(x)] L + {dx [CSNJ n(x)] } ‘l‘d_[CSNJ n(x)]
4 il [ a2 d*i d3 dii
= __d CS 7, n(x)] xu :IO + {dx—z I:C5Nj,n(-x):| dxu j| |:d_ C5NJ n(x)] .L;j|0
1 .4 ~
+ '([% [cij,n (x)]il—z dx (7.9)

1o

dx

d*u d’i d
Ic4 — N a(x)dx = |:C4NJ 2 (%) } J 4N ,(x)
dx dx’ 0 0

" dx? 0 dx?

1 1

d d%i d> dii

— | Z|e,N, Z A SN, s
L'x[c“ f’”(x)]dle erz 2 ]’n(x)]dx:l

0

1 1 ;2 2~
d 1420 d 14%i
:—{—[C4Nj,n(x) } +J._d 5 [c4Nj’n(x)_ dx
0 x

1 3 ~
_I%[%Nj,n(x)]%dx (7.10)
0
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. - 7 1 2
d d”i d d
jC3 —L;Nj,n(x)dx {03]\7] n(X) } I 3N, n(x)] 7
dx dx” dx
0 0 0
d du (d?
B {E[‘%Nj,n(x)] } +I [C3NJ n(x)] (711
L !
42 d du
Z N, d N — —— 2N,
1 ~
d du
(9N du 7.12
'(').dx CZ ]an(x)]dx X ( )

Substituting eqns. (7.5) — (7.12) into eqn. (7.4) and using approximation for #(x)
given in eqn. (7.3) and after applying the boundary conditions given in eqn. (7.2b)
and rearranging the terms for the resulting equations we get a system of eqns. in

matrix form as

8 7 5 -
Di,,=1{m [eol (0] ‘i [cgN,n<x>]+ [c7N,~,n(x)]—iC—5[c6N,-,n<x>_

Njn (x)]— Z; [CzN Jon (x)]+ N (x)

4 3 2
+a;4 [CSNj,n(x)]_:;;_?, [C4Nj,ﬂ(x)]+dxz [C3

xdi[Ni,n<x)]+coNi,n<x>N,-,n<x)}dx— {d o0} [N, o)

o d dx=1
d d’ ! d?

+ E[C9Nj,n(x)]dx—7[Ni,n (X)]_X_O + 2 [C9N] n(x)] [Nl n(X)]_le
d? d6 d? d° |

_I:dx_z [C9Nj,n(x)] i n(x) :|x_0 _|:$ [C9Nj,n(x)]? [Ni,n(x)]_le
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d’ d* d*
+ ] x [C9N] n(x)] ln(x)] 1 +|:y[C9Nj’n(X)]dx_4[Ni’n(X)]:|x1
4 1 |a
- d CSN] n(x)] [Nl n(x)] + dx [C8N] n(x)] [Nl n(x)]:l
L dx=1 L x=0
WE [ WL
+ x C8N] n(x)] [Nl n(x)] - dx [CSN] n(x)] N; n(x)]
L x=1 L x=0
-, _
- dx [C8Nj n(x)] [Nz n(x)]:| _|:j [C7N] n(x)] [Nz n(x)]
L x=1 dx=1
+ K LN, (x)] ds N+ i[qN- (x)]ﬁ[N (x)]_
_d J.n ln Y dx2 J.n dx4 i,n 1
d d4
_|:E [C6Nj,n(x)] i n(x)]:lxl (7-13b)
1 dS d6
Fj —J{SNj,n(x)+{ P [cgN n(x)]+ [08N n(x)] . — [C7Nj’n(x)]
0
5 3 2 4
+% cﬁNj,n<x>]+%[qN,-,Ax)]—%[caNj,n(x)]—%[csN,-,n<x)]
+i[czNj n(x)]—clen(x)}% COHON-n(x)}dx+{i [c N, n(x)]%}
dx ' ’ d dx x=1
d 4 d2 4% d60
__EC C9Nj,n(x):|dx70:|x_0 _I:d 2 n(x)] 0:| |: n('x) O:l .
& 146 __d3 AL, 14|
sl eV )] L N )] } { oN ()] |
4 a0 | | a2 4°6, d d° 90
__dx n(X)] x6 ]xO __dx2 [ n(X)] ]xl +|:dX[ n(X)] dx=1
42 40 &3 d*e, d 46, |
+ _@ I:CSNj’n(X):ICbCSO:lx_O +|:dx3 [ (x)] 0 ]xl —}—l:dx I:C7Nj’n(X):|dx50_x:1
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d d> d? d*o d d*o
{dx[ N} 9)] 0} {)—{dxz[ N 9) 0} l{dx[ Ny
0] PR S| ;

+ x coNj , (x) x(b—a) A 4+ dx_SC9Nj’n(X) x(b—a)’ B ;
L dx=0 dx=1
R ; d° | 5
e @] xG-a A EfeoN, ]| x6-a)B,
| axX dx=0 dx dx=1
e, 0] oo :
+ 709Nj’n(x) x(b—-a)B |+ —609Nj’n(x) x(b-a)“ 4,
L dx=1 L dx=0
_d7 [ _d3 ] A
| eoN L] x-aa-| Sy, ] <-4,
L X dx=0 L dx=0
_d4 ] 3 J4
__?[cgNj,n(x)]_lex(b—a) Byl L lesN;, n(x)] ><(b a)* A
y )
+ %[%Nj,n(x)] x(b-a)’B - { 5[c8N,n<x)]} x(b-a)* 4,
L dx=1 x=0
_d6[ N b—a)B + d6[ N )] b-a)4
- = cg ]n(x) ) ><( a) 708 jon (%) _OX( —a)4d,
‘dz [ ]‘ d3 3
+ ?C7Nj’n(x) x(b— a) Ay ;qun(x) x(b—-a) B
L dx=0 x=1
- )
_ 53[(37]\/]”()6)] x(b—a)’ A+ { c7Njn(x):l x(b—a)*B,
dx=0 x=1
[ ;4
; d_4[c7Nj’n(x)]} x(b-a) Az{d [c7N]n(x)]} x(b—a)B,
L X x=0 dx x=1
5
|4 L len;, n(x)]:l x(b—a)Al—Lli C6Nj’n(x)ﬂ x(b-a)* 4,
L x x=0 X x=0
42 d?
S eeN ]| x-a) Byt N )] <-4,
L x x=1 dx ’ x=0
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3 3
+ E [C6Njn(x)] x(b—a)sz—[d—3[c6Nj’n(x)]} x(b—a)’ 4,
L dx=1 dx x=0
W W
S E N @] x@-@B | E eV, ]| x-a)4,
L x=1 -dx x=0
2 esn 0] xb-a’B - 0] xb-a 45
4’ [ 2 d? 2
| esw; n(x)] x(b-a)* B y+| o [esn ;. n(x)] x(b-a)’4,
L dx=1 _dx dx=0
WE WE
o S fesw n(x)} x(b-a)B-| 5 |esN ;. n(x)} x(b—a)d
L x=1 L x=0
+_%[C4Nj’n(x)]} :1><(b—a)2B2 _j e4N; n(x)]} :Ox(b—a)2A2
WE WE
- e, n(x)]} x(b—a)By +| ey n(x)]:l x(b—a)d
L x=1 _dx x=0
J{i[cN- (x)ﬂ %(b—a)B {i'c N, (x)]} % (b—a)A (7.13¢)
dx 34V j,n —_ 1 dxt 34V j,n o 1 .

Solving the system (7.13a), we find the values of the parameters «; and then

substituting these parameters into eqn. (7.3), we get the approximate solution of

the BVP (7.2). If we replace x by T4 u(x), then we get the desired

approximate solution of the BVP (7.1).

7.3 Numerical examples and results

To test the applicability of the proposed method, we consider one linear problem
which is available in the literature only so far. For the example, the solution
obtained by the proposed method is compared with the exact solution. All the
calculations are performed by MATLAB 10. The convergence of linear BVP is
calculated by
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E =iy 1 ()1, (x)| <5
where u;(x) denotes the approximate solution using n-th polynomials and &

(depends on the problem) which is less than 10712,

Example 1: Consider the following ninth order linear differential equation [86,

87, 88, 89]
9

d—;‘zu—9eX, 0<x<l1 (7.14)
dx

subject to the boundary conditions
u(0)=1Lu1)=0,u'(0)=0,u'(1)=-e,u"(0)=-1Lu"(1) = -2e,u"(0) = -2,
u"(1) = =3e,u'™ (0)=-3. (7.14b)
The analytic solution of the above system is, u(x) =(1—x)e”.

Employing the method given in (7.2), we approximate u(x) as

ﬁ(x)z@o(x)Jan:aiNi’n(x), n>1 (7.15)
i=1

Here 6,(x) =1-x is specified by the essential boundary conditions of equation

(7.14b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

Zn:Di,jaisz,jzl,L...,n (7.16a)
i=1
where
L a® d d d’
D=l 3 V@] N (x)]—N,-,n(x)N,,m)}dx—{a G et (X)]L
d d’ 4> 1d°
+ _E [Nj,n(x)]dx_7 [Ni,n(x) :lx_o + [dx_z [Nj,n(x)_ﬁ[Ni,n (X)]L—l
i dz d6 d3 ; d5
a2 Vil LO - {7 Vi (x)_ﬁ[zvi,nm]L
a4 d’ a* d*
' ﬁ[Nj,nu)]ﬁ[M,n(x)]LO{y[N,-,M]E[Ni,n(x)]L (7.16b)
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1
Fy=[|-9e"N; ,(x)- [N (x )]—+90N ,,(x)}ix
0

| Ly @] <
dx=0 L

5
d_[Nj,n ()C)]:|

P x (=3e)
X

x=1

[ ;6
d_[Nj,n (x)]:l

_dx6

7
‘(- 1){5 [v ]n(x)]}

Solving the system (7.16a) we obtain the values of the parameters and then

x(=2)- x (—2e)

x=1

- s -
- :;_5[Nj,n(x)]

L dx=0

x (—e)

x=1

(7.16¢)

[ 46
+ CZC_6[N],n(x)]:|

x=0

substituting these parameters into eqn. (7.15), we get the approximate solution of

the BVP (7.14).

The numerical results for this problem are summarized in Table 1.

Table 1: Maximum absolute errors for the example 1.

x | Exact Results 12 Bernstein Polunomials 12 Legendre Polunomials
Approximate | Abs. Error Approximate | Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 0.9946538263 | 0.9946538263 | 1.5543122E-015 | 0.9946538263 | 1.4432899E-015
0.2 | 0.9771222065 | 0.9771222065 | 3.9968029E-015 | 0.9771222065 | 3.2196468E-015
0.3 | 0.9449011653 | 0.9449011653 | 3.6637360E-015 | 0.9449011653 | 4.5519144E-015
0.4 | 0.8950948186 | 0.8950948186 | 4.7739590E-015 | 0.8950948186 | 4.8849813E-015
0.5 | 0.8243606354 | 0.8243606354 | 2.2204460E-015 | 0.8243606354 | 3.1086245E-015
0.6 | 0.7288475202 | 0.7288475202 | 4.6629367E-015 | 0.7288475202 | 5.6621374E-015
0.7 | 0.6041258122 | 0.6041258122 | 0.0000000E+000 | 0.6041258122 | 4.4408921E-016
0.8 | 0.4451081857 | 0.4451081857 | 3.1641356E-015 | 0.4451081857 | 3.1641356E-015
0.9 | 0.2459603111 | 0.2459603111 | 3.3306691E-016 | 0.2459603111 | 4.4408921E-016
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand, it is observed that the accuracy is found nearly the order 107'°

in [86], [87] by Wazwaz; Mohy-ud-Din and Ahmed Yildirim and nearly the order
10~ in [88], [89] by Mohamed Othman er al; Nadjafi and Zahmatkesh

respectively.
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In Fig. 1(a), the exact and approximate solutions are given and a plot of relative

errors are shown in Fig. 1(b) of example 1 for n =12. We see from the Fig. 1(b)

that the error is nearly the order 10713

0.8F

Exact.Approximate

m Exact Solution

= = = Bernstein Approx.
© Legendre Approx.

0.2

03 04 05 06 07 08 09 I'X

Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 12 polynomials.

n
L

L5p

Relative Error

0.5F

A
5 3

0.1

= = = Relative Error for Bernstein

Relative Error for Legendre

N O R I faaaty

02

03 04 05 06 07 08 09 I' X

Fig. 1(b): Graphical representation of relative error of example 1 using 12

polynomials.
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7.4 Conclusions

In this chapter, we have used Bernstein and Legendre, the piecewise continuous
and differentiable polynomials as basis functions for the numerical solution of
ninth order linear BVP in the Galerkin method. We find from the table that the
numerical results obtained by our method are superior to other existing methods.
Also we get better results for Bernstein polynomials than the Legendre
polynomials. We claim that any ninth order BVP can be solved with high

accuracy using the method discussed in this chapter.
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CHAPTER 8
Tenth Order Boundary Value Problems

8.1 Introduction

In the literature of BVPs we observe that the higher order differential equations
arise in some branches of applied mathematics, engineering and many other fields
of advanced physical sciences. Particularly eighth, tenth and more even higher
order BVPs arise in hydro magnetic stability analysis. We can also find from a
book written by Chandrasekhar [9] that when an infinite horizontal layer of fluid
is heated from below with the assumption that a uniform magnetic field is also
used across in the same direction as gravity and the fluid is under the action of
rotation, instability sets in. When instability sets in as ordinary convection, the
ordinary differential equation is tenth order. The existence and uniqueness
theorem of solution of BVP was presented in a book by Agarwal [8] without any
numerical examples. Finite difference methods for the solution of such problems
were developed by Boutayeb and Twizell [69], Twizell et al [70] and Djidjeli et al
[82]. Siddiqi and Twizell developed spline solutions for the linear sixth order
BVP in [90] and for the eighth order problem in [71]. Usmani [13] used quartic
splines for the numerical solution of fourth order BVP. Ghazala and Siddiqi [72]
applied nonic spline solution technique for eighth order BVPs. From the literature
we observe that the tenth order BVP has been attempted to solve numerically by a
few researchers, namely, Siddiqi and Twizell [91] solved tenth order BVPs using
tenth degree spline where some unexpected results for the solution and higher
order derivatives were obtained near the boundaries of the interval and Siddiqi
and Ghazala [60] presented the solutions of tenth order BVPs by eleventh degree
spline. Muhammad Aslam Noor et al [94] derived reliable algorithm for solving
tenth order BVPs using variational iterative method. Fazhan and Xiuying [95]
used variational iteration method for the numerical solution of tenth order BVPs.
The modified decomposition method has been used extensively by Wazwaz [80]

for the approximate solutions to BVPs of higher order. Inayat Ullah ef al [96]
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presented the numerical solutions of higher order nonlinear BVPs by new iterative
method.

In this chapter, Galerkin method with Bernstein and Legendre polynomials as
basis functions is applied for the numerical solution of tenth order linear and
nonlinear BVPs for two different types of boundary conditions. In this method,
the Bernstein and Legendre polynomial basis functions are modified into a new
set of basis functions where the Dirichlet type of boundary conditions are
presented and a matrix formulation is derived for solving the tenth order BVPs.
Numerical results of the method are tabulated to compare the errors with those
developed previous.

The formulation for solving linear tenth order BVP by Galerkin weighted residual
method with Bernstein and Legendre polynomials is described section 8.2. Two
formulations are described considering two types of boundary conditions in
sections 8.2.1 and 8.2.2 respectively. Then several numerical examples are given
to verify the proposed formulations in section 8.3 and the conclusions of this

chapter are mentioned in the last portion 8.4.

8.2 Description of the Method
In the present chapter, we extend Galerkin method with Bernstein and Legendre

polynomials as basis functions for the numerical solution of a general tenth order

linear BVP given by
; d10u+a d9u+a d8u+a d7u+a d6u+a d5u+a d4u+a d>u
10 9 8 6" ¢ 4 3
dx!? dx’ dx® ’ dx” dx® : dx® dx* dx>

2

+a2d—g+alﬂ+aou:r,a<x<b (8.1a)

dx dx

subject to the following two types of boundary conditions

Typel: u(a) = 4, u(b) =By, u'(a)=4,, u'(b)=By,
u"(a)=4,, u"(b)=B,, u"(a)= 45, u”(b) = Bj,
u™(a)=A,, u™ (b)=B, (8.1b)

Typell: u(a)=A4,, u(by=B8,, u"(a)=4,, u"(by=1B,,
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u(iv) (a)=A4, u(iv) (b):B4, u(Vi)(a)=A6, M(Vi)(b):B6,

uViD(ay=dg,  uVD(b)=By (8.1¢c)
where 4,,B,,i=0,1,2,3,4,6,8 are finite real constants and a;,i =0,1,---10 and r are
all continuous functions defined on the interval [a,b]. The BVP (8.1) is solved
with both the boundary conditions of type I and type II.

Since our aim is to use the Bernstein and Legendre polynomials as trial functions

which are derived over the interval [0, 1], so the BVP (8.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

. d10u+c d9u+c d8u+c d7u+c d6u+c d5u+c d4u+c d3u
10 dx'? ’ dx’ s dx® 7 dx’ 6 dx : x> ! dx? 3 >
d’u u

+02?+CIE+C()M:S,O<X<1 (823)
1, 1 "

u(0)=4,, u'(0)=4,, —u (0)=4,,
- (b—a)
1 ! 1 "

u(l) = By, u'(1) = By, ———u"()) = By,
- (b-a)

o (0) = A; Lowro-5 — L 0= 4,

(b—ay (b-ay ’ (b-a)*
LI )
——u"(1)=By (8.2b)
(b-a)’
and
1 " 1 (iv)
u(0) = 4o, Su"(0) = 4y, ™ (0)= 44,
(b—a) (b—a)
1 " 1 (iv)
u(l) = By, ~u'(1) = By, —— U™ (1)=B,,
(b—a) (b—a)
(vi) _ 1 (i) _ 1 (viii) _

u (0)=4g, ——u () =5, ——u 7 (0)=4g,
(b-a)f (-0 ‘ (b-a)’ i
ﬁu(”"’) (1) =5 (8.2¢)

—-a
where

184



Dhaka University Institutional Repository

1 1

010=(b_a)10a10((b—a)x+a)a C9=(b_a)9“9((b—a)x+a),
1 1
= b— , = b- ,
cg (b—a)gag(( a)x+a) cq (b—a)7a7(( a)x+a)
1 1
= b- , = b- ,
Co (b—a)6a6(( a)x+a) Cs (b—a)sas« a)x+a)
1 1
04:(b—a)4 as(b—a)x+a), C3:(b—a)3 az((b—-a)x+a),
c2:ﬁa2((b—a)x+a), clzbiaal((b—a)aﬁ—a),
co=aog((b—-a)x+a), s=r((b—-—a)x+a)

For the numerical solution of boundary value problem (8.2) by the Galerkin

method we approximate u(x) as

L7(x):t90(x)+zn:aiNi,n(x),nZl (8.3)
i=1

Here 6(x) is specified by the essential boundary conditions, N;,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such that N, ,(0)=N;,(1)=0 for each
i=123,...,n

Putting eqn. (8.3) into eqn. (8.2a), the weighted residual equations are

1 - - - - - - - -
J~ . d'%% d° a%i d’i a0 4’ d*i a4
10

+C9 +C8 +C7 +C6 +C5 +C4 +C3
0 ax'? ax’ xS dx’ dx® x> e x>
D ~
d“u du -
+tey——+o——+cou =5 |N; ,(x)dx =0 (8.4)
dx dx ’

8.2.1 Formulation I
In this portion, we have derived the matrix formulation by applying the boundary
conditions of type I.
Integrating by parts the terms up to second derivative on the left hand side of

(8.4), we get
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d 4%
ciolN ; , (x)|—=dx
. '([dx 10 ],n( )]dx9

d10~ d9~
JCIOd ]n(x)dx |:C10 n(x) :|

d Bl ¢ d?
=- E[Clon’n(X)]ﬁ + z').dx_z[cw n(x)] dx [Since N n0=N;,1)= 0]

8~1 2 =L 7~
:_i[clo n(x)]d J{%[ﬁo n(x)]d :l_jicj,[ClONj,n(x)]%dx

dx
L 10 0 O

dx

d dsi d? d’i d’ d%i
i —lc10V,, n(x)] LJ{—[Clon,n(X)]ﬁl L, [CION] n(x)] L

4 6~
+J.%[CIO n(x)]d

r 1
d ati d? d’i d? d%i
= — N . = - Z—|e;aN - -
dx clO n(x)] :|0 |:dx2 [Cl() ],n(x)] dx7 :|O |:dx3 [CIO ],n(x)] dx6

1

0

4 5~ 1 5~
+ %[CIONj,n(x)]zx } gd—S[Clon,n(x)]%dx

1

d 485 42 d7i d®i
= e L { e T } { G o }

L 0
WA 45 3 44
+ y[CIONj,n(x)]ﬁ} _{ﬁ [Clon,n(x) } 010 ',n(x)]ydx
L 0
- 1 1 -
d d%i d? d’i d%i
=7 clONj,n(x)]_g:| +|:dx_2[C10Nj,n(x)] { CION] n(x)]
L 0 _0
- .
d* d>i d’ d6 d>i
+| =710V, (X) colNV ; (x) —|c1oN; , () |—~
_dx4 [ 10 ] :|0 l:dx5 [ 104Y j,n dx6 10 j.n ]dx3 I,

1 .7 3~
_ { %[CION j,n(x)]d—zdx

8. 2 T 3 6
—{%[‘ﬁo (x)]d L ij [Clon n(x)]d L L;i [CIONJn(x)]d u}

0
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Wi sil [ il [ ab pea
+ E[Clon,n(x)]E - _[CIONj,n(x)]E O 16 [CION] n(X)]

L Jo Lax 0
7 20T 18 25
- _d—7[cmN,~,n(x)]‘c’17§‘_0 + g Sl ]S

d dSi d? d’i d’ d%i
i ——[c1oNV;, n(x)] LJ{?[CIONM(X)]XZL L, [CION] n(x)] }
I i
+{ﬁ[¢10 (x)] }
I

d> 24|
_{ﬁ [Clon,n(x)]_dx4 }
1
d’ d%i d® dit d’ dit
{g[ﬁoN j,n(x)]%:L { 8 [CloN n(x)]g:| —_[—9[6'101\/ j,n(x)]gdx (8.5)

0
1

_d4[ v ]dsﬁ 1
+ yclo j,n(x)ﬁ

0 0

0

1 9~ 8~ 1 8§~
d’u d°u d d°u
Cg—o N ,(X)dx=|coN; ,(x)—= | —|——|coN ,(x)|—=dx

_('; 9 dx9 j.n |:9 N X . {dx 94V j,n ]dx8

T 2 7~
d 147 d d’i
=——|cgN; ,(X)—=1| +|—=|coN; ,(x)|[—=dx
[ 7 Tdx! 0 !;dxz [ AL ]dx7

| d7a | d2[ 1% | ]d3[ ]d6~
=— —|coN; ,(x + coN;  (x — X
dx 9 ],n( ) . dxz 9 ],n( )de6 ; Idx3 ( )

7
dx 0
d? d%
+ { [c9Nj " (x)] }
dx?

d a7 |
_ {d k9N)n(xﬂ }

0
1

4 5~
[Nl
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|a [ N ]d7z7 L [ v ]d6ﬁ d? [ N ]d5~ :
=l jn(X) o | T g2 o j,n(x)dx—6 L jon (%)

L 0 L 0 0
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Substituting eqns. (8.5) — (8.13) into eqn (8.4) and using approximation for #(x)
given in equation (8.3) and after applying the boundary conditions given in eqn.
(8.2b) and rearranging the terms for the resulting equations we get a system of

equations in matrix form as

n

ZDi’jai:Fj,jzl,Z,...,n (8.14a)
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Solving the system (8.14a), we find the values of the parameters «; and then

substituting these parameters into eqn. (8.3), we get the approximate solution of

the BVP (8.2). If we replace x by )bc—a

in #(x), then we get the desired

approximate solution of the BVP (8.1).
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8.2.2 Formulation II
In this section, we have used the boundary conditions of type II for obtaining the
matrix formulation.
In the same way of section (8.2.1), integrating by parts the terms up to second
derivative on the left hand side of (8.4), and after applying the boundary
conditions prescribed in type I, eqn (2¢), we get a system of equations in matrix
form as
n
YD ;a;=F;,j=12,....n (8.15a)
i=1
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Solving the system (8.15a), we find the values of the parameters «; and then

substituting these parameters into eqn. (8.3), we get the approximate solution of

the BVP (8.2). If we replace x by T4 u(x), then we get the desired

approximate solution of the BVP (8.1).

For nonlinear tenth-order BVP, we first compute the initial values on neglecting
the nonlinear terms and using the systems (8.14) and (8.15). Then using the
Newton’s iterative method we find the numerical approximations for desired
nonlinear BVP. This formulation is described through the numerical examples in

the next section.

8.3 Numerical examples and results

In this section, we consider five linear and two nonlinear problems consisting of
both types of boundary conditions. For all the examples, the solutions obtained by
the proposed method are compared with the exact solutions. All the calculations

are performed by MATLAB 10. The convergence of linear BVP is calculated by

200



Dhaka University Institutional Repository

E =i, (0) =, (x)| < 8
where #,(x) denotes the approximate solution using n-th polynomials and o

(depends on the problem) which varies from 10 ~!'! to 10713, In addition, the
convergence of nonlinear BVP is calculated by the absolute error of two
consecutive iterations such that

~N+1 ~N
Uy, —Uy

<o

where & is less than 1072 and N is the Newton’s iteration number.

Example 1: Consider the linear differential equation [60, 93]

d'"%u
dxlO

(x> =2x)u=10cosx—(x—1)’sinx, —1<x<1 (8.162)
subject to the boundary conditions of type I in eqn. (1b):

u(-1)=2sinl, u(1) =0, u'(-1) = -2cosl—sinLu'(1) =sinL,u"(-1) = 2cos1 —2sin],
u"(1) = 2coslu"(~1) = 2cos1+3sinL,u"(1) = —3sin L,u™ (~1) = —4cos1+ 2sin1,
u™ (1) = —4cos1. (8.16b)

The analytic solution of the above problem is, u(x) =(x—1)sinx.

The equivalent BVP over [0, 1] to the BVP (8.16) is,
1 d'%

70 (2x—1)% =22x =) =10cos(2x - 1) = (2x =) =1)> sin(2x —1),0 < x < |
(8.17a)

u(0) =2sin1,u(1) =0, %u'(O) =-2cosl—sin l,%u'(l) = sinl,%u”(O) =2cosl—2sinl,

%u”(l) = ZCosl,éu”’(O) =2cosl + 3sinl,%u'”(l) =3 sin1,%u<"v) (0) =—4cosl +2sinl,

%u(iv) (1) =—4cosl (8.17b)

Using the method illustrated in (8.2.1), we approximate u(x) as

E(x)z@o(x)+zn:aiNl—,n(x), n>1 (8.18)
i=1
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Here 6,(x) =(1—-x)x2sinl is specified by the essential boundary conditions of

equation (8.17b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n

ZDi,jai:Fj,jzl,z,...,n (8193)

i=1

where

||
O ey —

Lwy n(x>] DV;n( -2 (@x -2 -2Q2x D) N, , (N, n<x>}

o 8
%[Nj,n(x)]%[]vi,n(x)]:l + %[Nj,n(x)] a zn(x)]}

x=1 L

x=0

. [ Am] V0 00] —‘f[,Am] [nuﬂ

_le -

x=0

| d’ d° ] a3 46
_ = v j,n(x)]ﬁ [Ni,n(x)]_le + [— v j’"(x)]ﬁ [Ni,n(x)]:l

x=0

[ [,Mﬂ nm&ﬂ{gﬂ e [,Mﬂ (8.19b)

x=0

P ]d00

9
{210[10cos(2x 1) = ((2x=1)=1) sin(2x 1) 0+ 9[ s

.
o!_,.—

5
+210(2x-1)% —2(2x~ 1), N n(x)}dx{j v n(x)]} (=64 cosl)
x

x=1

_ [ n(x)] (—64cos1+32$in1)—{%[Nj’n(x)]} (—24sin)
X x=1

- x:O

[ ;6 ] 7
+ %[Nj’n(x)] (16c0s1+24sin1)+{%[Nj’n(x)]} (8cos)

dx=0 x=1
[ 47 [ | a8 .
| “ [N, @] (8cosi—8sin)— Lf v ]n(x)]} (2sinl)
L dx=0 x=1
i 48 )
+ E[Nj’n(x)} (—4cos1—2sin1) (8.19¢)
L x=0
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Solving the system (8.19a) we obtain the values of the parameters and then

substituting these parameters into eqn. (8.18), we get the approximate solution of
the BVP (8.17) for different values of n. If we replace x by xT—H in #(x), then

we get the desired approximate solution of the BVP (8.16).

The maximum absolute errors, using different number of polynomials by the
present method are summarized in Table 1.

Table 1: Maximum absolute errors for the example 1.

x | Exact Results 14 Bernstein Polynomials 14 Legendre Polynomials
Approximate | Abs. Error Approximate | Abs. Error
-1.0 | 1.6829419696 | 1.6829419696 | 0.0000000E+000 | 1.6829419696 | 0.0000000E+000
-0.8 | 1.2912409636 | 1.2912409636 | 5.9729999E-014 | 1.2912409636 | 5.6177285E-014
-0.6 | 0.9034279574 | 0.9034279574 | 4.1522341E-014 | 0.9034279574 | 4.4741988E-014
-0.4 | 0.5451856792 | 0.5451856792 | 1.4754864E-013 | 0.5451856792 | 1.3855583E-013
-0.2 | 0.2384031970 | 0.2384031970 | 6.9666495E-015 | 0.2384031970 | 5.3013149E-015
0.0 | -0.0000000000 | 0.0000000000 | 1.7186252E-013 | 0.0000000000 | 1.5987212E-013
0.2 | -0.1589354646 | -0.1589354646 | 6.5225603E-015 | -0.1589354646 | 1.8735014E-014
0.4 | -0.2336510054 | -0.2336510054 | 1.4749313E-013 | -0.2336510054 | 1.4238610E-013
0.6 | -0.2258569894 | -0.2258569894 | 4.1439074E-014 | -0.2258569894 | 5.6316063E-014
0.8 | -0.1434712182 | -0.1434712182 | 5.9979799E-014 | -0.1434712182 | 5.7537308E-014
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand, it is observed that the accuracy is found nearly the order 10~*

in [60] by Siddiqi and Akram and nearly the order107° in [93] by Kasi and Raju

respectively.

Example 2: Consider the linear BVP [93]
d'Ou
dx 10

u(0)=u(1) =0, u'(0) =—-Lu'(1) =sinl,u"(0) = 2,u"(1) = 2cosl,u"(0) = 1,u" (1) = —3sin],

8.20a)

+5u=10cosx+4(x—1)sinx, 0<x<1

u™0)=-4,u™ (1)=-4cos]1. (8.20b)
The analytic solution of the above problem is u(x) = (x—1)sinx.
Using the method illustrated in (8.2.1), we approximate u(x)as
n
H(x)=6y(x)+ D a; N; ,(x), n=1 (8.21)

i=1
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Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

CIrors arc

shown in Fig. 1(b) of example 1 for n=14. It is observed from Fig.

1(b) that the error is nearly the order 10712,

g & e Fxact Solutions
§ 1 = = = Bernstein Approx
X X Legendre Approx.
o
< ust
J
o
A
1ok
_05 1 1 ] 1 1 1 1 1 1 X
-1 08 <06 04 02 0 02 04 06 08 -?

Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 14 polynomials.

X 10

1

Relative Tirror

Fig. 1(b):

== Relative Error for Bernsteln
L =@ Relative Error for Legendse

0 02 04 06 08 I

Graphical representation of relative error of example 1 using 14

polynomials.
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Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(8.20b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n
DD ja;=F;,j=12,...n (8.22a)
i=1

where

1
D,.,jzj [N n(x)] [N DO SNL L ON, (x) |dx
0

i 8 i 8
_%[Nj,nu)%[fvi,n(x)ﬂ + %[Nj,n(m]d—gzv,—,n(x)]}

x=1 L x=0

-, o - |
+ %[Nj,n(x)d_7[Nz,n(X)] - %[Nj,n(x) [ n(x)]

_x:l L —x:0

WL d3 1d°
— E[Nj’n(x) [ n(x)] + g[Nj,n(x)_ﬁ[Ni,n(x)]

dx=1 - dx=0

+_;§[ (x)] < [ <x)]L1 {j}; [Nj,nu)]j; [Nl-,no:)]} (8.22b)

x=0

1 5 .
F;= I[IO cos x —4(x —1)sin x]Nj,n (x)dx + {;_5 _Nj,n(x)]:l x (=4cosl)
! x

x=1

. ) _
__:;_S[Nj’n(x)]}xox( 4)— l:;; [ j,n(x)]_xﬂx(—?ﬁsinl)
B 7
] o b)) <o
__ﬂ[N. W] x2- ﬁ[N. (]| xsinl
_dx7 Jj.n o de J.n .
8
i {% v, (X)]Lo x(=1) (8.22¢)

Solving the system (8.22a) we obtain the values of the parameters and then
substituting these parameters into eqn. (8.21), we get the approximate solution of

the BVP (8.20) for different values of .
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The maximum absolute errors, using different number of polynomials by the

present method and the previous results obtained so far, are summarized in Table

2.
Table 2: Maximum absolute errors for the example 2.
Number of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Bernstein

11 9.791x1072 | 9.791x10™"2
12 6520104 | 6509x10-14 | 7.942x107° (Kasi and Raju [93])
13 3.053x1071¢ | 3.969x107"
14 8326x107"7 | 4996x107"

Figs. 2(a) and 2(b) deal with the exact and approximate solutions, and the relative

errors of example 2 for n=14. From Fig. 2(b) we observe that the error is nearly

the order 10713

1

Exacl, Approxiinale
L
—

1
—
[

L

1
—
L)
]

013 04

e EX001 Sol01ODS
= = = Bernstein Approx
¥ Legendse Approx

Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 14 polynomials.
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0B

i 10

5P = ¥ = Relative Error for Bernstein
E b= Relative Error for Legendre
8
:
q
D
i

03

ol 02 03 04 05 06 07T 08 09

Fig. 2(b): Graphical representation of relative error of example 2 using 14

polynomials.

Example 3: Consider the linear differential equation [87, 93]

10 2

d u_ gev 471 g<y<i (8.23a)
10 2

dx dx

subject to the boundary conditions of type I in eqn. (2b):
u(0)=1Lu(1)=0,u'(0)=0,u'(1)=-e,u"(0)=-1Lu"(1)=-2e,u"(0) = -2,

u"(1) = -3e,u™ 0)=-3,u™ 1) =—4e . (8.23b)
The analytic solution of the above problem is, u(x) = (1-x)e".

Applying the method given in (8.2.1), we approximate u(x) as

u(x)=6y(x)+ Zn:al- N; y(x), n=1 (8.24)
i=1

Here 6,(x) =1-x is specified by the essential boundary conditions of equation

(8.23b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n
YD ja;=F;,j=12,..,n (8.25a)
i=l1
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where

N e S U R
+_%[Nj,n(x)]5788[Ni,n(x)]x0{;6—22[ ]n(x)] [ (x):_x1
__:éééf;V},n(xiiggfpvnn(x>ix_o-—:jgggLwy,n(x)]éé%-bvhn(x)ix_l
1= }vj,nu)]j—;[Ni,n(x)]L (8230

1 5
F;= { {SexN (x){ [ (x)}%[ (X )ﬂ d%}d {%[N j,n(X)]LlHe)
s 5
- ;[N j,n(x)]}xo(%) - {ﬁ [N jun (x)]}

ekw{ v, (mﬂ -2)

x=0
7
+ %[Nj,n (x)]:|

x=1

7
(2@[;[jﬁmﬂ

eu{ggwmwﬂ (~¢)
x=1 x=0 x=1
(8.25¢)
Solving the system (8.25a) we obtain the values of the parameters and then
substituting these parameters into eqn. (8.24), we get the approximate solution of

the BVP (8.23) for different values of x.

Example 4: Consider the linear boundary value problem [91]

d'"

C  xu=—89+2lx+x>—x>)e", —1<x<1 (8.262)
dxlO

subject to the boundary conditions of type II in eqn. (1¢):

u(=1)=u(1)=0, u"(- 1)_— u"(1) = —6e,u™ (- 1)—— u™ (1) = 220e,u" (-1) = 18
e

40

u (1) = —42e,uV D (-1) = == 4V (1) = —72e.. (8.26b)
e
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The maximum absolute errors using different number of polynomials and to

compare with existing methods are shown in Table 3.

Table 3: Maximum absolute errors for the example 3.

X Exact Results 13 Bernstein Polynomials 13 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 0.9946538263 | 0.9946538263 | 1.1102230E-016 | 0.9946538263 | 2.8865799E-015
0.2 | 0.9771222065 | 0.9771222065 | 1.1102230E-016 | 0.9771222065 | 9.4368957E-015
0.3 | 0.9449011653 | 0.9449011653 | 5.5511151E-016 | 0.9449011653 | 6.7723605E-015
0.4 | 0.8950948186 | 0.8950948186 | 4.4408921E-016 | 0.8950948186 | 6.5503158E-015
0.5 | 0.8243606354 | 0.8243606354 | 2.2204460E-016 | 0.8243606354 | 1.2767565E-014
0.6 | 0.7288475202 | 0.7288475202 | 7.7715612E-016 | 0.7288475202 | 4.3298698E-015
0.7 | 0.6041258122 | 0.6041258122 | 2.2204460E-016 | 0.6041258122 | 8.3266727E-015
0.8 | 0.4451081857 | 0.4451081857 | 3.8857806E-016 | 0.4451081857 | 9.1593400E-015
0.9 | 0.2459603111 | 0.2459603111 | 3.3306691E-016 | 0.2459603111 | 2.9976022E-015
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand the accuracy is found nearly the order 107° in [87] by Mohy-

ud-Din and Yildirim and in [93] by Kasi and Raju respectively.

We depict the exact and approximate solutions in Fig. 3(a) and a plot of relative

errors in Fig. 3(b) of example 3 for n=13. From Fig. 3(b) we observe that the

error is nearly the order 10713

PR
a
£
30.6'
3 e Exact Solutions
Cogk « = = Bemsteln Approx
g ¥ Legendre Approx.
ED.Z-
0 1 1 ] 1 1
0l 02 03 04 03 06 07 08 09

Fig. 3(a): Graphical representation of exact and approximate solutions of

example 3 using 13 polynomials.
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= % = Relative Frror for Bernstein
== Relative Exror for Legendre

—
[ol=]
w

Relative Errorx
::::-
[

oL 02 03 04 05 06 07 08 09

Fig. 3(b): Graphical representation of relative error of example 3 using 13

polynomials.

The analytic solution of the above problem isu(x) = (1— x? Ye*.

The equivalent BVP over [0, 1] to the BVP (8.26) is

10
%0 % —(2x-Du=—89+212x-1)+(2x=1)> —2x=1)})e®> D 0<x<1 (8.27a)
2 X
1 21 1 4 1
0) =u(1) =0, ~u"(0) = =,~u"(1) = ~6¢,—u™(0) = ==, —u™ (1) = ~20e,
u(0) =u(l) 4u() e4u() et 0) e (D e

1 40 1

13 1 i) (viii) (viii)
—u "’ (1)=—42e,—u 0)=—,—u D=-"72e 8.27b
) 256 () Y- ) ( )

1o
—u (0)=—,
64 © e’ 64

Applying the method given in (8.2.2), we approximate u(x) as

(x)=0y(x)+ iai N u(x), n>1 (8.28)
i=1

Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(8.27b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n
DD, ;a;=F;,j=12,..n (8.29a)
i=1
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9
d—g[N ,-,n(x)]j—x[Ni,nm]—210(2x—1>N,~,n<x)N j,n<x>}dx

+

d2 " . d7 I T d7
—_— _Nj,n(x)_g[Ni,n (x)] T, 2 .Nj,n(x)_y[Ni,n (x)]:|x0

_ - x:l -

+ _4Nj,n(x) [ n(x)] B _4N]a”(x) [ ”(x)]

L dx=1 L dx=0

- [ i 3 |
) V0 8 Y

_le . —x:1

d® d Ao
+{M[Nj,n(x)] e [Ni,n(X)]l_l—{ N;. n(x)] [ ln(x)]} (8.29b)

8L
dx x=0

210 [— (89 +212x - 1)+ 2x - 1% = (2x = 1)})e®* D ]N o (x)dx

[ d [ d 256 x 40
] s a2
(_ 64 x 18)
e
(%)
x=0 ¢

« (§j (8.29¢)
e

X

3 [ ;3
v j,n<x)]} (~64 x42¢) - j—3[Nj,n<x>]}

x=1 L x=0

R
d_s[Nj,n (x)]:|

dS
” (=16 x 20¢) — Ll [jn(x)]}

x=1

7
% [Nj, n (x)]:l

7
x (=24¢) + {:;—7 v, (x)]}

x=1 x=0

Solving the system (8.29a) we obtain the values of the parameters and then

substituting these parameters into eqn. (8.28), we get the approximate solution of

the BVP (8.27) for different values of n. If we replace x by XTH in u(x), then

we get the desired approximate solution of the BVP (8.26).

In Table 4, we tabulate the maximum absolute errors to compare with the

previous results.
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Table 4: Maximum absolute errors for the example 4.

Number of Max. Abs. Max. Abs.
Polynomial | Error for Error for Reference Results
used Bernstein Legendre
11 7.684x107° | 7.684x107°
12 5316x10~'1 | 520510711 | 0.5163x107 (Siddigi and Twizell [91])
13 7.196x10712 | 4714107
14 9.615x10™ | 3.106x107'3

Example 5: Consider the linear BVP [91]

d'%
dxlO

u=-10(2xsin x —9cos x),

-1<x<1

(8.30a)

u(~1) = u(l) =0, u"(~1) = ~4sinl+2cosl =u"(1), u™ (~1) = 8sin1 - 12cosl =u™ (1)

u (=1)=-12sin1+30cos1 =1 (1), 1" (1) =16sin1 - 56 cos 1 =u ") (1) .

(8.30b)

The analytic solution of the above problem is u(x) = (x2 —1)cosx.

The equivalent BVP over [0, 1] to the BVP (8.30) is,

1 4%

2Ta,1oJr

u(0)=u(1) =0, —u "0)=— u”(l) —4sinl+2cosl,— Te

1

4900
64 0=

u=-102(2x —1)sin(2x —1) - 9cos(2x —1)),0 < x <1

4

u" (1) =—12sinl +30cosl,— !
256

(8.31a)

(W)(O) (W)(l) 8sinl—12cosl
(1) =16sin] — 56cosl

(vm) (0)
256
(8.31b)

Employing the method mentioned in (8.2.2), we approximate u(x) as

u(x)=6y(x)+ Zn:al-

i=1

N; (%), n=1

(8.32)

Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(8.31b). Now the parameters «; (i =1,2,

n

ZDla] al' =Fj,j=1,2,...,n

i=1

.,n) satisfy the linear system

(8.33a)
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We illustrated graphically the exact and approximate solutions in Fig. 4(a) and the

relative errors in Fig. 4(b) of example 4 for n=14. It is clear from Fig. 4(b) that

the error is of order 10~

4

e Fxact Solutions
= = = Bernstein Approx
X Legendie Approx

lixact, Approximate
[
L]
T

_051 1 1 ] | 1 1 [l 1 1 ?X

-8 06 04 02 0 02 04 06 03

Fig. 4(a): Graphical representation of exact and approximate solutions of

example 4 using 14 polynomials.

s Relative Error for Bemstein
= = = Relative Error for Legendse

Relative Tirror
— =
e .

—
[ ]

A

0 b 4
-1 08 <06 04 02 0 02 04 06 08

Fig. 4(b): Graphical representation of relative error of example 4 using 14

polynomials.

213



Dhaka University Institutional Repository

where

1 9
Pu=] vl ] 2w v j,n<x)}zx

+ _;C—Zz [N,-,n(x):j?i[zvi,n(x)]_x] - _5722 v j,n(x):%[Ni,n(x)]}xo
. ZC_‘: [Nj’n(x):sts[Ni’n(x)]:x_l - 572 [Nj,n(x):sts[N,.,n(x)]Lo
; _5766 v j,n(x)]j—; V.., (X)]L - _5766 v j,n(x)]j—; [N, (X)]L
{ j; ol Iy ’n(x)]L _B; N, @) [N,-,n(x)]L0 (8.33b)

1
F; = jzlo [-10(2(2x = )sin(2x —1) = 9 cos(2x — 1)) ]N ;. , (x)dx
0

Lol

x(256 x16sin1—256 x56 cos 1)+{d3
X

x(256 x16 sin1—256 x56 cos 1)—[% [Nj’n(x)ﬂ
x=l

1 0

3

[Nj’n(x)]} x(~64 x12 sinl+64 x30 cos 1)
x=1

d? d’
_ d—3[Nj,n(x)] (=64 x12 sin 1+ 64 x30 cos 1)+ d—S[Nj’n(x)]
X x=0 * x=1

5
><(16><8sin1—16><120031)—{d—S[Njn(x)]} x (16x8sin1 —16x12cos1)
dx ’

x=1
d’ d’
+|—=|N; ,(x) x(—=16sinl +8cosl)—| —|N; ,(x) x(—16sinl +8cosl)
dx7 S dx7 Jsn

(8.33¢)
Solving the system (8.33a) we obtain the values of the parameters and then

substituting these parameters into eqn. (8.32), we get the approximate solution of
. 1. -
the BVP (8.31) for different values of n. If we replace x by % in u(x), then

we get the desired approximate solution of the BVP (8.30).
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The maximum absolute errors, shown in Table 5, are tabulated to compare with

existing results

Table 5: Maximum absolute errors for the example 5.

x | Exact Results 13 Bernstein Polynomials 13 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error
-1.0 | 0.0000000000 | 0.0000000000 | 3.3865378E-023 | 0.0000000000 | 0.0000000E+000
-0.8 | -0.2508144154 | -0.2508144154 | 1.3156143E-014 | -0.2508144154 | 2.6040281E-013
-0.6 | -0.5282147935 | -0.5282147935 | 5.5178084E-014 | -0.5282147935 | 5.7065463E-013
-0.4 | -0.7736912350 | -0.7736912350 | 6.0951244E-014 | -0.7736912350 | 6.4326322E-013
-0.2 | -0.9408639147 | -0.9408639147 | 3.5638159E-014 | -0.9408639147 | 7.9802831E-013
0.0 | -1.0000000000 | -1.0000000000 | 1.1568524E-013 | -1.0000000000 | 9.9997788E-013
0.2 | -0.9408639147 | -0.9408639147 | 4.0856207E-014 | -0.9408639147 | 7.9791729E-013
0.4 | -0.7736912350 | -0.7736912350 | 6.4614980E-014 | -0.7736912350 | 6.4348527E-013
0.6 | -0.5282147935 | -0.5282147935 | 5.6288307E-014 | -0.5282147935 | 5.7054361E-013
0.8 | -0.2508144154 | -0.2508144154 | 1.1768364E-014 | -0.2508144154 | 2.6040281E-013
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the contrary the maximum

Twizell [91]is 0.9090 x107>

absolute error has been found by Siddiqi and

In Figs. 5(a) and 5(b), the exact and approximate solutions, and the relative errors

of example 5 for n =13 are depicted respectively. We see from Fig. 5(b) that the

error is nearly the order 107!

i

Exacl, Approxiinuale
L
"
v

1
—_
1

[ -08

wms [t Solntions

= = = Bemstein Approx
¥ Legendre Approx

204 06

08

Fig. 5(a): Graphical representation of exact and approximate solutions of

example 5 using 13 polynomials.
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mf= Relative Error for Bermsteln
¥ Relaive Ermorfor Legendre

IRclarivce Hrror
2
w

-4

Fig. 5(b): Graphical representation of relative error of example 5 using 13

polynomials.

Example 6: Consider the tenth-order nonlinear differential equation [93]
4%, ) d_3u
dx'®  ax®

subject to the boundary conditions of type I defined in eqn. (2b)

=2¢u?,0<x<1 (8.34a)

u(0) =1, u()=e ", u'(0)=-Lu'(l)=—e " ,u"(0)=Lu"() = e " ,u"(0) = -1,
u"y=—e ' u®™ 0)=1,u®™ 1)=¢". (8.34b)

The exact solution of this BVP is u(x)=¢ *.
Consider the approximate solution of u(x) as
n
H(x)=6y(x)+ Y a; N; ,(x), n>1 (8.35)
i=1
Here 6,(x) =1—x(1—e_1) is specified by the essential boundary conditions in
(8.34b). Also N; ,(0)=N; ,(1)=0 foreach i =12,...,n.

Using eqn. (8.35) into eqn. (8.34a), the Galerkin weighted residual equations are
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d10~ d3 5
| 0 —F—z 72 Ny (X)dx =0,k =12,-,n (8.36)
0

Integrating 1% and 2™ terms of (8.36) by parts, we obtain

1 1 1

Idl‘“N () = |:de,11()€)61’81/7:| +{dsz,n(x)cﬂa] l:d3Nk,n(x) d%}
10 “Vk,n -

d 0 0 0

0 dx  dx® x> dx’ d’ dxb

1 1 1 1
d*Np ) @i | | Nt | | AN B | | AN () dPi
+ 4 5] 5 i | T 6 3] 7 2
dx dx 0 dx dx 0 dx dx 0 dx dx 0

d8N LN
" kn(x)d~ I kn(x)du dx (837)
x 0 X
0
L 3 Ny () dit | VAN, (%) di
j—3Nkn(x)=—’—— +j—g“—dx (8.38)
5 ’ dx dx 0 dx dx

Putting eqn. (8.37) and (8.38) into eqn. (8.36) and using approximation for u(x)
given in eqn. (8.35) and after applying the conditions given in eqn. (8.34b) and

rearranging the terms for the resulting equations we obtain

n |l 9
S IH_ Nia(x) d Nkn(x)} 1) g e N (N ()

b dx’ dx dx

N 8. 8 a7
—22%-(M-,n<x>N,~,n<x>Nk,n<x>>ex]dx_["’%<x>d Nl’n@] +Wc,n<)c>ol N,,noo}
" =l x=0

dx dx® dx dx®

REEAE) d7Ni,n<x)} _[dsz,n(x) d7N,~,n<x>] _[dm,n(x) d6N,~,n<x>]
x=1 x=0 x=1

i dx’ d? dx’ x> ax®

ENen@ dNiy@ || d N PNy ) || Ny Ny ||
a ad a  adY at ax ’
x=0 x=1 x=0

dx’ dx ? dx 8

1 9 2
d’°N, (x) d°N, ,(x dN, . (x) 48
:I kon( )+ k,n (%) d90+26?026xNkn(x)]dx+ k,n(X) d °6,
0 dx ’ dx o
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[N atey| | N0 dley || 4Nk a6,
dx  ax® | dx? dx’ dx? dx’
- x=0 x=1 x=0
N0 d% || N d%, || d N ) ag
dx’ dx® dx’ dx® dx* dx’
- x=1 x=0 - x=1
d*Np(x) d°0, d> Ny, (x) LN )
+ | — xe —|———
dx dx > dx > dx?>
L x=0 x=1 dx=0
a®N n (X d®N a (X d'N nx_
~ k,6 (x) ‘(e )+ k,6 (x) )+ k,7 (x) o]
dx dx dx
L x=1 x=0 dx=1
d7Nk,n(x) dSNk,n(x) -1 de,n(x) -1
ol T | X(—e ' )—| ———— (—e )
dx dx dx -1
L x:O )C=1 X
dN; ,(x d3N, (x
o Den® | H Ve | (8.39)
d 8
X _ dx
x=0 x=0
The above equation (8.39) is equivalent to matrix form
(D+B)A=G (8.40a)

where the elements of 4, B, D, G are a;,b; ;. ,d; yand g, respectively, given by

1[ 9 2
d°Np,(x) d>Ni,(x)|dN; ,(x)
d; = j { dx;’ . = } ’d Z —40pe* N ,(x)Ny._, (x) | dx
0_
(AN, ) N, | [dN (0 d BN, ) &N ,(x) d"N; ()
— 2 t + > > + 9 bl
dx o 1 dx dx® . dn? dx’ 1
PN N ) || N @) ANy @) || d N () d N, ()
ax’ dr® ax b a ax’
L x=1 x=0 x=0

d4Nk, n (x) dsjvl',n (x)

it

d*N; ,(x) d°N; ,(x)

ax’

L1

d* x>

L

n 1
B ==2¢; [ (N s (N, (IN_, (x)) e dx
J=1 0
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1 (9 2
d " Niw(x) d N ()| dby 02 ANy (%) d °9
= L 2 +26,e"N, dx + 2 0
o ! { dx® dx? ar O 0C k’"(X)] ) dx® |
L x=1
N atey | [Nk a0, | N () a6,
dx dx 8 B dx? dx’ dx’? dx’
L x=0 x=1 x=0
PN @ day | | N0 a0 || 4N () a6,
dx? dx dx? dx dx dx?
L dx=1 x=0 x=1
d*Ny ,(x) d>6, d°Ny_,(x) LN )
* 4 5 * 5 xe - 5
dx dx dx dx
L dx=0 x=1 x=0
AN, (x d°N,  (x d'N 2 (x
B k,6n( ) X(—e_l)-l- k,6n( ) (_1)+ k,7 (%) Xe_l
dx dx dx
L x=1 x=0 x=1
_d7N X d8N X d®N X
_ k,7n( ) _ k,8n( ) x(—e_1)+ k,gn( ) (1)
dx dx dx
L x:O x=l )C=O
dN; ,(x dN; ., (x
_| Pen®) (e H+ Wen ) (-1) (8.40d)
dx B dx B
x=1 x=0
The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (8.34a). That is, to find initial

coefficients we solve the system

DA=G

(8.41a)

whose matrices are constructed from

d Ny, i) _d 2Np () | N, (x)

ANy, (x) d°N; ,(x)

ol
0
[de,nm doN, , )
+
dx dx 8

d*Ny ,(x)d'N, , (x)

> dx’

dx ?

] .
x=0

dx dx®

.

fdxH

d’Ny ,(x)d"N,; ,(x)

.

dx? dx’
| PN () dON, ()
e’ dx®
x=0 x=0

219



o =]

0

Dhaka University Institutional Repository

{d“Nk,nm dSNi,n<x>] [oﬂNk,n(x) dﬁNl-,n(xﬂ
_|_ —_—
le x:l

dx? dx’ x> dx®
d4Nk n(x) dSNi n(x)
- p ’4 d’S (8.41Db)
X x 0

dx dx  dx®

td N, () dsz,n(X)}dQO {dzvk,nu) %, | {de,nm d%ﬂ
+ dx+ -
. x:l x=0

dx’ dx? dx dx 8

dx 8 2 dx’ dx? dx’

_den(x)dgeo} [dszn(x)d790] N dsz,n(x)d76’0]
x=1 x=0

dx® dx? dx>

3Nkn(x)d 90} [ 3Nkn(x)d 00] _[d“Nk,n(x)dSeO]
x=0 x=1

4Nkn(x)d 90} [ SNkn(x)

-1 dSNk,n (x)
X e -
dx?
x=1 x=0

dx dx

[ 6 | 6 7
N, | (_el){d Nk,g,(x)] (_1)+[d Nk,7n<x>} -
x=1 x=0 x=1

dx®

a7 | d® d®
Nia() { Nk,noc)} e { Nk,n(x)] o
x=0 x=1 x=0

dx” | dx® ax’
M} (—e N+ {M} (1) (8.41¢)
dx rel dx x=0

Once the initial values of «¢; are obtained from eqn. (8.41a), they are substituted

into eqn. (8.40a) to obtain new estimates for the values of «;. This iteration

process continues until the converged values of the unknown parameters are

obtained. Substituting the final values of the parameters into eqn. (8.35), we

obtain an approximate solution of the BVP (8.34).

Numerical results for example 6 are shown in the following Table 6.
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Table 6: Numerical results for example 6 using 6 iterations

Nunber of Max. Abs. Max. Abs.
Polynomial Error for Error for Reference Results
used Bernstein Legendre
10 43801078 | 4.163x107%
11 7.680 x 10—9 7.564 x 10—9 5722><10_6 (Kasi and Raju [93])
12 5315x1071% | 3.625x1071°
13 7.160x10712 | 4.600x107!!

Example 7: Consider the tenth-order nonlinear differential equation [80, 87, 88,
89]

10
Z S=ule ™, 0<x<I (8.422)
X

subject to the boundary conditions of type II in eqn. (2¢):

u(0) =1, u(l)=e,u"(0)=1Lu"1)=e,u™ 0)=1,u™ 1) = e,u (0) =1,
u™ (1) = e, (0) =1,u" (1) =e. (8.42b)

The exact solution of this BVP is u(x) = e”.
Consider the approximate solution of u(x) as
n
H(x)=6y(x)+ Y a; N; ,(x), n>1 (8.43)
i=1
Here 6,(x)=1-x(1-e) 1is specified by the essential boundary conditions in
(8.42b). Also N; ,(0)=N; ,(1)=0 foreach i =12,...,n.

Using eqn. (8.43) into eqn. (8.42a), the Galerkin weighted residual equations are

il @'
j —ii%e™ | Ny y(x)dx =0,k =12,-,n (8.44)

Fig. 6(a) depicts the exact and approximate solutions and the relative errors are

shown in Fig. 6(b) of example 6 for n =13. We see from Fig. 6(b) that the error is

nearly the order 1071,
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Fig. 6(a): Graphical representation of exact and approximate solutions of
example 6 using 13 polynomials.
il
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Fig. 6(b): Graphical representation of relative error of example 6 using 13

polynomials.
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Integrating first term of (8.44) by parts, we obtain

1

1 1
L1057 AN () @%7 | | d*Ne w0 a7 | | PNy, (x) a%
I 10 Vi (X) =~ g | T 2 70~ 3 6
o dx ’ dx dx® | dx dx dx dx
0 0
-4 1 5 1 y 1 ; 1
d"Ny (%) d°i d”° Ny, (x) d*i d°Ny . (x) &3 d'Ny ,(x) d*i
+ 4 51 5 . 6 3] 7 2
dx dx dx dx dx dx dx dx
L 0 0 0 0
(BN di | N () di
T s - [ (8.45)
dx dx 0 0 dx dx

Putting eqn. (8.45) into eqn. (8.44) and using approximation for #(x) given in
eqn. (8.43) and after applying the boundary conditions given in eqn. (8.42b) and

rearranging the terms for the resulting equations we obtain

N () AN, ()

dx’

~200€ " N, , ()N ()= ;(N; (N, ()N, (x))e”™

d’N ,(x)d "N, ,(x)

i dx’

d* Ny ,(x) °N ()

et ax’

L
L

=

dsz,n(x) d7Ni,n(x)

d? dx’

dx=0
d°Ny ,(x) &N, ,(x)

® o

1

x=1

.
L

x=0

d*Ny ,(x) &N, ,(x)

it x>

d°N; ,(x) &N, , ()

dx® x>

|

N () AN () || AN () N () “'=i 4Ny (x) dy
d® dx dd dx ! dx’ dx
x=1 x=0 0
d’N,  (x) 47 d’N, . (x) 47 d*N, () &5
+9026_xNkn(x)]dx— k,zn( )d 970 N k,zn( )d 20 _ ka( )d 950
| dx dx dx dx dx dx
x=1 x=0 x=1
N a0y | | ANk dPey || 4Nk () a6,
dx dx? dx © x> dx dx’>
- x=0 x=1 x=0
) d*Ny (%) 6, . d*Ny (%) 46, . AN, (%) . AN ,(x) ]
] S dx . ad  dx . d | | dx |
N, () d*Ny () ANy, (x) &Ny, () |
+ —3 xXe+ —3 + —’5 xe— ’5
dx dx dx dx
L x=1 x=0 x=1 dx=0
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d7Nk,n(x)

dx’

d7Nk,n(x)

dx’

(il

The above equation (8.46) is equivalent to matrix form

(D+B)A=G

(8.46)

(8.47a)

where the elements of 4, B, D, G are a;,b; ;. ,d; yand g, respectively, given by

1

d°N, (x)dN: (x d’N, (x)d’N. (x ]
di,k:J. _ k,n( ) l,n( )_280€_x]\]i’n(x)Nk,n(x) ]dx+ k,n( ) l,;l( )
A x d o ax |
2 7 ] 4 5 4 5 ]
_ d Nk,n(x)d ]vi,n(x) + d Nk,n(x)d ]Vi,n(x) _ d Nk,n(x)d ]vi,n(x)
dx* dx’ drt dx’ drt dx’
x= L x=l —X=
N, PN @ | [ dON ) PN (0 &N (@) N, ()|
+ 6 ’ - 6 ’ + B ’
dx dx’ dx dx’ dx dx
L dx=1 L x=0 dx=1
_dSN x)dN:  (x
_ k,g( ) l,n( )] (8.47b)
dx dx
L x=0
n 1
B == [(N; ()N, (XIN ,(x)) e dx (8.47c)
J=l 0
L d°N; (%) dé d’N, ,(x) d"g d*Ni, () d"g,
2 :J‘ k,9 ( ) 0 +0026_xNkn(x)]dx— k,2 ( ) 70 N k,2 ( ) 70
0 dx dx ' dx dx dx dx
- x=1 x=0
AN ey | [N aey | [ 4N () ag
dx* dx?> dx? dx? dx x>
- x=1 x=0 x=1
LN doy | | Nk (0 d0y || 4N () do
dx x> dx® dx dx® dx
L x=0 x=1 x=1
_de,n(x) de,n(x) d3Nk,n(x) d3Nk,n(x)
+ d— xXe— d— H— Xe+| ———
* x=1 * x=0 dx x=1 dx x=0
_dSNk,n(x) dSNk,n(x) d7Nk,n(x) d7Nk,n(x)
H Xe—| ——— H Xe—| ——=—
dx dx dx dx
L x=1 x=0 x=1 x=0
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The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (8.42a). That is, to find initial
coefficients we solve the system
DA=G (8.48a)

whose matrices are constructed from

o dN () dN g, () d* Ny, () d "N, (x)
di . :j - 5 ]dx + 3 7
dx dx dx dx .
xX=

d*N () d'N, ()
dx dx’

it dx &t dx’

[d“Nk,n<x) dSNi,n(X)] [d“Nk,nu) dSNi,n(x)]
+ —_
x=0 x= x=0

| d°N () d3N,~,n<x)] [dﬁNk,nm d3N,-,n<x)] {d Ny () dN n(x)]
+ - +
x= x=0 x=1

b a’ d® a’ bd dx

8
_[d N (%) dNi,n(x)] (8.48b)
x=0

xS dx

1 9Nk n(x) A0y , | d°Ni,(x)d8, d*Ny ,(x) d79,
,[ dx — 2 7 + 2 7

dx dx dx | dx dx
X= xX=

0
[ d*Ny. n(x) d 90]
5

0
6Nkn(x>d 90] lgNkn(x)dHO} +[d8Nk,n<x>d90]
x=1

d4Nk ) de |
4 dx5
x=0

dx

de n(x) de n(x)
T

3Nk,n(x) d3Nk,n(x)
| Xe+| ———"0——
dx

x=1

+ SNk n(x) SNk n(x)
i dx’

[d7Nk n(x)] _d7Nk n(x):l
+| —— Xe—| ———
x=1 x=0

dx’
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Once the initial values of «¢; are obtained from eqn. (8.48a), they are substituted
into eqn. (8.47a) to obtain new estimates for the values of ¢;. This iteration

process continues until the converged values of the unknown parameters are

obtained. Substituting the final values of the parameters into eqn. (8.43), we

obtain an approximate solution of the BVP (8.42).

Numerical results for example 7 are shown in the following Table 7.

Table 7: Numerical results for example 7 using 6 iterations

x | Exact Results 12 Bernstein Polynomials 12 Legendre Polynomials
Approximate | Abs. Error Approximate | Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 1.1051709181 | 1.1051709181 | 2.5979219E-014 | 1.1051709181 | 1.6084911E-012
0.2 | 1.2214027582 | 1.2214027582 | 7.0188300E-013 | 1.2214027582 | 1.3298251E-011
0.3 | 1.3498588076 | 1.3498588076 | 2.6412206E-012 | 1.3498588076 | 5.0746074E-012
0.4 | 1.4918246976 | 1.4918246976 | 5.0834892E-012 | 1.4918246976 | 7.1547213E-012
0.5 | 1.6487212707 | 1.6487212707 | 6.2061467E-012 | 1.6487212707 | 6.2061467E-012
0.6 | 1.8221188004 | 1.8221188004 | 5.0610627E-012 | 1.8221188004 | 2.9898306E-012
0.7 | 2.0137527075 | 2.0137527075 | 2.6179059E-012 | 2.0137527075 | 1.8429702E-013
0.8 | 2.2255409285 | 2.2255409285 | 6.9233508E-013 | 2.2255409285 | 6.5281114E-014
0.9 | 2.4596031112 | 2.4596031112 | 2.5757174E-014 | 2.4596031112 | 1.6604496E-012
1.0 | 2.7182818285 | 2.7182818285 | 0.0000000E+000 | 2.7182818285 | 0.0000000E+000

In Figs. 7(a) and 7(b) we have given the exact and approximate solutions, and the

relative errors of example 7 for n =12. From Fig. 7(b) we observed that the error

is nearly the order10™'2.

}

[
L]
L3

[ ]
L]

Exact, Approximatc
Tn

s Exact Solutions
= = = Bernstein Approx
¥ Legendre Approx.

0.1

02 03

04 03

038

TR

Fig. 7(a): Graphical representation of exact and approximate solutions of

example 7 using 12 polynomials.

226



Dhaka University Institutional Repository

== Relative Error for Bernstein
=== Relative Error for Legendre

e

Relative lirror
T_wd

[}

oL 02 03 04 03 06 08 09

Fig. 7(b): Graphical representation of relative error of example 7 using 12

polynomials.

On the other hand, it is observed that the accuracy is found nearly the order 107°
in [80], [87] and [89] by Wazwaz; Mohy-ud-Din and Yildirim; Nadjafi and
Zahmatkesh respectively and nearly the order10™® in [88] by Mohamed Othman

et al.

8.4 Conclusions

In this chapter, we have solved tenth order linear and nonlinear BVPs numerically
by the Galerkin method. We have used both the Bernstein and Legendre
polynomials as basis functions for two different types of boundary conditions. We
see from the tables that the numerical results obtained by our method are superior
to other existing methods. Also, we get better results for Bernstein polynomials
than the Legendre polynomials. It may also note that the numerical solutions co-
exist with the exact solution even lower order Bernstein and Legendre

polynomials are used in the approximation and are shown in Figs. [1-7].
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CHAPTER9

Eleventh Order Boundary Value Problems

9.1 Introduction

The eleventh order BVPs is presented due to their mathematical importance and
the potential for applications in numerous fields of science and engineering.
Agarwal [8] derived the theorems stating the conditions for the existence and
uniqueness of solutions of such BVPs while no numerical methods are included
there in. In the literature of numerical analysis the eleventh order BVPs have not
taken much attention. He [97, 98] applied Variational iteration technique for
solving nonlinear initial and BVPs. Siddiqi et al [99] used Variational iteration
technique to obtain numerical approximations for eleventh order BVPs there by
converting the original problem into a system of integral equations. Very recently
Amjad Hussain et al [100] derived the numerical solutions of eleventh order
BVPs using differential transformation method.

This chapter is considered for an application of Galerkin method for the numerical
solution of linear and nonlinear eleventh order BVPs with Bernstein and Legendre
polynomials as basis functions. In this method, the basis functions are modified
into a new set of basis functions which vanish at the boundary where the essential
type of boundary conditions is mentioned and a matrix formulation is derived for
solving the eleventh order BVPs. Results of some numerical examples are
tabulated to compare the errors with those developed before.

Moreover, the formulation for solving linear eleventh order BVP by Galerkin
weighted residual method with Bernstein and Legendre polynomials is presented
in section 9.2. Then several numerical examples are given to verify the proposed

formulation in section 9.3 and the conclusions are illustrated in section 9.4.

9.2 Matrix Formulation
In the present chapter, the numerical solution of eleventh order BVP is derived by
the Galerkin method with standard (Bernstein and Legendre) polynomials as basis

functions. The problem has the following form:
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; d“ua d10u+a d9u+a d8u+a d7u+a d6u+a d5u+a d*u
— —c 4
! dx!! 10 dx'0 ? dx’ s xS ’ dx’ ¢ dx$ > dx? dx?
3 2
+a3M+a2Q+alﬂ+aou=r,a<x<b (9.1a)
dx’ dx? dx

subject to the boundary conditions

u(a)=4, u(b)=B,, u'(a)=4y, u'(b) = By,
u"(a)=A4,, u"(b)=B,, u"(a)=A45, u" (b)=Bj,
™ (@)=A,, u™ (b)=B,, u®(a)=4; (9.1b)

where 4;,i=0,1,2,3,4,5 and B;,j=01234 are finite real constants and

a; ,i=0,1,---11 and r are all continuous functions defined on the interval [a,b].
The BVP (9.1) is solved with the boundary conditions of eqn. (9.1b).

Since our aim is to use the Bernstein and Legendre polynomials as trial functions
which are derived over the interval [0, 1], so the BVP (9.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

. d“u+c d10u+c d9u+c d8u+c d7u+c d6u+c d5u+c d*u
! ! 10 dx1° ? dx’ 8 dx® ’ dx’ 6 dx © : > ! dx?
du d’u u
+C3§+02F+q;+cou=s,0<x<l (923)
u(0)=4 ! u'(0)=4 ! u"(0)=4
= 0> = 1> _— = 25
b-a (b-a)?
u(l)=A8 ! u'(ly=AB ;u"(l)—B
0> _ 4 1> (b_a)2 2
1 | | ;
u"(0)=45, u"(1) =B, u™ (0)=4,,
(b-a)’ (b-ay (b-a)*
o 1 0B 1 5 O=4s (9.2b)
—a —a
where
1
cllzﬁall((b—a)xﬂz), cm:(b)loalo((b—a)x+a),
—a —a
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co = (b—la)9 ay((b—a)x+a), cg = (b_la)g ag((b—a)x+a),
¢y = (b_la)7 a,((b—a)x+a), co = (b—la)6 as((b—a)x+a),
5= _1a)5 as((b—a)x+a), A=y _la)4 ay(b—a)x+a),
=5 _la)3 as((b—a)x+a), 2= _1a)2 a,((b—a)x +a),
¢ = iaal((b—a)xm), co = ao((b—a)x +a),

s=r((b—a)x+a)
To solve the boundary value problem (9.2) by the Galerkin method we

approximate u(x) as
n
0(x)=0y(x)+ Y a; N; ,(x), n=1 9.3)
i=1
where 6,(x) is specified by the essential boundary conditions, N; ,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such that N;,(0)=N;,(1)=0, for each
i=123,...,n

Putting eqn. (9.3) into eqn. (9.2a), the weighted residual equations are

1 ~ ~ ~ ~ ~ ~ ~ ~
' d'% d°n AT d’i d° d>ii d*i
J 1 +C7 +C6 +C5 +C4

+c +C +C
0 !l 10 ax'? ’ dx’ 8 dx® dx’ dx® dx> e
3~ 2~ ~
dx dx dx ’

Integrating by parts the terms up to second derivative on the left hand side of
(9.4), we get
1 11~ 10~ 1 10~

d u du d du
Icll pai N; , (x)dx = l:clle,n(x)—dxlo L —J— Clle,n(x)]—dxlo dx

0 5 dx
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1 A1 1
d d°i d? dSi d? d’i
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1 1 -1
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+{_dx4 [Clle,n(x)]—dx6 L —{ﬁ[cu n(x)] 7| + ;[CnN, n(x)]_4 i
1 ,7 4~
d d’u
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'([dx7 [ HE o ]dx4
=— d — eV, (X)) s 1+ d2 [c N, (x) JEAL 1— ﬁ[e N ; (x)-aﬂﬁ_1
_d 114Y j,n dx9 0 114Y j,n dx8 . dx3 114Y j,n _dx7 1y
1 1 -1
d* i1 [ a d i d® d*i
+| — 11N, (x)|—— 1N (%) + ciNi ,(X)|—
_dx4[“ Jj.n 'dx6_ |:dx5 114V j,n ] . [11 n dx4_0
d7 L &ii
- [011 W= | + I— [011 (x)]
i i/ dx o de
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1 1
d 4% d? a8 d? d’i
=~ —|e N, (x + —=lep N, D)~ —| —=xlnN;,(x)|—
_d 11 ]n( )] x9 :lo |:dx2[11 j,n( )]dx8 j|0 l:dx_o,[ll ],n( )]dx7 )y
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d d°u d? sdil a3 a7 |
b —len vy, n(x)] + _z[clle,n(x)]_g —3 [011N] n(x)]
i 0 dx dx 0 dx _0
- -1
a* d% d’ a5 | d6 d*i
+| —|c 2 (X) c (x) N (X)) |—
Lol } |l ISE | | b olE |
d7[ Nl 35 1 dg[ v ]dzﬁ 1 d9[ v ]dﬁ 1
—_ eV, n(x)J 0+ s (%) el 0— st jon(X) o 0
1 ;10 ~
d du
+|——=|c;{N; ,(x)|—dx 9.5
'([dxlo[ll j,n( )]dx 9.5)
1 10~ 9~ 1 9~
du d d d’u
clo—=N; ,(x)dx=|c|oN; (x) — | —|cioN; ,,(x) dx
{ 10 dxlo j.n |: 104Y j,n . ‘([dx 104Y j,n ]dxg
1
d a%i 2 abi
= e CIONJ n(x)] +I 3 [CION] n(x)]dx8 dx
L
d b | d’i d? d’i
1% —lc1oN j, (%) [ P { 3 [CION] n(x)] ] _J.g[clon,n(x)]dﬂ dx
L | 0 0
- 1 1
d a8 d? d’i d? 4%
= __E[CIONj,n(x) } lez [CION] n(x)] L —{g[ﬁo]\’j,n(x)] G O

1d4
+£d)c_4

d%
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0
4 5~ 1 55
<l Amd} F%hoan
0 0

dSi d? d’i d’ d%i
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1

6N
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0
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0 0
d—t[clon,n(x)]dS } {f 10 ',n(x)]%‘rzzlJr,:[jTi[Cw i n(X)
%t[clon’"(x)]i’xz L - {z; [Clon,n(X)]%:l; + :%66 [Clon,n(x)]%L
—i%[cmNj,n(x)]%dx
%[Clon,n(X)]dS } {cf [CION] n(x)]d;ﬂl —_5733[010]\’,-,”(?5):
i 0 0
_d_:[clo (X)J } fos c1oN j,n (%), f;il:ll +_5766[010Nf’”(x):
0 L
_5777[010 n(x)]dzN} +j). cfs 10N, (¥)] fbcidx

7 2!
{;kwwmﬁgL{ hmgﬂi}

4
d_4[010

dSN dS
(x)] L les
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R }

0

d9
ax’

Lo

0 0
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1 O~ 8§~ 1 1 8~
d’u d’u d d’u
cg—=N;: (x)dx=|cogN; ,(x)—| —|—|coN; ,,(x)|——dx

B ~T 1 ;2 7~
d 147 d d’i
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- 1 1
d 1d i d* 1% &> 4
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0 0 0
1 .4 S5~
d d’u
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d* di d’ d*i
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Wi [ ]d4i7 LT [ 147 boLgs [ ]d317
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e AL X dx’ TN x> J(; dx® AL x>

4
L d. 0 L 0
- 1 r -1
d d’i d? d®i d’ d>i
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W, [ ]d7z7 LT g2 [ ]d6ﬁ PR [ ]dsﬁ_l
B PG VAR L B N PG VAo k- B DA S VRO il
dx 9 j,n( ) dx7 . dx2 9 j,n( ) dx6 . 9 j,n( ) dx5

W [ ] a4 | & [ ]d31/7 NPT [ ]dzﬁ
+ coN ; (x) coN ; . (x) +| ——|coN; , (x)|[—=
ax* O 0 x> o x> 0 dx® O dx?

B do
_ Lo
d’ dil d® dit
- ﬁ[cng’"(x)]EL + { ﬁ[%N j,n(x)]adx (9.7)
dSU d7~ d d7L7
chgNj,n(x)dx = |:CS n(x) :IO '([dx C8Nj,n(x)]dx—7dx

6~ 1 2 6~
d [ (x)]d +I%[€8Nj,n(x):|6a{xz dx
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1

0 0 0

1 .4 4o
+ ‘([%[cgNj’n(x)]i’Tde

1
d d% d? 4’ d? d*i
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- dd C8N] n(x)]d v |:d_2[CSNj,n(x)]Zx—z:|0 l:cjx [CSN] n(x)]d :|0

%

- 3 s 2N 6 2~
+ %[Cij,n(X)]Zx {d_s[cs (X)Jd } I;;[ (x)]d

0 O

235



Dhaka University Institutional Repository

|
—

1 1
d d®i d? d>i d? d*i
T CgNjn(X)] x6} +|:dx_2[CSNj,n(x)]dx—5:| —l:ﬂﬁ[cij,n(X)]Cbc—L;
L 0 0 10
gt [ ]d3ﬁ st [ ]dzﬁ b as [ ]dﬁ_l
+| — N, , (X)) |—=| —| —=<|gN; ,(X)|—=| +| —=|cgN; ,,(x)|—
_dx4 87 Jm x> 0 dx> 85 Jn dx? 0 dx® 85 Jn d. Jo
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s~ 1 2 5~
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0
Putting eqn. (9.5) — (9.14) into eqn. (9.4) and using approximation for u(x) given
in eqn. (9.3) and after applying the boundary conditions given in eqn. (9.2b) and
rearranging the terms for the resulting equations we get a system of equations in

matrix form as

n

DD ja;=F;,j=12...n (9.15a)
i=l1

where

10 8 7
Di,j - I{|:j 10 [Cll n(x)] [CIO ',n(x)]+%[C9Nj,n(x)]_%[08]vj,n(x)]
0

6 5 4 3
+CZC—6[C7NJ-,,1(X)]—ZC—S[%NLH(x)]+:;—4[cij’n(x)]—;i—3[c4Nj’n(x)]
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x= x=1
d 4
e, )| x-ay a5 { C7N]n(X)] x(b-a)' B,
-x=0 dx=1
d2 1] | 3
Clen,e] <6-a A;;{ N ] x(b-a)B;
1x=0 dx=1
43 | 5
LN, @] xb-ay a5 N x(-a’B,
x=0 x=1
4
d4[c7N]n(x)} x(b—a) A2+[d5[c7N],n(x)]} x(b—a)B,
d. dx

x=1

c7N] n(x)]:l x(b—a)d + {j_x[%Nfan(x)ﬂ <(b-a)*B,

d

o

d3[

3 C

d4[

d

C5N] n (x)]:|

x=1

N (x)] x(b—a)* A ﬁ[%N. W]| xp-a)’B;
_d 0 dx? o1

dx=0 —)C:l

] 3 ]
Nj,n(x)] x(b—a)’ A5+ {d—3 6N, 0] x(b-a)B,
=0 dx

- x:l

4
x(b—a)zAz {d [C6N] n(x)]} x(b—-a)B
dx*

x=1

6Nj,n(x)]:|

x=0

dx=1

_4C6Nj,n(x)]} x(b—a)Aﬁ[j—x[cSNj’n(x)] x(b—a)’B 4
x=0

3 d* 2
x(b-ay d3-| eV, @] xb-a)B,
dx

dx=1

x=0
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2 | 3
+ %[cij,n(x)] x(b—a)* 4+ {% [C5Nj,n(x)]} x(b—a)B
- Hx=0 x=1
_ - _ ]
- _; [CSNj,n(x)]_xzo X (b - a)A 1+ |:E[C4Nj’n()6):|}x:1 X (b — a)zB b
i [ 2
_ j_x[%Nj’n(x)ﬂ x(b—a)ZAz_ %[@Nﬁn(x)]} x(b—a)B
) x=0 = x=1
B d> _
+ _dx_z I:C4Nj’n(x):| . X (b — Cl)A 1T _E C3Nj’n(X):|:|x:1 X (b — a)Bl
- % [C3Nj,n(x)ﬂ x(b-a)4, (9.15¢)
— x=0

Solving the system (9.15a), we find the values of the parameters «; and then

substituting these parameters into eqn. (9.3), we get the approximate solution of

the BVP (9.2). If we replace x by )bc—a

in u(x), then we get the desired

approximate solution of the BVP (9.1).

For nonlinear eleventh-order BVP, we first compute the initial values on
neglecting the nonlinear terms and using the system (9.15). Then using the
Newton’s iterative method we find the numerical approximations for desired
nonlinear BVP. This formulation is described through the numerical examples in

the next section.

9.3 Numerical examples and results
To test the applicability of the proposed method, we consider two linear and one
nonlinear problems. For all examples, the solutions obtained by the proposed
method are compared with the exact solutions. All the calculations are performed
by MATLAB 10. The convergence of linear BVP is calculated by

E =i, (0) =, (x)| < 8
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where u;(x) denotes the approximate solution using n-th polynomials and &

(depends on the problem) which is less than10713. In addition, the convergence of
nonlinear BVP is calculated by the absolute error of two consecutive iterations
such that

~N+l ~N
Uy —Uy

<0

where 6 <10™"%and N is the Newton’s iteration number

Example 1: Consider the linear differential equation of eleventh-order [99, 100]
d'lu
Al

subject to the boundary conditions

u(0)=1Lu(l)=0,u'(0)=1Lu'(1)=-2e,u"(0)=-1u"(l) = -6e,u"(0) = —

=-22(5+x)e*, 0<x<1 (9.16a)

u"(1) =-12e,u™ (0) = -11,u™ (1) = =20e,u (0) = -19.. (9.16b)
The analytic solution of the above problem is, u(x) = (1—-x2)e*.
Using the method given in section (9.2), we approximate u(x) as
n
i(x)=60y(x)+ Y a; N; ,(x), n>1 9.17)
i=1
Here 6,(x) =1-x is specified by the essential boundary conditions of equation
(9.16b). Now the parameters ¢; (i =1,2,...,n) satisfy the linear system
n
DD ja;=F;,j=12,...,n (9.18a)
i=1
where

L[ ;10 9
D = [| s V@l N, (x)]—N,-,n<x>N,~,n<x>} dx—[% [Nj,n<x>]j? v, (x)]}

10
oL dx

B 9
+ ac,l_x[Nj,n(x)];i_g[Ni,n (X)]:|x_0 +|: [N] n(x)] [Nz n(x)]:|

x=1

x=1

__Z;[ ,n(x>] [N,n<x)]}x0{f[ jon (X )] [N,n(x)]}

x=1
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{ [l [Nlnoc)]}
ol o]

xo{;%[ Vi@l v, (x)]}

5 5
_|:% [Nj,n(x)]% []Vl,n (x)]:l (9 18b)

x=1

x=1

x=0
‘ d' do

Fy=[1-226+ )N, (0)- { e )]} 0+€0Njn(x)}dx
0

. 6 i
- :;C—S[N i (x)]} (-19) - {2—6 V]| (-200)
x=0

Jdx=1

-6 -
SO R TN
dx x=0 x=1

. i .
; ZC—7[Nj’n(x)] (—12e)—{;€—7[Nj,n(x)]} (-5)

L dx=1 x=0
[ ;8 ]
+ ZC_S[Nj,n(x)_:| (- l){ [N, n(x)]:| (—2e)
L x=0 x=1
_ ﬁ[N. (x)]_ (9.18¢)
ax® " " =0 '

Solving the system (9.18a) we obtain the values of the parameters and then
substituting these parameters into eqn. (9.17), we get the approximate solution of

the BVP (9.16) for different values of .

Example 2: Consider the linear BVP [99, 100]
d'y
!

u(0)=1,u(1)=0, u'(0)=0,u'(1) =—2cosl,u"(0) = —3,u"(1) = 4sin1 — 2 cos1, u"(0) =0,

+u= 22(5sinx+xcosx)+(1—x2)(sinx+cosx), 0<x<l1 (9.19a)

u"(1) = 6sin1+6cosl,u™ (0) =13,u™ (1)= -8sin1 +12cosL,u™ (0)=0 . (9.19b)

The analytic solution of the above problem is, u(x) = (1— x? )cosx.
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The maximum absolute errors, using different number of polynomials by the

present method and the previous results obtained so far, are summarized in Table

1.

Table 1: Maximum absolute errors for the example 1.

x | Exact Results 14 Bernstein Polynomials 14 Legendre Polynomials
Approximate | Abs. Error Approximate | Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.0000000E+000
0.1 | 1.0941192089 | 1.0941192089 | 1.3322676E-015 | 1.0941192089 | 2.4424907E-015
0.2 | 1.1725466478 | 1.1725466478 | 4.4408921E-016 | 1.1725466478 | 1.9984014E-015
0.3 | 1.2283715149 | 1.2283715149 | 1.1102230E-015 | 1.2283715149 | 3.3306691E-015
0.4 | 1.2531327460 | 1.2531327460 | 6.6613381E-016 | 1.2531327460 | 5.1070259E-015
0.5 | 1.2365409530 | 1.2365409530 | 4.4408921E-016 | 1.2365409530 | 8.8817842E-016
0.6 | 1.1661560322 | 1.1661560322 | 8.8817842E-016 | 1.1661560322 | 4.8849813E-015
0.7 | 1.0270138808 | 1.0270138808 | 2.2204460E-016 | 1.0270138808 | 6.2172489E-015
0.8 | 0.8011947343 | 0.8011947343 | 9.9920072E-016 | 0.8011947343 | 2.1094237E-015
0.9 | 0.4673245911 | 0.4673245911 | 5.5511151E-017 | 0.4673245911 | 3.1641356E-015
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand, it is observed that the accuracy is found nearly the order

1072 in [99] by Siddigi e al and nearly the order 10'® in [100] by Amjad

Hussain et al

Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

errors are shown in Fig. 1(b) of example 1 for n=14. It is observed from Fig.

1(b) that the error is nearly the order107 4.

U
a
£
¥
g .
& e Fxict Solutions
< = = = Bemstein Approx
G 0Sp ¥ Legendre Approx
E
0 1 1 1 1 1 1 1
0 ol 02 03 04 03 06 07

Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 14 polynomials.
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5 e Relative Error for Bermstein
= Relative Error for Legendre

Relative Tirror
oo

0.3

oL 02 03 04 05 06 07 08 09

Fig. 1(b): Graphical representation of relative error of example 1 using 14

polynomials.

Employing the method mentioned in (9.2), we approximate u(x) as

(x)=0y(x)+ iai N u(x), n>1 (9.20)
i=1

Here 6,(x) =1-x is specified by the essential boundary conditions of equation

(9.19b). Now the parameters ¢; (i =1,2,...,n) satisfy the linear system

Zn:Di’jaisz,jzl,L...,n (9.21a)
i=1
where
© 10 9 _
2y jxm V@ v, <x>]+Ni,n<x>N,~,n<x>}dx—[gc Vi ] 53 0) }
I At (| L P i |
_dx j.n dx9 i,n 1 dxz J.n dxg i,n I

r d2 d8 ) d3 d7 -
_ _dx_2 [Nj,n(X)]E [Ni,n(x)_:lxo {; [Nj’n(X)]dx_7 [Ni,n(x)]

dx=1
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d3 d7 ; d4 d6
N {E V.., (x)]dx—7 [N, (x)} + [w v, (x)]ﬁ V.., (x)]}

x=0 x=1

(9.21b)

W d° 43 43
- Q[Nj,m)]ﬁ[fvi,n(x)] O—{ﬁ[zv,-,nu)]g[zvi,n(x)]}

L dx= x=1

le
dklo

dx

"
I
o'—,»—a
—~—

:22(5 sin x + xcos x) + (1— x> )(sin x + cos x)]Nj,n (x) { [Nj,n (x)]}%

6

—eon,n(x)dx}{% [Nj,n(x)]}

6

x(—SSinl+12cosl)+{%[Nj,n(x)]} x13
X

x=1 x=0

[ d | . d° .
n dx—7[Nj,n(x)] x (6sin1+6cosl)— E[Nj’n(x)] x (4sin1—2cosl)
- x=1 x=1
s

-3 (—2cosl)
dx®

x=1

v jun )] (9.21¢)

dx=0

9
x(—3)+{%[fvj,n(x)]}

Solving the system (9.21a) we obtain the values of the parameters and then
substituting these parameters into eqn. (9.20), we get the approximate solution of
the BVP (9.19) for different values of x.

The maximum absolute errors, shown in Table 2, are listed to compare with
existing results.

Table 2: Maximum absolute errors for the example 2.

Number of Max. Abs. Max. Abs.
Polynomial | Error for Error for Reference Results
used Bernstein Legendre
12 7669x1071 | 7.669x107!!
13 282651014 | 8848x10-14 | 5.148x107'% (Siddigi et al [99])
14 555110716 | 2442x10715 | 9.560x 107" (Amjad Hussain et al [100])
15 8.882x1071° | 2.220x107!°

We have shown the exact and approximate solutions in Fig. 2(a) and the relative

errors in Fig. 2(b) of example 2 for n=15. It is found from Fig. 2(b) that the error

is of the order10~'% .
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Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 15 polynomials.

1 * 15

w=t= Rclative Error for Bemstein
1k === Relative Error for Legendre

Relative Tirror

0l 02 03 04 05 (b J 08 09

Fig. 2(b): Graphical representation of relative error of example 2 using 15

polynomials.

Example 3: Consider the following nonlinear differential equation [99]

d'u

— =1 1(cosx —sinx) — x(cosx +sinx) —u? +x? (1-2sinxcosx), 0<x <1 (9.22a)
dx
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subject to the boundary conditions

u(0)=0,u(l)=sinl —cosl, u'(0)=—Lu'(1)=2sin1,u"(0)=2,u"(1) =sin1 + 3cosl,

u"(0) =3,u"(1) = —4sinl + 2 cosl,u'™ (0) = —4,u™ (1)= =3sin1 - 5cosL,u" (0)=-5..

(9.22b)
The exact solution of this BVP is u(x) = x(sinx —cosx).
Consider the approximate solution of u(x) as
n
H(x)=0y(x)+ Y. a; N; ,(x), n>1 (9.23)

i=1
Here 6,(x)=1+x(sinl—cosl-1) 1is specified by the essential boundary

conditions in (9.22b). Also N; ,(0)= N, ,(1)=0 for each i =1,2,...,n.

Putting eqn. (9.23) into eqn. (9.22a), the Galerkin weighted residual equations are

| 11~
J‘{Z fll +ii? —1l(cosx—sinx)+x(cosx+sinx)—x2(1—ZSinxcosx)}Nk,n(x)dx =0
ol dx

(9.24)
Integrating 1*' term of (9.24) by parts, we obtain

1 1 1
Lyl ANy (x) d%% d* Ny, (x) a8 >Ny, (x) d"i
Jo T Vw0 == p o | T 2 . 3 7
0 dx X dx 0 dx dx 0 dx dx 0
=1 - 1 1 1
N d*Ni o () d% || AN () @ . ANy, () ai || 4N @
ax’ dx® dx> dx> dx® ax* dx’ dx>
do L 0 0 0
4 - 1
+ dgN"’”(x)dzf‘ _ dgNk»"(x)@ +j—d10Nk’”(x)@dx (9.25)
A’ . d’  dx . 0 A0 dx '

Using eqn. (9.25) into eqn. (9.24) and using approximation for #(x) given in eqn.
(9.23) and after applying the conditions given in eqn. (9.22b) and rearranging the

terms for the resulting equations we obtain

n ‘[leNk,noo dN;,, (%)

Z ,[ dxlO

no 1
200Ny (N w9+ Dt [ (N (N, (N, () ||l
i=l| o 0

=
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| W@ ANy () | N (@) AN () | AN () AN ()
dx dx’ dx dx’ dx? dx®
L x:l x:0 X:1
| PN N ) | N () AN () | AN () 4N ()
dx2 de abc3 dx7 abc3 dx7
L x:o le )CZO
d*Nip(x) d°N; (%) d* Ny ,(x) d°N;_,,(x) ANy, (x) d° N, (x)
* 4 6 B 4 6 B 5 5 @
dx dx dx dx dx dx
.le x:o x:l

1°Nk n(x) d6,
dx

{2

— x*(1-2sin xcos x)}]Nk,n(x) "‘[

d*Ny ,(x) d*g,
dx? xS

+

ANy ,(x) 479,

d*Ny ,(x) d%g,

d*N . (x) d%g,

dNy . (%) d °8),
dx’

dx? dx®

L dx=1 L dx=0

N [d“Nk,n(x) d°6,
x=1

} _{de,n(x) d°6,
x=1

+[d3Nk,n(x) 476,

—0)° Ny (x) + {x(cos x +sin x) — 1 (cos x —sin x)

dx dx

L.
.
§

x> dx’

dx’ dx’ . dx* dx® dx? dx®
L d—o L |
- k’Sn(X) y 6"50 h k—sn(X) x(=5)— Lgu) x(=3sinl—5cosl)
dx dx dx dx
- x=l x=0 x=l1
+ LQ(X) x(—4)+ —k’7n =) x(—4sinl+2cosl) - —k’7" ) x3
dx dx dx
- -x=0 x=1 x=0
- —k’g(X) x (sinl+3cosl) + Lg(X) x 2+ Lg"(x) x (2sin1)
B Jx=1 x=0 x=1
d°N,  (x
[—k’gn ( )} x(=1) (9.26)
dx
x=0
The above equation (9.26) is equivalent to matrix form
(D+B)A=G (9.27a)

where the elements of 4, B, D, G are a;,b; ;. ,d; yand g, respectively, given by
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1] ;10 9
d Nk n(x) dNin(x) de n(x)d Nin(x)
d., = d 2 + 26N N dx — 2 2
i,k _([ dxlo 0 1,n(x) k,n(x)] X dx dx9
L x=1
(AN, (x) d O N, (%) d>Nyp(x) d*N; ,(x)
+ +
dx dx ? 0 dx2 dx8 |
L x= dx=
PN, N, ] [N, dTN, ()]
a’x2 dx8 dx3 dx7
- _x=0 - —x=l
N, d N ]| [d*N () dON ) ]
+ +
a’x3 dx7 dx4 dx6
L dx=0 L Jdx=1
d* Ny, (x) d°N; (%) d° Ny (x) d° Ny, (x) ©27b)
dx4 dx6 dx5 a’x5 '
x=0 x=1
n 1
B = 20, [ (N} (N, (XIN () dx (9.27¢)
j=1 0

d 1ONk,n(x) dHO

10 ol 002Nk’n (x)+ {x(cosx +sin x) —11(cos x —sin x)
X X

8k =

{

—x? 1-2 sinxcosx)}}\fk’n (x)dx+ {

d* Ny, (x) a9,
dx? dx®

Ny, (x) d79,
dx’ dx”’

d° Ny, (x) d°0,

dNy. ,(x) d°8,

d* Ny, (x) a9,
dx? dx®

d*N, ,(x) 4%,

x=1

dx’

dx> dx>

1

x(—3sinl —5cosl) +{

d
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+ [
x=1

L
R

dNy. ,(x) d°8,
dx dx’

|

d*Ny (%) d79,
dx> dx’

L.
.

d*N, ,(x) 4%,

L.

dr dx® dx* dx®
x=0 L -
dSNk,n(x) d6Nk,n(x)
- — x (=5) — —
dx dx
x:l —x:() le
6 [ ;7
N d'N
M x (—4) + ﬂ x (—4sinl+2cosl)
dx® dx’
x=0 L x=1



d7Nk,n(x) 8

dx’

L1

dgNk,n(x)

dx’

d Nk,n(x)

] x(2sin1)—{
x=1
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] x2
x=0

(9.27d)

dSNk,n(x)

8

e dx

} x(sinl+3cosl) +[
x=1

] x (1)
x=0

d9Nk,n ()C)

x9

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (9.22a). That is, to find initial

coefficients we solve the system

DA=G

(9.28a)

whose matrices are constructed from

d "Ny ,(x) dN, Non

,kj

dx
0

le

d*Ny,(x) d*N; (%)

d? dx®

ANy ,(x) d'N; ,(x)

x> dx’

d*Ny ,(x) d°N, ,(x)

dx? dx®

{d
ol

Nia(x) Ny (%)

x> dx>

me n(x) by,

dx

—x2(1- 2sinxcosx)}]1\/k’n(x)dx+{

IE

d* Ny, (x) a8,
dx? dx®

e,

| AN, () d°N; () AN ,(x) d° N, ,(x)
+
dx dx9 dx dx9
x=l1 x=0
2N, () AN, () ]
dx? dx®
x=1 L J4x=0
(PN, () AN, ()]
+
> dx’
x=1 L dx=0
(4N, (1) dON,, () ]
dx* dx®
x=1 L dx=0
} (9.28b)
x=1
cosx +sinx)—11(cosx —sin x)
de,n(x) d 990 _ de,n(x) d 990
dx’ | dx  dx’ |
x=1 x=0

Npa(x) d7g,
x> dx’

Nia(x) a8,
dx? dx®

R
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_ d3Nk,n(x) d790 _ d4Nk,n(x) d690 d4Nk,n(x) d690
dx> dx’ ax’ b dx? dx
L x=0 x=1 x=0
d’ Ny, (x) d%0, d> Ny, (x) d°Ny , (x)
+ 5 5 T s x(=5) - 6
dx dx dx dx
L x=1 x=0 x=1
d°N, a(x d'N, ,(x
x (=3sinl —5cosl) + %() x (—4) + #() x (—4sinl +2cosl)
o x=0 o x=1
4Ny, () d*N (@) | d*N ()
- o Er— x(sinl+3cosl)+ — %
dx dx dx
L x=0 x=1 x=0
_dgN X d°N X
+ #() x(2sinl)— #() x (1) (9.28¢)
dx . dx 0

Once the initial values of «; are obtained from eqn. (9.28a), they are substituted

into eqn. (9.27a) to obtain new estimates for the values of «;. This iteration

process continues until the converged values of the unknown parameters are

obtained. Substituting the final values of the parameters into eqn. (9.23), we

obtain an approximate solution of the BVP (9.22).
Numerical results for example 3 are shown in the following Table 3.

Table 3: Numerical results for example 3 using 6 iterations

X Exact Results 13 Bernstein Polynomials 13 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error
0.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 5.3209018E-027
0.1 | -0.0895170749 | -0.0895170749 | 9.7560848E-015 | -0.0895170749 | 9.7977182E-015
0.2 | -0.1562794494 | -0.1562794494 | 1.0380585E-014 | -0.1562794494 | 1.0602630E-014
0.3 | -0.1979448847 | -0.1979448847 | 2.9445890E-013 | -0.1979448847 | 2.9437563E-013
0.4 | -0.2126570607 | -0.2126570607 | 8.5739749E-013 | -0.2126570607 | 8.5667584E-013
0.5 | -0.1990785116 | -0.1990785116 | 1.3202772E-012 | -0.1990785116 | 1.3194446E-012
0.6 | -0.1564158849 | -0.1564158849 | 1.2643497E-012 | -0.1564158849 | 1.2642110E-012
0.7 | -0.0844371500 | -0.0844371500 | 7.2382378E-013 | -0.0844371500 | 7.2435113E-013
0.8 | 0.0165195052 | 0.0165195052 1.9494822E-013 | 0.0165195052 1.9536109E-013
0.9 | 0.1455452472 | 0.1455452472 | 2.6478819E-014 | 0.1455452472 | 2.6062486E-014
1.0 | 0.3011686789 | 0.3011686789 | 0.0000000E+000 | 0.3011686789 | 0.0000000E+000

On the contrary the maximum absolute error has been found by Siddiqi et al [99]

is 4.415%x10710
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We have shown the exact and approximate solutions in Fig. 3(a) and the relative

errors in Fig. 3(b) of example 3 for » =13. It is found from Fig. 3(b) that the error

is of the order 107!

1

3 0 wmmm F2ct SolutiONS
0 ek .

5 = = = Berstein Approx
3 ¥ Legendre Approx
5

!

E

i

g

_04 1 1 ] 1 | 1 1 1 1 X
0 0L 02 03 04 05 06 07 08 09 _?

Fig. 3(a): Graphical representation of exact and approximate solutions of

example 3 using 13 polynomials.
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Fig. 3(b): Graphical representation of relative error of example 3 using 13

polynomials.
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9.4 Conclusions

In this chapter, we have used Bernstein and Legendre polynomials as basis
functions for the numerical solution of eleventh order linear and nonlinear BVPs
in the Galerkin method. It is clear from the tables that the numerical results
obtained by our method are superior to other existing methods. Also we get better
results for Bernstein polynomials than the Legendre polynomials. It may also
notice that the numerical solutions are identical with the exact solution even lower

order Bernstein and Legendre polynomials are used in the approximation.

256



Dhaka University Institutional Repository

CHAPTER 10

Twelfth Order Boundary Value Problems

10.1 Introduction

The higher order BVPs are known to arise in hydrodynamic, hydro magnetic
stability and applied sciences. Recently the twelfth order BVPs have been
investigated due to their mathematical importance and the potential for
applications in hydrodynamic and hydro magnetic stability. Chandrasekhar [9]
determined that if an infinite horizontal layer of fluid is heated from below with
the supposition that a uniform magnetic field is also used across in the same
direction as gravity and the fluid is under the action of rotation, instability sets in.
When the instability sets in as overstability, it is modelled by twelfth order BVP.
The literature on the numerical solutions of twelfth order BVPs and associated
eigenvalue problems is found not to be too much. Finite difference methods for
the solution of such problems were developed in [40, 41, 68, 69, 82]. Twizell et al
[70] presented numerical methods for eighth, tenth and twelfth order eigenvalue
problems arising in thermal instability. Siddiqi and Twizell [29, 30] solved the
tenth and twelfth order BVPs using tenth and twelfth degree splines respectively.
Siddiqi and Ghazala Akram [57, 60] developed the solutions of tenth and twelfth
order BVPs applying eleventh and thirteen degree spline respectively. Usmani
[13] presented the solution of fourth order BVP using quartic splines. Kudri and
mulhem [102] derived the numerical solutions of twelfth order BVPs using
adomain decomposition method. Approximate solutions of twelfth order BVPs
were presented by Mohy-ud-Din et al/ [103]. Mirmoradi et al [104] solved twelfth
order BVPs by the homotopy perturbation method. Noor and Mohy-ud-Din [105]
used variational iteration method for solving twelfth order BVPs applying He’s
polynomials.

These are few numerical techniques are available to solve twelfth order BVPs. For
this, we have used Galerkin method for the numerical solution of the twelfth order
BVPs with Bernstein and Legendre polynomials as basis functions for two

different cases of boundary conditions. In this method, the basis functions are
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modified into a new set of basis functions which vanish at the boundary where the
essential type of boundary conditions is mentioned and a matrix formulation is
derived for solving the twelfth order BVPs. Results of some numerical examples
are tabulated to compare the errors with those developed before.

However, the formulation for solving linear twelfth order BVP by Galerkin
weighted residual method with Bernstein and Legendre polynomials is presented
in section 10.2. Two formulations are given by applying two types of boundary
conditions in sections 10.2.1 and 10.2.2 respectively. Then several numerical
examples are given to verify the proposed formulation. Finally, the conclusions of

this chapter are presented in section 10.4.

10.2 Formulation by the Galerkin method
In this present chapter, the solution of twelfth order BVP is derived by the
Galerkin method with standard (Bernstein and Legendre) polynomials as basis

functions for two different types of boundary conditions. The problem has the

form
4 d12u+a d“ua d10u+a d9u+a d8u+a d7u+a d6u+a d5u+a d*u
12 dx'? H 'l 10 dx'? ’ dx’ 8 e ! dx’ 6 dx® > dx® 4 et
3 2
+a3ﬁ+a2d—u+alﬂ+a0u=r,a<x<b (10.1a)
i’ dx? dx
subject to the following two types of boundary conditions
Typel: u(a)=4,, u(b) = By, u'(a)=4,, u'(b) =By,
u"(a)=4,, u"(b)=B,, u"(a)=A4;, u"” (b) = Bs,
u'™(a)= Ay, u™ (b)=B,, u(a) = As, u) (b) = B
(10.1b)
Typell: u(a)=4,, u(b)=B, u"(a)=4,, u"(by==8,,
W@y=a,, uMpy=8,,  WV@=44,  u"V(B)=B,
uO (@) =Ag, WV DBy=By, ™ (a)=44,, u® (b)=By,
(10.1b)
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where 4,,B;,i=0,1,2,3,4,6,8,10 are finite real constants and a; ,i =0,1,---12 and
r are all continuous functions defined on the interval [a,b]. The BVP (10.1) is
solved with both cases of the boundary conditions of Type I and Type II.

Since our aim is to use the Bernstein and Legendre polynomials as trial functions

which are derived over the interval [0, 1], so the BVP (10.1) is to be converted to

an equivalent problem on [0, 1] by replacing x by (b —a)x + a, and thus we have:

d"u d'u d'%u d°u ddu d®u d’u d*u
P dx'? Tn ! o dx'? T dx’ T dx® T dx® e x> e dx*
du d*u du
to3——+o—+o——+cu=s,0<x<I1 (10.2a)
dx dx dx
1, 1 "
u(0)= 4o, u'(0)= 4, su'(0)=4,,
- (b—a)
1 1
u(l) = B, u'(l) = By, u"(1)=B,,
()= By ——u'()=5, rpeillUaL
1 m 1 " 1 AY
b )3” (0)=43, (b-a)’ u" (1) = Bs, Wu(l 1 (0) = 44,
—a -a -a
—Luvges, L a0=s, L™ (0) = 4
(-a)* (b—a) (b—a)
(10.2b)
and
1 " 1 (iv)
u(0)=4,, su'(0)= 4, —u 7 (0)=4y,
(b—a) (b—a)
M(l):Bo, 1 3 lxl”(l):Bz, ;4”([‘}) (1):B4,
(b-a) (b-a)
0=, D ()= By, L 0) = 4,
(b-a)° (b-a) (b—a)
lgu(wil)(l):B& ;10”()0 (0) = AIO’ 1 - u( ) (1) — BlO
(b—a) (b-a) (b-a)
(10.2¢)
where
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ch=——ap(b-ax+a, ey =———ay(b-a)x+a)
(b—a) (b—a)
1 1
Clo:malo((b—a)ﬁa)a C9:(b—a)9 ag((b-a)x+a),
1 1
cg = (b—a)8 ag((b—a)x+a), cq = (b—a)7 a7((b—a)x+a),
1 1
Co = (b—a)6 ag((b—a)x+a), cs = (b—a)5 as((b—a)x+a),
1 1
Cy = (b—a)4 as(b—a)x+a), c3 = (b—a)3 az((b—a)x+a),
2= _1a)2 a,((b-a)x +a), ¢ = bia a,((b-a)x+a),
co=ag((b-—a)x+a), s=r((b—a)x+a)

To solve the boundary value problem (10.2) by the Galerkin method we

approximate u(x) as
n
0(x)=6y(x)+ Y a; N; ,(x), n>1 (10.3)
i=1
where 6, (x) is specified by the essential boundary conditions, N;,(x) are the
Bernstein or Legendre polynomials which must satisfy the corresponding
homogeneous boundary conditions such thatN;,(0)=N,,(1)=0, for each
i=123,...,n

Putting eqn. (10.3) into eqn. (10.2a), the weighted residual equations are

1 - - - - - - - -
J~ . d12u+c d“u+c d10u+c d9u+c d8u+c d7u+c d6u+c d°i
12 11 10 9 8§ TC7—= TCq 5
0 dx'? dx'! dx!? dx’ dx® dx’ dx® x>
4~ 3~ 2~ ~
d’u d’u d“u du -
tep——(Fta——+o——5+o——+cu—s|N; ,(x)dx=0 (10.4)
dx dx dx dx

10.2.1 Formulation I

In this section, we obtain the matrix formulation by applying the boundary

conditions of type I.
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Integrating by parts the terms up to second derivative on the left hand side of

(10.4), we get

1 12~ i 1 11~
d d d d

JCIZ 5N (x)dX—|:012 (x) } p [012 (x)]

L 0 0%
_d 4% 1 42 4%

== + | — d Since N (0)=N;, (1)=0
ol (x)] } g = [N (x)] ¥ [Since N, (0) = N, (1)

[ d d'%
o c1aN (X)] }

0
1

0
1

i

J2
dx?

95
[012 (X)]d :l
0

0
1

]

3 9~
J. ;;3 [CIZNj,n (x)]ZTde

1

0

1

0

- {d ez, <x>]dlow} {dz ey (x)]dg”w‘}1 V Y <x>]d8ﬂ
=—| — 2N 2NV ) [— | | T3V (X~
dx o Ldx dx’ |, |dx dx” |,
1 .4 8~
d du
+|—|c (x)
'(';dx4 [ 12 i, n ]
- 1 r 1
d d1°~ d* d’i d’ dSi
=k [CIZNJ n(x)] + y [CIZN] n(x)] - F[CHNj,n(x)]_d g
L _0 L X 0 X X
— _1 1
d* dli| ¢d° d’i
+| —|caN; (X)) |—=| = |—=|cpN; ,,(x)[—=dx
I 4 [ 124V j,n ]dx7 1o Z) 5 [ 124V j,n ]dx7
— _1 —
d d1°~ d* Ol [ a3 dSi
=- N; + N; = e a N () |
& [012 n(x)] _0 = [012 n(x)] O BPE [012 ],n(x)]dxg
4t 1d 78 a5 Ll 4%
+| —|[c1pN; (%) 12N j (%) + | ——=|c1o N, (x)|—=dx
I 4 [ 124V j,n de | l: 12 N ] | '([dx6 [ 124V j,n ]dx6
——_ic (x)]d10 d—c N . (x)]d9~ 1—_d3 [c N (x)]dSN |
_dx 12 i, n d 12 Jj.n I, _dx3 124V j,n I,
WL 465 ak [ 46 d5~'1
+ —4[012 n(x)J 6’12 n(x)] + —6[012 n(x)]
L _0 L _0

1 .7 S5~
_ { %[CIZN j’n(x)]%dx
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2w, (x)]d10~
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—_5777[@2 (x)]d4~
e, (x)]leN
+:572[012 (x)]‘ﬂ~
A o, n(x>]d4~
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- ol 3 8]

R Y j,n(x)]i'TZ {%[ﬁz (x)]d

L -0 -0

- 6 atl 6 5~ 7!

|4 [Clz (x)]d +[%[012NJ’H(X)]Z’TZ

L -0 -0

1 .8 4~

+J%[012Nj,n(x)]%dx

0

-, 97 3 8~1

+ d_z[CIZNj,n(x)]jTZ _I:CjT[Clz (x)]d

i | o

.y . 6 sz

- d_s[clzNj,n(x)]Zx {%[ﬁz (x)]d

] | Jo

- - 9 3

NSt LA [ A A

L 40 0

- ol 3 87

+ d_z[clzNj,n(x)]iITu _t’%[clz (x)]d

i | Jo

.y o 6 sz

- L5len, (x)]d [57[012 (x)]d

] | Jo
8 3~ 9 0 1

+ %[CIZNJ’"(X)]fo | 9[012N n(x)]d L

42 AES a7 ]

+ 7[012 n(x)] 70 {g[clz n(x)]

L -0 _0

& | [ af &*z|

___5[c12Nj,n(x)]W_o+{;[clz n(x)] x5_0
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9 2
- {% [6’12 n(x)]d }

0 0
410 di L
J{ﬁ [Cl2Nj,n(x)] } I [012 n(x)] (10.5)
dx 0 de
1 d11~ d10~ Ly le
Jcll Njp(X)dx = c;yN n(x) —J— eV n(x)]
dx
0 0 0
_d - 7l L a? 4%
:__E _Can,n(x)_?_Oﬂ([dx—z[Cu n(x)] X dx[Since N, ,(0)=N;,(1)=0]
- 1 1
d 1% d* 1d°% &> 4%
=——|c; N, () |—<| +|—le11Ni (%) - c 1N, (x)|—dx
_a’x'11 R IR l:dxz[“ P 8 0 (J)dx3 [ o ]de
- 1
d d’u d? dSi d’ d’i
=—| —etiNj,n (%) + N () —lc;1N; (X)) |—=
_dx 114Y j,n ] :lo |:dx [11 ,n ] . dx3 [ 114Y j,n ]dx7 .
1 7~
d* d'u
+J— N (X)]—
Od dx’
d d’i d? sl [ d’i
—ley (N, (X)) ——=1| +|—=|c;(N; ,(x)|—= ciN; ,(x)
|:dx 114V j,n ]dx9 :lo {dxz [ 114Y j,n ]dx8 . d [11 j,n ] .

i

+

d4

4

X

1
465 5 6~
u d d’u
Clle n(x)] } —I [CIIN] n(x)] dx
0 0 dx®

d CHN] n(x)]digl LZCZ [clle (%)) f;z_o _l::;TZ[CIINj,n(x):C;;;ZjL
_dT:[c“ n(x)]d“l {Z; [cHNj,n(x):%:;+id766[cuNj,n(x):%dx
j eV, n(x)]d%}0 + {;;—22 [Clle,n(x):%_; _{5733 [C”Nj’"(x)-flx;ﬂ;
CZ; eV, )] 651 _[j;s [Clle,n(x)]i—?L +{5766[‘711Nj,n(x)]2:ﬂ;

1 .7 4~
—J.%[Cn n(x)]d
0
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|
—

=—_j N, n(x)]dibzl {;Tzz[cllzvj,n(x)]%l {5733[0111\’]',;1(96)]%0
+:d—:[c“ n(x)]d6~_z)_|:;755[C“Nj’n(X)]%:|:) +|:5766[011Nj,n(x)]%:;
] d—77 [cuNj,nm]%:; ’ i g[C“Nf’"(")]%d’“
=—_j N, Axﬂ&iﬂ; {;Tzz[clle,n(x)]%l {5733[6111\’]',;1(36)]%_;
+_d_2[c11 n(x)]d6N __d_ss[cn n(x)]dsw—l +_611_66[011 ”(x)]d4N |
L -0 Lt . i v
__d_Z[CHNj’n(x)]ﬁq +_d_2[011 (x)]d2~ Ik _1_d_99[011 (X)]d2~
I dx” |, | do o™
=‘_j CHN]n(x)]cﬁ L{;TZZ[CHNJ""(X)]%TO BZ [Cllen(x)]d7 ;
+_24 [C“N n(x)]d“}o [;’5 [C“N n(x)]dSN:lO {%[anj,n(X)]%_;
{ & Lo 351 { 5; - Nf»n(")]%l —{;—z[cnzvj,n(x)]%l

0

1

0

J.Cw?

10 ]dLNl

a0
10

1
d
+ J.m[cl le,n(X) de

957
N,-,Ax)dx{clo n(x>d }

0

0

(10.6)

]d9a7

d
Idx clONj,n(x) ?dx

d a8
= {E [CION i (X)]ﬁ}

1 d2 dgN
+ z[dx_z[clon’n (X)]XZ dx

0
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] | .
d d®i d? 1d i B 4T
E[CIONj,n(x)]g} J{g[ﬁo]\’ ()] o O_,[ e le1oN j,n(x)]ydx

L 0 0

r 1 1 1
d ati d? d’i a3 d%i
—CN-X—+—CN~X———CN—X—
_dx[lo o )]dxg}0 sz[m o )]dxd0 LM[IO 5 O
1 .4 6~
d d’u

+J—dx4 [Clon’n(X)]_dx6 dx

r 1 1 1
d a%i d? d’i a3 d%i
_x[clONj,n(x)]§:| + Lbc—z[clon,n(x)]d?} _|:$[010Nj,n(x)]

6
0 ax” |,

5~
[clONj,n(x)]%dx

_dx X" 1, X dx”’ 0
1
d* 1d5i d° a4l ¢ dS d*i
cioN; ,(x) —|—=|c1oN ; ,, (%) cioN; ,(x) dx
i 4 [ 1077 x> L |:dx [ 107 mA dx* 0 '([dx6 [ 107 dx?
d [ ]dgﬁ T2 [ ]d7L7 SIE [ ]d6z7 1
e CION] n(x) 8 + P CION] n(x) 7 1,3 ClON] n(x) 6
i dx 0 0 | dx 0
| 1 1
d? dii d> d*i d® di
—4[010N/ n(x)] s 5 [CIONj,n(x)] 7 ¢ [CION] n(x)] 3
L dx” |, 0o L 0
1 ,7 3~
d d’u
- cioN; ,(x)—dx
‘([ 7 [ 104Y j,n ]dx3
_d[ N ]dgﬁ d? -~ ]d7u SIPE e 16|
__E cioN j (0| = 0+ 110N .0 (¥) == 0—_—3 1oV, 5 (X)) 16 O
1 1
d* 14 d’ d*w d® 14
_E[CION/ n(x)de5 L { 5 [CION] n(X) P 0 _?[CIONj,n(X)_? O
d’ aul ¢ dt 4
—|cioN; ,(x) + coN ;i ,(x)[—=dx
I ! [ 10 ]dx2 L 2[ A [ 107 dx?
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d sl [ a2 a7l [ & d%i
== —-lcioNy, n(x)] + _z[CIONj,n(x)]_7 [CION] n(x)]
_d 0 dx dx 0 > _0
_ 1
d* 25| & 2| d6 d’i
+ —4[010 n(x)] — [CIO n(x)] — [CIONj,n(x)]_3
| dx 0 dx 0 dx dx 1o
- 1
d’ d%i d® dii d’ dii
——=lqoN: ,(X)|— | +| —=]c (x) colN; ,(x)—dx  (10.7)
R e } ol
1 9~ 8~ 8~
d’u d°u d d°u
.([09 P N n(x)dx = {c9 n(x) L !;dx cgNj’n(x)]ﬁdx
d a7l L a2 d7i
=— +[E|eoN, () [2a
_ N | { NI T
B ~ 1 ~ 1 .3 6~
d 1d i d* ]d6 d d%i
_a’x [C9 ],n(x)J dx7 |, I:dxz [ n(x)J ; !)‘dx3 [C9 ],n(x)] dx6 X

d[ v ]d7171 d2[ N ]d6”
| oy 160 j,n(x)dx—70+ 2 CoN j p(x)

0 0
1 .4 5.
¥ { 4 leon, n(x)]c;x? d
_ 5! R . . -
[Sho 8] [l [
L 0 . 0
[ AT L d4
" _g[%NJ ”(x)] de L __([E[@NJ n(x)] Z dx
_ T, . . -
o di[C9Nj n(X)]dx:} i ; 2 [C9Nj n(X)]flxz} { : 3 [C9Nj n(x)]d le}
L o L . 0
_d4 d4~ 1 _ds 1 d6 d3~
+_y[€9Nj,n(x)]$ZL—_ﬁ[ ,,(x)] L+JO. g [cgN ',n(x)]gzdx
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1 1 q1
d d’i d? a0 4
— | ZeoN ()= | 4| ooV ()= | - coN . (x)|—=
dx[9 o )]dx7 L {dx2[9 i )]dx6 L { [9 sl )]dx5
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0 X
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Substituting eqns. (10.5) — (10.15) into eqn. (10.4) and using approximation for
u(x) given in eqn. (10.3) and after applying the boundary conditions given in

eqn. (10.2b) and rearranging the terms for the resulting eqns. we get a system of

eqns. in matrix form as
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X dx=0

Solving the system (10.16a), we find the values of the parameters «; and then

substituting these parameters into eqn. (10.3), we get the approximate solution of

X
the BVP (10.2). If we replace x by b in u(x), then we get the desired

approximate solution of the BVP (10.1).

10.2.2 Formulation IT

In this portion, we formulate the matrix form by using the boundary conditions of
type IL.

In the same way of section (10.2.1), integrating by parts the terms up to second
derivative on the left hand side of (10.4), and after applying the conditions

prescribed in type II, eqn. (2¢), we get a system of equations in matrix form as
n
DD ja;=F;,j=12,..,n (10.17a)
i=1

where
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) _ 5
%[C7Nj,n(x)] x (b Cl) B 4t |::;;2 [ n(x)] x (b —Cl)4A 4
{dx

)

PR c6Njn(x)} x(b—a)*4,

x=0

N ]| xb-a)*B,-

dx=1

3

U

W

dx

[ d3 ]
ﬁ[%N j,n(x)_:|

,,Ax)]} x(b-a)* 4,

x=0

x(b—a)*B o— {

x=1
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d? d2
. {? [CSNJ',n(x)]L] x(b—a)’B o+ {g [CSNM(X)]LO x(b—a)’ 4,
+‘:d[c N: (X)]:| X(b—a)zB —|:d[c N. (x)]} X(b—a)zA (10 170)
dxt A 2| gl 2 .

Solving the system (10.17a), we find the values of the parameters «; and then

substituting these parameters into eqn. (10.3), we get the approximate solution of

X—da

the BVP (10.2). If we replace x by 5

in #(x), then we get the desired

approximate solution of the BVP (10.1).

For nonlinear twelfth-order BVP, we first compute the initial values on neglecting
the nonlinear terms and using the systems (10.16) and (10.17). Then using the
Newton’s iterative method we find the numerical approximations for desired
nonlinear BVP. This formulation is described through the numerical examples in

the next section.

10.3 Numerical examples and results
To test the applicability of the proposed method, we consider four linear and two
nonlinear problems consisting of both types of boundary conditions. For all the
examples, the solutions obtained by the proposed method are compared with the
exact solutions. All the calculations are performed by MATLAB 10. The
convergence of linear BVP is calculated by

E =i, ()~ T,(x)| <

where u,(x) denotes the approximate solution using n-th polynomials and &

(depends on the problem) which is less than 10713, In addition, the convergence
of nonlinear BVP is calculated by the absolute error of two consecutive iterations
such that

~N+1 ~N
u, —Uy

<o

where 6 <1072 and N is the Newton’s iteration number.
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Example 1: Consider the linear differential equation [57, 92, 102, 104]

12y .

ﬁ+xu——(120+23x+x Jer, 0<x<1 (10.18a)
subject to boundary conditions of type I in eqn. (2b):
u(0)=u1)=0,u'(0)=Lu'(l) =—e,u"(0)=0,u"(1) = —4e,u"(0) = -3,u" (1) = —9e
u™(0)==8,u™ 1) =-16e,u™ (0) = =154 (1) = -25e. (10.18b)

The analytic solution of the above problem is, u(x) = x(1-x)e”.

Using the method illustrated in section (10.2.1), we approximate u(x) in a form

similar to (10.3) as

ﬁ(x)z@o(x)+iaiNi’n(x), n>1 (10.19)
i=1

Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(10.18b). Now the parameters «; (i =1,2,...,n) satisfy the linear system
ZD a;=F;,j=12,...n (10.20a)

where

gt d d d'°
Dy =] gl ,l(x)]dx[M,n<x>]+xM,n(x)Nj,nu)}x—Lbc[Nj,n(x)] 5 Vi)

x=1

) 4, ol 4" - n(x)]} K LZC—Z v j,n(xﬂi—gg [N,.,n<x)]_ ]
_ _Zc—zz V., (x)];i—gg v, , (X)]_xo - _5733 V., (x)]j;g [N,.,n(x)]_x1
| 5733 L [ ”(X)]_x:o . Zc_t v j,n<x):%[Ni,n(x)]_x1
) ;i_t v, o) 2_77 [N"’”(x)]Lo _ :5755 v j,n(x):jTi[Ni,n(x)]:x_l
+ é[zvj,n@)]j; [Ni,n(x)]LO o
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1 6
F;= j— (120 +23x + x3)exNj’n(x) dx — {2—6 [Nj,n (x)]} (=25¢)
0 x=1

[ ;6
%[Nj,n(x)]}

d7
“15)+| 2N,
x=0( )J{‘M[ ]’n(X)]_le
) - __
(~4e)- ﬁ[N )]
dx=1 L Jdx=

L N,-,n(x)} (—e)+
x=1

410 [ }
10 J>n E
dx =0

d7
_16e)-| L[N -8
(-160-| dx7[ ,,n(x>]10( )
(—9e)+_d—8[N‘ )
1 _dxg - x=0
(10.20¢)

Solving the system (10.20a) we obtain the values of the parameters and then

substituting these parameters into eqn. (10.19), we get the approximate solution of

the BVP (10.18) for different values of n.

The maximum absolute errors, using different number of polynomials by the

present method and the previous results obtained so far, are summarized in Table

1.

Table 1: Maximum absolute errors for the example 1

x | Exact Results 15 Bernstein Polynomials 15 Legendre Polynomials
Approximate Abs. Error Approximate Abs. Error

0.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 6.2580283E-026
0.1 | 0.0994653826 | 0.0994653826 | 2.7755576E-017 | 0.0994653826 | 1.3877788E-016
0.2 | 0.1954244413 | 0.1954244413 | 0.0000000E+000 | 0.1954244413 | 2.4980018E-015
0.3 | 0.2834703496 | 0.2834703496 | 3.8857806E-016 | 0.2834703496 | 1.3877788E-015
0.4 | 0.3580379274 | 0.3580379274 | 7.7715612E-016 | 0.3580379274 | 1.8873791E-015
0.5 0.4121803177 | 0.4121803177 | 1.2212453E-015 | 0.4121803177 | 3.5527137E-015
0.6 | 0.4373085121 | 0.4373085121 | 1.2767565E-015 | 0.4373085121 1.9984014E-015
0.7 | 0.4228880686 | 0.4228880686 | 8.3266727E-016 | 0.4228880686 | 6.6613381E-016
0.8 | 0.3560865486 | 0.3560865486 | 5.5511151E-017 | 0.3560865486 | 2.0539126E-015
0.9 | 0.2213642800 | 0.2213642800 | 1.1102230E-016 | 0.2213642800 | 6.6613381E-016
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the other hand, it is observed that the accuracy is found nearly the order 10~

in [57], [102] by Siddiqi and Akram; Kudri and Mulhem and nearly the order

107" and 107% in [92], [104] by Lamnii ef al and Mirmoradi et al respectively.
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Now the exact and approximate solutions are depicted in Fig. 1(a) and the relative

errors are shown in Fig. 1(b) of example 1 for n=15. It is observed from Fig.

1(b) that the error is nearly the order107 4.

Exact, ApproxXimatc

i

e Eract Solutions
= = = Bernsteln Approx
0 Legendre Approx.

_02 1 1 ] | 1 1 1 1 1 + X’

0 ol 02 03 04 05 06 07 08 09 I

Fig. 1(a): Graphical representation of exact and approximate solutions of

example 1 using 15 polynomials.

Rclative Error

(™
|
5

wen Relative Hrror for Bernstein
e Relative Ervor for Legendre

e
-

L]

-2

0
0 ol 02 03 04 05 06 07T 08 09 I

Fig. 1(b): Graphical representation of relative error of example 1 using 15

polynomials.
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Example 2: Consider the linear differential equation [57, 102, 104]
d'u
dx12

subject to the boundary conditions of type I in eqn. (1b):

u(-D=ul)=0, u'(-1)=u'(l)=2sin Lu"(-1)=—u"(1) =—4cos 1 —2sin 1,

u=-12(2xcosx+1lsinx), —1<x<1 (10.21a)

u"(=1)=u"(1)=6cos 1 - 6sin Lu ™ (=1) =— u ™ (1)=8cos 1 + 12 sin 1,
u™ (=) =u" (1)= —20cos1+10sin1 . (10.21b)

The analytic solution of the above problem is, u(x) = (x2 —1)sinx.

The equivalent BVP over [0, 1] to the BVP (10.21) is,
—12(2(2x—1)cos(2x—1)+11sin(2x—1)),0 < x <1 (10.22a)

u(0) =u(1) =0, %u'(O) = %u'(l) = 2sin1,%u"(0) = —%u”(l) = —4cosl—2sinl,

"’(0)_ u"’(l) 6cos1 —6sinl, 116 ) (gy=—L

16u(iv)(l) =8cosl+12sinl,

1
32

Employing the method mentioned in (8.2.1), we approximate u(x) as

u™M(0) = 5 <V>(1)——2ocos1+10sm1 (10.22b)

E(x)z@o(x)+zn:ai N; y(x), n=1 (10.23)
i=1

Here 6,(x)=0 1s specified by the essential boundary conditions of equation

(10.22b). Now the parameters «; (i =1,2,...,n) satisfy the linear system
ZDZ jo=F;j=12,..n (10.24a)

where
I 1
D= { —;;H[Nj,n@)]ic [N, (0] -2" M,n<x)Nj,n(x>}x—{jx i) 5 d 5 ,n(x>]}

2
Ly ol [N,n<x>]} O{i—z[ V]S [Nzn@f)]}

x=1

x=1
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e 14+ ] P 148+ ]
—|—=IN; ,(x)|[—=|N; , (x —|—=IN; ,, (x)|—=|N; ,(x)
_dxz' Jor )'dxg' . )'_xzo _dx3' i i o
'ds. 1d% ¢ N _d4' 1d’ & N
+ dx_?"Nj’n(x)'dx_g'Ni’n(x)' + F'Nj’n(x)'dx_7 _Ni’n(X)_
L dx=0 L dx=1
AR, 1d7 | 1 Tad 1dS T 1]
- dx_4_Nj,n(x)_dx_7_Ni,n(x)_ - ﬁ_Nj,n(x)_d?_Ni,n(x)_
L dx=0 L dx=1
d5 46
o v N, )] (10.24b)
dx dx =0

1
Fj= jzlz [~ 12(2(2x = 1) cos(2x —1) + 11sin(2x — 1) [N ; ,, (x)dlx
0

_d6 _
__ak6PVLnC0]

dx=l1

6
x32(—20cosl +10sinl) + {616 [N i (x)]} x32(-20cos1+10sinl)
dx 0

a7 - d’

H N, @] x16-8cos1-12sin) | S [N, (0] | x168cos1+12sin)
dx T dx ’
L x=0

x=l1

.8
+ %[Nj’n(x)]}

8
x8(6cos1—6sin1){d—8[zvj n(x)]} x8(6cos1 - 6sin1)
dx ’
L x=0

x=1

- d° | d°
+ F[Nj,n(x)] x 4(4cos] +2sin1) - F[Nj,n(x)] x 4(—4cos] —2sin)
X X

x=1 x=0

a0 : ' 410 .
| ot x(4sinD) +| 5 [N x(4sin 10.24
{ dxlo[ j,n(x)_:lx_l (4sin )+ijlo[ ]’H(X)]L_O (4sinl) ( 0)

Solving the system (10.24a) we obtain the values of the parameters and then

substituting these parameters into eqn. (10.23), we get the approximate solution of
the BVP (10.22) for different values of n. If we replace x by XTH in #(x), then

we get the desired approximate solution of the BVP (10.21).

The maximum absolute errors, shown in Table 2, are listed to compare with

existing results.
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Table 2: Maximum absolute errors for the example 2.

Number of Max. Abs. Max. Abs.

Polynomial Error for Error for Reference Results
used Bernstein Legendre
13 1.325x107'" | 1.325x1071 | 4.69x107 ( Siddiqi and Akram [57])
14 527710712 | 5277x10712 | 3.777x107 ( Kudri and Mulhem [102])
15 8.049x10°'° | 3592x10°14 | 3.900x10~°( Mirmoradi et al [104])
16 6.661x107'° | 6.839x107'4

Example 3: Consider the linear differential equation [29]

12
%+xu=—(l20+23x+x3)ex, 0<x<l
X

subject to the boundary conditions of type II in eqn. (2¢):

(10.252)

u(0) = u(1) =0, u"(0) = 0,u"(1) = —de,u'™ (0) = -8,u™ (1) = —16¢,u " (0) = —24,
u (1) = =36¢,u " (0) = —48,u) (1) = —64 ¢, u'™ (0) = -80,u™ (1) = -100e
(10.25b)

The analytic solution of the above problem is, u(x) = x(1-x)e”.

Applying the method illustrated in section (10.2.2), we approximate u(x) as

i(x)=60y(x)+ Y a; N; ,(x), n>1
i=1

(10.26)

Here 6,(x)=0 is specified by the essential boundary conditions of equation

(10.25b). Now the parameters «; (i =1,2,...,n) satisfy the linear system

n
DD ja;=F;,j=12,...,n (10.27a)
i=1
where
[ 11 2 9
d d d d
D= { e Vi@l [, (x>]+le-,n<x>N,-,n(x>} dx{dxz Wik 5] .
'dz ] 'd9 d4 ] 1d’ 7
_ E_Nj’n(x)_?[Ni,n(x)]:l ) +{F'Nj’n(x)'dx_7[]vi’n(xﬂ _
L x=0 dx=1
a’4 _ 'd7 d6 ) 'd5 ]
|55 N, (X)'y[Ni’n(X)]Lo + {ﬁ N, (x)_E[Ni’n (X)]_x=1
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We have shown the exact and approximate solutions in Fig. 2(a) and the relative

errors in Fig. 2(b) of example 2 for n =16. It is found from Fig. 2(b) that the error

is of the order 10713

Exact, ApproxXimatc

_04 1 1 ] | 1 1
-l

e a0t SoluT0DS
= = = Bermstein Approx
0 Legendre Approx.

1 X’
-8 06 -04 02 0 02 04 06 08 -?

Fig. 2(a): Graphical representation of exact and approximate solutions of

example 2 using 16 polynomials.

Relalive Error

=i Rclative Frror for Bernstein
I s Relative Frror for Legendse

,_.
L

02 04 06 08

Fig. 2(b): Graphical representation of relative error of example 2 using 16

polynomials.
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J = [ 20 4+ 2324 2" Njn(x)dx+[ [Njn(x)ﬂ (~100¢)
0

d6
N, @)
X

[N, ()

le

EiY
s [N, )

V) [Nl-,n<x>]}

Ln(x)]

dx=0

x=0

.8 3
e REI e O

- o ) i
dxﬁ[N j,n(X)]E [N i,n(x)]

dx=1
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x=1

(10.27b)

x=1
[ d d’
- 80 N —-64
d [ jn(x)] ()( )+|:dx3[ ]n(x):lx_l( e)
| v, (a8 - { @ v (x)} (-36e)
_dx3 N £=0 dx? N ol
7
v, n(x)} (- 24){;7 v, Ax)} (~16¢)
x=1
_ i[]\[ (x)] (-8)+ ﬁ[N (x)] (—4e) (10.27¢)
't =0 o’ " 1 .

Solving the system (10.27a) we obtain the values of the parameters and then
substituting these parameters into eqn. (10.26), we get the approximate solution of
the BVP (10.25) for different values of n.

In Table 3, we tabulate the maximum absolute errors to compare with the

previous results.

Example 4: Consider the linear boundary value problem [29]

d"%u

B —-1<x<1

(10.28a)

—u=-12(2xcosx+11sinx),
dx

u(=1) = u(l) =0, u"(~1) =—4cos 1 - 2sinl =—u"(1), u™ (1) =8cos 1+12sinl =—u™ (1),
u(=1) = ~12cos 1-30sin1 =—u" (1),u"™ (~1) =16 cos1 + 56sin1 =—u"" (1),

u™ (=1)=—20c0s1 —90sinl =—u™ (1). (10.28b)
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Table 3: Maximum absolute errors for the example 3

x | Exact Results 14 Bernstein Polynomials 14 Legendre Polynomials
Approximate | Abs. Error Approximate Abs. Error
0.0 | 0.0000000000 | 0.0000000000 | 6.2580241E-026 | 0.0000000000 | 0.0000000E+000
0.1 | 0.0994653826 | 0.0994653826 | 2.3592239E-016 | 0.0994653826 | 1.6524004E-012
0.2 | 0.1954244413 | 0.1954244413 | 7.7715612E-016 | 0.1954244413 | 3.1429859E-012
0.3 | 0.2834703496 | 0.2834703496 | 8.3266727E-016 | 0.2834703496 | 4.3262061E-012
0.4 | 0.3580379274 | 0.3580379274 | 5.5511151E-016 | 0.3580379274 | 5.0854876E-012
0.5]0.4121803177 | 0.4121803177 | 2.1649349E-015 | 0.4121803177 | 5.3470006E-012
0.6 | 0.4373085121 | 0.4373085121 | 1.9984014E-015 | 0.4373085121 | 5.0849880E-012
0.7 | 0.4228880686 | 0.4228880686 | 1.6653345E-016 | 0.4228880686 | 4.3254844E-012
0.8 | 0.3560865486 | 0.3560865486 | 1.3877788E-015 | 0.3560865486 | 3.1423752E-012
0.9 | 0.2213642800 | 0.2213642800 | 8.3266727E-016 | 0.2213642800 | 1.6519563E-012
1.0 | 0.0000000000 | 0.0000000000 | 0.0000000E+000 | 0.0000000000 | 0.0000000E+000

On the contrary the maximum absolute error has been found by Siddiqi and

Twizell [29] is 0.5582 x10 2

We have shown the exact and approximate solutions in fig. 3(a) and the relative

error in fig. 3(b) of example 3 for n =14. It is found from fig. 3(b) that the error is

of the order 101!

B

[
Tpe
s

L=xact, A pproximate
_C:b
-2
-

1
e
2

0 0l

02 03

Fig. 3(a): Graphical representation of exact and approximate solutions of

w011 SoL010S

= = = Bernsteln Approx
0 Legendre Approx.

04 03

example 3 using 14 polynomials.
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wees Relaiive Error for Bemstein
¥ Relaive Eror for Legendre

1IRclative Error
e

Fig. 3(b): Graphical representation of relative error of example 3 using 14

polynomials.

The analytic solution of the above problem isu(x) = (x2 —1)sinx.

The equivalent BVP over [0, 1] to the BVP (10.28) is,

10
% —Z], I(L)l —u=-12(2(2x—1)cos(2x —1)+11sin(2x—1)),0 < x <1 (10.29a)
2 X

u(O):u(l)zo,iu”(O)— —u"(1)=—4cos1—2sinl,— e (’V)(O) 116u(fv)(1)=8cos1+1zsin1,

1 u®(0)= 1 u® (1)=-12cos1-30sinl,— ! u® 0)=——u"" (1) =16c0s 1+ 56sinl,
64 64 256" 256

}O @(0) = 1 u™ (1) =—20cos1-90sin1 (10.29b)
2

Employing the method given in (10.2.2), we approximate u(x) as

n
i(x)=60y(x)+ Y a; N; ,(x), n=1 (10.30)
i=1
Here 6,(x)=0 is specified by the essential boundary conditions of equation

(10.29b). Now the parameters «; (i =1,2,...,n) satisfy the linear system
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n
ZDi,jai:Fj°j:1’2""’n (10.31a)
i=1

where

_f_d" d 12 d* d’
2] @] ]2 1v,~,n(x)zvj,noo}dx—L{x2 ARE) el E

x=1

_ d d’
—_dx—z[N ,-,n<x>]?[N,-,n<x>]}

d* d’
+ |:y [Nj,n(x)]dx_7 [Ni,n (x)]

dx=1

x=0
d* d’ | ] d’ |
__ [Nj,n (x)]y [Ni,n(x)]_xzo + _ﬁ [NJ',” (x)]ﬁ [Ni»” (x)]_le

d® d° d® &
e LR I Bl e ER)

- :
e et LS S () S A K S

L _x:0 - —.X':]

le

- [ (X)] [ (x)} (10.31b)
x=0

1
F= j 2'2[-12(2(2x — 1) cos(2x — 1) + 1 1sin(2x — 1)V ; , (x)dx
0

+|:CZC[Nj,n(x)]

— _x:l

X 210(200051 +90sinl) —[j [N j’n(x)] x 210 (=20cos1—90sinl)
X dx=0

i | 3
+|:d[Nj,n(x)] ><256(—16c0s1—56sin1){23

dx’ [Nj,n(x)] x256(16cos1+56sinl)

x=0

dx=l

[ 5 ] 5 )
L v 0] x6402c0s1+30sin0)-| [V, ]| x64-12c0s1-30sin1)
dx’ dx’ -

Ax=1

i d’ ; d’
; 7[Nj’,,(x)_ x16(-8cosl —12sin1)— 7[zvj’n(x)] «16(8cos] +12sinl)
X X
L x=1

x=0
9 9
_{;m’n(x)]} x(—4cosl—25irﬂ)+{icg[Nj’n(x)]} x(dcosl+2sinl)  (10.31c)

x=0 x=1
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Solving the system (10.31a) we obtain the values of the parameters and then

substituting these parameters into eqn. (10.30), we get the approximate solution of

the BVP (10.29) for different values of n. If we replace x by XTH in #(x), then

we get the desired approximate solution of the BVP (10.28).

The maximum absolute errors using different number of polynomials and to

compare with existing methods are shown in Table 4.

Table4: Maximum absolute errors for the example 4

Number of Max. Abs. Max. Abs.

Polynomial Error for Error for Reference Results
used Bernstein Bernstein
13 9.202x107' | 9.201x107!!
14 4.474x1071% | 4.827x10714 0.6901 x 10 ~* (Siddiqi and Twizell [29])
15 4169x107% | 4.843x107*
16 9.873x107'* | 3.675x1071

We depict the exact and approximate solutions in Fig. 4(a) and a plot of relative

errors in Fig. 4(b) of example 4 for n=16. From Fig. 4(b) we observe that the

error is nearly the order 10713

Exact, Approximatc

4 1 1 1 1 1 1

-(
l

e Fxact Solutions
= = = Bernstein Approx
¥ Legendre Approx

: X
-08 06 04 02 0 02 04 06 08 -?

Fig. 4(a): Graphical representation of exact and approximate solutions of

example 4 using 16 polynomials.
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3 Y == Relative Euror for Bernstein
= @ = Relative Furor for Legendre

Reclative Error
-2

Fig. 4(b): Graphical representation of relative error of example 4 using 16

polynomials.

Example 5: Consider the twelfth order nonlinear differential equation [80, 89,

103, 105]

12 3
Zlg‘ :2&%%,0931 (10.32a)
X X

subject to the boundary conditions of type I defined in eqn. (2b)

w(0)=Lu()=e ", u'(0)=Lu'()=e"",u"(0)=Lu" M) =" ,u" (0)=1,
u My =e L u®™ 0)=Lu™ D=, u©0)=Lu™ D)=e'.  (10.32b)

The exact solution of this BVP is u(x)=¢ *.
Consider the approximate solution of u(x) as
n
H(x)=6y(x)+ Y oy N; ,(x), n=1 (10.33)
i=1
Here 6,(x)=1-x(1 —e_l) is specified by the essential boundary conditions in
(10.32b). Also N; ,(0)=N; ,(1)=0for each i =1,2,...,n.

Using eqn. (10.33) into eqn. (10.32a), the Galerkin weighted residual eqns. are
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12~
[ |:le1; — 22 —%}N,{ ()dx =0,k =12,,n (10.34)
0

Integrating 1* and 3" terms of (10.34) by parts, we obtain

195 5, - {de,n(x) d“’ft}ﬂ[d Ny () d9~] {d%vkn(x) 7 ]
dx 12 n .
0

7 dx  dy' dx®

e dx’ dx’ dx® dx® x> dx’ e

r 1 -1 1
NERNE) d7z,7] [dSNk,nu)m 4N @) & } [d N () d4~]
0 d0 L 0 0

P 3 9 T T 10 o
d*Ni o (%) d ﬁ] {d Ne @ a2 | [ 4N, 0 dﬁ} 4 N9
0 o 0

+ + — —d.
dx® e’ dx’ dx? . ax'? dx 'l dx g
(10.35)
3 dN, () g ] Ld®N
Jd—Nk ()= | Nin () dit +J‘$(x)d“ dx (10.36)
dx dx 0 o dx? dx

Using eqns. (10.35) and (10.36) into eqn. (10.34) and using approximation for
u(x) given in eqn. (10.33) and after applying the conditions given in eqn.
(10.32b) and rearranging the terms for the resulting eqns. we obtain

a1 11
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‘0 5 d 11 dx2 dx
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x> ® x> ® d* dx’

L Ax=1 L

| N @ N @ | N @) dgNi,nm} +V‘Nk,n(ao d7Nl-,n<x)]
x=0 x=1

et dx’ ax’ b dx e
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. »
x= x=l1 x=0
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The above equation (10.37) is equivalent to matrix form

(D+B)A=G

dx 10

L

L
.
L

x> dx®
-1 d7Nk,n(x)
Xe -
dx’
dx=1 - _x—O
-1 dgNk,n(x)
xe - —9
dx
dx=1 L dx=0
} -1 {de,n(x)_
xXe +| —
x=1 dx dx=0
(10.37)
(10.382)

where the elements of 4, B, D, G are a;,b; i ,d; ;and g, respectively, given by
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298

dx?

dx’

Jx=0
d*Ny ,(x) d*N, , (x)

dx=1

dx=0

—40ye" N; ,(x)N}_, (x) Jdx



AN, () dTN, ()

Dhaka University Institutional Repository
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dx?
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=l 0

dx’

PNi () dON, , (x)

.

[d
+
x=1

x>

N, (0N, (x)e" dx
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x=0

(10.38¢)

1 gl 2
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d'N 2 (x dN, ,(x dN, ,(x
+ —"1’0( | Bt Penl) (10.384)
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x=0 X X

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (10.32a). That is, to find

initial coefficients we solve the system
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(10.39a)

whose matrices are constructed from
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dgNk,n(x) -1 d9Nk,n(x) leNk,n(x) -1
_ xe  —|———— - —" x e
dx’ dx”’ dx?
dx=1 x=0 x=1
d''N, (x | dN; . (x dN; . (x
k,n( ) _ k,n( ) Xe_l 4 k,n( ) (10390)
10 dx | dx 0
dx=0 X= X=

Once the initial values of ¢; are obtained from eqn. (10.39a), they are substituted
into eqn.(10.38a) to obtain new estimates for the values of «;. This iteration

process continues until the converged values of the unknown parameters are
obtained. Substituting the final values of the parameters into eqn. (10.33), we

obtain an approximate solution of the BVP (10.32).

Numerical results for example 5 are shown in the following Table 5.

Table 5: Numerical results for example 5 using 6 iterations

x | Exact Results 14 Bernstein Polynomials 14 Legendre Polynomials
Approximate | Abs. Error Approximate | Abs. Error
0.0 | 1.0000000000 | 1.0000000000 | 0.0000000E+000 | 1.0000000000 | 0.000000E-000
0.1 | 1.1051709181 | 1.1051709181 | 2.5979219E-014 | 1.1051709181 | 5.436494E-012
0.2 | 1.2214027582 | 1.2214027582 | 7.0188300E-013 | 1.2214027582 | 7.342582E-013
0.3 | 1.3498588076 | 1.3498588076 | 2.6412206E-012 | 1.3498588076 | 9.542484E-012
0.4 | 1.4918246976 | 1.4918246976 | 5.0834892E-012 | 1.4918246976 | 1.738262E-012
0.5 | 1.6487212707 | 1.6487212707 | 6.2061467E-012 | 1.6487212707 | 4.990510E-012
0.6 | 1.8221188004 | 1.8221188004 | 5.0610627E-012 | 1.8221188004 | 2.407930E-012
0.7 | 2.0137527075 | 2.0137527075 | 2.6179059E-012 | 2.0137527075 | 4.307570E-013
0.8 | 2.2255409285 | 2.2255409285 | 6.9233508E-013 | 2.2255409285 | 7.753470E-012
0.9 | 2.4596031112 | 2.4596031112 | 2.5757174E-014 | 2.4596031112 | 3.203970E-012
1.0 | 2.7182818285 | 2.7182818285 | 0.0000000E+000 | 2.7182818285 | 0.000000E-000

On the contrary the maximum absolute errors have been found by Wazwaz [80],

Nadjafi and Zahmatkesh [89], Mohy-ud-Din et a/ [103] and Noor and Mohy-ud-

Din [105] is 5.22x107".

We depict the exact and approximate solutions in Fig. 5(a) and a plot of relative

errors in Fig. 5(b) of example 5 for n=14. From Fig. 5(b) we observe that the

error is nearly the order 1078,
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Fig. 5(a): Graphical representation of exact and approximate solutions of

example 5 using 14 polynomials.
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o
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Reclative Error

ol 02 03 04 05 06 07 08 09
Fig. 5(b): Graphical representation of relative error of example S using 14

polynomials.

Example 6: Consider the nonlinear differential equation [82, 103, 105]

d2u 1
=—e *u?,0<x<1 (10.40a)

dxlz_z
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with boundary conditions type II, defined in eqn. (2¢)

u(0)=2, u(l)=2e, u"(0) =2,u"(1) = 2¢,u™ (0) = 2,u'™ (1) = 2¢,u" (0) = 2,

u™ (1) = 2e,u™ (0) = 2,u" (1) = 2¢,u™ (0) = 2,u™ (1) = 2e. (10.40b)
The exact solution of this BVP is, u(x) =2e”.
Consider the approximate solution of u(x) as

Z[(x):é?o(x)+zn:ai N;ip(x), n=1 (10.41)

i=1
Here 6,(x)=2+2x(e—1) is specified by the essential boundary conditions in
(10.40b). Also N, ,(0) = N; ,(1) = 0for eachi =1,2,...,n.
Using eqn. (10.41) into eqn. (10.40a), the Galerkin weighted residual eqns. are
1
0 |:

Integrating first term of (10.42) by parts, we obtain
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(10.43)
Using eqn. (10.43) into eqn. (10.42) and using approximation for #(x) given in
eqn. (10.41) and after applying the boundary conditions given in eqn. (10.40b)

and rearranging the terms for the resulting equations we obtain
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The above equation (10.44) is equivalent to matrix form

(D+B)A=G

(10.452)

where the elements of 4, B, D, G are a;,b; ;. ,d; yand g, respectively, given by

[ “Nk n<x) dN;, ,(x)
zk j

d*Ny_,(x) d°N;

_ (x)
2 9”
‘906 ) i,n (x)Nk,n (%) ]dx + [ dx2 dx9 1
xX=

304



8k =

O'—a’_‘

(AN, () AN | [ AN dTN ()]
B p 5 * 3 7
dx dx 0 dx dx »
N @ AN ) | N () NG ()
dx? dx’ o dx® dx> L
AN @) N (0| A N () N ()
dx © dx? 0 dx® dx3 »
[N @ ANy ()| AN () AN ()
dx® dx’ d 10 dx
L x=0 dx=1
d''N dN.
_ k,n(x) z,n(x) (10.45b)
dx'® dx .
xX=
1 .
bi Z‘QZQJI(NZ-,”(X)N i (ONg (x))e ™ dx (10.45¢)
Jj=1 0
dlly, d’N 9 d>N 9
kl,;l(x) deo +1002€_xNk n(x)]dx— k,zn(x)d 00 n k,zn(x)d HO
d''dx 2 ’ d  d | | dd d] |
N d70y | | N TG, || 4N ) dg
dx? dx’ dx? dx’ dx dx>
- x=1 - x=0 x=1
d°New® a0y || "N a6y || 4 Nia(¥) a0,
dx® dx> dx® dx> dx® x>
- x=0 L x=1 x=0
d''N; ,(x) a8, d''N; . (x) a6, AN, (x)
+ +| ——— x2e
10 dx dx 10 dx dx B
- x=1 x=0 x=1
[dN ., (%) d’ Ny, (x) d’ Ny, (%)
LA N X2 4| M g | BT x 2
dx -0 dx3 dx >
L x= x=1 x=0
d°Ny , (x) d°Ny_, (x) d' Ny (%)
—5 ><2€— —5 X2+ —7 ><2e
dx dx dx
L x:l XZO x=1
_d7N X d°N, (x d°N, (x
INen® |, Lg”() x2e— #() x2 (10.45d)
dx’ dx dx
L x=0 x=1 x=0

Dhaka University Institutional Repository

305



Dhaka University Institutional Repository

The initial values of these coefficients «; are obtained by applying Galerkin

method to the BVP neglecting the nonlinear term in (10.40a). That is, to find

initial coefficients we solve the system

DA=G

(10.46a)

whose matrices are constructed from
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Once the initial values of «; are obtained from eqn. (10.46a), they are substituted
into eqn.(10.45a) to obtain new estimates for the values of «;. This iteration

process continues until the converged values of the unknown parameters are
obtained. Substituting the final values of the parameters into eqn. (10.41), we

obtain an approximate solution of the BVP (10.40).
Numerical results for example 6 are shown in the following Table 6.

We illustrated graphically the exact and approximate solutions in Fig. 6(a) and the
relative errors in Fig. 6(b) of example 6 for n=15. It is clear from Fig. 6(b) that

the error is of order1073,

|
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2 f e Exact Solutions
E = = = Bernstein Approx
'&‘ ik 0 Lependre Approx.
!

ik

1 1 1 1 1 l—
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Fig. 6(a): Graphical representation of exact and approximate solutions of

example 6 using 15 polynomials.
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Fig. 6(b): Graphical representation of relative error of example 6 using 15
polynomials.

Table 6: Maximum absolute errors of example 6 using 6 iterations.

Number of Max. Abs. Max. Abs.

Polynomial Error for Error for Reference Results
used Bernstein Bernstein
12 6.910x10™ | 5.915x10™ | 2.621x 10> (Kasi and Showri Raju [75])
13 2018x10-10 | 7905x10-10 | 6.614 x 10 ~* (Mohy-ud-Din et al [103])
6.614 x 10 ~*(Noor and Mohy-ud-Din [105
14 9.875x1071! | 9.860x107!! ( d LoD
15 9.980x107'% | 5.795x1072

10.4 Conclusions

In this chapter, we have solved numerically twelfth order linear and nonlinear
BVPs by the Galerkin method with Bernstein and Legendre polynomials as basis
functions for two different types of boundary conditions. It is observed from the
tables that the numerical results obtained by our method are superior to other
existing methods. Also we get better results for Bernstein polynomials than the
Legendre polynomials. It may also mention that the numerical solutions coincide
with the exact solution if we use lower order Bernstein and Legendre polynomials

in the approximation which are shown in Figs. [1-6].
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Present work and conclusions

The higher order boundary value problems (BVPs) have many applications in
some branches of applied mathematics, engineering and many other fields of
advanced physical sciences. Therefore, in our thesis we have solved numerically
higher order (from order four up to order twelve) linear and nonlinear boundary
value problems using Galerkin method. The well known Bernstein and Legendre

polynomials have been exploited as basis functions in the method.

For this reason, in chapter 1 we have discussed some definitions, theorems,
corollaries, etc. which are related to our thesis, the properties of Bernstein and
Legendre polynomials with some mathematical well known theorems/formulae
that are essential to solve the problems presented in this thesis. The scope and

objectives of the thesis are also included in this chapter.

In chapter 2, the numerical solutions of the fourth order linear and nonlinear
differential equations using Bernstein and Legendre polynomials as basis
functions have been investigated. Formulations I, II and III are derived in matrix
form by Galerkin method for two different types of boundary conditions. For the
numerical verification of the proposed Formulations I, IT and III, we consider four
linear and two nonlinear BVPs. The approximate solutions converge to the exact

solutions even with desired large significant digits.

In chapter 3, at first the matrix form is formulated for the numerical solution of
linear fifth order BVP by the Galerkin weighted residual method with Bernstein
and Legendre polynomials as trial functions and then this idea is extended for
solving nonlinear differential equations. To verify the reliability and efficiency of
the proposed method two linear and two nonlinear BVPs are considered. The
computed results have been presented in tabular forms and graphically. These

show that the present method is better than the existing methods.
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Chapter 4 has been dealt with sixth order BVPs to find the numerical solutions of
linear and nonlinear differential equations using Formulation I and Formulation II
for two types of boundary conditions by the Galerkin method. In this method the
basis functions are modified into a new set of basis functions to satisfy the
corresponding homogeneous form of Dirichlet boundary conditions. Numerical
verification of the method has been performed and the results have been obtained
are superior to other existing methods considering four linear and two nonlinear

BVPs.

Chapter 5 has been provided for the numerical evaluations of seventh order linear
and nonlinear BVPs by the Galerkin method where the basis functions Bernstein
and Legendre polynomials are modified to satisfy the corresponding
homogeneous form of Dirichlet boundary conditions. The numerical results of
three linear and one nonlinear BVPs have been shown in tables and graphs, and

the results are also better than the other existing methods.

In chapter 6, the numerical solutions of eighth order BVPs have been illustrated
with five linear and two nonlinear differential equations by Galerkin method with
Bernstein and Legendre polynomials as basis functions using Formulation I and
Formulation II for two different types of boundary conditions. The numerical
results of the proposed method are compared with both the exact solution and the
results of the other methods which show that the present method is efficient and

convenient.

The aim of the chapter 7 was to apply Galerkin weighted residual method with
Bernstein and Legendre polynomials as basis functions to find the numerical
solutions of ninth order BVPs. The method is formulated as a rigorous matrix
form to verify the proposed formulation considering one numerical example of
linear BVP. The solution obtained by the present method is better than the

existing methods.
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In chapter 8, we have considered Formulation I and Formulation II for two
different kinds of boundary conditions for the numerical solutions of tenth order
BVPs by the Galerkin method. Then we solve five linear and two nonlinear BVPs
using these two formulations taking Bernstein and Legendre polynomials as basis

functions and we obtain better results than previous results.

Chapter 9 has been included for the numerical solutions of eleventh order linear
and nonlinear BVPs with Bernstein and Legendre polynomials as basis functions.
The proposed method has been tested on two linear and one nonlinear BVPs to
compare the errors with those developed before and the results obtained are

superior to other existing methods.

The last chapter 10 is devoted to find the numerical solutions of Twelfth order
linear and nonlinear differential equations by the Galerkin method using
Formulation I and Formulation II for two types of boundary conditions. In this
chapter we have solved four linear and two nonlinear BVPs applying Bernstein
and Legendre polynomials as basis functions and we have got better results than
other existing methods.

The approximate solutions for BVPs that we have discussed in this thesis have
good results but they depend on the basis functions, types of boundary conditions
and order of the problem. From the table, we see that the numerical results for the
boundary conditions of type I are superior to the boundary conditions of type II in
each even order BVPs discussed in chapters 2, 4, 6, 8 and 10. In addition,
Bernstein polynomials yield the better results than the Legendre polynomials with
same degree. For nonlinear problems, when the order is higher the results will be
better. The nonlinear BVPs take long time in testing and calculating to get more
accurate results. The Galerkin method needs hard work while deriving
approximations especially for these higher order problems. But the algorithm can

be coded easily and may be used to solve any higher order BVP.
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